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STABILITY OF ISOTROPIC STEADY STATES FOR THE
RELATIVISTIC VLASOV-POISSON SYSTEM

CYRIL RIGAULT

ABSTRACT. In this work, we study the orbital stability of stationary solutions to
the relativistic Vlasov-Manev system. This system is a kinetic model describing
the evolution of a stellar system subject to its own gravity with some relativistic
corrections. For this system, the orbital stability was proved for isotropic models
constructed as minimizers of the Hamiltonian under a subcritical condition. We
obtain here this stability for all isotropic models by a non-variationnal approach.
We use here a new method developed in [23] for the classical Vlasov-Poisson
system. We derive the stability from the monotonicity of the Hamiltonian under
suitable generalized symmetric rearrangements and from a Antonov type coer-
civity property. We overcome here two new difficulties : the first one is the a
priori non-continuity of the potentials, from which a greater control of the re-
arrangements is necessary. The second difficulty is related to the homogeneity
breaking which does not give the boundedness of the kinetic energy. Indeed, in
this paper, we does not suppose any subcritical condition satisfied by the steady
states.

1. Introduction and main results

1.1. Introduction to the relativistic Vlasov-Poisson system. The relativistic
Vlasov-Poisson system in dimension three reads:

Of + ——— Vaf —Vads Vof =0, Ry x R® xR,

VIt P 1)

ft=0,2,v) = fo(x,v) >0,
where the gravitational Poisson field ¢ is defined for all t € RT by

Aps(t,x) = pr(t,z) = /11{3 f(t,z,v)dv, (12)
¢r(t,z) = 0 as x| = +oo.

This expression is equivalent to:

¢f(z) = —

This nonlinear transport system describes the evolution of a stellar system subject
to its own gravity with some relativistic corrections.

The Cauchy problem of equations of Vlasov-Poisson type is not yet well under-
stood for weak solutions: although the existence of local weak solutions has been
proved , the question of its uniqueness remains unknown (see [7]). Moreover, for the
relativistic case (1.1), in the most recent works about the Cauchy problem of smooth
solutions, only radial smooth initial data have given results (see [12] and [26]). In
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particular, Glassey and Schaeffer [12| have proved for radial smooth solutions that
a blow-up in finite time 7T is characterized by the blow-up of the kinetic energy

/[RG (\/W— 1) f(t, z,v)drdv — +00 as t — T.

There holds for smooth enough solutions of system (1.1) some important conser-
vation properties: first, the total Hamiltonian

H(f(t) = /RG (\/|v\2 +1- 1) F(t,z,v)dzdv — ;/ﬂ@ Vot z) de,  (14)

is preserved in time and second we have the conservation of all Casimir functions:
for all B € €'(Ry,Ry) such that 5(0) =0

B(f(t,z,v))dzdv = / B(fo(z,v))dzdv. (1.5)
RS RS
The property (1.5) is equivalent to the equimeasurability:

VE >0,  pre) = Ko (1.6)

where the distribution function py is defined by
Vs >0, puys(s) = meas{(z,v) € RS, f(x,v) > s}. (1.7)

Remark that in particular, the LP norms of f are conserved.
In this paper, we will consider weak solutions to (1.1) in the natural energy space

&, = {f > 0 with f € LY(R%) N LP(R®) and /1 + [o]2f € Ll(RG)} . (18)

For all fy € &,, from classical kinetic Cauchy theory, the system (1.1) admits
a local renormalized solution f(¢) in the sens of Diperna-Lions [9, 10]. This solu-
tion satisfies (1.5) and (1.6) but the conservation of Hamiltonian does not occur in
general: it only remains

vt >0, H(f(t) < H(fo). (1.9)

Note that, from this nonincreasing property and from (1.5), the kinetic energy will
be bounded if fj satisfies a certain subcritical condition

_2p—3

Cp llfoll ;7 ||fo\|‘“p V<l (1.10)

Indeed, from Hardy-Littlewood-Sobolev inequality, the potential energy satisfies

for all f € &,, / Vo dz < C, HfHLf 0 TiraR

‘\/1+|v2fH (1.11)

where C), is defined as the best corresponding constant and thus the kinetic energy
can be controled thanks to

50z (1-G AR INET ) [Vt

=l - (1.12)

Hence we have global existence for the system (1.1) as soon as fy satisfies the
subcritical condition (1.10).
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1.2. Main results and strategy of the proof. Our main result gives the nonlin-
ear stability of a large class of stationary solutions for the relativistic Vlasov-Poisson
equation. We adapt here some techniques introduced for the classical Vlasov-Poisson
equation [23].

Note (see [4] for the Vlasov-Poisson system) that the isotropic steady states of
the system (1.1) are the functions of the form

Q(x,v) = F(e),

where e is the miscroscopic energy given by

e(xz,v) =V[v]2+1—1+ ¢g(z).

An important question which has been the subject of several works is the question
of nonlinear stability of these steady states when F' satisfies

oF

Oe
For some of these stationary solutions, built as minimizers of suitable functional,
the concentration-compactness Lemma ([27]- [28]) allows to prove their stability
under a subcritical condition of the type (1.10), see [21|. Here we get the nonlinear
stability of all these stationary solutions in the energy space &,, defined by (1.8),
with respect to its natural norm:

Iflle, = If1les + [1flze + IV 1+ [0 fll o

Theorem 1.1 (Stability of spherical models). Let @ be a spherical, continuous,
nonnegative, non zero, compactly supported steady solution to (1.1). Assume that Q

s a nonincreasing function of its microscopic energy, i.e. there exists a continuous
function F : R — Ry such that for all (z,v) € RS

Qa,v) = F (VP +1 -1+ 6o(x)), (1.13)

and there exists eq < 0 such that F(e) = 0 for e > eq, F is decreasing and C' on
(—o0,eq). Let p > % Then Q is orbitally stable in the E,-norm by the flow (1.1):
for all € > 0 there exists n > 0 such that the following holds true. Let fo € €, be
such that

< 0.

1fo—@Qllg, <n (1.14)

and let f(t) be a corresponding renormalized solution to (1.1) on [0,T). Then for
all't € [0,T) there exists a continuous translation shift z(t) such that

Hf(t,a:,v) —Q(w—z(t)»U)ng Se. (1'15>

In the radial case, since a blow-up in finite time is equivalent to a blow-up of the
kinetic energy, Theorem 1.1 provides global existence when the initial data is near
the (non necessary subcritical) function Q). The existence of such @ away from all
subcritical class of functions is an open problem.

Strategy of the proof: This proof uses arguments developed in [23] for the classi-
cal gravitational Vlasov-Poisson system. But here two new main difficulties appear:
the first one is that the studied class of functions in the energy space €, does not im-
ply the boundedness of the potentials and the second one is related to the breaking
homogeneity character of the relativistic problem. Let us give the global strategy
of the proof.
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For f € €,, we know that there exists a nonnegative function on R4, f*, which
is the Schwarz symmetrization of f, such that

Vs >0, ps(s) = pp(s).

We can similarly build a rearrangement with respect to the microscopic energy

e(r,v) = VIoP +1 -1+ ¢(x),

for a non zero potential ¢. This rearrangement f*? is defined by
f*? = f* o ay with ag(\) = meas{(x,v), e(z,v) < \}

and satisfies
pp = ppes, H(F7) <H(f) and Q = Q9.
Note that, in the classical Vlasov-Poisson case, this monotonicity of the Hamiltonian

was observed in the physics literature |25, 11, 31, 1]. Now by defining the functionnal
J by

T(9) = 3(Q") + 5 Vg — Vo[

we shall prove that

+o00
) =9(Q) = Jor) = T6o)+ [ GO ~Q(Dds. (116)

Hence we can reduce our problem to the study of the functionnal J which only
depends on the potential ¢. Moreover, from the Pélya-Szego inequality, we get

J(¢%) < J(9)

where ¢* is the Schwarz symmetrization of ¢, and therefore the study of J can be
restricted to radial modes. We then use the Burchard-Guo compactness result 8]
to get the compactness of ¢ from that of ¢*.

Our proof is performed in two steps:
(i) Proof of the local coercivity of J on radial potentials ¢ near ¢¢.
(ii) Proof of Theorem 1.1 via a local compactness proposition thanks to (1.16).
This second step will be deduced from (1.16) and equimeasurability arguments
derived from the rigidity of the flow. The local coercivity stated in the first step
will follow from the Taylor expansion near ¢¢ for radial potentials

T(6) — J(6) = 3 D*(6Q)(6 — ba.6 — 6q) + 0 (V6 ~ Val32)

and from the strict coercivity of the quadratic form D?J (¢q). To prove this coerciv-
ity, we follow the same lines as [23] where a Poincaré-like inequality was proved for
the classical Vlasov-Poisson system. This inequality is a generalisation of Antonov
type coercivity estimate and is based on a Hérmander approach [18, 19|. The main
new difficulties here, lie in the control of the jacobian as which can’t be bounded
in general because of the non boundedness of the potential and the homogeneity
breaking.

This papers is organized as follows. Section 2 deals with the proof of the local co-
ercivity of the functional J near ¢¢ stated in Proposition 2.2. By differentiating the
functional J at ¢¢ in Subsection 2.1, we obtain the second order Taylor expansion
stated in Lemma 2.3. Then, in Subsection 2.2, from Hardy type control argument,
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we deduce the Proposition 2.2 for radially symmetric potential and we finally gener-
alize this proposition for all potential by using a compactness argument [8].Section
3 is devoted to the proof of Theorem 1.1 from the coercivity result stated in Section
2. First, in Subsection 3.1, we prove the local compactness of local minimizing se-
quences, Proposition 3.1. Then, in Subsection 3.2, by using this compactness result
combined with a contradiction argument, we finally deduce the orbital stability,
Theorem 1.1. The several property about the generalized rearrangement used in
these both sections can be found in the completed study of the rearrangement with
respect of the microscopic energy stated in Appendix A and B.

2. Coercivity of the functional J

The aim of this section is to prove the following proposition 2.2 below. Our study
is based on rearrangements with respect to the microscopic energy. To define these
rearrangements, we introduce, for ¢ > 3,

d, = {¢ € LY(R3) s.t. ¢ <0, m(¢) >0, Vo € L*(R?), | ‘11151_ o(z) = 0} , (2.1)
with

m(¢) = nf (1+ [z]) [¢(z)], (2.2)

inf
z€eR3
and the norm on ®,

19lle, = VOl L2rs) + 0]l Lars) - (2.3)

The space ®, is a natural space for the potential of distribution functions in &,, as
given by the following lemma.

Lemma 2.1. Let f € €, non zero with p > % Then the potential ¢y belongs to ®,
forall 3 < ¢ < W(< 12).

Proof. From classical interpolation methods and from the Hardy-Littlewood-Sobolev
inequality, we have for f € €, with p > 1
3(4p —3)

and ¢; € LI(R?), g <qg< P72
p

4p — 3
eL"(R%), 1<r<
Py (R?) ST

Moreover, for p > % the Hardy-Littlewood-Sobolev inequality implies that Voy
belongs to L%(R3). We prove now that m(¢;) defined by (2.2) is positive. Since f
is non zero, the density ps is non zero, too. Hence there exists R > 0 such that

M = pr(x)dx > 0.
|z|<R

We have then

B pr(y) pr(y) p(y)
@) = [y 2 /|y|<R rerm—L /|y|<R (e + B

Finally,
(lz] + R) [¢f(z)| = M,

which concludes the proof of lemma 2.1. O
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Now for ¢ € ®, and f € &, with p > %, we define the jacobian ag by

Ve <0, ag(e) = meas {(x,v) eR® : VP +1-1+09(2)< e} , (2.4)

and the rearrangement with respect to the microscopic energy by
& (% (\/|v|2 F1-1+ ¢(;n))) if VPt 1—1+6(x) <0
fro = (2.5)
0 if 2+1-1+¢(x) >0,
where f* is the Schwarz-symmetrization of f in RS. In Appendix A we recall some
properties about the Schwarz symmetrization and we give all the properties we need
about the Jacobian and the rearrangement with respect to the microscopic energy.
In particular, f*? is well defined in €p and the function @) defined in Theorem 1.1

satisfies Q = Q*%<.
Using these definitions, we introduce the functional J on ®, defined by

J(9) = /R (VIEFT -1+ 0(0)) @ dudo + 3 |VoI32.  (26)

which is equivalent to

. 1 2
J(#) = Q) + 5 [Végrs — Vol .- (27)
We claim now the following Proposition which we prove in the next subsections.

Proposition 2.2 (Local coercivity of the functional J). There exists a constant
do > 0 such that, for all ¢ > 3, the following holds true. Let a sequence ¢, of @4
such that

V€N, [[Vén —Veqll 2 < do and  lim J(¢n) < J(¢q)- (2.8)

Then there exists a sequence of translation shifts in space x,, such that
Von —Vog(- —zn)|l2 = 0 as n — 4o0. (2.9)

This coercivity of the functional J near ¢ is the first step to prove the stability
of @) stated in Theorem 1.1. To obtain it, on the one hand, we will look for a second
order Taylor expansion of J around ¢¢g and, on the second hand, we will control
the second derivative of J at ¢¢ thanks to a Poincaré-type inequality.

2.1. Second order Taylor expansion of J at ¢¢g. In order to prove Proposition
2.2 we give first a Taylor expansion of the functional J near the potential ¢¢.

Lemma 2.3 (Taylor expansion of J). Let 6 < ¢ < 12 and qb,qNS € ®,. Then the
function

A= J(6+ Mo —9))

is twice differentiable on [0, 1].
Moreover, for ¢ in ®, radially symmetric, there holds the Taylor expansion near

PqQ:
J(¢) — J(dq) = %D2J(¢Q)(¢ —6Q, ¢ — ¢q) +e(|[Vo — Vgl L2), (2.10)
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where £(8) = o(62) as § — 0.
Finally the second derivative of J at ¢g in the direction h is given by:

D2J(60)(h, h) = / Vh| da — / |F (e (2,0))] (h(z) — Th(x)? dedv, (2.11)
R3 R6
where ey, (7,v) = V1+ 02 —1—¢g(z) and Ih is the projector defined by
/R3 ((1 + e (7,0) — ¢Q(y))i - 1)

(0 cagle0) = 60(0))? ~1) | (14 cagov) — b0(0) dy
(2.12)

ITh(z) =

Remark that the function ITh can be seen as the projection of h on the functions
of the microscopic energy e, (z,v). To prove the lemma 2.3 we will first prove that
J is two times differentiable on ®,, then we will evaluate its derivatives on ¢¢g and
finally we will control the rest of the expansion for radially symmetric potentials.

Proof. Let Jy be a functionnal on ®,, defined by

Jo(¢) = / (\/ 2+1—-1+ (Z>(:1c)> Q*?dxdv = / eg(r,v)Q*dxdv. (2.13)
R6 R6
Then J is given by
T(6) = Jo6) + 5 V6. (214)

To differentiate J, we just have to differentiate Jy. Let (;S,(Z) € &, and h = g?) — .
We study then the function A — Jy(¢ + Ah) on [0, 1].
First derivative of Jy. From the change of variable (A.11), we get

0 0
7o) = [ e asepaere= | e(Goay) (e
where G is the @' bounded function, with bounded derivative, defined by
Gls) = / Q*(0)do (2.15)
0

Moreover, from the property (A.8) in lemma A.2, the jacobian ay(e) converges to 0
as e — inf ¢. Thus we have [eG o a¢(e)]ionf¢ = 0 and an integration by parts gives

0
Jo(¢) = / G o ag(e)de. (2.16)

—00

Step 1 : first derivative of Jy.
To differentiate Jy given by (2.16), we shall use the Lebesgue’s derivation theorem.
From formula (A.9) in the Appendix, we have for all e < 0
D Glag(€) = Q" (as i) s an(c) (2.17)
with
0

pxteen(e) = —dr | K (e~ o(a) = M) h(a)dr,
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and

(1+1). (2.18)

+ v

K@) = ((1+n)? —1)

Note that the uniform inequality

, N 2
(1+e+mln{m<¢>,m<¢>}> )
+

1+ |z

47
Ap+Ah (e) > 3

R

and the compact support of Q* imply that there exists eg < 0 such that
Ve > e, A€ [0,1], Q" (agean(e) = 0. (2.19)
Moreover, we have for all e < e, for all A € [0, 1],
‘ 0 < 47r/ K (e0 — 6(x) — 3()) [h(a)] de,
R3

F doan(e)
and Q*(ag+an(e)) < ||Qllo- Finally we obtain, by noting ¢y = ¢ + Ah

—Jo (Pr) = 477/ ” Q" (ag, (e))K (e — ¢(x) — Ah(x)) h(z)dxde. (2.20)

Step 2 : second derivative of Jy.
We keep the previous notations. An integration by parts with respect to e yields

Zenon == " | Qs (et (@) ((+ ¢~ oxe) 1) hwaaae.

We perform now the change of variable s = a4, (e), which gives

0 47r

~vJo(dn) = 3

o\ 0 » Q"'(s) ((1 +ag, (s) - m(x))j - 1> + h(z)dzds,

(2.21)
where L is the measure of the support of @) and thus satisfies Supp(Q*) = [0, Lo).
Define

o) = (140510 - n@) - 1)3

+

From the first step, for all A € [0,1] and for all s € [0, Lo], we have a !(s) < e and
thus the set

{z €R® g\ z,5) # 0} C {2 € R®, ga(x) < e} C {2 € R, ¢(x) + d(2) < eo}
is uniformaly contained in the bounded set Q@ = {z € R, ¢(z) + d(x) < eo}.
Moreover, by recalling the notations h = ¢ — ¢ and

(1+mn), (2.22)

4+  w=

K@) = ((+n%-1)
we have for (A, z,s) € [0,1] x © x [0, Lo

g)\(A z,5) = 3K (a;j(s) — $(z) — Ah(:v)) <—h(x) n ;A%j(s)) . (229
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where, from lemma (A.2) in Appendix,
/Q K (adjj(s) — $(z) — Ah(m)) h(m)daz'
/QK (a;j(s) — ¢(z) — )\h(m)) dx

To differentiate (2.21) with respect to A, we first prove at fixed s € (0, L)

o _
3 on (8) =

0 dg

— = — . 2.24

55 | o0z s(@yds = [ e 5o (2.24)
Let fixed s € (0, Lg). We begin by bounding %a;;(s). For all x € R3

o(x) + Mh(z) > ¢(x) + (z) and a;i(s) < eg, (2.25)

which provides

0 [ K (a5() ~ ota) = Ab(a)) b < [

Q

Now denote 5
Oy = {LL“ S Rs, qu(x) < a(;; (5)} .
Then the set 2, is included in © and

1 (8 s
meas (£2)) = ag, oam1 (5) =5

Moreover, for all x € Q), we have
_ _ 41 /(S
a5 (5) = oal@) = a3l (s) a3l (3).
which, combined with

1
v >0, K(n) = (n2+n)i (1 +n) =2,
implies
1
_ S _ —1/(S 2
K (a;1(s) = ox(@)) do > = (a;}(s) — 03] (£)) 7 2.2
| & (a1 = onta)) de = 5= (a0 =5 (5 (227)
We claim that, at fixed s > 0, there exists a constant C' > 0 such that for all
A€ [0,1]
L) —a;t (2) > C 2.28
ay, (s) —ag, 5)2C. (2.28)
Indeed, assume that the property (2.28) does not hold, then there exist A € [0, 1]
and a sequence (Ay) such that, as n — 400,
_ 1 /S
An — A and amln (s) — a(mln (§> — 0.
From lemma A.2 in Appendix, we conclude that

-1 -1(8\ _
i) =5 (5) =0
which is not possible since s > 0 and a;; is strictly increasing on R . Finally from

the inequalities (2.26) and (2.27), for s € (0, Lo) there exists a constant Cs > 0 such
that for all A € [0,1],

0 _
aaml(s) < Cs.
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We can thus uniformly bound
‘8)\9 1+60—¢($)— )

where we used (2.25) and the fact that K(n

)
function ¢+4¢ belongs to L} (R3) (since q>3), Le
(2.24).

—d(@)+Cy).

< (14 77) . By noticing that the
besgue derivation theorem provides

Now aim to integrate with respect to s € (0, Lg). We define for all s € (0, Lg)
and for all X € [0, 1]

0 0
I(\s):= 8)\/ ()\,x,s)h(x)dx:/ng()\,x,s)h(x)daz,

which is continuous function of the variable . Remark that

I\ ) = 3/91{ (a;;(s) - gZ)A(:c)) <—h(x) + ;A%j(s)) h(z)dz,

where, from Cauchy-Schwarz inequality,

5 < /R K (a3)(5) — 6x(0)) h(x)dx>2

da
o5 (et =n) ot = [ 5 (a3~ ox(@)) e
R3 A

/Rg K (a;al(s) - ¢A(i€)) (h(2))? da.
(2.29)

IN

Thus, we have

_ 2
I\ 5)| < 3/R3 K (a31(5) — 62(2)) (h(2))? do.
Moreover, since Q* is decreasing from ||Q||z~ to 0, the function Q*' belongs to
L'(0, Lg) and finally, from Lebesgue’s derivation theorem, we get

62 Lo o B
S o(en) = 4 /0 @ (S)K(aqﬁj(s)—@(x)) (h(x))2dads

</R3 K (a;;(s) — ¢)\($)) h(;p)dx>2 (2.30)

Lo
—4r Q" (s) ds.

: L5 (6510 = onla)) do

Using the change of variable e = a;;(s), we get

2
Zanion= 11 [ [ Qo (@)l (K (e~ ox(0) ()P

2
< - K (e — ¢x(z)) h(a:)dx)
)
K (e — ¢x(x)) dx

]R3

de.

0
dn / Q"' (ap, (€))dl,, (e

(2.31)

Step 3: derwatives of J at ¢g:
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Let ¢ € &, and h = ¢ — ¢g. Then, by (2.20),

0
Da6)W) =47 [ [ Q" (asg () (e = (o) ha)dade
Note that, from lemma B.2, the function F' defined by theorem 1.1 satisfies

Q*(aggy () = F(e).

1

Now perform the change of variable u = ((1 +e— gZ)Q(:U))i_ - 1) * with respect to
+

e. Then

DJo(pg)(h) = 477/ / VI+ o2 =14 ¢g(x )) u?h(z)dxdu
= / Yh(z)dzdv.
RG
Hence, from (2.14),

DJ(6g)(h) = DJo(60)(h / Vo - Vhdz = 0,

where we used the Poisson equation satisfied by ¢g.
We now give the explicit expression of the second derivative of Jy at ¢g. Remark

first that F’(e) = Q"' (ag, (€))ay, . (€) and thus from (2.31),

D2Jo(q)(h,h) = 4r / [ FOK (€= ir(@) (h(w) *dade

2
» o ( RgK(e—@(x))h(m)dx)
W/_OOF(e)

K (e — ¢x(2)) dw
R3
We apply the change of variable u = ((1 +e—¢g (w))%r - 1) * with respect to e to
+
get

de.

D?Jo(¢q)(h, h) = /RG F' (e) (h(x))? dzdv — /RG F' (e)I1h (e) h(x)dxdv,

where e = e(z,v) = /1 + |[v]2 — 1+ ¢g(x) and IIh is the projector on the space of
functions depending only on e(z,v), defined by (2.12). Hence we have

D2 Jo(0q)(h ) = [ P (el ) (h(a) = Th () dao,
and the decomposition (2.14) provides
2 J(0)(h.h) = DDoloa)( 1) + [ | 1Vhda, (2.32)
which concludes the proof of (2.11).

Step 4: proof of the Taylor expansion (2.10):
Let ¢ € ®, radially symmetric and h = ¢ — ¢g. We note for X € [0,1], ¢y :=
g + Ah. Then, using DJ(¢g)(h) = 0, we have
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T(dq +h) ~ T(6q) = 3 D*I(6Q)(h 1)

1
+||Vh||2L2/O (1= X) (D*Jo(r) — D*Jo(60)) (IIVZIILQ’ ||VZ||L2> dX\.  (2.33)

It is sufficient to prove that

sup  sup ‘(D2Jo(¢,\) - D2J0(¢Q)) (ﬁ, ﬁ)‘ =0 (2.34)
AE[01] || VA 2 =1

as ||Vo—Voql 2 — 0 to obtain the Taylor expansion (2.10). Note that the functions
h in (2.34) are taken to be radially symmetric. In order to prove (2.34) we argue by
contradiction. Let € > 0, ¢, € @y, hy, € P4 and A, € [0, 1] such that

1 R
IVn, — Vgl L2ms) < o IVhnlr2msy =1, (2.35)

and

[(D20a(60) = D*30(6) (hns )| > (2:30)

where ¢, = (1 — A\p)ég + Antn. The sequence ¢, satisfies

1
We recall from (2.30) that
Lo
D2y () (ﬁn, En> —dn | QY(s)y(s)ds, (2.38)
0
where
A 2
A (/3gn(a:,s) n(:r)dx)
n(s) = / (@, 5) (n(2)) 2z — B L (239)
R? / gn(z,s)dx
R3
and

o = (140520 ~0u@)” 1) (405160~ ente).

+

Notice first that the convergence (2.37) implies the convergence of ¢, to ¢¢ in
LS(R3). Thus, from (A.8), we have

aqjs(s) — a;é(s). (2.40)

Moreover, we have

+00 +o00 1 %
a7 o ar < ol ([ )

where we used the convergence ¢, (r) to 0 as 7 — 400 from the definition of ®,. It
gives

Vo, :
VreRY, |pn(r)| < IVonllzzgs) < <

-
4dmr ra

(2.41)
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Thus the set of integration in x in the integral (2.39) can be restricted to a bounded
domain  uniformly with respect to s € [0, Lg]. Indeed, from the increase of a(;j,
for all s € [0, Lo],

Dy(s) :={z eR? : ¢,(x) < a;:(s)} c{zeR® : ¢u(z) < a;j(Lo)}, (2.42)
and, since ¢,, € ®, is nonpositive,

2
Dy (s) C {:L‘ eER3 : |z < 02} =0 (2.43)
€0

where ey = sup,,ey a;j(Lo) < 0.
Now, from the local compactness of the Sobolev embedding H' —» Lfoc forl1 <p<
6, there exists he Hrlad such that, up to a subsequence,

on — g and hp — b in LP(Q) as n — +oc0.

At fixed s € [0, Lg], these convergences combined with the convergence (2.40) pro-
vide, on the one hand, the convergence for all i € {0, 1,2},

hi — h'in L*(S),
and, on the other hand, the convergence of

z = gn(x,8)? =20+ 502 +4n® + 0t with n = (a;nl(s) — ¢n(x)>+

in L1(Q) to g(-, s)? where
2
gta.s) = ((1+0305) ~ dalo)
Thus, for all ¢ € {0,1,2}, as n — +o0
gn (@, 8)hi, = g(x, 5)h in LL(R?).

The convergence of v,(s), at fixed s, follows. Now, by Cauchy-Schwarz, we have

([ s hatore)

/ gn(x,s)dx
R3

+

~1) (a0 — dofe))

< [ gula) (o),

which provides
0 < () < [ gales)in(e)’ds
< /z gnl@, Lo) (hn(2))2da.

Thus 7, is uniformly bounded on [0, Lo] and from standard dominated convergence
theorem,

D2Jo(6n) (izn, izn) — D2%Jy(¢) (iz, B) as 1 — 400, (2.44)
and similarly

D2Jy(¢0) (ﬁn, hn) — D2Jo(¢q) (ﬁ, B) as n — +oo. (2.45)

These convergences contradict (2.36), which proves the Taylor expansion (2.10) and
concludes the proof of Lemma 2.3. (]
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2.2. Proof of Proposition 2.2. We use now the Taylor expansion stated in lemma
2.3 to obtain the proposition 2.2. In a first step we prove the local coercivity of
the functionnal Jy near ¢¢ for radially symmetric potentials by using a Hardy type
control, obtained in a second step. In a third step, we finally pass from radially
symmetric modes to general modes by using a compactness argument [8] which
concludes the proof of the proposition 2.2.

Step 1: coercivity of the quadratic form D?J(¢q)
In this step, our aim is to prove that there exists an universal constant Cy > 0
such that
Vhe Hyy  D>J(6q)(h,h) > Col|Vhl[7. (2.46)

where the space

H = {h € L} (R?), radially symmetric, s.t. V¢ € L*(R?) and  lim  ¢(x) = 0} .

|z| =400

is a Banch space. We consider the linear operator generated by the Hessian D2(¢Q):
Lh=—-Ah— / |F'(e)|(h — TTh)dv.
R3

Remark that the compactness of the quadratic form D?.J (pg) on Hrla 4 1s given by
the previous proof of the Taylor expansion. From the Fredholm alternative, we have
only to prove the strict posivity

Vhe H ., h#0, (Lh,h) > 0. 2.47
rad

to obtain the coercivity (2.46). From the Taylor expansion (2.11), this inequality
can be seen as a Poincaré inequality with an explicit constant, and we shall adapt
the Hérmander’s proof [18, 19] to obtain it.
Let us introduce the following operator 1" defined by
orf O f

Tf(e,r)= = ,
o (W em da - D G re—ogu)  PuviT

[NIES

where
u(r,e) = ((1 +e— qﬁQ(r))%r — 1)?r ) (2.48)

Recalling that ¢g(r) is strictly increasing and that Supp(F') = [0,eq), we shall
denote the space

U={(r,e), u>0} ={(re), e € (¢0(0),0), r € (0,r(e))} with r(e) = qﬁél(e),

Then we define on U = U N (0,7(eq)) x (¢g(0),eq), for a given h € ', the
function

f(r,e) = /0 (h(1) —=TIh(e)) (1 + e — ¢q(1))* — 1)_% (1+e— ¢o(r))r%dr. (2.49)
We can differentiate f and get, in particular,
Tf=h-—1lh. (2.50)

Now let € > 0 and study the behavior of f(e,r) for r — 0 and r — r(e) when e
belongs to (¢q(0) + ¢, —¢). Notice first that, from (2.41), for all 7 > 0

73 |h(r)| < ||VA| 2, (2.51)
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and

Ve € (6g(0) +¢,—¢), [h(e)| < Ce. (2.52)
These inequalities combined with the continuity of ¢ imply the existence of C; > 0
such that, for all e € (¢g(0) + ¢, —¢) and for all r € (0,7(e)),

|f(e,7)] < Cer3. (2.53)
Moreover the function f satisfies
+00
fle,r(e)) = / (h(1) —IIh(e))u(r,e)(1 + e — ¢Q(T))72d7' =0, (2.54)
0

where we used

+00
/0 u(re)(1+ ¢ — do(r)h(r)r’dr

+oo
/0 u(r,e)(1+e — ¢g(r))r?dr

Hence, using (2.51),(2.52) and the increase of ¢g, we get for e € (¢pg(0) + ¢, —¢)
and r € (0,7(e))

ITh(e) =

[

r(e) 1
[f(re)l = / (h(r) = TIh(e)) (1 + e = ¢q(1))* = 1)% (1 + e — ¢q(r))rdr

in which

(1+e—gq(r)? - 1)_% (L+e—go(r) < (e— ¢Q(7“))<%f(2 — $(0))2 (1 - 6 (0)),

and

e
/ rhdr < O(r(e) — 1) < (e — da(r)).

since ¢ (r) > inf{¢f(7), 7 € [r(—€),7(¢(0) +¢)]} > 0. Finally there exists C: > 0
such that for all e € (¢g(0) + ¢, —¢) and for all r € (0,r(e))

1f(e,7)| < Cele — po(r))z. (2.55)
Now denote

I(h) = /R |F'(@)|(h — 1h)*dedo.

First, passing to the spherical coordinates and performing the change of variable

=1+ [v]2 =1+ ¢g(r), we get from (2.50)
I(h) = 167° /]F |(h — TIR)?r?u(e, r)\/1 + u(e, r)2drde

r(e)
_ 1672 /%()]F()\de/o (h(r) — TTh(e)), fdr,

where u(r, e) is defined by (2.48). Now, from (2.55) and (2.53), we have
(h(r(e)) — Ilh(e)) f(r(e),e) = 0 and lim(h(r) —Llh(e)) f(r,e) =0,

from which an integration by parts gives

I(h) < —1672 / |F’(e)| fO,hdedr.
u
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This inequality, combined with the identity

po(r) =5 [ IP(e)lute.r)de,

3 r(eq) dr €Q 2
@ bl | [ G ([ IF@lsae
0 r ¢Q(r)

1

3 3 [T po(r) [0 f? :
4m)2||Vh — d F'(e)|——=d

(4m)2 |V ey (M e el )

where we used Cauchy-Schwarz inequalities. Performing the change of variable
u = u(e,r) with respect to e, we finally obtain

leads to:

I(h)

IN

IN

2 3
1(h) < [V 2 (3 / pQ(r)]F'(e)|T4u4\J/rmd:Edv> C (256)

Now we claim the following Hardy type control:
P(r) /2
I(h) > —— | |F'(e)| ————=dxdv. 2.57
=3 | <pQ<r> s | PO e, (257
Assume (2.57), then (2.56) yields
P(r) f?
I(h)+3 / F'
(h) r(1+u2)| (e)|r4u4\/1+u2
Thus, letting ¢ — 0 yields (Eh,fz) > 0. Moreover, if (Lh,h) =0, then f =0 on U,
which implies h(r) = IIh(e) on U, also 0 = (Lh, h) = ||Vh”%2(R3) and finally h = 0.
This concludes the proof of (2.47).

dzdv < ||[Vh||72gs)-

Step 2: Hardy type control.
Let us prove now the Hardy type control (2.57). Let g be a given smooth function

in U and ¢ such that f = qg. After easy computations, we get

2 2 2 2 T?g 2 2 T?g 2
(Tf) =9 (Ta)"+T(q°gTyg) — T‘f >T(q°gTg) - Tf : (2.58)
We take g(e,r) = r3u(e,r)3. Then, remarking that
ou oo (1) V14 u?
- = r)—momo—o—o
or Q u

we have
g 2

U
Tqg = =3
g r2uv/1 + u? V14 u?

- 3T¢/Q(T)7
and therefore

= r)+ —— :
I AT\ r L+ u?
Since A¢g = pg, it implies

T%g 3 ) 1
g it <pQ(T) + ¢Q(T)T(1+u2)) : (2.59)
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Injecting this into (2.58) and integrating on U yield:

! (r 2
I(h) > 3/ (pQ(r)—i-m) ]F/(e)|7%“jmdxdv 2.60)

+/ |F'(e)|T (fﬂ;g) dzdv. |

where we used ¢?¢Tg = fQ%. Now

eqQ r(e)
/yF’(e)yT (f2Tg) drdv = 167r2/ F’(e)yde/ oy <f2T9> dr.
g $q(0) 0 g

From (2.55) and (2.53), we can perform an integration by parts and we get

/|F’(e)\T <f27;9> dxdv = 0.

We obtain thus the Hardy type control (2.57) which concludes the proof of the strict
positivity of the Hessian D?(¢¢) on radial modes (2.47) and therefore the coercivity
(2.46).

Step 3: end of the proof: Let us first prove the proposition 2.2 for radially symmetric
potential. Let ¢,, a sequence of ®,, radially symmetric, such that

Vn €N, [[Vén = Voqll . <61, limsupJ(¢n) < J(¢q), (2.61)

n——+0o00
where 0; will be defined later. Then we use the Taylor expansion (2.10) and the
coercivity (2.46), which holds only for radially symmetric potential:
Co
J(#n) = J(6Q) = <~ [Vén — Vg2 + (I Ven — Vgl 2)-

Now, since £(8) = o(62) as § — 0, we can choose §; such that
Vo e [0,01], €(9) < %52.
Thus
7 Co 2
(én) = J(dQ) = —~ IVén = Voqllz:,
which finally provides, from (2.61),
lim J(¢n) = J(¢q) and ||Vé, — Vgl » — 0 as n — +oo. (2.62)

Let pass now at the general case. We consider a sequence ¢,, of ®,. We define then
o = —(—o¢n)*, the opposite of the Schwarz rearrangement of (—¢,,). We introduce,

for all n € N, the potential qﬁ# given by
4
vo e B, (o) =i (g laP).
It is the Schwarz rearrangement of ¢,,, defined as a function of R3. Then we claim

that we have ) )
J(@) = J(@n) = 5IVOL 172 = 5I1VonllZ <0, (2.63)
and that there exists a constant dg > 0 such that

1960 — Voqll . < do implies [ Ve - Voo | < b (2.64)
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Assume first that these claims are true and take the sequence ¢,, such that

¥n N, [Voy = Voglya <00, lim J(6) < J(6g)  (265)

Then, from (2.63) and (2.64), the sequence ¢ satisfies (2.61) and therefore satisfies
(2.62). Moreover we obtain the equality

lim J(¢¥) = Jim J(6n) = J(60),

n—-+4o0o

which implies from (2.63)
lim ||VeF |2 = lim [Vl (2.66)

n——+0oo

From (2.62) and (2.66), we are in the equahty case of the Polya-Szego inequality.
Thanks to Theorem 2 in [8], we obtain the following compactness result : there
exists a sequence of translation shifts in space, z,, € R, such that

Vén — Vog(- — xy,)|| 2 — 0 as n — +o0.

Let us now prove the claims (2.63) and (2.64). Remark that, from Schwarz re-
arrangement classical properties, for all n € N, d)# belongs to ®, and satisfies the
Polya-Szego inequality

IVl < ||v¢n||L2 (2.67)
Moreover, for all C'! function 3 such that 3(0) = 0, one has

/Mn dx—/ B(6# (2))d,

3
which for e < 0 and for 8(t) = ((1+e—t)% l)i implies ag, = ag: given by the
expression (A.2). Thus, from (2.16),

0
T6n) = 5IVenlt— [ Glas,(enae

1 0
— 510l — [ Glagg(e)de

which provides directly the claim (2.63). Let us prove the claim (2.64) by a contra-
diction argument. We assume that there exists a sequence 1), in H' such that

1
|Vibn = Vgl < — and HW _

The contractivity property of the rearrangement in LP-norms and a Sobolev embed-
ding give

2 > 0. (268)

3|Q

107 = dQllzs < [¥n = dllLs < ClIVehn — Vgl L2 <
Moreover by (2.67) and (2.68), we have
1
IV9Ellze < IVibnllze < [Vdollrz + — (2.69)

Hence w# is bounded in H,} and the sequence Vw# converges to V¢g in the L?
weak topology. In fact, from Fatou lemma, the inequality (2.69) implies

i IVYE || 2 = Vgl 2.
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Thus the sequence V)i converges to V¢q in L?(R?) which contradicts (2.68).
Notice that, for all ¢ € (6,12), the space ®, is included in H' and thus §p does not
depend on g. The proof of Proposition 2.2 is now complete.

3. Nonlinear stability of ()

We are now ready to prove Theorem 1.1 in this section. The proof is based on the
two following arguments : i) The local coercivity property of J stated in Proposition
2.2 which ensures the compactness of the potential field, and ii) The compactness
of the whole distribution function in the energy space.

3.1. Local compactness of the distribution function. We will prove in this
subsection that the Proposition 2.2 implies the following compactness result:

Proposition 3.1 (Local compactness of local minimizing sequences). Let p > %
Let 69 > 0 the constant defined in Proposition 2.2 and let f, be a sequence of &,
such that

1fn = @ Miw = 0, [Ifn — @l L) = 0, ligiup%(fn) < H(Q), (3.1)
and
IV¢r, = Véqll 2 < do- (3.2)
Then there exists a translation shift x, such that
[fn = Q( = an)llg, = 0 as n — +oo. (3.3)

Proof of Proposition 3.1. Let (fy,) a sequence of &, satisfying (3.1) and (3.2).

Step 1: Compactness of the potential. We first remark that, from inequality (B.4),
we have

36 > [ (VIPFT =14 05,(0)) i dodo-+ 5 [V0,1 3.

which implies, from the change of variable (A.11),

H(fn) = J(dy,) > /Rﬁ (\/ v2+1—-1+ (bfn(:v)) (f;:(ﬁf“ — Q*¢fﬂ> dxdv

+o0
> /O azt (5)(f3(s) - Q"(s))ds.
Finally

“+oo
I(f) — H(Q) = J(97,) — J(dg) + /0 agl (3)(fi(s) ~ Q7 (s)ds.  (3.4)

Now, since (f,,) satisfies (3.1) and (3.2), the sequence (f,,) is bounded in the energy
space &,. From classical interpolation inequalities, for

_3M4p—3)

(6,12),

the sequence ¢y, belongs to ®, and is bounded in L9(R3). Thus, from (A.3) we
have

a(;fln (3)’ <C ( 11 + 11> . (3.5)

sa-3 sa
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Hence we obtain from Holder inequalities

+oo
| a 6)6) = @ (6| < 201 = @l

and
1
/0 a5} (8)(£i(s) — Q" (s))ds

where p' = P4 < 3. Notice that L= <1 which gives, from (3.5), the boundedness

/
(1 - P > .
qg—1
We have then the convergence

+oo
|Gl @ - @ e)ds 0
0 n
as n — 400 and, injecting this in (3.4), we conclude from (3.1) that
lim_J(07,) < J(6q). (3.6)

n—-—+

< H%:l HLp’(o,1)Hf; — Qe (w)

lag, 2o .1y

Together with the condition (3.2), this allows us to apply Proposition (2.2) and we
conclude that there exists a sequence of translation shifts in space x,, such that

IVor, = Véq(- — zn)|l 2 = 0 as n — +o0. (3.7)

Step 2: Convergence of fn (- + xy,-) in €,. To obtain the convergence in the
energy space &, the method that we chose is very similar with the method developed
in [23]. We renote f,, := fy, (- + Zn, ). We remark first that since Q = Q*#Q

/Rﬁ (VIP+T=1+6q) (2% - Q) dedv /Ooo ay) (5) (f1(s) — Q*(s)) ds

< loqllee=llfn — Q11
and thus

/RG (\/m 1+ ¢Q(x)) ( 0o _ Q) dzdv — 0 (3.8)

Now, from the inequality (B.4), it implies that

liminf/ (\/W -1+ QbQ(l“)) (fn —Q)dxdv > 0.

n—-+4oo RS

Hence, since

() = H(@+5 Vo5, = Voot [ (VIPFT =1+ 60()) (f2 Q) dod

in which

lim sup3¢(f,) < 3(Q) and Tim_|[Vy, — Vol =0,

n—-+00

we obtain, as n — 400,

/R6 (\/‘v|2+1—1+¢Q($)> (fn — Q) dzdv — 0. (3.9)
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The two convergences (3.8) and (3.9) yield
T, = / eq(z,v) <fn — :;d)Q) dxdv — 0 as n — 400, (3.10)
R6

where eg(x,v) := \/|v]?+1—1+ ¢g(x). As in the proof of (B.4), we write T}, in

the following equivalent form

+oo
T, = / dt </ eq(z,v)dzdv —/ eQ(z,U)da:dv> ,
t=0 T 3 (t)

1

where

S(t) = {(z,0) € RS, fn%(m,0) <t < fulw,0)},

S5(t) = {(z,v) €R®, fulz,0) <t < fn%(z,0)}.
From (B.14), we have

V(w,v) € ST(1),  eq(x,v) > (f3 0 agy) ™ (2).

+oo
T, > / dt (/ (fro a¢Q)*1(t)da:dv —/ eQ(x,v)da:dv> ,
t=0 T 7 (t)
and since meas(S7(t)) = meas(S5(t)) for all t € Ry,
T, > / dt/ n 0 0g) )7HE) — eq(z,v)] dado.
t n

Remark from (B.13), that the rlght term is nonnegative and thus, from (3.10), we
get as n — 400

+
A, = / dt/ n ©Ggg) ) Ht) — eq(xz,v)] dzdv — 0 (3.11)
t=0 n

We now claim that this implies

+oo
R * o a —1 —enlz.v wdv .
By, = /t:O dt/g(t) [(Q 6o) (t) —eq(x, )] dedv — 0 (3.12)

Thus

as n — +0o where

Q3 (t) = {(z,v) €R®, fu(z,v) <t <Qz,v)}.

To prove it, we decompose

S5 = (S5\Q5) U (S3 N03) and QF = (\SF) U (S5 NP).

Thus
“+00
A, — B, = / dt leg(z,v) — (Q o a¢Q)_1(t)] dxdv
=0 5 ()\S3 ()
—+o00

+ dt/ [(f; o a¢Q)_1(t) — eQ(az,v)] dzdv
tj%o S5\ ()

+ dt/ [(fi 0 apy) ' (t) — (QF 0 agy,) ' (t)] dadv
=0 OO

(3.13)
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Now let us examine each term as n — +oo. We first observe that for g, h € L%(R°)
we have

—+o00
/ meas({g <t < h})dt = / (h — g)ydzdv,. (3.14)
0 R6
Thus we obtain

+00
/O meas(SP(£)\ Q3 (£))dt < /0

which gives, from (3.1),

—+00

meas({Q < ¢ < £1°9))dt — / (£199-Q) , dudv,

R6

+oo
| meas(S3 005 @0ar < 155 = Qs = 1 = @l 0
and similarly for meas(Q25(¢)\S%(¢)). Using in addition the estimate
leq(@,0) < [6Q(O)l, [(£7 0 ape) ™ ()] < loQ(0), [(Q" 0 asy)™ ()] < loo(0)],

we deduce that the first two terms of (3.13) converge to 0 as n — +o0o0. We now deal
with the third term. Combining the strong L' convergence in (3.1), the monotonicity
of fr and the continuity of Q*, we get

Ve € (¢(0),0), f,oap,(e) = Q" cag,(e) as n — +o0.
Thus for e € (¢¢(0),0) such that @ o ay,(e) >t we have for n large enough
fr 0 apy(e) > t,
which from the definition of the pseudoinverse (f; o a¢Q)_1 provides
e < lminf (/] o ag,) (1),
From the definition of (Q* o a¢Q)*1, we conlude that

liminf(£7 0 a4,) (1) > (Q" 0 a,) (1),
We just inject it into the third term of (3.13) to obtain
Aol An = Br) 20
Moreover, from (3.11), from the definition of 2§ and from (B.13), we have
A, — 0and B,, > 0.
We conclude that the convergence (3.12) holds true:
/+OO dt/ [(Q o a¢,Q)_1(t) — eq(z,v)] dedv — 0. (3.15)
t=0 {fn<t<Q}

Since e — F(e) is continuous and strictly decreasing with respect to e = \/|v|? + 1—
1+ ¢g(x) for (z,v) € {Q(z,v) > 0}, we have

t < Q(x,v) implies Q* o a¢Q)_1(t) —eq(z,v) > 0.
Thus, up to a subsequence,
for a.e. (t,z,v) € RL x RS, 1¢f.<t<@y — 0, as n — +o0.

Since 1{fn§t<Q} < 1{t<Q} and

+00
/ dt/ 1<gydrdudt = || Q|11 < +o0,
t=0 RS
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we may apply the dominated convergence theorem to get:

+o0
/ dt/ 1¢s,<t<@ydzdvdt — 0 as n — +oo,
t=0 R6 B

which, from (3.14) is equivalent to

/ (Q — fn)rdxdv — 0 as n — +oo. (3.16)
R6

Now we write

/ (fo — Q)sdrdv < / (fn — Z¢Q)+dxdv+/ (fi% — Q) dxdv
R6 R6

RG
—+o00
< /0 meas({f%0 <t < fu})dt + £ — Qllua,

where, from the equimeasurability of f,, and f;d)Q, we have

/+OO meaS({f;¢Q <t< fuhdt = /+OO meas({fn, <t < f:m})dt
0 0
:/ (f;:d)Q - fn)+dxdv
R6
/ (Q — fn)ydzdv +/ (f;d)Q — Q)ydzdv.
R6 R6

IA

We finally get
[ n=@dndv < [ (@ ) dado+ 2115 = QL

Now, since Hf;% —Qllpr = |Iff — Q*|lzr — 0, we obtain from (3.16) the L!
convergence

| fn = QllL,(rs) — 0 as n — 4-o0. (3.17)

Now, from the convergence of V¢y, to Vg in L?(R3) and from (3.1) we have

liminf/ (\/|v\2 T1- 1) (f — Q) dzdv < 0. (3.18)
RG

n—-+oo

But f, converges almost everywhere in R® to ), thus we have an equality in (3.18)
and thus the convergence is strong:

/ (\/|v|2—|—1) |frn — Q| dxdv — 0 as n — +oo. (3.19)
R6

Similarly, we remark that

| fallermey = [ fallir@y) = 1@ lrry) = QI Lo (rS)>

when n — 400 and we obtain the strong LP convergence and the proof of Proposi-
tion 3.1 is completed.
O
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3.2. Stability from the local compactness. Let p > % From the Hardy-
Littlewood-Sobolev inequality and Holder inequalities, we have from the classical
interpolation’s inequality:

2p—3 p

1
IVor = Vgl < Klps —pgll s < KNf=glpd™ If =gl llol(f = a)lIZ: -
(3.20)

Thus for all f € &,
If = Qllg, <eimplies [[Vor— Vgl . < Ke. (3.21)

Let fixed g9 > 0 such that

0
Keg < 50,
where K is the constant in (3.21) and dy is defined by Proposition 3.1. Let ¢ € (0, eq).

Then an equivalent reformulation of Proposition 3.1 is the following: there exists

0<n<eo
such that the following sentence holds true: if f € €, is such that
1" = QM@ <n 1F" = Q%) <, H(S) < FH(Q) +m, (3.22)
and
IVor = Vgl 2 < o, (3.23)
then there exists a translation shift y € R? such that
If = QC—y)llg, <= (3.24)
Remark that the assumption (3.23) can be replaced by
inf 965+ 2) — Vgl 2 < do (3.25)

Indeed, on the first hand, if the condition (3.23) is satisfied, the condition (3.25)
is satisfied too. In the other hand, if a function f satisfies (3.22) and (3.25), then
there exists z € R? such that f = f(- + z,-) satisfies (3.23). But f satisfies (3.22)
too. Thus we have (3.24) for f and also for f.

Now we prove theorem 1.1. Let fy € €, such that

1fo=Qllg, <n- (3.26)

Let f(t) € F([0,T),€Ep) a corresponding renormalized solution to (1.1) as stated in
[9, 10]. We want to show that f(¢) satisfies (3.24) for all ¢ € [0, 7).
Let us first prove that f(¢) satisfies (3.22) for all t. From (3.26), we have

[fo—@QllLrwsy <n, [[fo — Qllrwsy <, H(fo) <H(Q) +n,

and from the property of contraction of symmetric rearrangement:

1 = Q7 lrwy) < IIf — Qllpr(re),
we deduce that fj satisfies (3.22). By conservation of the flow, we have
vt e (0,T), f(t)" = fo and H(f(?)) < H(fo)-
We conclude that (3.22) is satisfied for all t € (0,7).
Let us now prove that (3.25) is satisfied for all ¢t € (0,7). At ¢t = 0, since n < ey,
from (3.21), we have
%0

Vo, — Vgl 2 < 5
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Moreover, from the regularity of the flow, the potential satisfies
t— v¢f(t) € e([O,T), LZ(R3))7
which provides the continuity on [0,7") of the function

Bt inf [[Vosu(-+2) — Voql 2

Indeed for all z € R?, we have the uniform boundedness

19650 +2) = Voo o = [Vésen -+ 2) = Vool .
<[V (- +2) = Voru) (- +2)| 12 = [[Vorw = Vool 2

which provides the continuity of 5. Now, by a contradiction argument, assume that
there exists t; > 0 such that §(¢1) > dp. Since B(0) < dp/2 there exists ta > 0 such
that S(t2) = 3d4/4. In particular, f(t2) satisfies (3.22) and (3.25) and thus there
exists z(t2) € R? such that

Hf(tQ) - Q( - -T(tZ))ng <e<egg.

Injecting it into (3.21), we conclude that [(t2) < do/2, which contradicts our as-
sumption. The proof of Theorem (1.1) is complete.

Appendix A. Jacobian of the microscopic energy

We give some useful properties of the jacobian ag given by (2.4) and the re-
arrangement with respect to the microscopic energy defined in (2.5). We recall that
the space @ is defined for ¢ > 3 by (2.1).

We first gather in the following two lemmas some important properties of the
jacobian ag.

Lemma A.1 (Properties of the Jacobian ag). Let ¢ € ®, with ¢ > 3. We recall
that the Jacobian ay is defined as

Ve <0, agle) = meas{($,v) ERS : Vu2+1-1+¢x) < e} . (A.1)
Then:
(i) We have the explicit formula:
47 9 3
Ve <0, agle) = — (14+e—o¢(x): —1)2 da. (A.2)
3 Jrs +
Notice that ((1 +e— gb(x))%_ — 1)Jr = ((1 +e—¢(x))? - 1) 16_¢(m)>0(x).
1) ag 18 on (—00,0) and is a strictly increasing iffeomorphism from
”¢‘(‘31 0 d ictly 1 ing Cl diff hism f
inf ¢,0) onto , which defines a, ~. oreover there exist two positive constants
inf ¢, 0 R* , which defi oM h
C and C such that for all e < 0 and for all s > 0

_a_
5 (I21E" N1l
S

C 1 , .,
@) < g (14 g ) 1ol and a'(e) = =C (A3

sa-3 s4
The quantity inf ¢ is the essential infimum of the measurable function ¢.

Let prove these properties.
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Proof of Lemma A.1. To prove (i), remark that for e < 0

1
VIlE+1-1+¢(@) <eo {gb(x) <eand o] < (1+e—¢(x)): — 1);} .
Since | |lim ¢ = 0, the set {a: ER3 : ¢(z) < e} is bounded and since ¢ belongs
T|—-+00

to L9(R3) with ¢ > 3, we have ¢ € L} (R?®) which implies

loc
1
z— ((1+e— o(x))3 — 1)i belongs to L3(R?).

Thus for all e < 0, ag(e) is finite and after passing to the spherical coordinates in
velocity we obtain the formula (A.2).

. Then, for e < eg < 0,

+ ol

Proof of (ii). We define g(e,z) := ((1 + e — ¢(z))% — 1)

0< gZ(e,x) <3 ((1 +ep — ¢(I))2+ - 1)4% (1 +eo — o(2)),

which, as function of the variable z, belongs to L'(R?®). Indeed its support is
included in the bounded set {z € R® : ¢(z) <eo} and ¢ € L} (R*). Hence we
may apply the dominated convergence theorem and get that ay is a @! function on
R* | nul on (—oo,inf ¢] (if inf ¢ is finite) and strictly increasing on (inf ¢, 0).

We now look for the limit of ay(e) when e — 0. Since ¢ € @,

3

4m m(e) \* :
a(b(e)z?)/R3 <1+6+1+|x|> —1] dx— +ooase—0.

+

+
To conclude the proof of (i), let us study the behavior of ay(e) as e = —oo in the
case inf ¢ = —oo. We observe, from Holder inequality, that

q

agsle meas\x 31 x € ? € — T 2_ %1'
5(e) < (meas{z € B® : 9(x) < e}) (/(ﬁ(m(m é(x)” 1) d) ,
(A.4)

where both terms can be controled. The first term satisfies

meas{z € R® : ¢(z) < e} g/ <¢(:”)>qu < 191z (A.5)

o(x)<e e B |€|q ’

and the second term

[ (re—owr-ars [ caripwma <o (B y,),
o(z)<e o(x)<e |€’q

where we use the inequality (A.5). Now, injecting these both inequalities in (A.4),
we conclude that there exists a constant C' > 0 such that for all e < 0

C 1
o) < s (1+ 1 ) 10l (A.6)

Finally the inverse aq_sl satisfies for all s > 0

3
a_l(s) > _Cv H¢Hi1 + ||¢H1Lq

; , (A7)

s4a-3 s

and the properties (ii) are proved. O
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The first lemma A.1 gives first properties about the jacobian ay at fixed ¢ € ®@,.
The regularity of the jacobian with respect to the potential ¢ is studied in the
following lemma.

Lemma A.2 (Regularity of the Jacobian ay with respect to ¢). Let ¢ > 3. Then
(iii) Let (¢n), (en) and (s,) sequences of respectively ®4, R* and RY. Assume
that there exist ¢ € @4, e € R_U{—00} and s € R U {+00} such that

¢n — ¢ in LI(R?), e, — e and s, — s.
Then by denoting ay(—o00) =0, ay(0) = 400 and a(;l(Jroo) =0, we have
ag, (en) = agp(e) and a;:(sn) — a;l(s). (A.8)

(iv) Let ¢, € ®, and let h = ¢ — ¢. Then the function (N, e) — agian(e) is a
€ function on [0,1] x R* and we have

;\a¢+>\h(6) = —4r » K (e — ¢(x) — Ah(x)) h(z)dz. (A.9)
where the function K, defined by
K(n) = ((1+n)? - 1)j (1+m),

is non decreasing and has its support in R* .
(v) With the same notation as (iv). Let s € R% . Then the function X\ — a;}r)\h(s)
is a Gt function on [0,1] and we have

Proof. Proof of (iii): From the control of the jacobian (A.3), we have directly for
e = —00,

(A.10)

ag, (en) = 0 =ay(—00) asn — +oo.

Let us now treat the case e < 0 such that e 2 —oo. Up to a subsequence, we have
the convergence

3 3
2 2 2 2
(@4 entdu@)l—1)" = (1 +eto@)i-1)°
almost everywhere in R3. To obtain the convergence in L'(R?), from a generalized
dominated convergence theorem, we have just to prove the following L'-convergence,

gi= (et ot 1) 5 (A asor —1)° =

where ey = ian en < 0. In order to do it, we define the set
ne

Q:{$ER3, ¢(m)<%0}.
Since Q is included in a compact set, the convergence of g, to g in L'(Q) comes
from the convergence of ¢, to ¢ in L3 (R3). Out of  we have g(z) = 0 and, from

loc
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a similar Holder inequality as (A.4), we get

q 3 4=3
[ < o (Tt )" (messte €8 0,00) < 0. 000) 2 51)

le]?

q—3

C (meas{x RS : |pn(z) — d(z)| > %0}) o

< (e ol)"

€0

IA

Thus the sequence g,, converges to g in L'(R3\Q) and finally in L'(R3). By conse-
quence, we have the convergence ag, (e,) — ag(e) for e €] — 00, 0].
Let us now treat the case e = 0. Let M > 0 be an arbitrary constant. Denote

for all n € N the space Q,, = {x ER3, |pn(x)| < %} and let eg < 0 such that

3
2

4 m(¢) 2
? - <<1+€O+2(1+‘x’>>+—1>+d$>2M.

Remark that this integral is well defined since the inner function is zero out of

B(0, R) for
R = maX{O, m(¢) — 1} .
2|eo

For n large enough, we have e, > eg and thus

i n@) \:\?
e =5 R3\9n<<1+€°+2<1+m>51>+“
drr m(p) \? :
> 2M—3/n<<1+€0+2(1+|x|)>+—1>+d£€

To prove that the second term converges to 0 as n — +00, we remark that the set
of integration of this term is Q, N B(0, R). Now, from the definitions of m(¢) and
Q,,, we have for all z € Q,

m(@) | m) . m(@)
Atlal) "1+ fa] = 20+ Jal)

6alw) = 0(@) = —

and thus

Since ¢, converges to ¢ in L4(R3), we deduce that the measure of the set 2,NB(0, R)
converges to 0, which implies that the integral

/n <(1+60+2(ﬁ(_¢%|))j—1>2d$

+

converges to 0 as n — +o00. Hence for n large enough ay,, (e,,) > M, which concludes
the proof of the convergence of ag, (e,).
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To prove that a;:(sn) — a;l(s), we denote e, = a;j(sn). We know from the
above result that, if e, converges to e € [0, +o¢], then

Sp = ag, (en) — ag(e).

Hence, any subsequence of (e;,)nen converges to e = a;l(s), which gives the conver-

gence of the whole sequence (e,,)nen to e = a;l(s). The proof of (iii) is complete.

Proof of (iv): We recall that h = ¢ — ¢ with ¢, € ®, and that A € [0, 1]. From the
convexity of ®,, the function ¢ + Ah belongs to ®, and ayp, is well-defined. For
e < 0 fixed, we aim to differentiate on (0, 1) the function

47

A agn(e) = o /R ((1+ € — ox) — M(@)2 —1)? da.

First, the set of integration satisfies
{zeR’ : (p+Ih)(2) <e} C{zeR’ : ¢(x) <e}U{x€R3 : o(x) <e},

which is included in a compact set of R3. Now, we have for all z in this set

D 1((1+ € = ofa) ~ ()2 — 1)1] = 3K (¢ — 6(2) — Mh(a)) ).

1

where K(n) = ((1 + 17)3_ - 1)§ (1 4+ ). This derivative can be bound uniformly
+
with respect to A by

K (e = ¢(z) = \h(@) |h(z)] < K (e—o(x) - 3(2)) 6(x) + ()

< (1ot - éw)]).

which, combined with the fact that ¢+ ¢ € L3 (R?) allows the Lebesgue dominated

loc
convergence theorem and thus implies (iv).

Proof of (v): Let s € R%. The continuity of A a;}r)\h(s) comes directly from
(i17). Let us differentiate this function on Ag € (0,1). Denote ¢9 = ¢ + Agh and
¢x = ¢ + Ah with XA £ X\g. Then we rewrite

a, ! (s) — ag)(s) ag, (s) —ag (s)  ag(ag (s) — ag, (G(ZAI(S)).

A=Xo - Qg (a;;(s)) — Qg (G;OI(S)) A=A

Since a;j(s) converges to a;ol(s) as A — Ao, the first term satisfies

a,!(s) —ay)(s) . 1
agy(ay) (5)) — agy(ay (s) — aly (ag)(s))
and the second term satisfies
-1 -1
Qg (a¢>\ (s)) — ag, (a(m (s)) 0 1
X — X 7 ontetan (% (8)>

Using (A.9), we finally get the expression (A.10).

as A — g,

A=Xo
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Lemma A.3 (Changes of variables). Let a € CO(R)NL*>®(R), G € LY(Ry) and for

all (z,v) € R®
e(z,0) = Vo +1— 1+ (x).
Then

0
/ o (e(x,v)) G (ag (e(z, v))) dadv = / a(e)Glap(e))aly (e)de
e(z,v)<0 inf ¢
(A.11)

+o00
= [ ala; )6
0
where inf ¢ is the essential infimum of ¢.

Proof. We perform the change of variable e = y/|v|?> + 1 — 1+ ¢(z), with respect to
the velocity variable v to get

/ a(e(z,v)) G (ag (e(x,v))) dedv
(z,v)<0

(1+e—¢(x))de

+ =

0
= A T ale)G(ag(e e —¢(x)): —
_ 4 /Rgd /W) (€)G(ag(e)) (1 +e—¢(x))2 —1)

0

= / a(e)G(ag(e))ay(e)de.
inf ¢

We have then directly (A.11) since ay is a C!-diffeomorphism from (inf ¢,0) onto
R* . U
+

Appendix B. Rearrangement with respect to the microscopic
energy

We use now this jacobian to define a new rearrangement of any f € &, with

respect to the microsopic energy \/|v|? + 1—1+¢(x), where ¢ belongs to ®, given by

(2.1). We first recall some basic properties of the classical Schwarz symmetrization.
Lemma B.1 (Schwarz symmetrization). Let f € &,, nonzero, with p > 3. We

2
define the Schwarz symmetrization f* of f on RY by
Vvt >0, f*(t)=inf{s >0, pusp(s)>t},

where py is the distribution function of f defined by (1.7). Then f* is the unique
nonincreasing function on RY such that f and f* have the same distribution function

Vs >0, pup(s) = ppe(s).
Moreover, if f is continuous then f* is continuous. In particular, Q* is continuous.

Now, from this Schwarz symmetrisation, we define a new rearrangement with
respect to the microscopic energy.

Lemma B.2 (Symmetric rearrangement of f with respect to the microscopic en-
ergy). Let f € &,, nonzero, with p > % and ¢ € ®,. Let f* be the Schwarz



STABILITY OF ISOTROPIC STEADY STATES FOR RELATIVISTIC VLASOV-POISSON 31

rearrangement of f in RS. We recall that the function f*¢ is defined by

7 (as (VP +T=146@))) if VIP+1-1+6(

f*o(x,v) =
0 if VIE+1—14+¢(x)>0.
(B.1)
Then,

(i) f*¢ is equimeasurable with f, which means

f*¢ € Eq(f) = {g € LY N LP with pg = pg}. (B.2)
(ii) f*¢ belongs to €, with

2(2p—3)

lwire| <c (uwnp 15 1A + ||f||L1) . (B

(iii) A function Q as defined in Theorem 1.1 satisfies
F=Q" ocag, on R and Q = Q%2 on RS.
() Let f,g € & satisfying pg < puy and ¢ € ®, then

/ (\/ lv2P+1—-1+ gb(az)) (g - f*¢> dxdv > 0. (B.4)
R6
with equality if and only if g = f*®. In particular
* 1 2 *
Hig) = H(f*) + 5 Voo = Vo yuas |, = 5(5%), (B.5)

L2

with equality if and only if g = f*%9.

Proof of Lemma B.2. (i) Equimeasurability: Let 8 € CY(R,, R, ) satisfying 5(0) =
0. Using the change of variable given by (A.11) we have

+o00o
[ o(ro@o)duo= [ 5 )ds= [ 5(f(e,0)dsdo,
R6 0 R6
which gives the equimeasurability of f and f*¢.

(i3) Control of the kinetic energy: From the definition of f*?, see (2.5), we have

[ (ViE+i-1+0) 1 <0,
R6
and
= [ @)@ v)ded = | V() Voyo(x)dn
R R
Thus, from the Cauchy-Schwartz inequality

Lore < [ (VRPFI-1) o s

INEIPE Hv¢f*¢ ‘Lz + £l -

Moreover, the interpolation inequality (1.11) and the equimesurability of f and f*¢
yield

*e

(B.6)

IN

1
905l < CUAIZE NAEET s, (B.7)
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Hence the inequalities (B.6) and (B.7) imply

[ el = K. ( / Ivlf*¢>2 Nl <0,
RS RS

2p—3 P
K. f)=ClIVell 1A I
The control of the kinetic energy (B.3) follows.

with

(i4i) The profil Q, fized point for the rearrangement f*®f: From the assumptions on
@ in theorem 1.1, the measure of the support of Q is ag, (eg) and the function F
is a strictly decreasing €!-diffeomorphism from [min ¢q, eq] onto [0, ||Q||s]. Thus
we have for all e € [min ¢g, eq],

agole) = meas{(a:,v) €ERS : F (\/!0!2 +1-1 +¢Q(ac)> > F(e)}
= meas {(z,v) € RS : Q(z,v) > F(e)}

= meas{s € R} : Q*(s) > F(e)},
from the definition of the Schwarz symmetrization Q*. We rewrite this equality: for
all a € [0, [|Q]oc]
Agg © F~'(a) =meas {s e R} : Q*(s) >a}. (B.8)
We know that Q* is a decreasing function on [0, meas(Supp(Q))] = [0, ay, (eq)]-
The equality (B.8) and the continuity of apy © F ~1 imply the strict decrease of

Q*. Moreover, since the Schwarz symmetrisation conserves the continuity, Q* is
continuous on [0, ag, (eq)]. We conclude that, for all a € [0, [|Q||],

Q" (meas {s € R} : Q*(s) >a}) =a.
We deduce that for all e € [mingg,eq], F(e) = Q" o ag,(e), which implies in
particular 0 = F(eq) = Q" 0 ag,(eq). But Q" o ay, is discreasing on R* and we
also have
F = Q" oag, on [ming¢g,0). (B.9)
Let now for all (x,v) € RS
e(xz,v) =[P +1—-1+¢g(z

(
If e(z,v) <0, from (B.9), we have Q(z,v) = F(e
from the definition of Q*??, we have Q*??(z,v)

) € [min ¢g, +00).
(z,v)) = Q*2(x,v). If e(x,v) > 0,
=0= Fle(z,v)) = Q(z,v).

(iv) The Hamiltonian of the rearrangement: Let f,g € €,. Then

IV, — VéslZe = — / (69 — by)(g — f)dadv
RG

= —/ (bggdxdv—/ ¢ffdxdv+2/ ¢gfdxdo,
R6 R6 R6
where we use [¢rg = — [VorVdy = [ ¢gf. Finally we have

V6, = Voslts = =2 | oylo = fdado+ V6513~ Va3
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Thus we obtain

3a)=90(5) = [ (VRFFT-1) (o= f)dudv+ 5 (IVs]3 ~ [V 13)

1
= /RG (\/W—lﬁ-d%) (g—f)dxdv+§||V¢g—v¢f||3;27

where the Hamiltonian is defined by (1.4). We apply this equality to g, f*%s € €,
with g nonzero and f € &, to get

H(g) = H(1*0) 45 [ V65— Ve

i2+/]RG (\/W— 1+ qbg) (g - f*%) dxdv.

Hence, to prove the inequality (B.5), it is sufficient to prove (B.4).
Let f €&y, g€ &p, ¢ € Py and let T defined by

T= /RG (\/W 14 <;$(a:)) (g - f*¢>) dzdv. (B.10)

The claim T > 0 is a classical inequality for the rearrangements (see [24] for the
Schwarz rearrangement for example and [23] for the new rearrangement). To sim-
plify the notation we define

e(r,v) = VIvP +1 -1+ ¢(z),

and we use the layer cake representation

f(xa 1)) = / 1t<f(x,y)dt
Ry

400
T :/ dt / e(z,v)dzdv —/ e(z,v)dxdv |, (B.11)
0 S1(t) Sa(t)

Si(t) = {(x,v) € R, f*(x,0) <t < g(x,v)},

Sa(t) = {(a:,v) €RS, g(z,v) <t< f*¢(x,v)}.
Now, from the properties about the pseudo-inverse of f* o ag, we deduce that
e(z,v) > (f*oay) " (t), forall (z,v) € Sy(t),
and, from py < py, we have for all t € R, meas(S1(t)) < meas(S2(t)). Thus, since
(froag)™ <0,

T> /0+00 dt /SQ(t) ((f* o a¢)_1 (t) — e(:n,v)) dxdv.

to find

where

But,
e(z,v) < (f*oay) " (t), forall (z,v) € Sy(t),
which implies on the one hand that T" > 0 and in the other hand that, if 7" = 0,
we have, for almost all ¢ € Ry, meas(Sa2(t)) = 0. Thus we have, almost everywhere
meas(S1(t)) = meas(Sa(t)) = 0 which gives g = f*.
O
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Now we give a lemma in which states a method to inverse clearly the function
f* @) CL¢.

Lemma B.3 (Pseudo inverse of f* o ay). Let f € &, nonzero, with p > % and

¢ € O, Let f* the Schwartz rearrangement of f in RS.  We define the pseudo
inverse of f*oag for s € (0, f|lz=) as

(f* o ap) (s) = sup{e € (inf $,0) : f*oay(e) > s}. (B.12)

Then (f* o ap)™! is a nonincreasing function from (0, | f|re=) to (inf ¢,0) and for
all (z,v) € R® and s € (0, ||f||z=),

f*¢(:v,v) >s= |2+ 1-1+¢() <(f o a¢)_1(s), (B.13)

and
f@,0) <s= V[P +1—1+6¢(x) > (f*oay) ' (s). (B.14)

For the proof of this lemma, we refer to [23].

References

[1] Aly J.-J., On the lowest energy state of a colisionless self-gravitating system under phase
volume constraints. MNRAS 241 (1989), 15.
[2] Antonov, A. V., Remarks on the problem of stability in stellar dynamics. Soviet Astr. 4,
859-867 (1961).
[3] Antonov, A. V., Solution of the problem of stability of a stellar system with the Emden density
law and spherical velocity distribution. J. Leningrad Univ.Se. Mekh. Astro. 7, 135-146 (1962).
[4] Batt, J.; Faltenbacher, W.; Horst, E., Stationary spherically symmetric models in stellar
dynamics, Arch. Rat. Mech. Anal. 93, 159-183 (1986).
[5] Binney, J., Tremaine, S., Galactic Dynamics, Princeton University Press, 1987.
[6] Brézis, H., Lieb, E., A relation between pointwise convergence of functions and convergence of
functionals, Proc. Amer. Math. Soc. 88, pp. 486-490, 1983.
[7] Bouchut, F., Golse, F., Pulvirenti, M., Kinetic Fquations and Asymptotic Theory, Series in
Appl. Math. Gauthiers-Villars, Paris, 2000.
[8] Burchard, A., Guo, Y., Compactness via symmetrization, J. Func. Anal., vol. 214, pp. 40-73,
2004.
[9] Diperna, R.J., Lions, P.L., Global weak solutions of kinetic equations, Rend. Sem. Mat. Univ.
Politec. Torino 46(3), 259-288, 1988.
[10] Diperna, R.J., Lions, P.L., Solutions globales d’équations du type Vlasov-Poisson, C. R. Acad.
Sci. Paris Sér. I Math. 307(12), 655-658, 1988.
[11] Gardner, C.S., Bound on the energy available from a plasma, Phys. Fluids 6, 1963, 839-840.
[12] Glassey, R.T., Schaeffer, J., On symmetric solutions of the relativistic Viasov-Poisson system,
Comm. Math. Phys. 101 (1985), no. 4, 459-473.
[13] Guo, Y., Variational method for stable polytropic galazies, Arch. Rat. Mech. Anal. 130, 163-
182, 1995.
[14] Guo, Y., Rein, G., Stable steady states in stellar dynamics, Arch. Rat. Mech. Anal. 147,
225-243, 1999.
[15] Guo, Y., Rein, G., Isotropic steady states in galactic dynamics, Comm. Math. Phys. 219,
607-629, 2001.
[16] Guo, Y.; Rein, G., A non-variational approach to nonlinear stability in stellar dynamics
applied to the King model. Comm. Math. Phys. 271 (2007), no. 2, 489-509.
[17] HadZi¢, M.; Rein, G., Global existence and nonlinear stability for the relativistic Vlasov-
Poisson system in the gravitational case , Indiana Univ. Math. J. 56, 2453- 2488 (2007).
[18] Hormander, L, An Introduction to Complex Analysis in Several Variables (3rd Edition ed.),
North-Holland, Amsterdam (1990).



[19]

[20]

21]
22]
23]

[24]
[25]

126]
[27]
28]
129]

[30]
31]

[32]

STABILITY OF ISOTROPIC STEADY STATES FOR RELATIVISTIC VLASOV-POISSON 35

Hormander, L., L2 estimates and existence theorems for the 7t operator, Acta Math. 113
(1965), 89P152.

Lemou, M., Méhats, F., Raphaél, P., The Orbital Stability of the Ground States and the
Singularity Formation for the Gravitational Vlasov Poisson System, Arch. Rational Mech.
Anal. 189, 425-468, 2008.

Lemou, M., Méhats, F., Raphaél, P., Stable ground states fo the relativistic gravitational
Viasov-Poisson system, Comm. Partial Diff. Eq. 34, no. 7, 703-721, 2009.

Lemou, M., Méhats, F., Raphaél, P., A new variational approach to the stability of gravita-
tional systems, Comm. Math. Phys. 302 (2011), 161-224.

Lemou, M., Méhats, F., Raphaél, P., Orbital stability of spherical galactic models,
arXiv:1007.4095, to appear in Inventiones Math.

Lieb, H., Loss, M., Analysis, Graduate Studies in Mathematics,Volume 14, 1997.
Lynden-Bell, D., The Hartree-Fock exchange operator and the stability of galaxies, Mon. Not.
R. Astr. Soc. 144, 1969, 1897217.

Kiessling M. K. H, Tahvildar-Zadeh A. S, On the relativistic Vlasov-Poisson system, arXiv
preprint 0708.1760, to appear in Indiana Univ. Math. J.

Lions, P-L., The concentration-compactness principle in the calculus of variations. The locally
compact case. 1., Ann. Inst. H. Poincaré Anal. Non Linéaire 1(2), 109-145, 1984.

Lions, P-L., The concentration-compactness principle in the calculus of variations. The locally
compact case. II., Ann. Inst. H. Poincaré Anal. Non Linéaire 1(4), 223-283, 1984.

Sanchez, O., Soler, J., Orbital Stability for polytropic galaxies, Ann. Inst. Henri Poincaré, AN
23, 781-802, 2006.

Schaeffer, J., Steady states in stellar dynamics, Arch. Rational. Mech. Anal. 172, 1-19, 2004.
Wiechen, H., Ziegler, H.J., Schindler, K. Relazation of collisionless self gravitating matter:
the lowest energy state, Mon. Mot. R. ast. Soc (1988) 223, 623-646.

Wolansky, G., On nonlinear stability of polytropic galazies, Ann. Inst. Henri Poincaré, AN 16,
15-48, 1999.

IRMAR, UNIVERSITE RENNES 1, FRANCE
E-mail address: cyril.rigault@univ-rennesl.fr



