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Abstract In this paper, we consider the problem of schedul-
ing independent jobs when several agents compete to per-
form their jobs on a common single processing machine.
Each agent wants to minimise its cost function, which de-
pends exclusively on its jobs and we assume that a global
cost function concerning the whole set of jobs has to be min-
imised. This cost function may correspond to the global per-
formance of the workshop or to the global objective of the
company, independent of the objectives of the agents. Clas-
sical regular objective functions are considered and both the
e-constraint and a linear combination of criteria are used
for finding compromise solutions. This new multi-agent
scheduling problem is introduced into the literature and sim-
ple reductions with multicriteria scheduling and multi-agent
scheduling problems are established. In addition, the com-
plexity results of several problems are proposed and a dy-
namic programming algorithm is given.

Keywords Scheduling - Multi-agent - Single machine -
Complexity - Dynamic programming

1 Introduction

Generally in scheduling literature, the quality of a schedule
is given by a measure applied to the whole set of jobs. In-
deed, classical models consider all jobs to be equivalent and
the quality of the global schedule is given by applying the
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same measure to all jobs without distinction. For instance,
the measure may be the maximum completion time of jobs
(the makespan), the total flow time of jobs or a measure re-
lated to the jobs’ tardiness, e.g. maximum tardiness and the
total number of tardy jobs. Introducing distinctions between
jobs is generally done by the means of weights. For instance,
the total weighted completion time, the total weighted tardi-
ness or the weighted number of tardy jobs introduce such
distinctions. However, in this case the same measure is still
applied to all the jobs to quantify the quality of a schedule.

In a real context, these models are not always reliable.
In some practical situations, it can be necessary to consider
several aspects of the schedule. For instance, the mean flow
time (which is equivalent to the total completion time) and
the respect for due dates can be of similar importance for
the decision maker. In such cases, more than one objective
functions is defined and the scheduling problem enters the
field of multicriteria scheduling (T kindt and Billaut 2006
and Hoogeveen 2005 present a complete state-of-the-art sur-
vey).

In some cases, it may happen that the jobs are not equiv-
alent and that applying the same measure to all the jobs is
not useful. For instance, it is possible to consider a work-
shop where jobs have the following particularities: whereas
some jobs may have a soft due date with allowed tardiness
(which must be minimised); other jobs may have hard due
dates (i.e. due dates that must be respected) and still other
jobs may have no due date (e.g. production for stock). For
the first type of job, the decision maker wants to minimise
the maximum delay. For the second type of job he imposes
that there must be no delayed jobs and for the last type of
job he wants to minimise the total flow time. These jobs
are assessed according to different objectives, but these jobs
are in competition for the use of the machines. This prob-
lem is a multicriteria scheduling problem, where a new type
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of compromise has to be obtained. In the literature, these
problems are called “interfering job sets” (Balasubramanian
et al. 2009), “multi-agent scheduling” (Agnetis et al. 2000;
Cheng et al. 2006) or “scheduling with competing agents”
(Agnetis et al. 2004). In all these studies, the authors con-
sider a partition of the set of jobs in competition for the use
of resources, with each subset having its own objective func-
tion to optimise.

In this paper, we consider a different version of this prob-
lem in which the performance of the whole set of jobs
has to be minimised. Such a problem may appear in real
life situations. For instance, SKF MDGBB (Medium Deep
Groove Ball Bearings) factories are workshops composed
of parallel machines (see Pessan et al. 2008a, 2008b). The
objective is related to the minimisation of the flow time
criterion (i.e. maximising the number of items produced)
and concerns the whole set of jobs, denoted by Ny. Gen-
erally, the jobs that ideally, should be produced daily ex-
ceed the production capacity. To impose the production of
the remaining jobs (say Nj C Np) during the next day,
another performance measure has to be applied, which is
the minimisation of the number of tardy jobs (or any other
due date-related measure). The measure concerning Ny is
the total completion time minimisation, but the number
of tardy jobs among N cannot exceed a given threshold.
This is the field of rescheduling problems (Wu et al. 1993;
Hall and Potts 2004). Another example can be found in
shampoo packing systems (Mocquillon et al. 2006). Sham-
poo is delivered daily and stored in a dedicated storage area
with a limited capacity. The problem is to find the most effi-
cient way to pack shampoo of different types into bottles. A
global objective is to maximise the production, thus reduc-
ing the setup times. At the same time, the times and quan-
tities of future deliveries are known in advance. Thus, each
type of product has to be produced daily so that its quan-
tity never exceeds its allotted storage area. This is a typical
problem where the global objective concerns all the products
and where the subset of products is evaluated with another
objective.

The rest of the paper is organised as follows: in Sect. 2 the
problem is defined, the notations are introduced and a state-
of-the-art survey is presented. The first simple reductions
on existing multi-agent or multicriteria scheduling problems
are also given. Section 3 deals with polynomially solvable
single-machine problems. The application of simple reduc-
tions from known NP-hard problems is detailed in Sect. 4.
Section 5 is devoted to the total completion time case and a
pseudo-polynomial time dynamic programming is also pre-
sented.
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2 Preliminaries
2.1 Problem definition and notations

A set Ny of n independent jobs has to be scheduled on a
single machine. We assume that all the jobs are available at
time 0, that preemption is not allowed, and that the process-
ing times are deterministic and integers. In this paper, p;
denotes the processing time of job j and d; denotes its due
date, where 1 < j < n; the single machine is always avail-
able and it can process only one job at a time.

N denotes the kth subset of jobs of Njy. We assume that
UK, Nk = Ao and that (N, Vi = @, with K being the
number of subsets. We denote by n; the number of jobs in
Ni,forl <k <K.

We denote the completion time of job j by C;. > (w;)C;
is the total (weighted) completion time. Additionally, Cax
denotes the maximum completion time (makespan) and
Lmax denotes the maximum lateness, which is defined by
Lmax = maxi<;<,(Cj —dj). We denote the total (weighted)
tardiness by ) (w;)T;, where Tj = max(0, C; —d;). In ad-
dition, U; is equal to 1 if job j is tardy, and U; is equal
to 0 otherwise. Y _(w j)U; denotes the (weighted) number of
tardy jobs.

F¥(MN) is the objective function associated with agent k
(1 <k < K), i.e. to the subset of jobs N} and this function
is simply denoted f k when there is no ambiguity. fo(/\/o)
is the objective function associated with the whole set of
jobs. The problem is to find the completion times of the jobs
that minimise the functions f¥, Vk € {0,1, ..., K}. Notice
that in the case of only one agent, the problem already has
two objective functions. According to the three-field nota-
tion proposed by Graham et al. (1979) and extended to mul-
ticriteria scheduling problems in T kindt and Billaut (2006),
we consider the following functions:

o c(fO/f1, £2,..., fK) in the case of K agents. This de-
notes the e-constraint approach, i.e. the minimisation of
fO, subject to fl <ey, f2 <é&,..., fK <éegk.

o Fo(f° FL, £2,..., %) inthe case of K agents. This for-
mulation indicates a linear combination of criteria, i.e.

Fo(f0 fL 2 i =g b
2.2 Related literature

The literature contains some results on multi-agent schedul-
ing, but there are very few results when a global objective
function is also considered.

Agnetis et al. (2004) consider the single machine, flow
shop and open shop problems with two subsets of jobs N
and N;. They consider the minimisation of an objective
function for one subset of jobs subject to a bound for the
other subset of jobs. In addition, they give some complexity
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results and dynamic programming algorithms for the single-
machine problem. The single-machine problem is also con-
sidered in Baker and Smith (2003). These authors con-
sider several regular objective functions (Cpax, > w iCj,
Lmax) and they propose an algorithm for the minimisation
of a linear combination of the objective functions. Com-
plexity results are given and some polynomially solvable
cases are identified. Furthermore, Yuan et al. (2005) pro-
pose some complementary results for these problems. Fig-
ure 1 summarises the results presented in Baker and Smith
(2003) and Yuan et al. (2005). Cheng et al. (2006) consider
a single-machine problem with K disjoint subsets of jobs
M, .... Nk (U,-Kzl./\/i = N\p). Each job is associated with
a deadline, and each subset is measured by the total num-
ber of tardy jobs. The authors prove that the decision prob-
lem denoted by 1|ijU} <ey, ...,ijUjK <egl|—is
strongly NP-hard. When the number of agents is fixed, they
show that the problem can be solved in pseudo-polynomial
time and they give a fully polynomial time approximation
scheme. Additionally, if the weights are equal to 1, the prob-
lem can be solved in polynomial time. Cheng et al. (2008)
consider the single-machine multi-agent scheduling prob-
lem with K objective functions of min-max type. The au-
thors prove that the feasibility problem can be solved in
polynomial time, even if jobs are subject to precedence con-
straints. Furthermore, the authors show that the problems
LI L)y TS (T and 11325 (D w;CH)
are NP-hard and some polynomially solvable cases are iden-
tified by them. Agnetis et al. (2007) consider single-machine
two-agent scheduling problems (reported in Fig. 1). Two ap-
proaches are considered: (1) the “decision problem”, which
is to find a solution such that all the criteria are bounded
and (2) the “Pareto-optimisation problem”, where the aim is
to find the set of all non-dominated solutions (denoted by
“#” in Fig. 1). Some results are also given for some single-
machine multi-agent scheduling problems.

2.3 Some simple reductions

If the decision problem P reduces to decision problem P’,
we use the notation P o< P’. We also use the following no-
tations: ™™ = {Cpax, Lmax}, I'* ={}.C;, > T;, > U;},
r*v = {ijCj,ijTj,ijUj} and I' = &y
I'* U Ir*». We focus on the objective functions, and f
stands for the problem «|8]| f.

Proposition 1 The following reductions hold, ¥ f°,
fler:

L1 fO0cFo(f9 Y and f1(No) o Fe(f0, F1NY))
1.2 fOoce(fO/fh
1.3 f1 N oce(fO/f (V)

Proof 1.1 Take the linear combination where the coefficient
associated with f! is equal to zero; take the linear combi-
nation where the coefficient associated with £ is equal to
ZEero.

1.2 Take a large value for &1 associated to f!.

1.3 Finding a solution which satisfies f!(N}) < ¢ is
equivalent to the decision version of problem «|f8| f LND)
with subset N\]. O

Proposition 2 The following reductions from bicriteria
scheduling hold, ¥ f°, f! e I':

2.1 Fo(f0, fLND)) o Fe (0, £LNY)
2.2 e(fO/f No)) oce(fO/F L (NY))

Proof Take N7 = N and the problems are the same. O

The consequence is that if a bicriteria scheduling problem
is NP-hard, then the corresponding problem with one agent
and a global objective function is NP-hard.

Proposition 3 The following reductions from multi-agent
scheduling hold:

3.1 Fo(fY, f2NR) o Fo(fY, f2No), Yfl e I, Vf2 e
sz U {Lmax, Z Uj}

32 e(fEND/fY o e(f2N)/fY, Yt e I, Vi? e
sz U {Lmax, Z Uj}

Proof If f2 € I'*™, one can build an instance to problem
a|BIFe(f1 (N1, F2(Np)) with w; = 0 for the jobs that are
not in Nj. Because f2 e I'**, f2(Ny) = f2(N>). The
proof holds for the e-constraint approach.

If f> €{Lmax,» Uj,> w;U;}, one can build an in-
stance to problem «|B|Fo(f'(N), f2(Np)) with d; = HV
for each job j ¢ N] (HV being an high value). Because
2 € {Lmax > U;,> w;U,}, the problems are the same.
The same reasoning can be applied to the e-constraint ap-
proach. (]

Proposition 4 The following reductions from multi-agent
with a global objective function hold:

4.1 Fo(f' N, £ o Foe(fT N, f9), vVl e T2 U
{Lmax, Y U}, ¥fleT.

4.2 e(fO/ TN e (fO/fHND)), VT € T>% U {Limax,
YULVfer.

Proof See the proof for Proposition 3.1. ]

These simple reductions are shown in Figs. 2 and 3.

Tables 1 and 2 summarise the complexity results that
are established in the rest of this paper for single-machine
problems (‘H’ indicates an NP-hard problem, ‘P’ indicates
a polynomial problem and ‘o’ indicates an open problem).
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Fig.1 Some complexity results

on multi-agent scheduling
problems

Fig. 2 Simple reductions
between objective functions
from single objective and
bicriteria scheduling

Fig. 3 Simple reductions
between objective functions
from multi-agent scheduling

3 Polynomially solvable problems

Problem Complexity Reference

1] F(Cmax V1), Cmax (N2)) Polynomial Baker and Smith (2003)

11 F(Lmax (V1) Lmax (N2)) Polynomial Baker and Smith (2003), Yuan et al. (2005)
HIF (X w;CiND, X wiCj(Ny)) Polynomial Baker and Smith (2003)

1 F; (Cmax(N7), Lmax(N3)) Polynomial Baker and Smith (2003)

1| F; (Cmax [ w;C; (Nz)) Polynomial Baker and Smith (2003)

HIF1 (X Cj N, Lmax(N2)) Polynomial Yuan et al. (2005)

HIF (X w;Cj(NY), Lmax(N2)) Strongly NP-hard Baker and Smith (2003)

1|F (Cmax (N1, Lmax(N2), Y w;C; (./\/3)) Strongly NP-hard Baker and Smith (2003)

1 Zk (Lmax(Nk))

1] Zk (Tmax(Nk))

11 Xk (maxw; C;(Ng))
Lle( fmax N1/ fmax(N2))

Ordinary NP-Hard ~ Cheng et al. (2008)
Ordinary NP-Hard Cheng et al. (2008)
Strongly NP-Hard Cheng et al. (2008)
Polynomial Agnetis et al. (2004)

1le( X w;Cj(N1)/Cmax (N2)) Ordinary NP-Hard ~ Agnetis et al. (2004)
le(X w;Cj(N)/Lmax(N2)) Strongly NP-Hard ~ Ng et al. (2006)
He(Xw;CjND/ X Uj(N)) Strongly NP-Hard ~ Ng et al. (2006)
1e( X Cj N1/ fmax (N2)) Polynomial Agnetis et al. (2004)
le( X UjWND/ fmax(N2)) Polynomial Agnetis et al. (2004)
(X UjND/ X Uj(N)) Polynomial Agnetis et al. (2004)
Lle(X CjND/ XU (NY) Open*

He(Xw;CjND/ Y Uj(N)) Ordinary NP-Hard ~ Agnetis et al. (2004)
e(XCjND/ X CjNY) Ordinary NP-Hard ~ Agnetis et al. (2004)
L#( fmax N, fmax(N2)) Polynomial Agnetis et al. (2007)
1 H#( > w;C; (N1), fmax (Nz)) Exponential Agnetis et al. (2007)
H#( X C; (N, fmax(N2)) Polynomial Agnetis et al. (2007)
H#(X U N, fmax(N2)) Polynomial Agnetis et al. (2007)
H#( X U;jND, XU (N2)) Polynomial Agnetis et al. (2007)
H#(X C;ND, U (NR) Polynomial Agnetis et al. (2007)
HF#(X w;CjND, Y Uj(Ny)) Polynomial Agnetis et al. (2007)
H#(X C; N, X Cj(N2) Exponential Agnetis et al. (2007)

— with fmax a regular function of type max ; (f]- (o))

— with g a non-regular function

(*) The problem is NP-Hard under high multiplicity encoding (Ng et al. 2006)

f° frM)
Multi-agent MfO+MFIN) A M) <e f'<e
with global obj. r
% *
p 1(N)
Classical Ao fO+ AL fHNG) LNy <e fo<e
bicriteria /
Single objective fo F1(N) * for some functions f*
f2(No)
Multi-agent  A; f* + Ao f2(No) fi<e
with global obj.
* *
Multi-agent ), f1 4\, f2(A;) FAN2)

In this section, we present some polynomially solvable
problems. Note that because the makespan is a constant,

single-machine problems involving C

max

as a global objec-

tive function are single objective problems. Thus, problems

of type 1]|Fo(f', CO ), 1]]e(f!/C

) and 1]1e(CO. /f 1)

max

have the same complexity as problems 1|| f1(Np),Vf!l e I

@ Springer

fl<e * for some functions f?

Proposition 5 The following problems can be solved in
polynomial time:

5.1 1[Fe(LY,, CL.) and 1]|e(LY,./CL.)

max?’ max
52 1|Fe(LO,, LL. ) and 1)|e(LO, /L. )

Proof 5.1 Suppose that jobs are numbered in EDD order.
All the sequences EDD(N1 U {n1 +1,...,j})//EDD({j +
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Table 1 Complexity results in the case of a linear combination of cri-
teria. Notice that this matrix is a priori not symmetric

A fl D Af(’(No)
max max ZCOZTO ZUOZwJCOZw]TO ZwJUO

Clax P P P H o P H H
Ll P P P H o H H H
¢ P o P H H P H H
7/ H H H H H H H H
U} P o H H o H H H
YwiC; P H P H H P H H
Yw;7/ H H H H H H H H
YwiUl/ H H H H H H H H

Table 2 Complexity results after simple reductions in the case of the
g-constraint

FLM) < e1Min fO(NG)

Chax Lihax L CY X TP U S w; Y w, T Y w; UY
Clux P P P H o H H H
Ll P P P H o H H H
YCj P o H H H H H H
> H H H H H H H H
YUj P o H H o H H H
Ywi¢; P H H H H H H H
Yw;7/ H H H H H H H H
YwiU}/ H H H H H H H H
1,j4+2,....,npforall j e{n1+1,n1+2,...,n} are tested.

The best sequence with the linear combination gives an op-
timal solution for the function Fy (L%, ,CL ) and the best
sequence that satisfies Cipax (V1) < € gives an optimal solu-
tion for function LY . The problem can be solved in O (n?)
time. The formal proof can be obtained by pairwise inter-
change arguments.

5.2 There exists an optimal solution such that the jobs
of N7 and the jobs of A\ N are sorted in EDD order.
Of course, the global sequence obtained may not follow the
EDD order.

Let us consider the problem 1][e(LY, / Lmax) Let edd
denote the global EDD sequence and let edd' denote the
EDD sequence for the jobs of Nj. An optimal algorithm
is given in Table 3. This algorithm ensures, firstly, that the
epsilon-constraint is verified. Then, the jobs are scheduled
according to edd order to the greatest extent possible. This
algorithm finds the optimal solution in O (nlogn) time.

Now let us consider the 1]|Fy (LY., LL ) problem. The
polynomial time dynamic programming algorithm proposed
by Yuan et al. (2005) in the multi-agent case can be applied
to solve this problem. ]

Notice that problems 1||F; (L9, ., 3" C )and 1||e(LY,./
> C j) remain open.

Proposition 6 The following problems can be solved in
polynomial time:

6.1 1]|Fe(30CY, Cpr) and 11e(3- CY/Cr)
6.2 1|F, (3> CY% LY. ) and 1]|e(3 CO/Lmax

Proof 6.1 An optimal solution always exists with the jobs in
N and the jobs in N\ N being sequenced in the shortest
processing time (SPT) order. Furthermore, for the makespan
objective, only the completion time of the last job of A/} has
to be considered. Thus, the jobs before the last job of N
are sequenced in SPT order, whether or not they belong to
N1. Let us suppose that the jobs of N7 in SPT are num-
bered as follows: {1, 2, ...,n1}. Let us also suppose that the
jobs of N'\ N7 are {ny + 1,n; + 2,...,n}. We evaluate
the sequences SPT(M U {ny +1,...,jH//SPT({j+1, j+
2,...,n}) forall je{n +1,n+2,...,n}, where a//b
stands for the concatenation of a and b. The best sequence
is the optimal solution of the problem. This algorithm can
be implemented in O (nlogn) time.

6.2 Problem 1|} c0 /CL..) is polynomial.

If Pari=)" 1ieN, Pi ~ g, there is no feasible solution.
Otherwise, an optlmal solution can be obtained by the fol-
lowing two-step algorithm:

1. determine the initial solution by ordering the jobs of A/
in SPT order

2. move the last jobs in ] to the left in such a way that the
new solution satisfies the e-constraint.

The complexity is bounded by O (nlogn).
6.2 Problem 1||F;(3_ CY, L} ) has the same complex-
ity as problem 1||Fy(L3,,, ZC?), which is solvable in

0 (n?) (see Hoogeveen 1992 and Proposition 4). Problem
IE CO/LHMX) is equivalent to the 1|d~j| > C; problem,
which can be solved in polynomial time (Hoogeveen and
Van de Velde 1995). O

Proposition 7 The following problems can be solved in
polynomial time:

7.1 1||Fg(ZwJCO Zw;CI)
7.2 1|Fo(X w,C" Crnax)

Proof 7.1 We set w;./ =Xo X Wj + A X w; and solve prob-
lem 1| Zw}’ C? (see Baker and Smith 2003). We deduce
that problems 1[|F;(}_w;C 0 ZCI) and 1]|F, (3. CY,
>wj C ) are also polynomlally solvable.

7.2 Suppose that the jobs of N] are numbered accord-
ing to the weighted shortest processing time (WSPT) or-
der. Apply the algorithm for 7.1 with w’; =0, Vj # n; and
wy,, = 1. O

@ Springer



J Sched

Table 3 Algorithm for problem 1||e(L 2 /L

1
max max)

Fori=1ton; do
di=di +e
Endfor

Schedule the jobs of A/ in edd! order as late as possible and so that the deadline is respected.

t=0
Fori =1ton; do
Consider S; = {j e N\ N1, d; <d,}, in edd order

If there is an idle time before job i. Then
Shift job i to the left.

t=C, i
Else
| t = completion time of the last job of S;
Endif
Endfor

For all the preempted jobs do

and the jobs of A/] complete earlier.
Endfor

Schedule jobs in S; from date 7 with preemption if necessary (without changing the start time of the jobs of A7)

In order to obtain a non-preemptive solution, shift the parts of the job to the right so that its completion time is not changed

4 Application of simple reductions from known
NP-hard problems

Proposition 8 The following problems are NP-hard:

8.1 1|Fe(f°, f1 and 1)le(fO/f"), VfO € (3715
ijTj,ijUj},VfIEF

82 1|Fe(f°, 1) and 1||e(fO/fH, VO e, vfl e
22T, w,Tj, > w;Uj}

8.3 1||F4(Lglax,2ij})and1||Fg(ijC?,L1 )

8.4 l||Fg(ZClQ,ZU}.)and1||8(ZC?/ZU.})
8.5 1IF (U7, 3 C) and 11U/ 3Ch)
8.6 1||FZ(ZU?,ijC})and1||s(ZU;)/ijC})

Proof 8.1 Deduced from prop. 1.1 and 1.2.

8.2 Deduced from prop. 1.1 and 1.3.

8.3 This item is true, because 1||Fy (Lomax, dow; C?) has
been proved to be NP-hard in Hoogeveen (1992) (see Propo-
sition 2.1).

8.4 Problem 1||Lex(}_ U;.), > C?) is proved to be NP-
hard in Huo et al. (2007) (with Lex being the lexicographic
minimisation, i.e., Min ZC? is subject to ZU;’ being
optimal). With an appropriate choice of weights, we can
show that 1||Lex(3.UY, ZC;’) o 1F (X UY, ch?).
As a consequence, this last problem is NP-hard. Thus,
HF, %Y Ujl.) is also NP-hard (see Proposition 2.1).
We deduce that problem 1||F¢ (3" w; C?, > U.}) is also NP-

hard. The second property is true because 1||e(>_ C? /> U;))
has been proved NP-hard in Nelson et al. (1986) (see Propo-
sition 2.1).

@ Springer

8.5 For 1||F, (3 U;), > Cj].), see the proof 8.4.
8.6 This is an immediate reduction from 8.5. O

Proposition 9 The following problems are NP-hard.:

9.1 1le(Lan/ X w;jC))
9.2 1|e(X w;CY/Cpyy) and 1|l w;CY/ L)
9.3 1le(Cw,;CY/>U))

Proof 9.1 The decision version of this problem is to find a
sequence so that > w j C} < &1 and L?nax < &p. The proposi-
tion comes because problem 1|[e(d>_w ;iC ]1 / ernax) is proved
NP-hard in Agnetis et al. (2004) (see Proposition 3.2).

9.2 This proposition has the same proof as 9.1.

9.3 The proof of this proposition has the same reasoning
as the proof for 9.1 because problem 1||e(>_w); le./ > Uf)

is proved to be NP-hard in Agnetis et al. (2004). ]

5 The case of total completion time criteria

First we prove the NP-hardness of the 1||e(}_ C?/ZC})
problem in the case of one agent. Then, we provide a
pseudo-polynomial time dynamic programming algorithm
for problem 1||e (> C?/ > C}).

5.1 Establishing the complexity

In this section, we consider the epsilon-constraint problem
for which the two objective functions are the total comple-
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Fig. 4 Initial sequence with 10
jobs

tion time, denoted by 1||e(D_ C? /y.C ]1.). No simple reduc-
tion can be used for deriving a complexity result. We show
that the problem is NP-hard.

Proposition 10 There is always an optimal solution that re-
spects the following properties:

10.1 there is no idle time.

10.2 jobs in N follow the SPT order (Shortest Processing
Time first).

10.3 jobs in (N'\ N1) follow the SPT order.

10.4 if p; < pj, then i must be scheduled before j,V(i, j) €
N1 x W\ M.

Proof The first point is true because we consider regular cri-
teria. The two next points are true because an interchange of
jobs that do not follow the SPT order cannot decrease the
solution’s quality. The last point is true because otherwise,
the permutation of i and j improves both ) CO and ) C1

Note that point 4 is not true if (i, j)G(N\Nl) x M. D

Proposition 11 Problem 1|g(} c;) /3 c}.) is NP-hard.
Proof We define the problem PWDE (PARTITION with

distinct elements) below. Note that this problem has been
proved NP-hard in Huynh Tuong et al. (2009):

PWDE:

Data: Finite set B of 7 integer elements
ai,as,...,a; with distinct sizes
(ai # ajs Vls .])9 Zﬁ:] a; = 2C

Question: Is there a subset B; of in-
dices such that } p a
Lic(12,..n\B 4 =C?

We denote by ImCC the decision version of problem
e(X C? /> le.). This problem is defined by

1mCC:

Data: A set Ny of n jobs, a subset N7 C
No, processing times p; for each
job j, 1 < j <n, two integer values
Yo and Y;

Question: Is there a one-machine schedule

o for Ny so that ZC? < Yy and
YCi=n?

The job set N,
vy S

We must prove that PWDE o« 1mCC.

We consider an arbitrary instance of PWDE and we as-
sume without loss of generality that a; < - -- < a;. We know
that minj<j<;—1 ’f' > 1. It is always possible to find o

Jfl and K € N (if

-

and K such that | <o < minj<j<;—1

aﬁ;fl = minj<j<;— 1— take, for instance, o = ;’f—jr‘l and
10
K=a¢+1if aps1 #a¢+1 or take o = 10:;;];‘1 and

K =10 x ay + 1 otherwise).

Because of the definitions of « and K we have Ka; <
aKa; < Kaj+1 <aKajy.

Letf=a—1,>0and X =K !_ 2t —i+ 1)+
2t —2i + Da) x a;.

We define an instance of problem 1mCC as follows: n =
2t and

o poi—1y = Ka;, Vi =1,2,...,t; poiy = aKa;, Vi =

1,2,...,¢;

o Vi=K(I+a)(X it —i+1)xa)—KC;Yo=X+
BKC;

o N1 ={2,4,6,...,2t}.
We define an initial solution S = {1,2,3,...,2t —

1,2t}, i.e. the sequence where the jobs are sorted accord-
ing to the SPT rule (see Fig. 4).
We have

n
> Ci(8% =Kay + (Kai+aKa) + (Kay +aKa
j=1
+ Kapy)+ (Kay +aKa; + Kay +aKap) + - - -

n
=Y (8" =2tKay+ 2t — DaKay + 2t —2)Ka,
j=1

+ 2t —3)aKay +---

=Y C;(8% =Kay (21 + 2t — Dax)
j=1

+ Kay((21 —2) 4+ (21 = 3)a) +

n t
=Y CiSH=K> (2¢-i+1)
j=1 i=1
+ (2t —2i + Da) x a; = X.

In the same way, we obtain

> Ci(8") =(Kai +aKar) + (Ka) + aKa
JeEN

@ Springer
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+ Kay+aKay)+---

= Y Ci(8)=t(Kai+aKa)+ (t — )(Ka
JeNI

+aKay)+---

= ) i) =t(U+a)Ka))+(t—1)
jeM

x (1+a)Kag) + -+

= Y CiS)=K(+a)tai+ @ —Day+--)
JjeM

t
=Y =K1 +a)) (—i+a; =Y +KC.

jeN; i=1

Thus, this solution is not a feasible solution for problem
ImCC: Y-z Ci(SY) <Y but 3z, C(S0) > Y1

e Let us suppose that the answer to PWDE is ‘yes’. We
are going to propose a method for permuting consecutive
jobs for decreasing > C ]1 (this method will increase C?
at the same time). We consider the set of jobs G = {j € A |
j =2i withi € B;}. Note that G € N. We define the se-
quence S! by the permutation in S° of each job of G with its
predecessor: S'[j1=S°[j —11, S'[j —1]1=S°[j]for j € G
and S! [j1= SO[j] for the other jobs.

We have to compute 3~ ;x; Cji(S") and 3= x Cj(Sh).
We first compute these values after the permutation of only
two jobs (sequence S’).

Yo Cish=Y" Ci(S°) +(pj—pj-1.

jeNo jeNo
Thus,
dCi(s) =Y Ci(s)+ D (pi—pi-1)
JjeNo ieNy j€g
= Z Cj(SO) + Z(OéKaj/z —Kajp).
jeNo =Y

JjeNy JeNy j€g
=Y Ci(S) +BKY ajp
JENy j€g
= Y C(s")
jeNo
=Y Ci($9)+BKxC=X+BKC=Y
JjeNy
Similarly,
Yo Cish=Y Ci(S°) = pj-i
jeM JjeM

@ Springer
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Fig. 5 Sequences S” and ¢’ and position of job 2i

Thus,
D)= ¢ () =Y pj--
jeM jeM jeG
= > Ci(8Y)= D> Ci(s") =D Kajp
JjeM JjeM j€g
=Y Ci(sh=> (s —kC=1
jeN; jeM

+KC—-KC=Y.

Thus, S! is the sequence for which the answer to ImCC is
‘yes’.

e Now suppose that the answer to ImCC is ‘yes’ for se-
quence o. If o does not respect the conditions of Proposi-
tion 10, then all the jobs are shifted to the left, the SPT rule
is applied to the jobs of A, and with respect to the jobs of
No \ NV and each time condition 10.4 occurs, jobs i and j

are switched. A new sequence o’ is obtained, so that:

e ) Cil6h=) Cilo)=Y (1)
jeNo jeNo

¢« D Cieh=) Cilor=V @)
jeM JjeN

e and o satisfies the conditions of Proposition 10.

We now compare ¢’ and S°.

Let us consider the job number 2i. This job is in position
2i in SV and it is in position k in ¢’. Let us suppose that
k > 2i. In this case, there is at least one job before 2i in
o’ with a bigger processing time. This job cannot belong to
N1, because the jobs of N in ¢’ are sorted according to
SPT. Thus this job belongs to N\ ;. However, this case
is not possible because of condition 10.4. Therefore, k < 2i.
Similarly, we can show that job 2i — 1 is in position 2i — 1
in S and that it is in position / in ¢’ with [ > 2i — 1. This
case is illustrated in Fig. 5.

We define the set of jobs Hy; = {j/(j > 2i) A (pj <
p2i) A (j € Ny \ N1)}. For instance, job 2i — 1 belongs to
Ho; . These jobs are the jobs of Ny \ N] that precede job 2i
in S°.
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We have C; (5% = Ca;(c) + Zké?‘(z,‘ pr according to
the definition of H»;.

= Cai(0)=Cau(S°) = Y m

keHo;
= D Ci@h= Ci(S) =D Y m
jeM jeM JjeNI keH,;
= Y Cilo)=Yi+KC- > Y p. 3)
jeM jeNkeH;

Because (2) that Zjej\f. Cj(o’) <Yy, we have

YI+KC— Y > p<Y

JENI keH,;

=>KC<) > n

JeENI keH,;

=KC< Z Z Kag+1)2

jeNI keH;;

=>C< Z Z A(k+1)/2- “)

JENI keH;;

Due to condition 10.4, from the initial solution S°, the
position of jobs j € N} in o’ would be unchanged or moved
to the left. Similarly, the position of jobs j € AV \ N in o’
would be unchanged or moved to the right. The deviation
of the completion time of a job j € Ny \ N] between two
sequences o’ and S° is determined by the total processing
times of the jobs of N] which are scheduled after j in s,
and they are also scheduled before j in ¢’. For instance, in
Fig. 5, the deviation of the completion time of job 2i — 1
between two sequences o’ and S is at least equal to po;.
More generally, we have

Coic10)=Cuia(S+ Y. m

keNi|2i—1eH;
= Z Ci(a') — Z C;(s%)
JeEN\W, JeEN'\W

-y ¥ on

JEN\N1 keN|jeH

= > Cieh— D Ci(s%)

jeNo\W1 JENO\M
= X X m=) >
keN1|jeH jeNo\M keN jeHy

Thus, the deviation of the total completion times between
two sequences o’ and SO is defined as follows:

Y Cith = Ci(s0)

JeNy jeNy

=<Z Citah =Y Cj(SO)>

JjeM JjeN

+( Y Cioh- Y. c,-(so)).

JENO\WM JENO\WWM

Due to (3), we have

Y Cih=3 Ci(8)=3 > m

jeM jeN JENI keH;;
=D Cih= > Ci(s)=3 > m
jeNy jeNy keN: jeHy
- > m
JjeNIkeH,;
= Y Cieh= > ¢i(s)=>" > (pi— o
jeNy jeNy jeN1 keH;;

Because p; > pr where j e M, ke ‘H;, we have p; >
Pr+1 with j,k+1 € Nj and k eH;

= > Cie) =Y (8= D0 > (e — o)

jeNo JieNo JeEN keH;
= Z Z (@Kag+1)2 — Kag+1y2)
JjeN keH;;
= Y Ci) =Y Ci(S)=BK D D awinp
jeNy jeNy JeENI keH;;
= Z Cj((T/) > Z Cj(SO)-l-ﬂK Z Z ak+1)/2-
jeNo jeN JENI keH;;

®)

According to (2) and because Zje/\fl ZkeH,- ag+1y2 = C,
we have the following:

> Ciah= Y Ci(s”) +pKC =Y. ©)
J€No jeN

Consequently, thanks to (1) and (6), we deduce that

5 eny Ci@) =Y.
In other words, all inequalities (4), (5) should become
equalities:

2jeN Zkeﬂ_, ag+1)/2 = C,
pj=Di+1 where j e Ny, keH;.

Let us recall that the processing times of the jobs are all
different. Hence, either p; = pry1 (e. [Hj|=Dor [H;| =
0 where j e N1, k e H;.

=|Hj|<1, VjeN

@ Springer
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= The equality Z Z ak+n2=C
JjeNI keH,;

defines the subset By of PWDE.

Consequently, the answer for the question of the PWDE
problem is ‘yes’ (i.e., jobs j with |H;| =1 give a subset
B of PWDE). O

We deduce that problems 1||8(ZC?/ijC}),

1e(X ch?/zc}) and 1]e(} w,-c?/zw,-c}) are also
NP-hard. '

5.2 A dynamic programming algorithm for the

e 9/ ch

We have to both minimise ) C(/.) and respect the constraint

that le. < &1. We assume that the jobs in N7 are num-
bered from 1 to ny = |Nj| with p; < pr <--- < py, and
that the jobs in N\ N} are numbered from n; + 1 to n
with pu, 41 < pny42 < -+ < ps. We introduce the follow-
ing notations: P is the sum of the processing times of all
the jobs, P jy = leksi DPr + Zn1+lsk§j Pr. We denote
by F(,j,q) = ZCE.) the minimum cost that must arise
when the jobs {1,2,...,i} € N7 and the jobs {n] + 1,n; +
2,...,j} € N\ N are scheduled. g corresponds to Y le..
The general recursive relation is

F(0,n1,0)=0,

F@,j,q) =400, Vi>ni,Vj<ni,Vgq,

F(@,j,q) =400, Vi<n;,Vje{n,n +1,...,n},
Vg <0Vgqg>eq,

FGi—1,j.q = Pij)+ Paj. }
F(,j—1,9)+ Pu.j

Vie{l,...,n}
Vie{n +1,...,n}
VO<g=<¢

F(, j,q):min{

The optimal solution is given by ming<y<¢, F (11,1, q).
The execution time of this algorithm is in O (n1(n — ny)ey).

Proposition 12 An optimal solution to the problem
e C?/ > C}) can be determined in O (n*e)) time.

6 Conclusion

In this paper, we consider a new family of scheduling prob-
lems at the frontier of multi-agent and multicriteria schedul-

ing. Subsets of jobs are in competition with the whole set
of jobs for the use of resources and a compromise solution

@ Springer

has to be found. We consider the problem of scheduling in-
dependent jobs on a single machine, without additional con-
straints and the objective functions are of two types: the ¢-
constraint approach and a linear combination of the criteria.
We notice that these results can be extended to the case of
goal programming and enumerative approaches.

Some simple reductions from multicriteria scheduling
problems are established, and polynomially solvable prob-
lems and NP-hard problems are identified. A pseudo-
polynomial time dynamic programming algorithm is pro-
posed for solving the case of total completion time.

This category of problems may have a lot of practical ap-
plications, and it leads to a wide area of research problems.
While some complexity results remain open, some approx-
imation schemes can be constructed for these problems as
well as exact and approximated heuristic algorithms. Con-
sidering more than one agent is also a challenging perspec-
tive, as the problems combine the aspects of multicriteria
scheduling and multi-agent scheduling problems, making
the problems more complicated to handle. Computing the
size of the Pareto set is also an interesting problem.
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