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ON THE LOWEST ENERGY OF A 3D MAGNETIC HAMILTONIAN WITH
AXISYMMETRIC POTENTIAL

NICOLAS POPOFF

ABSTRACT. We study the bottom of the spectrum of a magnetic hamiltonian with axisymmet-
ric potential in R3. The associated magnetic field is planar, unitary and non-constant. The
problem reduces to a 1D family of singular Sturm-Liouville operators on the half-line. We
study the associated band functions and we compare it to the “de Gennes” operators arising in
the study of a 2D hamiltonian with monodimensional, odd and discontinuous magnetic field.
We show in particular that the lowest energy is higher in dimension 3.

1. INTRODUCTION

1.1. Description of the 2D model. The action of a spatially inhomogeneous magnetic field
on a two-dimensional electron gas has been the focus of several researches in the past decades
(see [33] and [30] for example). Indeed a perpendicular magnetic field (modeled be a 2D scalar
vector field) modifies the transport properties of the electron gas (see [32]). The variation of
the magnetic field can induce a quantum transport called “edge current” (see [24] for a physical
overview). The case of a unidimensional and non-decreasing magnetic field is described by
the Iwatsuka model (see [26] for the original article and [15] for more recent results). The
perturbation by a unidimensional non-decreasing electric potential is studied in [9] and [14]
for example. These studies on elementary geometries help to understand the quantum hall
effect.

In [39], the authors study among others the case of the magnetic field B, defined on R? by
By(z,y) = sign(x). Let Ag(x,y) := |z| be a magnetic potential satisfying curl Ag = By and
(1.1) Hy = (=iV — Ag)* = Di + (Dy — |2])* . (z,y) e R?

the associated hamiltonian with D = —:0. In [39] the formal spectral analysis of the hamil-
tonian H brings the transport properties of a 2D electron gas submitted to the magnetic field
By along the singularity of the magnetic field. Physical arguments show that the classical tra-
jectories correspond to the so-called snake orbits (see [38] and [39]). Mathematical properties
of the hamiltonian /| for small electric perturbations are studied in [23] (see also [10] for a
related hamiltonian on a half-plane).

We denote by & (L) the spectrum of a self-adjoint operator £. Let
(12) @0 = lnf@(Ho)
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be the bottom of the spectrum of the operator H,. This spectral quantity has been introduced
in [40] for a problem coming from the modeling of the phenomenon of “surface superconduc-
tivity” (see section 1.3). The study of the spectrum of H leads to the 1D parameter family of
operators pencil

(1.3) ho(r) := =2+ (|z| = 7)?, zeR

where 7 € R is the Fourier variable dual to y. These operators are known as the de Gennes
operators (see Subsection 2.1 for references and former results). The eigenvalues of such an
operator family seen as functions of 7 are often called “band functions” or “dispersion curves’.
Their analysis brings the spectral properties of the hamiltonian H,.

1.2. Problematic and description of the 3D model. The aim of this article is to study
the bottom of the spectrum of a hamiltonian associated to a particular planar inhomoge-
neous magnetic field of R? whose associated magnetic potential is axisymmetric. Let us
denote by (7,0, z) the cylindrical coordinates of R?. In the case where the magnetic poten-
tial has the shape A(r,6,z) = (0,0, a(r)), the associated magnetic field is planar and writes
B(r,0,z) = b(r)(—sin#, cosf,0) with b(r) = a’(r). Its field lines are circles centered at the
origin. Under general assumptions on the function b the classical trajectories of a particle in
such a magnetic field are described in [41, Section 4]. The spectrum and the scattering prop-
erties of the hamiltonian Hp := (—iV — A)? associated to such magnetic fields are studied in
[41] and [42]. The particular case of a magnetic field created by an infinite rectilinear current
in the z direction is studied in [41]: in that case b(r) = r~!. The spectrum of H, is the half-
line R, and the band functions are decreasing from +o0 to 0. In [42], more general magnetic
hamiltonians with axisymmetric potentials are described and the author gives conditions for
the spectrum of Hx to be the half-line R, . In [42, Section 4], the particular case b(r) = 1 is
treated. The author shows that the band functions associated to axisymmetric functions of R3
loose their monotonicities and he deduces that the bottom of the spectrum of Hp is positive.
In this article we study in details the bottom of the spectrum of the magnetic hamiltonian for
the case b(r) = 1 and we make a comparison with the 2D hamiltonian defined in (1.1). We
introduce a new operator pencil that can be seen as a 2D version of the de Gennes operator
defined in (1.3).

We present here the magnetic hamiltonian for the case b(r) = 1 and the associated magnetic
potential a(r) = r. In the cartesian coordinates of R?® the magnetic potential writes

Alz,y,2) == (0,0, Va2 + 9?) .

The associated magnetic field B := curl A satisfies B(z,y,2) = (sinf#, —cos#,0). This
magnetic field is unitary and non-constant. The restriction of the magnetic field B to a plane
of the form {y = az} with a € R has the shape of the magnetic field B, associated to the
hamiltonian (1.1). Let

(1.4) Hy:= (—iV — A)? = D2 + D2 + (D, — \/a? + y?)?
be the hamiltonian associated to the magnetic field B acting on L?*(R?) and

(1.5) =y = inf & (H.4)
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its lowest energy. We know from [42] that S(H,4) = [Zy, +00). One of our goals is to
compare =, with the lowest energy O, of the hamiltonian H, defined in (1.1). Let F, be the
partial Fourier transform in the z-variable. We have the direct integral decomposition (see

[37]):

®
(1.6) FrHAF, = f £(T)dr
TER
with
(1.7) (1) = =Ny + (|(z,9)] — 2, (z,y) e R?

where | - | denotes the euclidean norm of R?. The operator £(7) has compact resolvent and we
denote by A;(7) its first eigenvalue. This operator can be seen as a 2D version of the operator
b, (7) arising in the study of H,. Using (1.6) we have the fundamental relation

=y = Helug A (7).

The restriction of £(7) to axisymmetric functions reduces the problem to the singular 1D opera-
tor g(7) introduced in Subsection 2.2. We denote by ((,,(7)),en+ the spectrum of this operator
and we have (;(7) = A(7). We are interested in the description of the first band function
(1 and of its infimum =j. We are also interested in comparisons with the spectral quantities
associated to the operator h,(7) coming from the study of the hamiltonian H defined in (1.1).

1.3. Connection with superconductivity. The modelization of the superconductivity phe-
nomenon leads to study the minimizers of the Gainzburg-Landau functional. For a strong
external magnetic field the superconductivity phenomenon is destroyed. The linearization of
the Gainzburg-Landau functional in that case leads to study the magnetic Laplacian with the
natural Neumann boundary conditions (see [19]). This operator is denoted by /{5 o where A
is the magnetic potential and 2 — R? is the domain. The bottom of its spectrum is denoted
by A(B, ) since it depends only of the magnetic field B := curl A. The critical value of
the magnetic field for which the superconductivity disappears in a type II superconductor (2
is linked to \(B, ) (see [16] for example and [17] for more references). This gives an im-
portant motivation for the comprehension of the behavior of A\(B, (2) for large values of B.
For 2 € Q) we denote by II, the tangent cone to €2 at the point z and B, := |B(z)|"'B(x)
the normalized magnetic field frozen at x. Ones should expect that A\(B, {2) behaves like
inf__ [B(2)|\(B,, II,) for large magnetic fields, indeed all the known asymptotics of A(B, €2)
have shown this structure. An ongoing work ([7]) is in progress to get the asymptotics for gen-
eral corner domains and non-vanishing regular magnetic fields.

In the perspective to determine the asymptotics of A\(B, (2) for large magnetic fields, it is
crucial to have comparisons between all the possible values of )\(EN}J;, I1,) for x € Q. When the
boundary of (2 is regular, the tangent cones II, are either spaces or half-spaces. The spectral
model quantity )\(ﬁx, I1,) is minimal and equal to 6, in the case where II, is a half-space with
the magnetic field tangent to the boundary (see [28]). In the case where the boundary of the
domain has an edge of opening «, it is necessary to study the Neumann magnetic Laplacian
on a new model domain: the infinite wedge of opening o denoted by W,. First studies of this
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operator are presented in [31], [5] and [35] for particular geometries. Let B be a constant uni-
tary magnetic field. We denote by b, the component of B orthogonal to the plane of symmetry
of the wedge. If b, # 0, the magnetic Laplacian b7'Hp yy, degenerates formally toward
the operator H 4 (defined in (1.4)) when the opening angle o goes to 0. A formal analysis
and several numerical computations show that A(B, W, ) seems to converge to b, =, when the
opening angle a goes to 0 (see [34, Chapter 6]). Therefore the comparison between b; =q and
the spectral model quantities associated to the points of the regular boundary of €2 will brings
the asymptotics of the first eigenvalue of the magnetic Laplacian on a domain with an edge of
small opening. In this article we prove Oy < =. An application of the comparison between
regular and singular model problems can be found in [36]. The semi-classical Laplacian with
a constant magnetic field in a domain with a curved edge (a lens) is studied. The authors
make an assumption on a 2D band function related to the conjecture 3.6 and use the tools of
the semi-classical analysis to provide complete expansion of the eigenvalues of the magnetic
Laplacian on the lens.

1.4. Contents and main results. In Section 2 we reduce the problem to a family of singular
1D Sturm-Liouville operators (g(7)).cg on the half-line. We study the eigenvalues ¢, (7) of
this 1D operators: we give a two-terms asymptotics when the Fourier parameter gets large
and we provide an upper bound for the minimum =,. In Section 3 we give a formula for the
derivative of (,(7) with respect to 7 and we use it to show that Oy < =;. We also give a
criterion to characterize the minima of (;(7). In Annex A we give numerical computations of

Cl(T).

2. DESCRIPTION OF THE 1D OPERATORS

2.1. The de Gennes operator. We first recall known results about the de Gennes operator
arising in the study of the hamiltonian H, defined in (1.1). Let F, be the partial Fourier
transform in the y-variable. We have the following direct integral decomposition

@
(2.1) FyHoF, = J ho(7)dr
TeR

where bh,(7) is defined in (1.3). For all 7 € R the operator h,(7) has compact resolvent and
we denote by /1, (7) its n-th eigenvalue. Let b (7) (resp. hg (7)) be the operator 62 + (x — 7)?
acting on L?(R, ) with Neumann (resp. Dirichlet) boundary condition in x = 0. We denote by
pN(7) (resp. pu2 (7)) its n-eigenvalue. We have (see [17]) for all n > 1 that po,_1(7) = N (7)
and fi2,(7) = p2 (7). When 7 goes to +00, uX (7) is exponentially close to the Landau level
2n — 1 (see [18]):

(2.2) Vn>1,3C > 0,37,V7 =19, |pd(7) — (2n—1)| < Ce ™7

A two-terms asympotics is computed formally in [39]. The more precise following expansions
are rigorously proved in [34, Section 1.5]:

2" el 2 n?—n+1 1
(23) u5(7)22n—1+m72 16 (1_T+O<ﬁ>)
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and

2n 2 n2—n—1 1
2.4 N =m—-1-—" gl (1 - — .
ah )=t e (1 o)

Let u,, , be a normalized eigenfunction of hj) (7) associated to ;) (7). Using the technics from
[12] and [3], it is known that

(2.5) (un)' (1) = (7% = iy (7))uizs(0)

and that there exists £} € R such that 7 — u)(7) is decreasing on (—o0, £}) and increasing
on (£, +00). Moreover the unique minimum of ) is non-degenerate and we have 0, =
inf, N (7). If we denote by &, := &, (2.5) provides 2 = ©g. Using (2.1) we get inf S(Hy) =
©p. Numerical computations (see [40], [11] or [6] for a more rigorous analysis) show that
(&, 00) ~ (0.7682,0.5901).

2.2. Reduction to a 1D problem. We reduce the study of the first eigenvalue of £(7) to a
1D singular Sturm-Liouville operator on a weighted space. In the polar coordinate (7, ¢) the
operator £(7) defined in (1.7) writes

1 1
—(}3 - ;(}7« — ﬁ(}i + (T - 7—>2 ) (T7 ¢) € R+ X (_ﬂ-?ﬂ-) :

The eigenfunctions associated to the first eigenvalue are axisymmetric therefore we restrict the
operator to the functions that does not depend on the variable ¢. In other words we restrict our
study to the case where the magnetic quantum number m is equal to 0.

Let L?(R,) be the space of the functions squared integrable on the half axis R, for the
weight r dr.We denote by

U, v)r2(r,) :zf u(r)v(r)rdr

Ry
the scalar product associated to L?*(R,). Let B (R,) := {u € L2 u' € L*(R,),ru €
L?*(R,)} . We define the operator

1

g(17) = -2 — =0, + (r —7)*

r

on the domain

Dom(g(7)) = {u € B;(Ry),u" € L}(R,), %U' € Ly(Ry), r*u e Li(Ry), (re/ (7))o = 0} .

The operator g(7) is unitary equivalent to the restriction of £(7) to axisymmetric functions of
R2. The form domain of g(7) is B!(R, ) and the associated quadratic form is

q.(u) := fu@ (|u’(7°)\2 + r2|u(r)|2) rdr.

Using the results from [4] we get that the operator g(7) has compact resolvent and we denote
by (,(7) its n-th eigenvalue. We have (;(7) = A;(7) and

(26) EQ = :—relﬂg Cl (T) s

moreover the ((,(7))n=0 are the eigenvalues of £(7) which have axisymmetric eigenfunctions.
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2.3. Elementary results about the spectrum of the 1D operator. The boundary value prob-
lem associated to the eigenvalue (,,(7) is the following:

(2.7a) —ru(r) —u'(r) + r(r —7)*u(r) = ré(Tu(r), r>0,

(2.7b)

The EDO (2.7a) is singular and the point » = 0 is regular singular, therefore using Fuchs
theory for EDO’s and the boundary condition (2.7b) we get (see [34, Proposition 6.4] for more
details and [42, Lemma 4.1] for a more general case):

/(1) =g = 0.

Proposition 2.1. For all T € R and for all n > 1, (,,(7) is a simple eigenvalue of g(7). We
denote by z, ; an associated eigenfunction. The function z,, . is the restriction on Ry of an
analytic function on R, moreover it satisfies the Neumann boundary condition

(2.8) 2 (0)=0.

n,T

Since the form domain of g(7) does not depend on 7, we deduce from Kato’s theory (see
[27]) that all the (,,(7) are analytic with respect to 7. Moreover the Feynman-Hellmann ([25])
formula provides

n

(2.9) Vn=1,VreR, ( (1)= —QJ (r—71)22,,(r)rdr,
Ry

and we deduce that for all n > 1, the function 7 — (,(7) is decreasing on (—c0, 0).

In the special case 7 = 0, the operator g(7) is also known as the Laguerre operator (see [1])
whose eigenvalues are known:

Vn=1, (0)=4n—2.

Remark 2.2. The eigenvalues of the 2D harmonic oscillator £(0) = —A + ||(z,y)|?* with
(x,y) € R? are the even positive integers. Only the eigenspaces associated to eigenvalues of
the form 4n — 2 have axisymmetric eigenfunctions.

2.4. Limits for large parameters. Using the lower bound (r —7)? > 72 for 7 < 0 we deduce
from the min-max principle that for all 7 < 0 we have (,(7) > 72 and therefore
(2.10) lim Cu(7) = +o0.

T——00
In the case of the de Gennes operator §,(7) the eigenfunctions concentrate for large 7 in the
wells of the potential (r — 7)? and therefore the eigenvalues of h,(7) converge toward the
Landau level for large 7 (see (2.2)). This is again true for the eigenvalues of the operator g(7),
indeed the potential satisfies the hypothesis of [42, Proposition 3.6] and we deduce:

Proposition 2.3. We have
Vn=1, lim (,(7)=2n—-1.

T—+00
However we work in a weighted space and the harmonic approximation that consists in
using the Hermite’s functions as quasi-modes is not as good as in the case of the de Gennes
operator. It is proven in [42, Proposition 4.7] that

(2.11) Yn>=1, 3y, >0, 37, >0,V >7,, G(1)<(@2n—1)—,72%.
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We give a two-terms asymptotics of the band functions ¢, for large 7:

Proposition 2.4. Foralln > 1 we have

1 1
(212) Cn(T) T*):Jr(X) 2n—1—4—7_2+0 <73> .
Proof. We use the change of variable ¢ = § and we get that the operator g(7) is unitary

equivalent to

—20it0 + (V2t —7)%, t>0
defined on {u € H'(R,), tu € H'(R,)}. Let us remark that we are now working on an
unweighted space. We center and rescale this operator with the change of variable defined by
r=T71t— é) and we are led to study the operator

(2.13) 9 (7) = —2 - 277 0,20, + T(V2r + 7 —/T)2 xE J;
defined on Dom(g*(7)) = {u € L?(J,), 0*u € L*(J,), Opxd,u € L2(J;), Vu € L3(J;)}
where J. := (—7F, +0) and the normalized potential is

Vi(z) = 1(V2r + 7 —/T)%.

The expansion of V. near 0 provides
x> Hrt 20

(2.14) 3z > 0,3C > 0, Vz € (—x0,20), VT = 1, |V (2) — <x2 - —+ —) | < C—.
T

Let h = 7. We define H = Hy + hH, + h?>H, with
HO = —é’i + 1'2
(2.15) Hy = —20,x20, — z°

H2 = %IA

acting on functions of L*(R). Let us notice that the formal two-terms expansion of g*¢(7)
for large 7 corresponds to the operator H. In order to construct a quasi-mode for g% ()
when 7 gets large we construct a quasi-mode for A when h gets small. We are looking for
an approximate eigenpair (E},, uy) for the operator H with B, = Ey + hE; + h*E, and
up, = uo + huy + h*us. Solving formally Huy, = Ejuy, leads to solve the following equations:
(2163) Houg = EoUO

(216b) H1UU + H0u1 = E[)Ul + El'LLO

(2.16¢) Houg + Hiuqy + Houg = Eyug + Eiuq + Eous

We solve (2.16a) by taking

Ey=FEy,:=2n—1 and wug=1wupy =¥, n=1

where V,, denotes the n-th normalized Hermite’s function with the convention that ¥, (z) :=
7=V/4e=2*/2 i5 the first Hermite’s function. We take the scalar product of (2.16b) against ug ,
and we get Ey = (Hyug,, up,). When n is odd (respectively even), the n-th Hermite’s func-
tion is even (respectively odd), Hu, is odd (respectively even) and g, - Hiuo 5, 1s odd. We
deduce that
E,=0.
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We now find u;: we have to solve
(2.17) (Ho — Eo)ur = —Hyugy, -

We decompose (—Hiug,)(z) = 23, (z) + 29/, (z) + U/ (x) along the basis of Hermite’s
functions:
_Hluo,n = CLn\Dn,3 -+ bn‘Ifn,1 + Cn\IfnJrl + dn\I]nJrS .

Using that for n > 1 (see [1]):

-1 —1
2, (2) = 4| 2 s+ \/g\pnﬂ and U (z) =/~ s gxan ,

computations yield

(a, =3-273%\/(n—1)(n—2)(n — 3)
by =2732(n—1)vn—1
Cp = 2*3/271\/5

| dn =3-27"2\/n(n+1)(n +2)).

(2.18) Vn =1, 4

For solving (2.17) we take

a c
Up = Uy, = —En‘lfn—:a - En\ljn—l + En\ljn-&-l + En‘lfnw :

We take the scalar product of (2.16¢) with ug ,, and we get
Ey = By = (HaUopn, Uopn) + {H1Upn, Uo ) -
We have (Houon, uon) = 7|27V, |72m) = 1¢(20° — 2n + 1) and
2 b2 2 d2 1
<H1U17n, U07n> = <U,17n, H1u0,n> = <% + - C—n — _n) = _1_6 (30712 — 30n + 19) .

Therefore we deduce

We now find uy by solving
(Ho - Eo)uz = E2,nuo,n - HQUO,n - H1U1,n .

By construction of Es, the right hand side is orthogonal to wg,. Thanks to the Fredholm
alternative we get a unique solution us ,, orthogonal to ug,. Moreover since the right hand
side has exponential decay at infinity, u, ,, has also exponential decay at infinity.

We now evaluate the quasi-pair constructed. Let £}, ,, 1= 2n — 1 — %hz be the approximate
eigenvalue constructed and uy, ,, 1= g, + by, + hQUQ,n be the associated approximate eigen-
function. Since uy, , has exponential decay we have for all n > 1 that there exists C;,, > 0 such
that for all h € (0, 1):

(2.19) | Hunn — Enntinn|fom < Cuh® and  ||uppl 2@ — 1] < Cuh .
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Let x, € CF(J;) be a cut-off function wich satisfies 0 < x, < 1, x,(z) = 1 forz > —37

and x(z) = 0 for z < —37. We define ud% := x;up, with h = 77'. We have u%% €
Dom(g*(7)). Since uy, , has exponential decay at infinity we get with h = 77!
lg™(T)udy — (2n — 1 — g=)ulhl 20y = [Hunn — Epntin| 2w + O(R7) .

Using (2.19) and the expansion (2.14) we deduce that for all n > 1 there exists C,, > 0 such
that for all 7 > 1:

sc m m Cn Cn
lg™(r)utty = (2n =1 = ge)uliliay < = and [Juenfi2g,) =1 < —.
Since g*(7) is unitary equivalent to g(7) we deduce the asymptotic expansion (2.12). O

Remark 2.5. In the case of a 2D electron gas submitted to the magnetic field B, the group ve-
locity of a quantum particle is given by —(uX)'(7) (see [39, Section II] for a physical approach
or [42] for a mathematical analysis). Let us notice that unlike for the eigenvalues p. (7) of the
de Gennes operator (see (2.2)), the convergence of (,,(7) toward the Landau levels 2n — 1 is
not exponential. Therefore we should expect different transport properties associated to a 3D
electron gas submitted to the magnetic field B.

If we denote by m € Z the magnetic quantum number, the spectral analysis of £(7) can be
deduced from the analysis of the spectrum of the operators
2
—é’f—l8r+m—2+(r—7)2, r>0
r r
acting on L?(R, ). We denote by (,,,(7) the n-th eigenvalue of this operator. In this article
we have focused on the case m = 0 and we have denoted by (,,(7) = (, 0. It is proved in [42,

Proposition 3.6] that all the (, ,,(7) converge toward the Landau level 2n — 1 for large values
of 7. Looking at the proof of Proposition 2.4, we can deduce that

1 1

(2.20) YmeZ,Vn=1, Cuu(t) = 2n—1+ (m*— %)—2 + 0 (—3) :
T—+0 T T

Therefore only the eigenvalues of £(7) associated to axisymmetric function are below the

Landau level for large values of 7. Let us also notice that the second term of this asymptotics

does not depend on the energy level n.

It is also possible to add an electric perturbation to the magnetic hamiltonians Hy and H 4.
The associated Krein spectral shift function (see [2] for an overview on the spectral shift func-
tion) will have singularities near the Landau levels 2n — 1 who play the role of “threesholds” in
the spectrum of the operators H, and H 4. The asymptotic behavior of the spectral shift func-
tion near the threesholds depends among other things on the behavior of the band functions
at energies closed to the threesholds (see for example [8] for a study of a magnetic hamilton-
ian on a half-strip). Since the band functions u(7) and ¢, (7) have different behaviors for
large 7, we expect that the spectral shift function associated to perturbations of the hamilto-
nians H, and H 4 will have different singular behaviors when approaching the Landau levels
by below. Since all the ((,.m)m0 converge to the same Landau level 2n — 1 by above (see
(2.20)), the singular behavior of the SSF when approaching the threesholds by above may also
be interesting.
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2.5. Rough upper bound. Using the estimation (2.11), it is proved in [42, Theorem 4.9] that
all the function 7 — (,(7) loose their monotonicity for 7 > 0 and reach their infimum. We
provide an upper bound for the infimum of 7 — (;(7):

Proposition 2.6. We have
(2.21) Eoswvd—m

and there exists T € R such that =y = (1(7%).

Proof. In order to get an upper bound we use gaussian quasi-modes: for v > 0 we define
u,(r) := e~ . Computations yield:

] 1/2
_4-(uy) =2y + — 47T (1) .

|’u'yH%g(R+) 2y 2y
We minimize the right hand side by choosing v = % and we deduce from the min-max
principle:
™l 4-m,
< - .
G(7) 4712 * s g
This upper bound is minimal for 7 = ( 4(110 )14 and provides (2.21) by using (2.6). 0

3. CHARACTERIZATION OF THE MINIMUM

3.1. Comparison between the lowest energies. In this section we give a new expression of
the derivative of the function (,,. We use it to get a comparison between O and =,.

In order to have a parameter-independent potential, we perform the translation p = r — 7
and we get that g(7) is unitary equivalent to the operator

R 1
9(7') = —@z—p_i_—Tﬁp—i—pQ, p>—T

acting on L2, (I,) with I := (=7, +c0). The domain of the operator g(7) is deduced from

Dom(g(7)) using the translation p = r — 7. The interval I depends now on the parameter.
Usually the technics from [12] and [13] give a trace formula for the derivative with respect
to the boundary of the eigenvalues of such an operator (see the formula (2.5) for example).
However the results of [13] specific to weighted spaces cannot be applied, indeed the weight
p + 7 depends on the parameter 7. We prove a la “Bolley-Dauge-Helffer” a formula for the
derivative that is of a different kind from (2.5) and [ 13, Theorem 1.8]. To our knowledge this
formula is independent from the Feynman-Hellmann formula (2.9):

Proposition 3.1. Let n > 1 and let z, . be a normalized eigenfunction associated to (,(T) for
the operator g(7). We have

3.1) Ch(T) = (b5 (T) = CalT)) 2nrs Znr )Ly ) -
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Proof. We denote by 2, ,(p) := z,,(p + 7) a normalized eigenfunction of g(7) associated to
(o (7). Tt satisfies

Z,-(p)
3.2 — 2" (p) = T
(32) furP) = 27

+ p2£n,T</)) = Gu(T) 20+ (p) -
For h > 0 we introduce the quantity

A (h) == (Cu(T + h) = Cu(T)) Grirths 2n,T>Lﬁ+T(IT) .

The analyticity of the eigenpairs ((,,(T), Zn.+ )nen is a direct consequence of the simplicity of
the eigenvalues (see proposition 2.1) and of Kato’s theory. Since the Z, ; are normalized in

L2, .(I;) we deduce that
o (D)

On the other side using the eigenvalue equation (3.2) we get:

o) = [ (Gl + W en(one(0) = Gl o Vo) o+ 7) b

-7

+00 . 1 . A .
:J <—2Z,T+h(ﬂ) - mzﬁz,ﬁh(m + pzzn,7+h(0)) Znr(p)(p+7)dp

-7

—+00 1
. o . o + 2An7’ AnT + d .
JT ( Zl(p) p +sz(p) P n, (p)> Znrrn(p)(p+7)dp

We make integrations by part on the terms with second derivative:

i ol ol 2 p+17 2
dT(h) = Zn,TJrh(p) ((p + T)Znﬂ'(p) + Zn,T (p)) - mzn,TJrh(p)Znﬂ'(p) dp

+00
+ f —2, (p)((p+T)2h i n(P) + Znrsn(p)) + 202 (0)2nrn(p) dp

—T

+00 1
N N
= hf mzn,erh(p)zn,T(p) dp .

Thanks to (3.3) and to the analyticity of the eigenpairs with respect to the parameter we have

, +00 1 Ny .
Cn(T) = p + Tzn,T(p)Zn7T(p) dp .

+00

¢ () = f (=2 (0) + 220r(P) — Gl () 2un () o

—T

We make the translation p = r — 7:
ColT) = JR (=22 (1) + ((r = 7) %200 (1) = Ga(T) 20,0 (1)) 207 (r)

Thanks to (2.8), we have 2, , € Dom(h} (7)) and we deduce (3.1). O
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This formula is not sufficient to give direct informations on the monotonicity of the functions
T +— (,(7). However it provides the following comparison between the bottom of the spectrum
of the 2D hamiltonian H, and the one of the 3D hamiltonian H 4:

Theorem 3.2. We have
@0 < Eo .

Proof. Let 7* be a point such that (;(7*) = = (see Proposition 2.6) and z,+ := z; .+ an asso-
ciated eigenfunction such that |2« ;2(r,) = 1. We have (j(7*) = 0 and thanks to Proposition
3.1:
Cl (T*) _ <f)0N<T*>ZT* s ZT*>L2(R+)

[2re |72 (R+)
We deduce from the min-max principle that (;(7*) > p]'(7*). Let us suppose that we have the
equality ¢, (7*) = pN(7*), then 2.« is a minimizer of the quadratic form associated to b} (7*)
and since z,« satisfies the Neumann boundary condition (2.8), it is an eigenfunction of b} (7*)
associated to ;) (7*) and it satisfies by (7%) 2+ = pb (7%) 2.+, that is

Vr >0, —20(r)+ (r— 75220 (r) = 1 (7%) 20 (1) .

T

Combining this with (2.7a) we get 2/, = 0 on R, that is absurd. Therefore we have =, =
G(T*) > i (7*) = Oy . 0

3.2. A criterion for the characterization of the minimum. In [42, Section 4], the author
states the question of knowing how many minima has the band function 7 — (,(7). We
give here a criterion in order to characterize the critical points of (;. Numerical simulations
show that this criterion seems to be satisfied. Let us notice that most of the technics presented
here can be found in [22], [21] and [20]. In the following we denote by z, a normalized
eigenfunction of g(7) associated to (;(7). Since (;(7) is simple, 7 — 2z, is analytic and we
denote by z, := 0,2, .

Lemma 3.3. We have

2
VreR, i leme € ———2 (= )2 e -
T €K, HZ ”LT(R+) C ( ) _ Cl(T) H(T T)Z HLT(R+)

2\ T

Proof. We differentiate HZTH%Q(R” = 1 with respect to 7 and we get that 2. is orthogonal to z,
in L?(R, ). We deduce from the min-max principle:

(G(T) =G (T))Hférﬂia(&) <{(9(7) = 7))z, Zr)r2ry)-
We differentiate g(7)z, = (1(7)u, with respect to 7 and we get (§(7)—(1(7))2, = —0,9(7) 27,
therefore
(G(7) = G2,y < (—0r8(7)2r, pr2ry) -
By using Cauchy-Schwarz inequality and the identity 0,g(7) = —2(r — 7) we deduce the
Lemma. 0J

Lemma 3.4 (Viriel identity). Let 7¢ be a critical point of (1. Then we have

G4) [ remrar= [ oot pear = 90
Ry Ry 2
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Proof. We introduce the scaled operator

1
g(7,a) := —a =070, + (ar — 7)*, a>0
r

which is unitary equivalent to g(7). We denote by 2¢(r) := z,(%) and we have
Ya>0, (g(r,a)—C(1))2zr=0.
We differentiate this relation with respect to a:
(3.5) (g(1,a) — C1(7)) 0u22 + Cug(T,0)22 =0
with
0,9(7,a) = 2a3%0r7’6r + 2r(ar — 7).

We make the scalar product of (3.5) with 2% in L?(R, ) and we take a = 1:
(3.6) f (22 + 2r(r — )|z (r)) rdr = 0.
Ry
Thanks to (2.9), if 7¢ is a critical point of (; we have
J (r — 7¢) |2 (r)Prdr = 0
Ry
and therefore
(3.7 J (r — 70)?|270 (1) |Pr dr = J r(r — 7¢)| 20 (r)|?r dr .
Ry Ry

Since
V7 e R, J (\Z’T(T)P + (r— T)2|ZT(T)|2) rdr = (i (1),
Ry
by using (3.6) and (3.7) we get (3.4). O

We can now state our criterion: if the spectral gap is large enough in a critical point of (i,
this critical point is a non-degenerate minimum:

Proposition 3.5. Let 7¢ be a critical point of (1. Then we have

" QQ(TC) — 3G (TC)
(3.8) 1(mc) =2 o) = Gi(ro)

Proof. We first differentiate the Feynman-Hellmann relation (2.9) and we get

VreR, (/(r)=2- 4J (r — 7). (r)z(r)rdr.

Ry
The Cauchy-Schwarz inequality and the Lemma 3.3 provide
" 8| (r — T)ZTH%g(uh)
Ga(7) = Gu(7)

If 7¢ is a critical point of (;, we deduce (3.8) from the Lemma 3.4. O
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We know that (2(0) — 3¢;(0) = 0 and that (; — 3¢; goes to 0 for 7 large (see Proposition
2.3). Moreover numerical simulations show that (, — 3(; seems to be positive on (0, +0), see
figure 2. We already know that (; is non-increasing on (—o0, 0), therefore using Proposition
3.5 we believe that all the critical points of (; are minima. Therefore we are led to make the
following:

Conjecture 3.6. The band function T — (1(7) has a unique and non-degenerate minimum.

Remark 3.7. Let us notice that similar conjectures can be found in the litterature: in [36],
the characterization of the minimum of the band function of a related model problem would
bring localization property for the semi-classical Laplacian of a domain with a curved edge.
In [41] the author makes a conjecture on the monotonicity of the derivative of a band function
associated to a magnetic hamiltonian in R3.

Using the technics from [41, Section 3] and [42, Section 5], the conjecture 3.6 can bring
scattering properties for the hamiltonian /4. Moreover if the conjecture 3.6 is true, we will
be able to describe the number of eigenstates created under the action of a suitable electric
perturbation (see [8]). We hope to continue these investigations in the future.

o Acknowledgements. The author is grateful to E. Soccorsi for giving the physical impulsion,
for his interest in this work and for precious advices. The author is also grateful to V. Bruneau
for helpful discussions.
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APPENDIX A. NUMERICAL APPROXIMATIONS

The numerical approximations described here use the finite element library Mélina ([29]).
We refer to [34, Subsection 6.2.4] for more simulations and computation details. We denote by
¢, (7) anumerical approximation of ¢, (7). The figure 1 presents the numerical approximations

G (r) for 7 = 155 with 0 < k& < 500. The numerical approximations have a unique minimum

Zo = 0.8630 and the corresponding minimizing Fourier parameter is 7* = 1.53 . We have also
plotted the constant Oy ~ 0.5901 according to the computation of [6] and the upper bound
V4 —m ~ 0.9265 given by Proposition 2.6.

The figure 2 presents the numerical approximation ((7) — 3¢, (1) for 7 = 2 with0 < k <

500. These quantities are positive for 7 > 0, therefore we think that (»(7) — 3¢;(7) is positive
for all 7 > 0. Using Proposition 3.5, we believe that the conjecture 3.6 is true.

1.8 ---"0 I

T
~_~
i
=)

=

N

1.6

0.8 i

0BF - - m e A

04 1 1 1 1 1 1 1 1 1

FIGURE 1. The numerical approximations (; (7) for 7 = = with 0 < k < 500

compared to the constant © and the upper bound /4 — 7.
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03,
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0.7

0.6 b

0.4f h

0.3F b
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FIGURE 2. The numerical approximations C5(7) — 3¢ (7) for 7 = £ with

100
0 <k < 500.
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