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Abstract

In this paper, we consider supervised learning problems such as logistic regression and study
the stochastic gradient method with averaging, in the usual stochastic approximation setting
where observations are used only once. We show that for self-concordant loss functions, after n
iterations, with a constant step-size proportional to 1/ Rz\/ﬁ where n is the number of observa-
tions and R is the maximum norm of the observations, the convergence rate is always of order
O(1/4/n), and improves to O(R?/un) where p is the lowest eigenvalue of the Hessian at the
global optimum (when this eigenvalue is strictly positive). Since p does not need to be known
in advance, this shows that averaged stochastic gradient is adaptive to unknown local strong
convexity of the objective function.

1 Introduction

The minimization of an objective function which is only available through unbiased estimates of the
function values or its gradients is a key methodological problem in many disciplines. Its analysis
has been attacked mainly in three communities: stochastic approximation ﬂ, E, E, @, B, ], optimiza-
tion ﬂﬂ, ], and machine learning ﬂﬂ, |E, |ﬁ|, |ﬂ, |E, @, @] The main algorithms which have emerged
are stochastic gradient descent (a.k.a. Robbins-Monro algorithm), as well as a simple modification
where iterates are averaged (a.k.a. Polyak-Ruppert averaging).

The convergence rates of these algorithms depends primarily on the potential strong convexity of
the objective function ﬂl_lL |ﬂ, |E, @, |E] For pu-strongly convex functions, the optimal rate of
convergence of function values is O(1/n) while for convex functions the optimal rate is O(1/y/n) [20,
]. For smooth functions, averaged stochastic gradient with step sizes proportional to 1/y/n achieves
them up to logarithmic terms ﬂﬁ]

Convex optimization problems coming from supervised machine learning are typically of the form
f(0) =E[l(y, (0, x))], where {(y, (0, z)) is the loss between the response y and the prediction (6, z).
They may or may not have strongly convex objective functions. This most often depends on (a)
the correlations between covariates z, and (b) the strong convexity of the loss function ¢. The
logistic loss u — log(1 + e™*) is not strongly convex unless restricted to a compact set; moreover,
in the sequential observation model, the correlations are not known at training time. Therefore,
many theoretical results based on strong convexity to do not apply. The goal of this paper is



to show that with proper assumptions, namely self-concordance, one can readily obtain favorable
theoretical guarantees for logistic regression, namely a rate of the form O(R?/un) where u is the
lowest eigenvalue of the Hessian at the global optimum, without any exponentially increasing constant
factor.

Another goal of this paper is to design an algorithm and provide an analysis that benefit from
hidden local strong convexity without requiring to know the local strong convexity constant in
advance. In smooth situations, the results of [16] implies that the averaged stochastic gradient
method with step sizes of the form O(n~'/2) is adaptive to the strong convexity of the problem.
However the dependence in p in the strongly convex case is of the form O(p=2n~!), which is sub-
optimal. Moreover, the final rate is rather complicated, notably because all possible step-sizes are
considered. Finally, it does not apply here because even in low-correlation settings, the objective
function of logistic regression cannot be globally strongly convex.

In this paper, we provide an analysis for stochastic gradient with averaging for generalized linear
models such as logistic regression, with a step size proportional to (R?\/n)~! where R is the radius of
the data and n the number of observations, showing such adaptivity. In particular, we show that the
algorithm can adapt to the local strong-convexity constant, i.e., the lowest eigenvalue of the Hessian
at the optimum. The analysis is done for a finite horizon N and a constant step size decreasing
in NV as 1 /R2\/N , since the analysis is then slightly easier, though (a) a decaying stepsize could
be corﬂ%dered as well, and (b) it could be classically extended to varying step-sizes by a doubling
trick |17].

2 Stochastic approximation for generalized linear models

In this section, we present the assumptions our work relies on, as well as related work.

2.1 Assumptions

Throughout this paper, we make the following assumptions. We consider a function f defined on
a Hilbert space H, and an increasing family of o-fields (F,)n>1; we assume that we are given a
deterministic 0§y € H, and a sequence of functions f,, : H — R, for n > 1. We make the following
assumptions:

(A1) Convexity and differentiability of f: f is convex and three-times differentiable.

(A2) Generalized self-concordance of f [18]: for all 61,6, € #, the function ¢ : ¢ flor+
t(62 — 61)] satisfies: Vt € R, |¢"(t)| < R[|61 — 02" (¢).

(A3) Attained global minimum: f has a global minimum attained at 6. € H.

(A4) Lipschitz-continuity of f,, and f: all gradients of f and f,, are bounded by R, that is, for
all 0 € H,
£/ (0)] < Rand Vn > 1, ||f} ()| < R almost surely.

(A5) Adapted measurability: Vn > 1, f, is F,-measurable.
(A6) Unbiased gradients: Vn > 1, E(f} (0n—1)|Fn-1) = f'(On-1).

(A7) Stochastic gradient recursion: Vn > 1, 6,, = 0,1 — v f} (0—1).



Among the seven assumptions above, the non-standard one is (A2): the notion of self-concordance
is an important tool for convex optimization and in particular the study of Newton’s method. It
corresponds to having the third derivative bounded by the %-th power of the second derivative. For
machine learning, HE] has generalized the notion of self-concordance by removing the %—th power,
so that it is applicable to cost functions arising from probabilistic modeling, as shown below.

Our set of assumptions corresponds to the following examples (with i.i.d. data, and F,, equal to the
o-field generated by x1,y1, ..., Tn, Yn):

— Logistic regression: f,(0) = log(1+ exp(—yn(zn,0))), with data z,, uniformly almost surely
bounded by R and y, € {—1,1}. Note that this includes other binary classification losses,
such as f,(0) = —yn{(xn,0) + /1 + (x5, 0)2.

— Generalized linear models with uniformly bounded features: f,(0) = —(0, ®(zy, yn))+
log [ h(y) exp ({0, ®(2n,y)))dy, with ®(zy,y) almost surely bounded in norm by R, for all
observations x,, and all potential responses y. This includes multinomial regression and con-
ditional random fields [19].

— Robust regression: we may use f,(0) = ¢(yn — (xn,0)), with p(t) = logcosht = log etzeft,
with a similar boundedness assumption on x,,.

2.2 Related work

Non-strongly-convex functions. When only convexity of the objective function is assumed,
then several authors ﬂ, , @, @, @] have shown that using a step-size proportional to 1/+/n, together
with some form of averaging, leads to the minimax optimal rate of O(1/y/n) [20, 21]. Without
averaging, the known convergences rates are suboptimal, that is, averaging is key to obtaining the
optimal rate HE] Note that the smoothness of the loss does not change the rate, but may help to
obtain better constants, with the potential use of acceleration @]

The compactness of the domain is often used within the algorithm (by using orthogonal projections)
and within the analysis (in particular to optimize the step size and obtain high-probability bounds).
In this paper, we do not make such compactness assumptions, since in a machine learning context,
the available bound would be loose and hurt practical performance.

Another difference between several analyses is the use of decaying step sizes of the form v, o< 1/y/n
vs. the use of a constant step size of the form v oc 1/4/N for a finite known horizon N of iterations.
The use of a “doubling trick” as done by ﬂﬁ] for strongly convex optimization, where a constant step
size is used for iterations between 2P and 2P*!, with a constant that is proportional to 1/4/2P, would
allow to obtain an anytime algorithm from a finite horizon one. In order to simplify our analysis,
we only consider a finite horizon N and a constant step-size that will be proportional to 1/ V'N.

Strongly-convex functions. When the function is u-strongly convex, i.e., 8 — f(6) — & 9||;Tl|ls
convex, there are essentially two approaches to obtaining the minimax-optimal rate O(1/un L1211
(a) using a step size proportional to 1/un with averaging for non-smooth problems ﬂ, , |ﬁ, , ]
or a step size proportional to 1/(R?+npu), also with averaging, for smooth problems, where R? is the
smoothness constant of the loss of a single observation @], (b) for smooth problems, using longer
step-sizes proportional to 1/n® for o € (1/2,1) with averaging |4, [d, [16].

Note that the “historical” step size, i.e., of the form C/n where C is larger than 1/u, leads, without
averaging to a convergence rate of O(1/u2n) [6, [16], hence leads to a worse dependence on .



The solution (a) requires to have a good estimate of the strong-convexity constant p, while the
second solution (b) does not require to know such estimate and leads to a convergence rate achieving
asymptotically the Cramer-Rao lower bound @] Thus, this last solution is adaptive to unknown
(but positive) amount of strong convexity. However, unless we take the limiting setting o = 1/2, it
is not adaptive to lack of strong convexity. While the non-asymptotic analysis of ﬂﬁ] already gives
a convergence rate in that situation, the bound is rather complicated and also has a suboptimal
dependence on p. One goal of this paper is to consider a less general result, but more compact (note
also that the analysis of HE] only applies for globally strongly convex functions, see below).

Finally, note that unless we restrict the support, the objective function for logistic regression cannot
be globally strongly convex (since the Hessian tends to zero when ||6]| tends to infinity). Another
goal of the paper is to show that stochastic gradient descent with averaging is adaptive to the local
strong convexity constant, i.e., the lowest eigenvalue of the Hessian of f at the global optimum,
without any exponential terms in RD (which would be present if a compact domain of diameter D
was imposed and traditional analyses were performed).

Adaptivity to unknown constants. The desirable property of adaptivity to the difficulty of an
optimization problem has also been studied in several settings. Gradient descent with constant step
size is for example naturally adaptive to the strong convexity of the problem (see, e.g., ]) In
the stochastic context, HE] provides another strategy than averaging with longer step sizes, but for
uniform convexity constants.

3 Non-strongly convex analysis

In this section, we study the averaged stochastic gradient method in the non-strongly convex case,
i.e., without any (global or local) strong convexity assumptions. We first recall existing results in
Section Bl that bound the expectation of the excess risk leading to a bound in O(1/y/n). We
then show using martingale moment inequalities how all higher-order moments may be bounded in
Section B2 still with a rate of O(1/y/n). However, in Section B3] we consider the convergence of
the squared gradient, with now a rate of O(1/n). This last result is key to obtaining the adaptivity
to local strong convexity in Section [

3.1 Existing results

In this section, we review existing results for Lipschitz-continuous non-strongly convex problems ﬂﬂ,
, |E, @, |E] Note that smoothness is not needed here. We consider a constant step size vy, = v > 0,
for all n > 1. We denote by 6,, = 2 Z;é 01 the averaged iterate.

We prove the following proposition, which provides a bound on the expectation of f(,) — f(6.)
that decays at rate O(y + 1/n), hence the usual choice v < 1/y/n:

Proposition 1 With constant step size equal to vy, for any n > 0, we have:
1 — 1 1 7y
Efl — Or_1) — f(0:) + —E[|6, — 0.]]*> < =60 — 6.*> + = R%. 1
f(n;“) £6.) + 5Bl — 0.1 < 560 — 0.1 + ] 1)

Proof. We have the following recursion, obtained from the Lipschitz-continuity of f,:

100 = 0l = 11001 = 0.]1* = 29(0n1 = Os, £, (On=1)) + V2[5 (0n-1)]I?
< Hen—l - 9*”2 - 2’7<9n—1 - 9*7 fl(en—l» + ’72R2 + Mn7



with
M, = =27(0p—1 — 0, fr/z(onfl) - f’(9n71)>.

We thus get, using the classical result from convexity f(6n,—1) — f(0«) < (0n—1 — Ox, f'(0n—1)):
23 [F (0 1) — F0)] < 001 — 0| — 100 — 0.2 ++2R2 + M, 2)

Summing over integers less than n, this implies:

n—1 n

L 1 2 1 2 Y p2 1

- - * o [ * < a_ - * ) - .
2 200 = @)+ 10— 07 < Tl 04 S TS

We get the desired result by taking expectation in the last inequality, and using the expectation
n—1 n—1
EMj, = E(E(Mg|Fr—1)) =0 and f(2 3770 6k) < L3070 F(6r). [

The following corollary considers a specific choice of the step size (note that the bound is only true
for the last iteration):

Corollary 1 With constant step size equal to v = m, we have:

1
4—R27 (3)

Ef(iNe )-fe) < R—2|9 —9|\2+L
Ar;é; k—1 (* S VGV| 0 * 4qu-

vne{l,...,N}, E|6,—0.> < 60— 0>+

(4)

Note that if |6y — 04> was known, then a better step-size would be v = %, leading to a

R[|00—0.]
VN

convergence rate proportional to . However, this requires an estimate (simply an upper-

bound) of ||fy — 6.]|?, which is typically not available.

We are going to improve this result in several ways:

— All moments of ||0,, — 6.]|?> and f(6,) — f(.) will be bounded, leading to a sub-Gaussian
behavior. Note that we do not assume that the iterates are restricted to a predefined bounded
set (which is the usual assumption made to derive tail bounds [§, 27]).

— We are going to show that the squared norm of the gradient at 6,, = % > p_q Ok—1 converges at
rate O(n~1), even in the non-strongly convex case. This will allow us to derive finer convergence
rates in presence of local strong convexity in Section Ml

3.2 Higher-order bound

In this section, we prove higher-order bounds (see the proof in Appendix [Cl which is based on taking
powers of the inequality in Eq. (2] and using martingale moment inequalities), both for any constant
step-sizes and then for the specific choice v = m.

Proposition 2 With constant step size equal to v, for any n > 0 and integer p € {1,...,|n/4]},
we have:

E(2vn[f(9n) FO)] + 6 — e*||2) < (30100 — 0.1 + 20mpr* B2, (5)



Corollary 2 With constant step size equal to v = m, for any integer p > 1, we have:

El0n —0.1% < (300 — 6.]* +5pR7?)", (6)
7 1P R? 2, D \p
E[f(On) - f(67)]" < (3\/—NH90—9*H +\/—N) : (7)

Having abound on all moments allows immediately to derive large deviation bounds in the same two
cases (by applying Lemma [ from Appendix [A)):

Proposition 3 With constant step size equal to v, for any n >0 and t > 0, we have:

3160 — 64|

P(f(én) — f(0.) = 30yR*t + -

) < 2exp(—1),
]P’<|6‘n — H*HQ > 60ny2 Rt + 6|60 — 9*|2> < 2exp(—t).

Corollary 3 With constant step size equal to v = m, for any t > 0 we have:
15t . 6R2||60p — 0.
VN VN

]P’(|6‘N —0.||* > 15R™2t + 6|6y — 9*||2) < 2exp(—t).

P(1(6x) - 16.) > ) < 2ex(-0),

We can make the following observations:

— The iterates 6,, and 6,, do not necessarily converge to 6, (note that 6, may not be unique in
general anyway).

— Given that (E[f(6,) — f(6.)]?)'/P is affine in p, we obtain a subexponential behavior, i.e., tail
bounds similar to an exponential distribution.

— The proof of Prop.Rlis rather technical and makes heavy use of martingale moment inequalities.
— The constants in the bounds of of Prop. 2 (and thus other results as well) could clearly be
improved. In particular, we have, for p = 1,2, 3,4 (see proof in Appendix [E]):

E(m[f(en) ~FO%)] + 16, e*||2) < 00— 0. + 2R,

N

2
B(20ml60) = F00)] + 16, - 6.17) < (160 - 0.1 + 3097 R)’
3
B(20mlf0,) - 1O + 10, -007) < (10— 0.2 +6u2R2)

4
B(20ml0) ~ F0] + 16— 0.17) < (100 = 017 + 9m2R)"

3.3 Convergence of gradients

In this section, we prove higher-order bounds on the convergence of the gradient, with rate O(n~1)

for || f(0n) >



Proposition 4 With constant step size equal to vy, for any n > 0 and integer p € {1,...,|n/4]},
we have:

) 1 n 2
(el GEe)

Corollary 4 With constant step size equal to v = m, for any integer p € {1,...,|N/4]}, we

have:
<IE

We can make the following observations:

160 — 0.1 +

1/2p R
> <7 {10[ +40R*ypy/n+ ——

. m]. ®)

f R\f

2pN\ 1/2p R ) )
< — |10 +20p + 6R*||0g — 0.|° +4R||0g — 0. |. 9
) m[ B+ 20p + 6B 0 — 0.2 + 4R 0, ||} )

| X
f/<Nzok1)
=1

The squared norm of the gradient || f/(6,)||? converges at rate O(n™!).

— Given that (E||f'(0,)]|?”)"/?P is affine in p, we obtain a subexponential behavior for || f/(6,)],
i.e., tail bounds similar to an exponential distribution.

The proof of Prop. @l makes use of the self-concordance assumption (that allows to upperbound
deviations of gradients by deviations of function values) and of the proof technique of M]

— The various terms may be improved for small p. In particular, we have, for p =1, 2:

1 2\ 1/2 R 9

Ellf (= 6, < —=|3+2 RZ+ ——R|6, — 0. R?||6, — 6.

(ElrGxoa)]) < Zalsrovam oo+ o mmrin o)
1 n 4\ 1/4 2

Ellf (=) 6, — 24 0o — 0. 21100 — 041171

(\f(nlgj)) < |3 oA+ TRl 0.1+ e R 6]

4 Self-concordance analysis

In the previous section, we have shown that | f’(6,)||? is of order O(n~'). If the function f was
strongly convex with constant y > 0, this would immediately lead to the bound f(6,) — f(6.) <
ﬁ”f’(én)HQ, of order O(u~*n~1t). However, because of the Lipschitz-continuity of f on the full
Hilbert space H, it cannot be strongly convex. In this section, we show how the self-concordance
assumption may be used to obtain the exact same behavior, but with p replaced by the local strong
convexity constant.

The required property is summarized in the following proposition about (generalized) self-concordant
function (see proof in Appendix [B1)):

Proposition 5 Let f be a convex three-times differentiable function from H to R, such that for all
01,02 € H, the function ¢ : t — f[01 +t(02 — 61)] satifies: Vt € R, |¢"(t)| < R||61 — 02" (t).
Let 0. be a global minimizer of f and p the lowest eigenvalue of f"(0.), which is assumed strictly
positive.

&

LIS O

Hf( IR < = then |0 — 0.2 <4|f/(L) and f(0) — f(0.) < 0

1

S

We may now use this proposition for the averaged stochastic gradient. For simplicity, we only
consider the step-size v = W, and the last iterate:



Proposition 6 Assume v = m. Let y1 > 0 be the lowest eigenvalue of the Hessian of f at the
unique global optimum 0. Then:

_ R2 4
Ef(On)— f(0.) < —|5R|0y— 0. —|—15>,
1)~ 10 < 1 (5R160 - 0.]

= 2 R? *

E|dx — 6.]| Nu2<5R”90 9||+20)

We can make the following observations:

— The proof relies on Prop. Bl and requires a control of the probability that W < %, which
is obtained from Prop. [

— We conjecture a bound of the form (%(DRHHO — 0. + A\/ﬁ)‘l)p for the p-th order moment
of f(On) — f(6.).

— The key elements in the previous proposition are that (a) the constant u is the local convex-
ity constant, and (b) the step-size does not depend on that constant p, hence the claimed
adaptivity.

— The bounds are only better than the non-strongly-convex bounds from Prop. [l when the
Hessian lowest eigenvalue is large enough, i.e., uR>v/N larger than a fixed constant.

5 Conclusion

In this paper, we have provided a novel analysis of averaged stochastic gradient for logistic regression
and related problems. The key aspects of our result are (a) the adaptivity to local strong convexity
provided by averaging and (b) the use of self-concordance to obtain a simple bound that does not
involve a term which is exponential in R||#p — 6.]|, which could be obtained by constraining the
domain of the iterates.

Our results could be extended in several ways: (a) with a finite and known horizon N, we considered
a constant step-size proportional to 1/ R?V//N; it thus seems natural to study the decaying step
size v, = O(1/R%\/n), which should, up to logarithmic terms, lead to similar results (and thus
likely provide a solution to a a recently posed open problem for online logistic regression HE]), (b)
an alternative would be to consider a doubling trick where the step-sizes are piecewise constant;
Finally, (c) it may be possible to consider other assumptions, such as exp-concavity ﬂﬂ] or uniform
convexity [26], to derive similar or improved results.



A Probability lemmas

In this appendix, we prove lemmas relating bounds on moments to tail bounds, with the traditional
use of Markov’s inequality.

Lemma 1 Let X be a non-negative random variable such that for some positive constants A and
B, and allp € {1,...,n},
EX? < (A + Bp)P.
Then, if t < 3,
P(X > 3Bt + 2A) < 2exp(—t).

Proof. We have, by Markov’s inequality, for any p € {1,...,n}:

EX?  _ (A+Bpp
(2Bp +2A) = (2A+ 2Bp)P

P(X >2Bp+2A) < < exp(—log(2)p).

For u € [1,n], we consider p = |u], so that
P(X > 2Bu+2A) < P(X > 2Bp+2A4) < exp(—1log(2)p) < 2exp(—log(2)u).

We take ¢t = log(2)u and use 2/log2 < 3. This is thus valid if ¢ < §. |

Lemma 2 Let X be a non-negative random variable such that for some positive constants A, B and
C, and for all p € {1,...,n},
EX? < (Ayp+ Bp+C)*.
Then, if t < n,
P(X > (2AVt + 2Bt +20)?) < 4exp(—t).

Proof. We have, by Markov’s inequality, for any p € {1,...,n}:

EXP _ (Ayp+ Bp+C)*

> 2«
P(X > (2A4/p+2Bp+2C)?) < @Ayp+2Bp 307 < @Ayp+ 2By 20)%

< exp(— log(4)p)
For u € [1,n], we consider p = |u], so that

P(X > (2Avu+ 2Bu +20)?) < P(X > (24Vu + 2Bu + 2C)?) < exp(—log(2)p) < 4 exp(— log(4)u)

We take ¢t = log(4)u and use log4 > 1. This is thus valid if ¢ < n. [ ]

B Self-concordance properties

In this appendix, we show two lemmas regarding our generalized notion of self-concordance, as well
as Prop.[fl For more details, see ﬂﬁ] and references therein.

Lemma 3 Let ¢ : [0,1] = R a convex function such that for some S > 0, Vt € [0,1], |¢"(t)|] <
S¢"(t). Assume ¢’'(0) =0, ¢”(0) > 0. Then:

(1+89).



, "(1)2 1 1
Moreover, if a = “;,(,}2)‘)9 < 1, then ¢(1) < ¢(0) + SD/( ) —log — If in addition o < %, then
)

e(1) < »(0) + 2“’/5@) and ©"(0) < 2¢'(1).

Proof. By self-concordance, we obtain that the derivative of u — log¢”(u) is lower-bounded
by —S. By integrating between 0 and ¢ € [0, 1], we get

log " (t) — log " (0) > =St , ie., @ (t) = ¢"(0)e™ 5",
and by integrating between 0 and 1, we obtain (note that ¢’(0) = 0):

1—¢ %
?'(1) = " (0)—2— (10)

We then get (with a first inequality from convexity of ¢, and the last inequality from ¥ > 1+ S):

/ ! 2 / 2
1= < (5 S ) S

Eq. (@) implies that a > 1 — =%, which implies, if o < 1, S < log 2. This implies that

Yy S )y

1
P"(0)T—e5 = ¢"(0) @

11—«

©(1) = (0) < ¢'(1) log ,

using the monotinicity of S +—
2, which is valid for o < %.

% Finally the last bounds are a consequence of g < ; log ﬁ <

Lemma 4 Let f be a convex three-times differentiable function from H to R, such that for all
01,02 € H, the function ¢ : t— f[6 +t(62 — 01)] satifies: Vt € R, |¢"(t)| < R||61 — 02" (t). For
any 01,02 € H, we have:

(| £/(01) = f(B2) = £ (02)(62 — 61)|| < R[f(61) — f(02) — (f'(62),02 — 61)].

Proof. For a given z € H of unit norm, let p(t) = (z, ' (62+t(01—02)) — f'(02) —tf" (62) (02— 61))

and ¥(t) = R[f(02 + t(1 — 02)) — f(0 2) = #{f(0), 0> — 61)]. We have ¢(0) = ¢(0) = 0 and
@' (0) = 9'(0) = 0. Moreover, we have ¢"(t) < 9" (t) (using the same reasoning as in the proofs
of [18]). We thus have ¢(1) < ¥(1), which leads to the desired result by maximizing with respect
to z. u

B.1 Proof of Prop.

Define ¢ : t = f[0, +t(6 — 0.)] — f(6.). We have: p(0) = ¢'(0) =0, 0 < ¢'(1) = (f/(0),0 — 0.) <
1P ON10 - 0211, ¢(0) = (0 — 0., (6.6 — 6.)) > pl0 — 0,1, and (t) > 0 for all ¢ € [0, 1], and
©"'(t) < R||60 — 0.]|¢"(t) for all ¢t € [0,1], i.e., S = R||§ — 0.]|. Lemma Blleads to the desired result,
with oo = ‘p,(,zf < W. Note that we also have, for all § € H,

50~ 0 < (1 21— 0.) O o 0, < (14 mpo 0. LSO

10



C Proof of Prop.

We consider a direct proof based on taking powers of the inequality in Eq. [@]), and then using the
appropriate martingale properties.

C.1 Derivation of recursion

We have the recursion:
2y [f(en—l) - f(H*)] + Hen - 9*”2 < Hen—l - 9*||2 + '72R2 + M,

with
M, = =27(0p—1 — 04, frlz(onfl) - f/(9n71)>.

This leads to
1 n
2fynf<ﬁ ;19“) — 2ynf(0%) + |16, — 0. < A,

with A,, = ||90—9*||2+HV2R2+EZ:1 M;.. Note that E(Mﬂf}c,l) =0 and |Mk| < 4")/RH9]€,1—9*|| <
47RA,1€/_2 1 almost surely. This leads to, by using the binomial expansion formula:

p p &
An < <An1 +° R + Mn) = (i) (An1 +7°R%)" "M,

k=0

P
B ——
k=2
This leads to (using F(M,|F,—1) = 0 and upper bounding y?R? by 492 R?):

p
E[Aﬁ‘]:n—l} < (An—l + 472R2)p + Z (z) (An—l + 472R2)p_k(4’}/RA7ll/_21)k

k=2
= (Auo1 +49°R2 + 49RAY?)" — dyRp(An_y + 497 R2)7 A%
< (A2 +29R)” — ayRp(An1 + 492 RA)TTT ALY
2p p—1
2 —1
= (lf) A2 (2yR)>P~F — 4yRpAL?, (p . )431(273)2(’)_1_“
k=0 k=0
2p
= Y AL @yR* R,
k=0
with
2
C2q = (21;) forqe{ov"'up}a
2 —1
Cogr1 = (2qi1> —2p(pq ) for ¢ €{0,...,p—1}.

In particular, Cy =1, Cp =1, C1 =0 and Cop—1 = (2531) — 2p(§j) =0.

11



We have, for ¢ € {1,...,p — 2},

Conin 2 +1 _ ( 2p> 2 +1
2p —2q — 1 2¢+1)2p—2g—1
(2p)! 2q+1
2¢+ 1) (2p—2¢—1)!2p—2g—1
(2p)! 2p —2q <2p> 2p — 2q
29)!(2p—29)!'2p—2¢—1 \2¢)2p—2¢—1

For ¢ = p—2, we obtain Cyy115 2g -1

9 T S < Coys 3, while for ¢ < p—3, we obtain Cay41 22"7+1 < Oy

p—2¢—1

ulo

Moreover, for ¢ € {1,...,p — 2},

2p —2q — 1 . < 2p )2p—2q—1

2t T o0 11 2q+1) 2¢+1
_ (2p)! 2p—2q—1
(2¢+D!(2p—29—1)! 2¢q+1
B (2p)! 2q+ 2 2p \2q+2
 (2¢+2)!(2p—2¢—2)!12¢+1 (2q—|—2) 2q+ 1

For g = 1, we obtain Caq41 Zp—2

q—l 2q—1 6
Lot < ngﬂ 3, while for ¢ > 2, we obtain CQqulW < Cogq2g-

We have moreover
Czq+1Ait11/2(2’YR)2p72q71
= C2q+1Ai—1(QVR)QP_Qq_zAvl/—Ql(27R)

Cog_ol 2q+1 2p—2q—1 1/2
< O Al 2yR)PT2022 1 L~ (9~4R)? ——— A, 1 |A S (29R
2q+145, 1 (2VR) 5 2p_2q_1(7 )"+ 5+ 1 1 1(27R)
1 2 — 2¢ . ~ 2+ 1 _
= Lo T2 part oy gy S Al (29 R) .
5 C2t1 50t 1 1(27R) 2+ Czq+12p 50 1(27R)

By combining all elements, we get that the terms indexed by 2¢ + 1 are bounded by the terms
indexed by 2¢ + 2 and 2q. All terms with ¢ € {2,...,p — 3} are expanded with constants 2 £, while
forg=1 and q=7p—2, this is 5 Overall each even term receives a contribution which is less than
max{g, 2 + 2,2} = 2. This leads to

3 Cogn AP @y R)?P2 < Zczq L(2vR)*P2,

q=1

leading to the recursion that will allow us to derive our result:

1
B[A2|Fur] < A7 —§Z<2P)Aq (2R, 1)
=0

C.2 First bound

In this section, we derive an almost sure bound that will be valid for small n. Since [|6,, — 6| <
|60,—1 — 0.]| + R almost surely, we have [|0,, — 0.| < ||§o — 04| + nyR for all n > 0. This in turn

12



implies that

An < [0 = 0.]> + 0 RP +4yR D (|65 — 6.

k=1
An < 80— 0.2+ m? R+ 49R Y [[60 — 6.l + (k — 1)y R]
k=1
< |60 = 0.])* + ny2R? + 4ynR| |6y — 0.]| + 272 R*n?
< 60 — 0.]]7 + ny*R? + 2920 R? 4 2||6p — 0. ||* + 272 R*n?
< 3|60 — 6.]|* + 5ny?R? almost surely. (12)

C.3 Proof by induction

We now proceed by induction on p. If we assume that EA < (3|0 — 6.]|2 + kqy?R?A)? for ¢ < p
and a certain A (which we will take to be equal to 20). We first note that if n < 4p, then from

Eq. (I2), we have
Ear < (360 — 0.])* + 5n*+?R? )”
< (360 — 04 + 20npy?R* ).

Thus, we only need to consider n > 4p. We then get from Eq. (I)):

n—1p—1

Bl — 0.7 < 1007+ 35 35 (S )Eatom
k=0 q=0
3421 /2
< 60— 6.7 + Zz(p) (31160 — 0.]* + kqy* R*A)* (2yR)* 2
k=0 q=0 q
using the induction hypothesis,
3451 /2p i
= ]l60— 0.1 + 15Z<2q)<2vR>2p2‘12(3|9o—0*|2+kq~y2R2A)q
k=0
2 B (2 2p—2 2j 202 gya—i NI
< |00 — 04|7F + 2 p—2q 37|09 — 64| % R“A R —
60 0.1 152(q)w >l - (4 (wmea) Y

7=0

using Z kY < for any a > 0,
j nd—p+1

34 % q\ (4A\a—i
2 27 22
s B s ()0

JO q=J

We want to show that it is less than

p—1

(30160 = 0117 + kpy*R*A)" = 37|60 — 0. + D 37|60 — 0.1 % (v* R*n)?~ (Ap)P~ (?),
° J
Jj=0

By comparing all terms in ||fy — 0,]|?7, this is true as soon as for all j € {0,...,p— 1},

%p_1<22)<)(’4/4) —;+1nplq 1\(Ap/4)p](2]?)

13




34 P 2p p—1—k b 1 1 I
= —1-k)A/4)" S T < (Ap/4)PI
@15 ];O <2k+2>< J >((p ) /) p—k—jnk (Ap/4) <]>7

This is implied by (if n > 4p):

136 "= 1=k, —k—ptj( 2P (pjik) p—1—k—j 1
i 1=k —k— . _1_ - <
15 k; AT (2k+2) (®) (p=1-k) p—k—j\l

p—1-j :
136 Alkpkpﬂ-( 2p )(p—l—k)...(p—k—j—l-l)(p

<:_
15 = 2k +2 p--(p—j+1)

—1-k)PTM <

p—1l-j . .
136 A—l—kp—k—p-i-j( 2p ) (p—j)-(p—k—j+1) (p—1- k)p—l—k—j <1

= S
15 P 2k + 2 p(p—k)
We have
136 "=’ (2 \p—g) - (p—k-j+1) 1k
1075 syt (2 ) iyt
15 k; P 2%k + 2 p--(p—k) (v )
136 "=’ (2 i '
< b A1k —k—p-l—]( )7 p—1—k—j
15 ;; g 2%+2)p(p— k)’
136 '’ 2p 1
_ oY A*l*k 2k1( )7
15 k; b 2% +2)p---(p—k)
_ @p—l—j . p72k71 2p(2p —1)---(2p — 2k — 1)
15 & (2k + 2)! p--(p—k)
_ @pZ]Aflf’“p 2k=192k+2 p(p —1/2) .- (p—k —1/2)
15 2 (2k +2)! p-(p—Fk)
136 p—1-j 92k+2
< 2190 A*l*ki
15 2 (2k +2)!
+o0
136 <~ (2/VA)?*+2 136 :
< 22N YA P osh(2/VA) — 1] < 1if A < 20.
15 2 (k+2) 15 [cosh(2/v ) 1] <1

We thus get the desired result

EA? < (360 — 0.]1> + 20npy*R?)".

D Proof of Prop. @

The proof is organized in two parts: first show a bound on 37 | f/(6;—1), then relate it to

! (% > ory Hk_1> using self-concordance.
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D.1 Bound on : 37 | f'(6p1)

We have, following [4, [16]:
1
fv/l(onfl) = ;(onfl — b)),

which implies, by summing over all integers between 1 and n:

n

lz:f'wk 1) = Z f'(0k—1) — f1.(0k-1)] +i(90—9*)+i(6‘*—9n).
= =1 m mn

SN

We denote Xj, = L[f'(0r-1) — fi(0k—1)]. We have: || X,| < 28 and E(X;|F,—1) = 0, with

n

(>r E(||Xk||2|‘7k71))1/2 < f/—%. We may thus apply the Burkholder-Rosenthal-Pinelis inequal-

ity @, Theorem 4.1], and get:

?

This leads to, with p < |n/4]:

g

%Z "(Ok—1) = fr(Ok-1)]

2 1/2p 2R 2R
} oy 2R
k=

N

2’)} 1/2p 2R 9R 1

1
2 2 g - - R 22
2p —+ 2pn1/2 + ”YTLHHO 0. + [’Y” V1|60 — 0.2 + 18np2 R2?]

N

1 1 1
p——|— V2 1/2 ,Y_HHHO_H*H‘F [W_TLHHO_H*”—FV_n\/lSanR}
2 1 .
+ V2p 1/2 7_n||90 — 0. + V—n\/18np'yR using /p < v/n/2,
2
—=[2+2v2+ VI8 + 6 - 6.

N

N

N

wff+—M—M (13)

D.2 Using self-concordance

Using the self-concordance property of Lemma @l we obtain:

5o (g

— %z;: [/ (Or—1) = ['(02) = £ (0:) (Or—1 — 0.)] — fl(% Zn:ek1> + 10 + £ )<_ Zn:okfl - 9*) H
£ et k=1

< R kzi:l [F(Or—1) — F(0.) — (f'(6.), 001 — 0.)] + R[f<% kzz 9k1) — f(0.) + <f’(9*), % g:l Op_1 — 0*>]

< 2R<% g J(Or—1) — f(G*))

15



This leads to, using Prop.
18 1 2p\ 1/2p
/ /
(<o -r (G50 )

1 n 2p\ 1/2p R
< ar(E[L s —r00] ) < (s ol i)

Summing Eq. (I3) and Eq. ([[d]) leads to the desired result.

E Results for small p

In Prop. 2l we may replace the bound 3|6y — 6.]|* + 20npy?R? with a bound with a smaller constant
forp=1,2,3,4:

E|2vn[f(0,) — F(69)] + 10, — 0.]%] < (/160 — 6.]% + 3n72R?)”
_ 13

E(2vn[f(0n) — F(69)] + 10, — 012 < (160 — 6.]) + 6n72R?)’
_ 14

E|2vn[f(0,) — £(09)] + 100 — 0.1%] < (/160 — 0.]% + 9n72R%)",

16



This is done using the same proof principle but finer derivations, as follows. We denote v?R? = a
and |0 — 6.]|> = b. We have

EA,
EA?

a + nb,
A2 424, b+ b+ 4bA,

NN

n2
a’® + 6b[na + 7()] +b’n

N

a’® + 6bna + b*(n + 3n?)

(a + 3nb)?,

(A%_y + 3421+ 3A, 16 + %) + 3(A_1 + b)4bA,_1 + 867240

(A3 +3A2_ b+ 34,167 +5%) + 3(Anoy + b)J4bA, 1 + 4bA,_1[26/2A)/]

NN

EA3

n

N

A
(A5 +3A2_b+ 34, 1% +1%) + 3(An 1 + D)AbAy 1 + 404, 1[Z 44y

AP+ A2 BB+ 124+ 1]+ A, D3+ 12+ 16] + b1

= A3 | +16A4%2_ b+ 314, 10>+

a® +16b[na® + 3bn’a + b*(n?/2 + n*)] + 316*[na + bn?/2] + nb®
= a® 4 16nba® + b*a[48n? + 31n] + b3[8n? + 161> + 31/2n% + n]

a® + 16nba® + b*a[48n* + 31n] + b3[47/2n* + 16n° + n)

(a + 6nb)?,

AL 4 4A3 b+ 6A% bE 4+ 4A, b+ b

F6[A% | + 24, 1b+ b2J4bA, 1 + 4[A,_1 + BJ4bA, 12612 AL
AL 4+ 4A3 b+ 6A% bE 4+ 4A, 0P+ b

/N

NN

EA*

n

N

F6[A2 | + 24, b+ bAbA, 1 + 4[A,_ + b]4bAn_1[% + 2] + 166%42_,
= Al 4+ A b[4+24 48]+ A2 b?(6+48 + 16+ 8+ 32] + A, _1b3[4 + 24 + 32] + b*
AL +36A3 b+ 11042 0% +60A4,_1b® +b*

a* 4 36b[na® 4 8n?ba* + b?a(48n3/3 4 31n?/2) + b3(47/6n° + 4n* + n? /2
+1106%[na® + 3bn2a + b*(n?/2 + n?)]

+nb* 4+ 600 [na + bn? /2]

at + 36bna® + b*n%a?[36 x 8 4 110] + b>n3a[36 x 48/3 + 36 x 31/2 + 330 + 60]
+b*n*[6 x 47 + 36 x 4 + 18 + 55 + 110 + 1 + 30]

(a + 9nb)*.

N

N

N

F  Proof of Prop.

The proof follows from Prop. [ applied to 6,,. We thus need to provide a control on the probability
that || f/(6n) > 24

17



F.1 Tail bound for || f(d,)]

We derive a large deviation bound, as a consequence of Prop. 4 and Lemma

]P(Hf’(en) f/fi[lO\f—i—ALOR%t\/_—i— \/_||90—9 L2+ R\/_Heo 9*|D < dexp(—t),

which is valid as long as ¢ < n (condition from Lemma [)). It is valid for all ¢, because for all
gradients are bounded by R.

F.2 Bounding the function values

From Prop. B if [|f(6,)]| > 2%, then f(6,) — f(6.) < 2%. This will allow us to derive a tail
bound for f(6,,) — f(6.), for sufficiently small deviations. For larger deviations, we will use Prop.

We consider the event

= 2R 3
A, = 16, <—[10\/Z+40R27t\/ﬁ+— Oy — 0. % + — 0, ]}
e = {rean< 2 b0 17+ o 6]
If we have:
23p v py/n
2
< —_ =
10Vt + 40R*~yt/n < SIR2R = 1IF
3 13u+/n  uvn
d ——||60 — 0. + 0. € -—=It== ,
then, by Prop. Bl we have:
Ay C L f(6,) — f6,) < 8R 10Vt + 40R? t\/_+—|\0 —0.* + 2 160 — 6.]| i
t n *) X un Y \/— 0 ’}/R\/ﬁ 0 *

c {f(én) — f(6,) < 8f2 [10\/+2omt+Ar},

with 0 = 2yR?y/m and A = —5—10p — 6.]|* + =27 160 — 6.
This implies that for all £ > 0, such that 10/% + 200t < 47

_ 8R 2
P(f( n) = [(0:) > [10\f+ 2000t + A] ) <de .
un
Moreover, we have for all t > 0 (from Prop. [2):

IE”(f(_n) — f(6.) = 30vR*t + 3|9077_n€|2> < 2exp(—t).

We may now use the last two inequalities to bound the expectation E[f(6,) — f(6.)].

18



We have:

_ +OO _
BL0)—00) = [ Pl - 10, > i

s 2 (5Fe)
- PLI@) - 16 > ldu+ [ Pf(0n) — £(6.) > u]du
0 A2 Sﬁl
+oo _
+ P[f(0a) — £(6.) > u]du
2 (sfpee) |
Azsuif 0o 8R2 2
< / du + / 4e—fd(— {10\/5 + 2000t + A] )
0 0 Hn
» (- =)
+2/ exp ( — ———=5)du using the two tail bounds,
2 (o) =000, S0k
8R?  32R2 [°° 3 1
= A2 4 / et (100 + 4000022t 4 4000=¢Y/2 + 20A=t /2 4 40AD>dt
ni unoJo 2 2
1 [4R?%? py/n 2 3
60~y R? - — A= =160 — 0.2
oy exp( 30vR2 | un (4R2 * ) ”ynH 0 I
8R?  32R? 3 1
< NP+ <1oor(1) +40000%21°(2) + 4OOD§P(3/2) + 20A§F(1/2) + 4OADF(1)>
nu un
1 [4R?% py/n 2 I 3 1
60~ R? - — PAN [ ing —||00 — 0.]]® < ==
+olyhitexp ( 307R2 | pn Cire t2) ~ gpa| ) veing T llfo = 011" < gz
with I denoting the Gamma function,
8R2  32R2 31 1
< NP 4 (100+400D22+400D——ﬁ+20A—ﬁ+4OAD)
ni n 22 2
1 4
2 p— —_
+60vR* exp < 30712 {8R2}>
2 32R? 1 1
< N@Jr?’ i 100+40()D22+40()D§—\/E+20A—\/E+40AD
o n 22 2
1 1
+607R?>—30 x 8yR* using e~* < — for all a > 0,
21 2c
32R%[1 ) )
< i 747 +100 + 8000 + 53200 + 40A0 + 5707

For v = m, with o = R|[|fp — 0.]|, O =1 and A = 6a* + 4a, we get

B[f(0n) - 10] <

32RR° 4 3 2 2
< N 9a” 4+ 12a” + 4a” 4 1489 + 2400” + 160«
1

HN + 1489 + 4OA]

2

R 4
< N—M(5a+15) :

Note that the previous bound is valid if %HGO — 0% + ’yR2\/ﬁH90 — 0. < gg, i.e., under the

condition 6R?||0p — 0. [|* + 4R||0p — 0. || < HST@' If the condition is not satisfied, then the bound is
still valid because of Prop. Il We thus obtain the desired result.
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F.3 Bound on iterates

Following the same principle as for function values, we have:

N

_ ) 192 (4F +0) _ ) > 5 2
E||d, — 0. / B[16, — 0. >u]du+/ (18, — 0.7 > u] du
0 o (hF+o)

nen

VAN
S—
x:w‘
3

Pma—vm2>uwu+ﬁp o1 0.1

) 6 R2 vn
18,0, 2> 1812 (4r 4

P[[|6, — 0] > u]du

. 16R ver 1/2
+p{|on — 0./ > (Z\};_ + ) } {E(H@n - 9*||4)]

using Cauchy- Schwarz inequality,

o2 (s +0)"

n2n

VAN
N
tl\.’)
3
5

< B[18, — 0.7 > u] du
0
5 16R? 12
P[|9n—9*|2 > 2 ('Zg —I—A)ﬂ <|90—9*||2+372nR2> using Prop. 2
Moreover, if we denote by t the largest solution of 10v/t + 2000t = Z‘é;, we have:
/ D / NAD
Vi - —10+ 1OO+2OD“R —10 4 104/1 + 200456%
400 400
- oin
- 4OD HToor

as soon as QOD f > 100, since if ¢ > 100, =1+ +/1+¢q %\/_
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This leads to:

_ N 2 (mgn)”
E|6, —6.]|*> < / P[0, — 6)1* > u]du + P[0, — 6. > u]du
0 A2 16 R2
7
t 9 2200
+2exp (— 5) (|90 —0,>+ 372nR2) with ¢ > (40—5)2mu$’ using Prop. [
16 R2 > 1
< n2l6f +/ 4etd< 61" [10\/+2omt+4 )
nu 0 wn
9
2t2 <||90 — 0% + 3y nRQ) using exp(—a) < Toa? for all o > 0,
16R2  64R% [°° 1
< A2 65; %/ e (100+400522t+4oom§t1/2+20A—t1/2+40AD>dt
o uen 2 2
940*0*100°R* [3
IATIOR 132 )2 1 o
2 942020%2u2n [4 R+ 2R? }
16 R? 4R? 1
< A2 7165; + GMR <1OOF( )+4OOD22I‘(2)+4OOD%F(3/2)+2OA§F(1/2)+4OADF(1)>dt
22 7
+686 x 64D 1t §D2 + LN
_4 2 -
16 R? 64R2 31 1
< A2 —— (100 4 4000022 4 40000= = /7 + 20A =+/7 + 40A]
nu2 uw2n 22 2
2p2T1 7
+686><64D §D2+3A
w2n
64R> A2
{ A? 4100 + 80002 + 5320 + 32A 4+ 40A0 + 686= D4+686 5 ]
nu?

For v = R2\/_ with a = R||fp — 0.]|, O =1 and A = 2a? + 4a, we get

8R2 [

Np? |

8R2 [

Nu2 |

8R2 [

Nu2 |
2

Np2

N

E|[6x — 0.2 2% 4 8\ (32 + 40 + 343) + 8(100 + 800 + 532 + 515)}

2% 4 3320/ + 15576

N

N

8at + 160 + 3202 + 3320 x 202 + 3320 x 4o + 15576]

(50 +20)".

N

The previous bound is valid as long as ’“ﬁ > 10000 — 500. If it is not satisfied, then Prop. [ shows
that it is still valid.
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