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Abstract

We give explicit formulee for Noether invariants associated to Killing vector
fields for the variational problem of minimal and constant mean curvature sur-
faces in 3-manifolds. In the case of homogeneous spaces, such invariants are
the flux (associated to translations) and the torque (associated to rotations).
Then we focus on homogeneous spaces with isometry groups of dimensions 3
or 4 and study the behavior of these invariants under the action of isometries.
Finally, we give examples of actual computations and of interpretations of these
invariants in different situations.

Mathematics Subject Classification: Primary 53C42; Secondary 53A55.

1 Introduction

The differential Noether theorem [6] describes an isomorphism between the Lie al-
gebra of infinitesimal generators of the variational symmetries associated to a vari-
ational problem and a space of conservation laws for the related Euler-Lagrange
equations. In particular, it can be applied to the variational problem of minimal or
constant mean curvature (CMC for short) surfaces in a homogeneous space using
the isometries of the ambient space as symmetries — for the isometries preserve the
mean curvature. In the case of minimal surfaces in the euclidean 3-space, Noether
theorem leads to the notions of flux and torque, which are geometric invariants of the
surfaces. And these geometric constrains can be used to find alignment conditions
on the catenoidal ends of a surface [9].

The present paper gives tools to use Noether invariants related to minimal and
CMC surfaces in homogeneous manifolds. In Section 2] we give explicit formulee for
Noether forms associated to Killing fields, see Theorem and Proposition 2.8 In
Sections ] and @], we focus on minimal and CMC surfaces in homogeneous spaces
E3(k,7) and Solz respectively, corresponding to isometries of the ambient space. As
in the euclidean case, these forms lead to invariants, namely the flur and torque,
related to the geometry of the surface. And in Section B, we give examples of actual
computations of Noether invariants in different situations.



The construction can be written in coordinates using jet bundles [7] or more ab-
stractly using basic tools of contact geometry [2, 8]. We choose the second approach,
which is coordinate-free and allows us to provide general formulse.

2 General results

2.1 Contact structure and lagrangians

The present subsection deals with classical results on contact structures and la-
grangians. Details on the notions introduced can be found in [2].

Let (M, (-,-)) be a 3-dimensional riemannian manifold and consider the following

fibration: /
FM ¢ -5 M,

where the contact manifold C is the unit fiber bundle UM of M — or equivalently
the Grassmannian of oriented 2-planes tangent to M — and F'M the orthonormal
frame bundle. Since the study is local, we consider a local chart on M with generic
point 2. An element of C is a couple (z,e) with eg € S? and a point of FM writes
(z,e) where e = (eg,e1,€2) is an orthonormal family with respect to (-,-),. Finally,
the projections 7’ and 7 are respectively:

7'(z,e) = (z,e0) and 7(z,e0) = .

In the sequel, we work in F'M to facilitate computations, but actually the quan-
tities we define are basic, i.e. they are liftings of quantities defined on C. To ease the
understanding, we use the same notation for a quantity and its liftings. Also, we do
not distinguish an infinitesimal generator of an action on M from its extensions to
C or FM, i.e. the infinitesimal generators of the natural extension of the action.

If e = (e, e1,e2) is an orthonormal frame on M, denote (6°,6',62) dual basis
composed of 1-forms and consider elements (wé)ogiﬁg of QY(FM) such that:
d0° = —w) A0 +wi A2 df =Wl A6 —wy A6,
do* = —wi NO°+wi AOY and w;- = —wzj.

The structure forms 6°, 01, 0%, w9, wi and w? are independent and generate Q' (FM).

Proposition 2.1. Let 8° € QY(C) be defined as follows:

V(x,eo) eC, V(U,g) € T(:B,eo)c7 of (u7§) - <€0,’U,>x.

(z,e0)

If I is the line subfiber bundle of T*C generated by 6°, then (C,I) is a contact
structure and in the sequel we call 8° the contact form.



The contact ideal T C Q*(C) is the ideal — with respect to the exterior product —
generated by {6°,d0°}. Lifting eg to an element (eq,e1,e2) of FM with dual basis
(6°,6%,62), the 1-form #° on FM coincides with the lifting of the contact form, which
is why they are denoted the same.

If f:¥ — M is an immersion of a simply connected surface ¥, there exists a
legendrian lift N : ¥ — C of f to C, which means that N verifies N*0° = 0 and
f = mo N. Note that, by construction of 6%, the lift N is unique up to sign and it
is a normal vector to f. Moreover, the condition N*§° = 0 implies N*df° = 0, and
thus N*Z = {0}.

The study is local, so we can assume Y is compact, eventually with boundary.
Consider the functional A such that:

A(E):/ZN*AQ with Ao = egavolyy,

where volys is the volume form on M. We call Ay the lagrangian of the functional.
Actually, A is the area functional, since an expression of Ag in FM is Ag = 61 A 62,
the volume form being volyr = % A 91 A 62, A classical result on the area functional
is the following:

Proposition 2.2. Let f : X — M be an immersion with legendrian lift N : ¥ — C.
Then f is a critical point of the functional A if and only if the Euler-Lagrange
condition N*W is satisfied, where:

Tp = —wi A0 — W) A G2

is the Euler-Lagrange operator. Moreover, if f is a critical point of A, then the
Euler-Lagrange condition means that it is a minimal immersion.

In the following, fix H a constant, eventually zero. The variational character-
ization of CMC-H immersions in M can be deduced from the previous result on
minimal immersions by adding a Lagrange multiplier to grasp the volume constraint
when H # 0. Remark first that:

Lemma 2.3. In any riemannian manifold (M, g) of finite dimension, there exists
locally a vector field = € X(M), which we call a volume field, such that:

diVM ==

We use such a vector field to write the lagrangian involved in the variational
characterization of CMC-H immersion:

Proposition 2.4. Let = be a volume field on M. The lagrangian A defined on C
by:

A=Ag+2HAN  with A =Z_voly, (1)
s associated to the wvariational problem of CMC-H immersions in M. In other
words, an immersion f : 3% — M with legendrian lift N : X — C is a critical point of



the functional associated to A if and only if it is a CMC-H immersion. Furthermore,
the Euler-Lagrange operator writes W = Wo+2H Ay and the Fuler-Lagrange equation
is N*W = 0.

We define the Fuler-Lagrange system as the differential ideal £ C 2*(C) gener-
ated by {6°,d0° U}. Hence, to determine a Noether form related to a minimal or
CMC immersion f : % — M, we only need to compute a class of forms on C modulo
the ideal £ and pull it back in Q!(X).

2.2 Symmetries and Noether forms

We call a divergence symmetry of the variational problem with lagrangian A defined
by (), any element S € X(C) for which there exists a class ®5 € H'(C) such that
LsA = dp mod&, for an arbitrary ¢ € ®g. Noether theorem states then:

Theorem 2.5 (Noether, 1918 [06]). Any divergence symmetry S is in one-to-one
correspondence with a class of 1-forms us € H*(C)/E defined by:

ps = S.A—¢ in HY(C)/E with ¢ € ®g.

Moreover, if N : ¥ — C is the legendrian lift of a critical point of A —i.e. a CMC-H
immersion —, then the pull back N*ug is a closed form on ¥ and the quantity:

os(e) = [ Nus

s the Noether invariant or conserved quantity associated to S along the cycle ¢ €
Hyi(%).

Note that the closure condition for N*ug is the conservation law mentioned
in the introduction. The expression of the Noether form can be made completely
explicit in the case of Killing fields:

Theorem 2.6. Let S € X(M) be a Killing field. Then the extension of S to C is
a divergence symmetry. Furthermore, if F € X(C) is the extension of a potential
vector of S —i.e. a field F € X(M) such that curlyy F = S —, then the corresponding
Noether form pg writes:

ps = SoAog —2HF’ in H'(C)/E,
and this expression does not depend on the choice of the potential vector.

Proof. Since S is Killing field on M, we have divy; S = 0. Thus, there exists a field
F € X(M) such that S = curly; F'. Moreover, we have LsA = 2HLgA mod &, with
by definition £LgA’ = d(SJ.A’) + S.dA’. If % denotes the Hodge operator and -’, -#
the musical isomorphisms, we know that:

S =curly F = (xdF")* and S.dAN = S_voly = xS° = «2dF” = dF”.



Hence:

LsA =2Hd(SA' + F®) mod&,

and S is indeed a divergence symmetry. The Noether form associated to S is:
s = SoA — 2H (SJA' + Fb) = S.Ag—2HF” in H'(C)/E,

and this expression does not depend on the choice of the potential vector F' since
d(F® — F*) = 0 for any other choice F' of a potential vector of S. O

Corollary 2.7. If M is a homogeneous space, the extensions of infinitesimal gen-
erators of 1-parameter families of isometries are divergence symmetries.

Let f:3 — M be an (oriented) CMC-H immersion. We choose its legendrian
lift N : ¥ — C so that it coincides with the unit normal to f. Since df = 10" + 20
and xdf = —ea0' + €162, we have:

Proposition 2.8. The pullback N*ug is well defined in H () and writes:
N*ps = N*ug —2HN*pls - with  pg = (S,xdf) and s = (F,df).
We call ,u% the minimal part of the Noether form and ps its CMC part.

In the cases of homogeneous spaces E3(x,7) and Sol (Sections B and @ respec-
tively), we denote o;(+), with i = 1,2, 3, R, the Noether invariants corresponding to
isometries (1,2,3 for translations and R for the rotation when it exists). The fluz
through a cycle ¢ € H1(X) is the vector o(c) = (01(c),02(c),03(c)) and the torque
is the number or(c) when it exists.

If S(t) is a 1-parameter family of isometries with infinitesimal generator S, we
know from Proposition [2.8] that determining the corresponding Noether form pg
restricted to f means actually computing S and a potential vector F'.

It is also interesting to study the relations between Noether invariant of congruent
immersions — i.e. immersions deduced from on another by the action of an isometry.
Namely, considering S8’(t) a(nother) 1-parameter family of isometries, we want to
compare the form pg in restriction to an immersion f and the corresponding form
denoted pg(S’(t)) in restriction to the immersion S’(t) o f. Remark that:

ps(S'(8)) = (dS'(t) ™" - S(S(2)), =df) — 2H(dS' ()™ - F(S(1)), df ).

3 Noether forms in E3(x, T)

The spaces E3(x, 7) are simply connected 3-dimensional homogeneous spaces. They
are characterized by real parameters x and 7 such that x — 472 # 0. The model
considered is Q. x R C R3, with generic coordinates (w =1 +ix9,x3) and:

0. — C ifk>0
T DElkITY?) ifk<0



endowed with the metric:

1
d32 = )\Q‘dUJ’Q + (T)\(.%'Qd.%’l - xld.%'Z) +d.%'3)2 with A\ = m and H, =

~| =

These spaces are riemannian fibrations of the base €2, for the natural projection
E3(k,7) — Q, on the first two coordinates. The parameter x can be interpreted as
the curvature of the base and 7 as the one of the fibration. Thus, the space E3(k, 7)
has the geometry of Berger spheres if x > 0, the one of the Heisenberg group if
k = 0 and the geometry of the universal cover of PSLy(R) if k < 0 — in the latter
however, the model used corresponds to the universal cover of PSLs(R) minus a
fiber. In Section B, we focus on the Heisenberg group Nily = E3(0,1/2) and the
product space H? x R = E3(—1,0).

We consider the orthonormal frame (E1, Es, E3) defined when 7 # 0 by:

B = % <COS(O_$3)8i.%'1 + sin(aacg)ai@) + 7(x1 sin(oxs) — x2 COS(UJCB))%,
By = 1 (—sin( z )i—i-cos( T )i) + 7 (21 cos(ox3) + xasin(ox ))i
2= 033351 036362 T(11 or3 2 Usamg
0 . K
and F3= 8—5133 with o= o0
and if 7 = 0: 1 8 19 P
Ei=—-—— = —— By = —.
! A 31‘1 ’ 2 A 8.%'2 and 3 8.%'3

The space spanned by E7, Fs is said to be horizontal and the vector field F3 is a
Killing field.

3.1 Isometries and curl operator

A natural volume field is = = x3F3. Note that in the case of Berger spheres (k > 0
and 7 # 0), this field is not globally defined.

The isometry group of E3(k, 7) is 4-dimensional, generated by three 1-parameter
families of translations et one of rotations:

t+w 4 Kt ))
Si(t =\— —arct
1(B)(w, z3) (1—/@’tw’x3+aarc an(l—m’tx1+|1—fi’tw| 7

. !/
So(t)(w, x3) = (M 3— 4 arctan ( K iz )) ,

B 71. B
1+ ik'tw o 1 — K'tzg + |1 + ik'tw]

S3(t)(w,x3) = (w,z3 +t) and Sg(t)(w,z3) = (weit,xg) with o = ;
T




Infinitesimal generators of these families are respectively:

0 0 0
Sl = <1+/{/(x%—x%)) 97 o +2mx1x2%—|—7x 8—.%'3

0 0 0
_ / v o2 2y Y
Sy =2k xlxgaxl + (1 K (x] xg)) o —TT— ozs
0

0 0
53 = 8—,133 and SR = —5528— +x (91E2

Let X € X(E3(k,7)) be written as X = X'F) + X2F5 + X?FEj5. The expression
of curl X depends on 7. If 7 # 0:

curl X = (dX3(Ey) — dX?(By) — 0 X') By + (dX'(B3) — dX3(By) — 0 X?) By
+ (dX?(Ey) — dX(Bp) - 27X7) B,
and if 7 = 0 we have:
curl X = (dX3(Ep) — dX*(Es)) Br + (dX'(Bs) — dX3(Er)) B
+ (dX(Er) — dXY(By) + 26 (22 X" — 21X?)) Bs.

For the horizontal translations and the rotation, the potential vectors are, if x # 0:

1 1 1 A
Fy = =St 4+ MxoE3, Fy= =S} —\x;E3 and Fr= =Sk + = Ej3,
o o o 2K/

where - denotes the horizontal part, and if x = 0:
Fi = (T.%'l.%'g — .%'3)E2, Fy = (Tm'lm'g + 1‘3)E1 and Fgr=x123FE7 + xox3Fs.

The case of the vertical translation is discriminated by 7:
——E3 if 7 7é 0

Fy = 27’ . .
—7E1+7E2 lf’TZO

3.2 Evolution under the action of isometries
3.2.1 If7#£0

We have the following behavior for the Noether forms:
1 — K't? 2t
p1(S1(t) = pa(Ss(t) = p1, p1(S2(t)) et T e (
and 11 (Sg(t)) = costu — sintus,

1 — K't? 2t
p2(51(1) = 5 e T T (26" R+ Tus),  pa(Sa(t)) = pa(Ss(t) = pe,

26" R + THs)

and  p2(Sg(t)) = costug + sintu,



p3(S1(t)) = ps(S2(t)) = ua(S3(t)) = ps(Sr(t)) = ps,

1 — K/t? t
Si(t — Tt
IU'R( 1( )) 1+ k QIU'R+ 1—|-I<L/t2 (MQ TM3)7
1—K't? t
So(t) = ———up — ——— t
pr(S2(t)) Tl e (p1 + Ttps)

and  p(S3(t)) = pr(Sr(t)) = pr.

We deduce the values of Noether forms depending on the symmetries of the
surface:

Proposition 3.1. Let f : ¥ — E3(k,7), 7 # 0, be a minimal or CMC immersion.
We have the following assertions:

(i) Suppose f is invariant under the action of a translation Sy(t) (resp. Sa(t)).
Then pa = ps =0 (resp. puy = pu3 =0) if Kk =0, and po = Kur + 273 = 0
(resp. p1 = kpuRr + 273 =0) if K # 0.

(ii) Suppose f is invariant for a rotation Sgr(t). If ¢ is a cycle homologous to its
image Sg(t) - ¢, then puy = po = 0.

3.2.2 Ifr=0
Noether forms associated to horizontal translations and the rotation evolve the same:
1 — K/'t2 4k't
pa(S1(t) = pi(Ss(t)) = pa,  pa(Sa(t)) ettt Tt
and 11 (Sg(t)) = costu — sintus,
1 — K/t? 4K't
et T T e p2(S2(t)) = pa(Ss(t)) = pe,
and  po(Sg(t)) = costug + sintu,
1 —K/t? t 1 — K/'t? t
Tl t Traphe rr(S0) = T s~ T s
and  pgr(S3(t)) = nr(Sr(t)) = pr.

However, for the form corresponding to Ss, the minimal part remains the same and
the CMC part verifies:

p2(S1(t)) =

pr(S1(t)) =

t
NS () = ———— 4/ —  {S5.d
H3(S1 () ]1—%’tw\2u3+ 2A]1—n’tw[2< 2 df),
1 t
(So(t) = —— - —— ' (5.4
Ha(S2(1)) |1—|—il-@’tw|2'u3 2)\|1+m/tw|2< 1df),

115(S3(t)) = py and  ps(Sgr(t) = ps.

Proposition 3.2. Let f : ¥ — E3(k,0) be a minimal or CMC immersion. We have
the following assertions:



(i) Suppose f is invariant under the action of a translation Sy(t) (resp. Sa(t)).
Then po = pgp =0 (resp. p1 = pr =0).

(7i) Suppose f is invariant for a rotation Sg(t). If ¢ is a cycle homologous to
Sr(t) - ¢, then pp = pe = 0.

4 Noether forms in Sol;

The space Sols is the 3-dimensional Lie group:
Solz = ({(561,562,563) € R?’} , ds? = "3 da? + e 23 dad + dw%) .

We can also define a canonical frame (E, F2, E3) on Sols, given by:

0 0 0
Ei=e%— FEy=e"— d E3=—.
! ¢ 8.%'17 2 € 31‘2 an 3 8.%'3

4.1 Isometries and curl operator
As in the E3(k, 7), a natural volume field is = = x3F3.

The isometry group of Solg is of dimension 3, generated by the following three
1-parameter families of translations:

Si1(t) (1,22, 23) = (21 + t, 22, 23), S2(t)(x1,22,23) = (21,22 + t,23)

and  S3(t)(z1, 29, 23) = (e a1, elwo, 23 + 1).

The infinitesimal generators are respectively:

0 0 0 0 0
Sl_a—xl’ 52_8—562 and Sg——xla—xl—FCCQa—m—{—a—xg.

Consider X € X(Sol3) written X = X' E; + X2FE,+ X3Fj3 in the canonical frame.
The curl of X is:

curl X = (dX3(E,) — dX*(Es) + X?) By + (dX*(Bs) — dX3(Er) + X') By
+ (dX(By) — dX'(By)) Bs.

We deduce expressions of potential vectors:

z3
5 FE + 561; Ey — x1x0F3.

F1 = $2E3, F2 = —$1E3 and F3 = —



4.2 Evolution under the action of isometries

The expressions of the Noether forms are simpler in the case of Sols than in the
E3(k, 7). We have directly:

p(S1(1) = p1(Se(t) = pn and i (Ss(t)) = €'pun,
p2(S1(t) = pa(Sa(t)) = po and  pa(S3(t)) = e o,
p3(S1(t)) = ps — tpn,  p3(S2(t)) = ps +tpe  and  ug(Ss(t)) = ps.

Proposition 4.1. Let f : ¥ — Sols be a minimal or CMC immersion. If f is
invariant under the action of a horizontal translation S1(t) (resp. Sa(t)), then puy =0
(resp. pa =0). And if f is invariant for a vertical translation Ss(t), then p; = pa =
0.

5 Examples

5.1 Vertical catenoids in Nil;

In the Heisenberg group, using notations of P. Bérard and M. P. Calvacante in [1],
the vertical catenoids come as a 1-parameter family (C,) of rotationally invariant
minimal, where a is a positive parameter. A catenoid C,, for some a > 0, can be
parametrized as:

Xo: (t,0) € Rx[0,27] — (f(a,t)cosb, f(a,t)sind,t) € Nilg,
where f(a, ) is a positive function which is a global solution of the Cauchy problem:
FPP+Dfu=40+fF), f0)=a and f(0)=0.

The parameter a is indeed the size of the neck. Consider for any fixed ¢t € R, the
closed curve C, N {x3 = t}, parametrized by:

0 € [0,27] — (f(a,t)cosb, f(a,t)sinb,t) € Nilg

An orthonormal basis (e, ez) of the tangent space to C, is:

2 /
= ——— | —sinfE; + 0E ——E>
€1 m< Sin 1 COS 2 9 3
V4 2 2
and ey = — +/f [(ftcos6—4 fQSinﬁ)El
4+ fR4+ ) +/
2f 4
inf + —— ) Ey+——=F
+<ft81n +4+f2c:os> 2+4+f2 3|

with e; tangent to the curve C, N {x3 = t}.

10



If S is the infinitesimal generator of a 1-parameter family of isometries, we have:

og = —£\/4+ 12 /027T<S, eo)dh,

and, along the curve, the infinitesimal generators S1,Ss, S3, Sk are:

S1=F1+ fsinfF3;, Sy=Fy— fcosOF3, S3=EFE;3
2
and Sg= f(—sinfE; + cos0Ey) — ‘%Eg.

We obtain 01 = 09 = op = 0 and:
2f

o3 =21 .
44 fA4+f?)

This expression of o3 is given in [I, Proposition 2.2] up to the 27 factor. Moreover,
as o3 is independent of ¢, we can make ¢ = 0 in its expression to get o3 = 27a.
Hence, it appears that the vertical flux controls the size of the neck.

5.2 Horizontal catenoids in Nil;

We follow the notations of B. Daniel and L. Hauswirth in [4]. Consider the coordi-
nates (y1,y2,y3) on Nilg defined by:
T1T2

y1 =21, Y2=x2 and y3=x3+ 5

The metric is dy? +dy3 + (y1dys — dy3)? and the change of basis on the tangent space
writes:
0 0 To O 0 0 r1 O q 0 0
— == — =— = ——— and — = —.
8y1 8561 2 63:3 ayz 63:2 2 8563 ayg 8:63
In these coordinates, the immersion f, = (F}, Fy, h) : C — Nils describing thee
catenoid C, of parameter o > 0 is:

G'(u)

Fl(u’v) = o

cos ¢(u) sinh A(u,v) — ¢ sin ¢(u) cosh A(u,v),
«

and h(u,v) = g (G'(iu) - 1> cos ¢(u) cosh A(u,v)
2
_ é (% + G’(u)) sin ¢(u) sinh A(u, v),

with C, ¢, 8, A, G defined as in [4], i.e. C =sin(20)/(2a), ¢ is solution of the ODE:

©? = a® + cos(26) cos® p — C? cos o,

11



B and G are respectively defined by:

C? cos? p — cos(26)

B = Ccos®p and {G': —
{ﬁ(o)zo coy=o ’

A = av + f(u) and the parameter € is chosen as solution of the equation:
1 20022 — accos(20) + C?t2\/P(t)
-1 T =2)P0) (a+ VPD)

Consider the closed convex curve C, N {y2 = t} which is of period 2U, naturally
parametrized by:

dt =0 with P(t) = o + cos(20)t> — C*t*.

u € [0,2U] = (Fi(u,v),t, h(u,v)) € Nils,
with the following expression of A on the curve:

Alu,v) = Zt + Blu) + 5 G(w).

An orthonormal basis (eq, e2) of the tangent space to C,, is:
e1 = cospFE] —sin pFs
1
cosh A

with e; tangent to the curve C, N {y2 = t}.
If S is the infinitesimal generator of a 1-parameter family of isometries, we have:

and ey = (— (sinpsinh A)E;y + Ey — (cos psinh A)E3),

1 2U
og = - ; (02 + G'2)<S, cosh A eg)du,

and the infinitesimal generators Si, 55,53, Sg write as follow along the curve:

S1=FE1+tE;, Sy=FEy—FFE3, S3=1FE3

F2 2
and Sp=—tFE;+ F1FE5 — Lt Es.
We obtain:
1 2U
o1 = 5/ (C% + G™)(sin ¢ + tcos ) sinh A du,
0
12V 2 :
09 :_6/ (C* + G™)(1 + Fycose sinh A)du,
0
12U 2 .
03:5/ (C*+ G*)cosp sinh A du
0
12U F2 442
and O'R:—E/ (C% 4 G") |tsing sinh A + Fy + 12 cos ¢ sinh A| du.
0

12



These quantities are homological invariant and thus independent of the parameter
t. It implies:

1 2U
op=03=0or=0 and o9 = —/ (C? + G™) (G’ cos® ¢ — 2a)du.
2aC Jy

Moreover, using relations between G and ¢ [4, page 14|, we get:

cos(26,,)

—2 .
_G(U) - 20U

o9 =

5.3 CMC-1/2 vertical ends in H? x R

In a recent paper [3], the author and L. Hauswirth have constructed entire graphs
and annuli of constant mean curvature 1/2 in H? x R with prescribed asymptotic
behavior seen as deformations of rotational examples, and it appears that the ex-
istence conditions are flux conditions. The constructed surfaces have vertical ends,
which means the ends are properly immersed topological annuli with asymptotically
horizontal normal vector.

Following the notations in [3], the surfaces are parametrized in the Poincaré disk

model of H? x R by:

2r

X7 iGGQH(—
e 1412

5 e, e"(r’e)hg(r)) c H? x R,

where 8 > 0 is a real parameter, (r,0) are the polar coordinates on R2?, Q is the
subset of the unit circle D given by:

VB—1
VB+1

n is a C**-function on Q US! for some a € (0,1) and hg is the function:

Q={weD|R<|w <1} with R>

)

21og(157) ht—
hg(r) = / ' cosht =5 4.
| log B /2B cosht — 1 — 32
Note that when 1 = 0, the 1-parameter family (Xg) indexed by £ is the family of

CMC-1/2 rotational examples — see [5] for details — and if 8 = 1, X{ is the end of
an entire graph. We also have a simpler expression of h;:

1+ r2
1—r2

hl(T) =2

We compute the vertical flux o3 on a circle {r =t} with R < ¢t < 1. The
infinitesimal generator of the vertical translations and the associated potential vector
are respectively:

2r

S3=FE3 and F3= m(—sin@El + cos 0 E»),
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and making ¢t — 1, we obtain:
o3 =2m (1 - 5|€_7|i2(§1)) with = nl=1.

If 3 = 1, the ends X] are ends of entire graphs, which implies in particular
o3 =01i.e. ]6*7]%2(81) = 1. Tt is precisely the necessary and sufficient condition of [3,
Theorem 3.8]. And in the case of annuli, 8 # 1, the condition on the values at infinity
in the definition of a 5-deformable annulus at the beginning of [3, Subsection 5.2] is
also the conservation of the vertical flux.

It is worth mentioning that in general the Noether invariants express only neces-
sary conditions on the existence of a surface and not sufficient conditions as in the
present case.

Focus now on rotational annuli, the ends of which are parametrized by the
immersions Xg with 8 # 1. Similarly as for the computation of o3, we have
01 =09 = or = 0 and we already know o3 = 27(1 — f3).

The expressions of the behaviors of Noether invariants under the action of isome-
tries computed in Subsection show that the values of the flux and torque do not
change when translating a rotational annulus. This point differs from the situation
of minimal catenoids in R3, see for instance [9]. Indeed, in the space form R3, the
torque has two more components and these components carry the information on
the axis of the ends. It is no longer the case in H? x R, which underlies the existence
result [3, Theorem 5.10] of annuli without axis.
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