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QUASI-ISOMETRIES BETWEEN HYPERBOLIC METRIC SPACES,
QUANTITATIVE ASPECTS

VLADIMIR SHCHUR

ABSTRACT. This is a preliminary version of my PhD thesis. In this text we discuss
possible ways to give quantitative measurement for two spaces not being quasi-isometric.
From this quantitative point of view, we reconsider the definition of quasi-isometries and
propose a notion of ”quasi-isometric distortion growth” between two metric spaces. We
revise our article [30] where an optimal upper-bound for Morse Lemma is given, together
with the symmetric variant which we call Anti-Morse Lemma, and their applications.

Next, we focus on lower bounds on quasi-isometric distortion growth for hyperbolic
metric spaces. In this class, LP-cohomology spaces provides useful quasi-isometry invari-
ants and Poincaré constants of balls are their quantitative incarnation. We study how
Poincaré constants are transported by quasi-isometries. For this, we introduce the notion
of a cross-kernel. We calculate Poincaré constants for locally homogeneous metrics of
the form dt* +3 i e?Mitdy? . and give a lower bound on quasi-isometric distortion growth
among such spaces.

This allows us to give examples of different quasi-isometric distortion growths, includ-
ing a sublinear one (logarithmic) provided by unipotent locally homogeneous spaces.
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Part 1. Introduction
1. THE QUANTITATIVE QUASI-ISOMETRY PROBLEM

1.1. General idea. Gromov’s quasi-isometry classification problem for groups [4] has
given rise to a large amount of works (for the reader’s convenience, we include a sur-
vey of the quasi-isometry classification problem in Section ). When two groups are shown
to be non-quasi-isometric, it would be desirable to give a quantitative measurement of this
(we thank Itai Benjamini for bringing this issue to our attention). The aim of our research
is to measure quantitatively how far two spaces are from being quasi-isometric at scale
R > 0, and study on examples what may happen as R tends to infinity.

Let X and Y be two metric spaces not quasi-isometric to each other. Given some
positive real number R, consider quasi-isometries between subsets in X and Y respectively
of diameter of the order of R. These subsets are bounded spaces so there exists a (A, ¢)-
quasi-isometry with minimal A\ = A(R). For simplicity, we shall assume that additive
constants ¢ are much less than A(R). We want to study how A(R) behaves as R goes
to infinity. Later, we shall give precise (and rather cumbersome) definitions, but in this
introduction, we content ourselves with a rather vague one.

1.2. Example. We consider the following theorem as the prototype of a quantitative re-
sult. Y. Shalom and T. Tao gave a quantitative version of Gromov’s famous theorem
stating that every finitely generated group of polynomial growth is virtually nilpotent.

Theorem 1. (Y. Shalom, T. Tao [23]) Let G be a group generated by a finite (symmetric)
set S and suppose that one has a polynomial growth condition
|Bs(R)| < R
for some
R > exp(exp(Cd®))

for some sufficiently large absolute constant C'. Then G contains a finite index subgroup
H which is nilpotent of step at most C%.
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A corollary of this theorem is

Corollary 1. Let (G,S) be a finitely generated group. Assume that G is not virtually
nilpotent. Then

|B5(R)| > Ro(loglog R)?
for any R > 1/o, where o > 0 is a sufficiently small absolute constant.
This has the following consequence for our quantitative quasi-isometry problem.
Ezample 1. Nilpotent versus non-nilpotent groups.

Let G and H be finitely generated groups, with H virtually nilpotent and G not virtually
nilpotent group. Pick finite generating systems S C G and S C H and get metric spaces Gg
and Hgr. If © : Bg,(R) — Hg is a (A, ¢)-quasi-isometric embedding, then O(Bg(R)) C
Brg, (AR +c)). Let A be a A + c-lattice in Bgg(R). One can pick A in such a way that

|Bas (R)]

Al >
| |_ BGS()\+C) -

=0 By (R)].

On the other hand, since © is injective on A,
[Brg, (AR +¢))| = |A].
Hence,
|Bs/(AR + )| > e “*9|Bg(R)],

where C' = C(G, S).
Now as H is virtually nilpotent, |Bg/(R'))| < K(R')? where d depends on H only and
K depends on H and S’. So Corollary [l implies that

RoUog1o8 )7 < | Bo(X + ¢)| K (AR + ¢)*
and for R big enough we conclude that
A+ ¢ > C(loglog R)? log R,

where C' = C(G, S, H,S’) is a constant depending on the groups and generating systems,
but o is universal.

The fact that G does not have polynomial growth gives a mere A(R) > Q(log R). Shalom
and Tao’s theorem gives an extra factor of (loglog R)?.

2. SUMMARY OF RESULTS

Here we will briefly discuss our results.
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2.1. Morse Lemma. Roughly speaking, the Morse lemma states that in a hyperbolic
metric space, a (A1, A2, €1, c2)-quasigeodesic (see definitions Bl [4]) v belongs to a A\ Ag(cq +
cz)-neighborhood of every geodesic o with the same endpoints. Our aim is to prove the
optimal upper bound for the Morse lemma.

Theorem 2 (Morse lemma). Let v be a (A1, A2, c1, c2)-quasi-geodesic in a d-hyperbolic
space E and let o be a geodesic segment connecting its endpoints. Then ~ belongs to an
H -neighborhood of o, where

H:A)\l/\2<61—|—62—|—5+1>,

and A is some universal constant.

We will prove this theorem in Section This result is optimal, i.e., there exists an
example of a quasi-geodesic such that the distance of the farthest point of ~ from o is
A Ao min{eq, e} /4 (see Section [I0).

The Morse lemma plays an important role in the geometry of hyperbolic spaces. For
example, it is used to prove that hyperbolicity is invariant under quasi-isometries between
geodesic spaces [I] (see Chapter 5.2, Theorem 12): let E and F' be d1- and do-hyperbolic
geodesic spaces. If there exists a (A, ¢)-quasi-isometry between these two spaces, then

51 < SA(2H + 465 + c).

We expect our optimal bound in the Morse lemma to be a useful tool in the quantitative
quasi-isometric embedding problem for hyperbolic metric spaces.

2.2. Anti-Morse Lemma. We give a second illustration. In certain hyperbolic metric
spaces, self-quasi-isometries fixing the ideal boundary move points a bounded distance.
Directly applying the Morse lemma yields a bound of H ~ A\2?¢, while the examples that
we know achieve merely Ac. For this problem, we can fill the gap partially. Our argument
relies on the following theorem, which we call the anti-Morse lemma.

Theorem 3 (anti-Morse lemma). Let v be a (X, ¢)-quasi-geodesic in a 0-hyperbolic metric
space and o be a geodesic connecting the endpoints of v. Let 40 < InA. Then o belongs
to a Hgpm-neighborhood of v, where Hypy = Az (6lnXAe + 9 + ¢1 + ¢2), here As is some
universal constant.

We prove Theorem [Bl in Section [I]
As an example of an application of Anti-Morse Theorem we show that the center of a
ball in a tree cannot be moved very far by a self-quasi-isometry.

Proposition 1. Let O be the center of a ball of radius R in a d-reqular metric tree T
(d>3). Let f be (A1, Ao, c1, co)-self-quasi-isometry of this ball. Then

d(f(O), 0) < min{R, MHgm +c1 + )\1((31 +c3+ 1)}

Because § = 0 for a tree, we have d(f(O),O) < Alog Ac for sufficiently large A\. We prove
this proposition in Section
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In Section [[4] we define the class of geodesically rich hyperbolic spaces (it contains all
Gromov hyperbolic groups), for which we can prove the following statement.

Theorem 4. Let X be a geodesically rich §-hyperbolic metric space and f be a (A1, A2, c1,¢2)-
self-quasi-isometry fixing the boundary 0X. Then for any point O € X, the displacement
d(O, f(O)) < M(Hgm + 1r1) + 2¢1 + Ay, where 1 and Ay are constants depending on the
geometry of the space X.

In Part 2, we shall first discuss the geometry of hyperbolic spaces and prove a lemma
on the exponential contraction of lengths of curves with projections on geodesics. We then
discuss the invariance of the A-length of geodesics under quasi-isometries. Using these
results, we prove the quantitative version of the Morse and anti-Morse lemmas. We define
the class of geodesically rich spaces; for this class, we estimate the displacement of points by
self-quasi-isometries that fix the ideal boundary. Finally, we show that this class includes
all Gromov hyperbolic groups.

2.3. Lower bounds for negatively curved locally homogeneous spaces. The third
part is devoted to the study of the transport of Poincaré inequalities by quasi-isometries.
Using these results we will give a lower bound for the (A, c¢)-quasi-isometric distortion
between balls of radius R in spaces of the form Z, = T" x R with exponential metrics
dt*+5", e2titda? and dt*+Y ", 62“;td$?, where all y;, i are assumed to remain bounded both
from below and above. Essentially our theorem states that the quasi-isometric distortion
growth function is linear.

Theorem 5. (Rough version. For a precise statement, see Theorem [2]). Every (X, c)-
quasi-isometric embedding of an R-ball in Z, into Z,, satisfies

/
Afe> (Z—“ - Z—f‘") R.
[in 1,

The proof of this theorem involves several results which could have an independent
interest and more applications. First, we study the transport of Poincaré inequalities by
quasi-isometries. For this purpose we propose to use “cross-kernels”. These objects are
naturally obtained as follows. Let X and Y be two metric spaces, f : X — Y a quasi-
isometry and ¥ (y1,y2) a kernel on Y. The composition relatively to the first argument
Y(f(x),y) is an example of a cross-kernel. Cross-kernels help us to transport functions
from Y to X and allow us to control quantitatively their Poincaré constants.

Further, we establish an upper-bound for the Poincaré constant of ball in an exponential
metric dt? + Y, e2Hitdx?,

Cylu) < e (p, Y ) (1 + (max i) ),
where ¢(p, > p;) is a constant depending only on p and the sum of ;.

2.4. Upper bounds. In Part 4, we shall give a construction of quasi-isometries between
balls in hyperbolic metric spaces. We begin with the approximation (up to an additive error
depending on hyperbolicity constant) of the distance between two points. Let (X, Py) ne
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a hyperbolic metric space with the base points Fy. Let P, P, € X be two points in this
space, the distances to the base point are d(P;, Py) = t; and d(P», Py) = to. Now consider
the geodesics Py P, and PyP,, denote by —t°° the logarithm of visual distance between the
ends at infinity of this geodesics. Then up to an additive error

d(Pl, Pg) =11+ 1ty — min{tl, to, too}.
Using this formula we find quasi-isometry constants for the restriction on balls of a map
O between X and Y which is a kind of radial extension of a homeomorphism 6 between

ideal boundaries. The following is a non technical statement of Theorem 23] see Section
for a complete statement.

Theorem 6. Let X, Y be hyperbolic metric spaces. Let € : 0X — Y be a homeomorphism.
We define the following function. For R > 0,

_ dy, (6(£1),0(82)) "R -R
K(R) = SUp{ Y dwo(gl’fg) |dm0(£1,£2) >e V dwo(e(fl), 9(52)) >e } .

Here dy,, dy, denote visual metrics on ideal boundaries. Then there exists a (K(R), K(R))-
quasi-isometry between Bx(xo, R) and By (yo, R).

log

For Z,,, Z,, = T™ x R with exponential metrics we show that K(R) = max; |p;/u; — 1|R.
Then we give an example of non-quasi-isometric negatively curved homogeneous manifolds
with K(R) < log R.

3. STATEMENT OF THE QUANTITATIVE QUASI-ISOMETRY PROBLEM
3.1. Definition of quasi-isometry.

Definition 1. Two metric spaces X and Y are said to be roughly quasi-isometric if there
exists two maps f: X — Y, g:Y — X and two constants A > 0 and ¢ > 0 such that

o [f(z) = f(y)] < Alz — y[ + c for every z,y € X,

* [9(z") — g(y)| < Alz’ — ¢/| + c for every 2,y €Y,

e |g(f(x)) — x| < cfor every z € X,

o [f(g(x)) —a'| <cforevery 2/ €Y.
The word rough is often dropped away.

The first two conditions mean that f and g are nearly Lipschitz if we are looking from
afar. The two latter conditions provide that f and g are nearly inverse of each other. It
is easy to check that the composition of two quasi-isometries is also a quasi-isometry. So,
quasi-isometries provide an equivalence relation on the class of metric spaces.

Remark 1. Definition [[lis invariant under taking inverse maps.

Definition 2. A map f : E — F between metric spaces is a rough (\, ¢)-quasi-isometric
embedding if for any two points z,y of

Sl —yls — ) < 1£(@) — Fw)le < Az —ylp +e
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This definition follows from the definition for two spaces being quasi-isometric but it
does not include the existence of a nearly inverse map. We can easily transform Definition
to make it equivalent to Definition [Il by adding the condition that f is nearly surjective.
We ask that the image of F is c-dense in F': for every point y of F' there exists a point z
of E such that d(y, f(z)) < c.

3.2. Choice of a class of maps. What do we exactly mean by quasi-isometric distortion
at scale R 7

We propose three different settings. Let X and Y be metric spaces. Let zg, yo be base
point in X and Y. Given R > 0, three families of maps can be considered.

(1) Quasi-isometries of Bx(xg, R) onto Bx (yo, R).
(2) Quasi-isometries of Bx(zg, R) onto Bx (yo, p(R)), for some function p: Ry — Ry.
(3) Quasi-isometric embeddings of Bx (zg, R) to Y.

Neglecting the additive constant ¢ for a while, these families give rise to distortion
functions A\1(R), A2(R) and A3(R).

A1 has the advantage of letting X and Y play symmetric roles. We shall see next that
lower bounds on Ay can be obtained easily. In fact, A\; may tend to infinity even if X and
Y are quasi-isometric. It is therefore rather surprising that non trivial upper bounds on
A1 can be given (Theorem [G]).

Ao seems to be appropriate in certain settings, as examples below will show.

A3 is non-symmetric. It is natural in the sense that it stays bounded if and only if there
exists a quasi-isometric embedding of X to Y. It looks harder to estimate from below.
Nevertheless, this is what is done in Theorem [l

3.3. Example illustrating the behaviour of \;. Let X and Y be two regular trees Ty,
and Ty, respectively, suppose that d; < d2. Consider two balls of radius R in both of these
spaces, denote them by By, (R) and By, (R) respectively. What is the lower bound for the
constants of quasi-isometry between them? The volume of By, (R) is d{% and the volume
of By,(R) is dff. A (A, cr)-quasi-isometry fh : By, (R) — Bg,(R) should preserve (in
quasi-isometric sense) volumes. In our future calculations we will drop some multiplicative
constants (which are bounded constants which depend only on a whole space and not on
the particular radius R)

Divide By, (R) in balls of radius cg. The image of such a ball has maximal possible
radius (Ag + 1)cg and the number of such balls is Vol(By, (R))/Vol(Bg, (cr)) = dff/d{".
By definition of a quasi-isometry By, (R) should be covered by images of these balls, hence
Vol(Bg,(R)) < dff/di"Vol(Bay(Ar + )

df < dftjdirdynrhen,

From this relation we conclude that Agrcr = Q(R). On the other hand, we know from
[24] that two regular trees of degrees at least 4 are quasi-isometric.
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3.4. Example illustrating the behaviour of \s. Take a d-regular tree. Now transform
it in a d(d — 1)-regular tree in a following way. Take an origin, drop away all its neighbours
and add edges to all their ancestors (all the points of second level). Now we delete all
points of third level and connect directly the points of second levels with corresponding
points of fourth level. As a result we get a new tree which is evidently (2, 1)-quasi-isometric
to the initial one. Moreover, any ball By(R) is (2, 1)-quasi-isometric to a ball in a new tree
of radius R/2.

3.5. Role of the additive parameter c. Quasi-isometry constants are pairs (\,¢). Up
to now, we have neglected the additive constant c. But this cannot be done with impunity,
as the following examples show.

Example 2. Intervals.

Consider intervals Ig = [0,1], I3 = [0,A] in R and Iz = [0,1], I} = [0, )] in Z. The A
times stretching of Iz to I§ is a (A, 0)-quasi-isometry as inner points of I fill the inner
points of an image. The natural embeddings of I in I and 12‘ in I§ are both (1, 1)-quasi-
isometries, though the stretching of I to 12 is a (1, A\)-quasi-isometry.

(*,0)

[]R — [ﬁ
(1,1) 4 1(1,1)
r WY p

Ezample 3. Line versus plane.

Consider R and R?. Here we will describe a (c1 R, c2)-quasi-isometry between balls in
these spaces (¢ and ¢y are two universal constants). A ball in R is just an interval of length
R. Stretch it R times and then fill a ball in R? with a serpentine or a zigzag with width 1.
It is easy to check that this is indeed a (R, 1)-quasi-isometry. Now change R by Z and R? by
Z2. Though there exist evident (1, 1)-quasi-isometries between balls in R and Z and balls
in R? and Z? provided by natural embeddings, there is no (¢} R, cj)-quasi-isometry between
7 and Z?. Moreover, the additive constant should be of order R with small constant ch.
The reason is that by definition, the image should be ¢}-dense. That is the range should
be covered by the balls of radius ¢, centered in the images of points of the departure space,
hence

Vol(Bz(R)) < |Ba(R)|Vol(Bz (cr)).
In Bz(R) we have only R points and up to some universal multiplicative constants we get
R? < R(d))?
what leads to

> R.
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Br(R) ——= Ig(R?)
(1,1) 4 L,
Ir(z) % I5(z2)

We arrive at

Conclusion 1. In the quantitative problem both the multiplicative and the additive pa-
rameters are important.

3.6. Choice of a numerical measurement of distortion. Here we want to present a
form of definition of quasi-isometries which is more convenient for quantitative problems
and to study compositions of quasi-isometries. For this purpose, we shall observe that,
under composition, quasi-isometry constants behave like elements of the affine group of
the line. We shall introduce a natural distance on the affine group and prove that it is a
function of A + ¢?/\ + 1/A, where X and c are quasi-isometry’s constants.

Sometimes it will be useful for us to distinguish constants as follows.
Definition 3. We say that a map f : X — Y is a quasi-isometric embedding if there exist
constants A1, Ag, ¢1, co such that for any two points z1,z9 € X

1

A—z(dx(ivhiﬂz) —c2) < dy (f(z1), f(z2)) < Mdx(z1,22) + 1.
We say that X and Y are quasi-isometric if the image f(X) is c3-dense in Y for some given
constant cs.

Study compositions of quasi-isometries. Let f : X — Y and g : Y — Z be (A1, 1, A2, ¢2)-
and (p1, c1, po, dg)-quasi-isometries respectively (we use[Blhere as definition of quasi-isometries).
r1,xo are two points in X. Hence

dy (f(x1), f(x2)) < Mdx (z1,22) + c1,
dx (f 7 (w1), £ (y2)) < Aedy (y1,92) + co.
and
dz(9(y1), 9(y2)) < pady (Y1, y2) + da,
dy (97" (1), 9 (22)) < padz (21, 22) + da.
hence for g o f we have

dz(go f(x1),g0 f(x2)) < Mpdx (21, 22) + picy + di,
dx((go )" (21), (g0 f) 7 (22)) < Agpadz (21, 22) + Aada + ca.

We see that the distortion of metrics by a quasi-isometry f can be encoded into two

matrices
. Mo o A2 ¢
F1_<0 1>’F2—<0 1)
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(7)=n (%)

Hence the composition h = g o f is encoded by matrices
G1F1, FyGo.

Let D be a left-invariant distance on R x R. We set D(f) = D((A1,¢1),(1,0)) the
distance to an isometry and D = max{D(f), D(f~1)}. It is easily seen that D satisfies the
triangle inequality from the following relation (which uses that D is left-invariant)

D(h) = D((:uldl)(/\h Cl)v (17 0)) < D((:uldl)(/\lv Cl)v (:ulv dl)) + D((:ulv dl)v (17 0)) =
= D((A1;1),(1,0)) + D((pa, dv), (1,0)) = D(f) + D(g).

Consider the vector space of symmetric square matrices of size two with trace 0

v {(s 2)aser)

The map S € Y — exp(S) mod O (where O stands for all orthogonal matrices) is a
diffeomorphism from Y to SLoR/SO(2). Moreover, any matrix S defines a geodesic t — e*®
mod O, and

and in matrix form we can write

D(1,e") = t||S]| = t\/a? + b2.

Take any real u and v. So considering the inverse diffeomorphism, we get that there
exist real a,b and an orthogonal matrix O such that

(6 %) 6,

u

For the product of this matrix with the transposed one

) , (a b) <a b> 2<a b>
<U ?)(U ?>:<U ‘UHJ §>:eb —a OOTeb —a) _, b —a)
0 %2/ \v 4 u uz

On the one hand, eigenvalues of this matrix are roots of the equation

1
$2—(u2+v2+—2)x+1:0,
u

on the other hand as the matrix
1 a b
Va2 +52 \b —a

is orthogonal with trace being equal to 0 we conclude that the eigenvalues of its exponential
are eF2Vo* 0S4 we conclude that the distance D = v/a2 + b2 is a function of u24+v2+1/u2.
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Here we present an isomorphism for {<g z>} and {<g\ (1:> } It is given by the

following formulas u = sign(A)\/|A| and v = sign(X)c/+/|A|.
Finally, we see that

Conclusion 2. If fis an (A1, ¢1, A2, ¢2)-quasi-isometric embedding, we set D(f) = D((A1,¢1), (1,0))+
D((A2,¢2),(1,0)). Then D(f) is a function of Dy = A\; +c2 /A1 + 1/A1 + Aa+c3 /A2 + 1/ Aa.

3.7. Statement of quantitative problem. We finally come up with a precise notion of
quasi-isometric distortion growth.

Definition 4. Let (X, () be a space with a base point, Y be another space. Then we call
quasi-isometric distortion growth the function

D¢(X,20,Y)(R) = inf {D|3f : B;g(R) — Y is a quasi-isometric embedding, D(X,¢) < Do} ,
where By (R) is a ball in X centred at z of radius R.

We remind that Dg(A,¢) = A+ /A + 1/

3.8. Example : maps to trees. In the following proposition we can take for example a
hyperbolic plane as the space X.

Proposition 2. Let X be a metric space. We suppose that for any points x,y and any
positive real numbers R and R’ < R/2 the set By(R)\ By(R) is connected. LetY be a tree,
let f: By(R) =Y be a (A1, A2, 1, c2)-quasi-isometric embedding. Then R < 8acy + 4cs.

Proof. Let x1,x9 be two points of B,(R) with distance at least R between them. Denote
yi = f(x;) for i =1,2.

For any point y of a geodesic (y1,y2) there exists a point z € B, (R) such that d(f(2),y) <
c1. It follows from the fact that the image of (z1,z2) is ¢;-connected by the definition of
a quasi-isometric embedding (for any point =z € B, (R) Diam(f(z)) < ¢1) and every c;-
connected path between y; and y9 includes the geodesic (y1,y2) in its ¢;-neighbourhood.

Now consider a chain of points {x;} connecting x1, xs and such that d(x;, z;11) < ¢1/A1.
Hence, in the image d(f(z;), f(zi+1)) < 2¢1 and so there exists i such that d(f(z;),y) < 2¢;
Notice that Y\ By(2c1) has several connected components and the distance between these
components is at least 4c;.

Suppose that a point z is rather far from both z1 and x9: d(z,x;) > 4X9c1 + co,i = 1,2.
In the set B,(R) \ B.(4\2c1 + c2) we also find a ¢;/A1-chain. Hence, there exists a point
2/ ¢ B,(4)\2¢1 + ¢2) of this path such that d(f(2'),y) < 2¢;. Hence, d(f(2), f(2)) < 4¢1
and by property of quasi-isometry d(z,2') < 4Xyc1 + ¢9, s0 2 € B.(4X\ac1 + ). What
leads to the contradiction with our hypothesis. Hence, for any y € (y1,y2) there exists
2" € By, (4Xac1 + ¢2) U By, (4X2¢1 + ¢2) such that d(f(2),y) < 2¢;.

Consider two points ', y” with d(y/,y"”) < c2/X2 such that 2/ € By, (4\ac1 + ¢2) and
2" € By, (4X2c1 + ¢2). So, d(2',2") > R — 8 ac1 — 2¢o and d(f(2'), f(2")) < ca/A2. Hence
R — 8)\201 — 262 < )\2(62/)\2) +co = 262. So we get R < 8)\201 + 462. O
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4. QUASI-ISOMETRIC CLASSIFICATION - SURVEY

One of the first appearances of quasi-isometries was the proof of the famous Mostow
rigidity theorem. It is proved by showing that equivariant quasi-isometries are within
bounded distance of isometries.

Theorem 7. (G. Mostow [8]) Suppose that n > 3 and T',I" C Isom(H") are lattices and
p: ' = I is an isomorphism. Then p is induced by an isometry, i.e. there exists an
isometry « € Isom(H™) such that a oy = p(y) o« for all v € T.

Mostow extended the previous theorem to all rank one symmetric spaces. In the course
of the proof, he establishes the following fact.

Theorem 8. (G. Mostow [8]) Let X and X' be two rank 1 symmetric Riemannian spaces
of negative curvature. If X and X' are quasi-isometric then they are isometric.

Mostow’s theorem was followed by generalizations of P. Pansu [10] (case of rank one)
and B. Kleiner and B. Leeb [12] (higher ranks) (see for example the lecture notes of C.
Drutu and M. Kapovich [9] for a survey on quasi-isometric rigidity). These generalizations
help to proceed in quasi-isometric classification of some important classes of metric spaces.

Theorem 9. (B. Kleiner, B. Leeb [12]) For 1 < i < k,1 < j < k' let each Xi,X]’- be
either a nonflat irreducible symmetric space of noncompact type (in addition assume that
X has rank 2) or an irreducible thick Euclidean Tits building with cocompact affine Weyl
group (in addition assume that X has Moufang Tits boundary). Let X = E™ x Hle X; and

X =E" x Hflzl X]’- be metric products. Then there exists a bijection o and homotheties
X, — Xc/r(z)

The quasi-isometric classification of 3-manifolds is a hard and open problem, only partial
results have been achieved yet. For example we do not know if the fundamental groups of
all (closed) graph manifolds are quasi-isometric. At least, the following result reduces the
problem to the case of non-positively curved manifolds.

Theorem 10. (M. Kapovich, B. Leeb [13]) Let M be a Haken manifold of zero Euler
characteristic (which is neither Nil nor Sol), equipped with a Riemannian metric. Then
there exists a compact non-positively curved 3-manifold N with totally geodesic flat bound-
ary and a bilipschitz homeomorphism between the universal covers of M and N which
preserves the canonical decomposition. In particular, the fundamental groups m (M) and
m1(N) are quasi-isometric.

Also a special case of Schwartz’ theorem (with n = 3) gives some results for classification
of 3-manifolds.

Theorem 11. (R. Schwartz [14]) Let G # Isom(H?) be a rank one Lie group. Suppose
that T',T" are non-uniform lattices in G which are quasi-isometric to each other. Then there
exists an isometry g € Isom(H™) such that the groups I' and gL'g~' are commensurable.

This theorem holds more generally for simple Lie groups of rank 1. For higher ranks we
have Wortman’s result.



14 VLADIMIR SHCHUR

Theorem 12. (K. Wortman [15]) Let K be a global field and S a finite nonempty set of
inequivalent valuations containing all of the Archimedean ones. Suppose G is a connected
simple K-group of adjoint type that is placewise not rank one with respect to S. Let A be
a finitely generated group, and assume there is a quasi-isometry ¢ : A — G(Og). If G is
K -isotropic and K is a number field, then there exists a finite index subgroup Ag of A and
a homomorphism ¢ : As — G(Og) with a finite kernel and finite co-image such that

sup d ($(A), ¥(A)) < oo.

AeAs

Wortman’s theorem also covers non K-isotropic fields and function fields, but the result
is not complete in this case.

Theorem 13. (U. Hamenstadt [29]) Two negatively curved homogeneous spaces are quasi-
1sometric if and only if their isometry groups are cocompact subgroups of the same Lie
group.

A lot of results are obtained for solvable groups. For nilpotent groups we have the
following theorems of P. Pansu and Y. Shalom.

Theorem 14. (P. Pansu [10]) Let T and T be two quasi-isometric finitely generated nilpo-
tent groups. The associated graded Lie groups gr(I' @ R) and gr(I" @ R) are isomorphic.

Theorem 15. (Y. Shalom [25]) Quasi-isometric finitely generated nilpotent groups have
the same Betti numbers.

The theorem of B. Farb and L. Mosher deals with solvable Baumslag-Solitar groups
BS(1,n) (n is an integer) which are given by the presentations
BS(1,n) =< a,blaba™t = b" > .

Theorem 16. (B. Farb, L. Mosher [16]) Let m,n > 2 be two integers, then BS(1,n) and
BS(1,m) are quasi-isometric if and only if they are commensurable. This holds if and only
if there exist integers r,1,j such that n =1" and m = r7.

Further, A. Eskin, D. Fisher and K. Whyte proved the following theorems for solvable
groups.
Theorem 17. (A. Eskin, D. Fisher, K. Whyte) Let " be a finitely generated group quasi-
1sometric to Sol. Then I is virtually a lattice in Sol.

They launched a program for analyzing quasi-isometries of Lie groups of the form R x 5,
R;,, whose completion is still in progress. Here is an instance of the expected results.

Theorem 18. Suppose M, M’ are diagonalisable matrices with no eigenvalues on the unit
circle, and G = R xR, G’ =R X R,,. Then G and G’ are quasi-isometric if and only
if M’ has the same absolute Jordan form as M® for some o € R.

Parts and special cases of this theorem are proved in different articles of A. Eskin, D.
Fisher, K. Whyte [17, [I8, [19], T. Dymarz [20] and I. Peng [21], 22].

An alternate way of proving that two groups are not quasi-isometric is to show that
certain algebraic features are quasi-isometry invariants. Results of that kind for solvable
groups appear in Y. Shalom’s paper [25].
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Part 2. Morse Lemma

Hyperbolic metric spaces have recently appeared in discrete mathematics and computer
science (see, e.g., [2]). The notion of §-hyperbolicity turns out to be more appropriate than
other previously used notions of approximation by trees (e.g., tree width). This motivates
our search for optimal bounds for a cornerstone of hyperbolic group theory like the Morse
lemma.

This part is devoted to the quantitative version of the Morse Lemma, its “anti”’-variant
and their applications.

In the published article [30], a quasi-isometric embedding was defined as

Definition 5. A map f : E — F between metric spaces is a rough (\, ¢)-quasi-isometric
embedding if for any two points x,y of

S = vlE = e < 1£@) — fWlr < Ne —ylp +e.

The difference is in the lower bound as the additive constant in it is ¢ and not ¢/A. We
revised all proofs and examples using our new definition. All previously obtained results
remain true. The main difference in our new proof of Morse Lemma appears in Lemma
on exponential contraction. It was previously stated only for A-connected curves, see
Lemma 9 in [30]. Now we do not need to substitute a given quasi-geodesic with a continuous
one any more.

5. BASICS OF HYPERBOLIC GEOMETRY

The contemporary research on hyperbolic groups and hyperbolic spaces was started in
1987 by M.Gromov in his paper [Gr].

5.1. Metric definition. In this text we will use following notations for distances between
points and sets. Let E be a metric space with metric d. We write |z — y| for the distance
d(x,y) between two points x and y of the space E. For a subset A of F and a point z,
d(xz, A) denotes the distance from x to A.

Definition 6. Let X be a metric space and x,y, z be three points in X. The Gromov
product (z]y), of x and y at z is

1
(w\y)zz5(\%—2\+!y—21—\x—y\)-

To explain the geometrical meaning of this definition, we introduce tripods which are
presented as three points in a metric tree with the branches connecting these points (it is
possible that the lengths of some edges is 0).

Proposition 3. Let x,y,z be three points in some metric space X. Then there exists a
tripod T and an isometry f : x,y,z — T such that f(x), f(y) and f(z) are the endpoints of
the tripod T'. Moreover, the lengths of the branches of T are exactly equals to corresponding
Gromov’s product.
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The proof is evident, verify it directly by the definition of Gromov’s product. Now we
are ready to give the definition of d-hyperbolic spaces.

Definition 7. A metric space X is called d-hyperbolic if for any four points z,y, z, w the
inequality

(z]2)w > min (z,Y)w, (¥, 2)w — 0
holds.

This definition can be rewritten in another form. There are three ways to divide these
four points into pairs. Introduce the corresponding sums of distances

p=lr—wl+[z—y|
m = |z —y|+ [z — w|
g=lz—zl+ly—wl
Redenote the points to have that p < m < g. Then the definition can be rewritten in the

following form
g < m + 20.

That is the greatest sum cannot exceed the mean sum by more than by 24.
5.2. Case of geodesic metric spaces.

Definition 8. A geodesic (geodesic segment, geodesic ray) o in a metric space F is an
isometric embedding of a real line (real interval I, real half-line Ry) in E.

We write zy for a geodesic segment between two points x and y (in general, there
could exist several geodesic paths between two points; we assume any one of them by this
notation). A geodesic triangle zyz is a union of three geodesic segments xy, yz, and xz.

If o-hyperbolic space X is geodesic we can use one more equivalent definition of §-
hyperbolicity in terms of ”thin triangles”. For two given points z,y we will denote by xy
a geodesic segment between them. In general such a geodesic segment is not necessarily
unique so under this notation we assume one of these geodesic segments.

A geodesic metric space is a space such that there exists a geodesic segment xy between
any two points x and y. Geodesic d-hyperbolic spaces can be described in terms of thin
triangles.

Definition 9. A geodesic triangle zyz is called J-thin if the distance from any point p of
zy to the union of zz and yz does not exceed 9:

d(p,zzUyz) < 4.

Proposition 4. A geodesic metric space E is §-hyperbolic if and only if every geodesic
triangle is %5-thin.

According to M. Bonk and O. Schramm [6], every d-hyperbolic metric space embeds
isometrically into a complete d-hyperbolic geodesic metric space. So, many theorems can
be reduced to the investigation of geodesic hyperbolic spaces using the definition of hyper-
bolicity in terms of d-thin triangles. Usually the factor % is dropped in the last definition.
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Ezample 4. e One of the most important examples of d-hyperbolic spaces are metric
trees, here § = 0.
e Fundamental groups of compact Riemannien manifolds with negative (sectional)
curvature are é-hyperbolic.

Take some group G and a presentation P =< X, R > of G. Introduce a word metric
on G. That is the length of any element g is the minimal length of a word (of generators)
which is needed to write g in P. It is easy to check that it is indeed a metric. The next
theorem shows that in some sense most finite presentations are hyperbolic.

Theorem 19 (Gromov). Fiz integers p and q. Consider all presentations P with p gen-
erators (|X| = p) and q relators (|R| = q). Denote by Npyp(ni,...,ng) the number of all
hyperbolic presentations with the lengths of relators equal to ny,...,ng, by N(ni,...,ng)
the number of all presentations with the same property. Then

Nhyp(nl, . ,nq)
N(ni,...,ng)

—1

asn; —oo (i=1,...,q).

5.3. Divergence. Now we are going to introduce the notion of divergence function which
allows us to estimate lengths of paths which leave a ball together with two diverging
geodesics. Later this approach will help us show that the length of a curve lying far from
a geodesic is very marge.

Definition 10. Let F' be a metric space. We say that e : N — R is a divergence function
for the space F if any point x € F and any two geodesic segments v = (z,y) and ' = (z, 2)
it holds: for any R,r € N such that R+ does not exceed lengths of v,~" if d(y(R),7'(R)) >
e(0) and o is a pass from y(R 4+ 1) to v/(R +r) in the closure of the complement of a ball
Bpryr(x) (that is in X \ Br4,(z)) then the length of o is at greater than e(r).

While two points move along two geodesic rays, the distance between them grows linearly
by the triangle inequality which is true in all metric spaces. Though we will see that if two
such geodesics leave some bounded tube then the lengths of paths connecting two points
on them and lying in the complement of the ball grow exponentially in any hyperbolic
space (for example the length of a circle grows exponentially with the radius). If e is an
exponential function then we say that geodesics diverge exponentially.

Theorem 20. In a hyperbolic space geodesics diverge exponentially.

An amazing fact is that the opposite statement is also true and even more: a non-linear
divergence in a geodesic space implies that the divergence function is exponential and,
finally, that the space is hyperbolic. Though here we are not going to prove this result.

5.4. Isoperimetry. An other important property, characterizing hyperbolic spaces, is that
the isoperimetric inequality is linear for them,

Area(D) < Ajpl,
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where [ is the length of a closed curve filled by an optimal disk D and A;, is some constant
depending on a particular space. Let us explain how isoperimetric inequalities can be
generalized to the case of groups.

Let G be a finitely generated group, P =< X|R > a finite presentation of G. Closed
curves in the Cayley polyhedron correspond to words w € F'(X) representing the unity of
G and, hence, they can be expressed in F'(X) in the form

1 —1_.an )

w= (u; r{tur) ... (uy Tyt uy,

where u; € F(X), r; € R, a; € {—1,1}. Of course, in general there exists infinitely many
of such decompositions.

Definition 11. The least value of n is called the area of w.
Definition 12. The Dehn (or isoperimetric) function f : N — N is
f() = max {Area(w)|w = 1, |w| =1} .

Any finitely generated group has different presentations with different Dehn functions.
The following lemma helps us to establish the relation between them.

Lemma 1. Let G be a group and let P and Q) be two finite presentations of G with Dehn
functions f and g respectively. Then there exist constants a1, as,as,a4s € N such that for
any n € N

f(n) < aiglaan + a3) + ay.

Now we can conclude that if for some presentation, Dehn function is bounded by a
linear (polynomial, exponential etc) function, then for any presentation of that group
Dehn function is also bounded by a function of the same type. Moreover, the type of
isoperimetric inequalities is invariant under quasi-isometries, see Definition [Il

5.5. Comparison with trees. A metric tree is one of the most important examples of
hyperbolic spaces. Most properties of hyperbolic spaces can be illustrated in trees and
theorems in this subject should be first verified for them. The following theorem establishes
a close relation between general hyperbolic spaces and trees. It says that if we are looking
from far away, then a hyperbolic space looks similar to a tree. We will write |x| for the
distance from z to the base point.

Theorem 21. Let X be a 6-hyperbolic metric space with a base point w and k be a positive
integer. If | X| < 2 4+ 2 then there exist a finite metric tree with a base point t and a map
®: X — T such that

(1) ® preserves distances to the base point,
|®(z) —t] = ||

for any point x of X.
(2) |y — x| — 2k < |P(y) — (x)| < |y — 2| for any two points x,y of X.
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6. THE GEOMETRY OF 0-HYPERBOLIC SPACES

In this section we will give some lemmas on geometry of triangles, perpendiculars and
projections in d—hyperbolic metric spaces.

Definition 13. In a metric space, a perpendicular from a point to a curve (in particular,
a geodesic) is a shortest path from this point to the curve.

Of course, a perpendicular is not necessarily unique.

Lemma 2. In a geodesic d-hyperbolic space, let b be a point and o be a geodesic such that
d(b,o) = R. Let ba be a perpendicular from b to o, where a € o. Let ¢ be a point of o such
that |b —c¢| = R+ 2A. Then |a — c| < 2A + 46.

b

< (N+1)3

F1GURrE 1. Ilustration for Lemma [2

Proof. The triangle abc (see Fig. [1]) is d-thin by the definition of a J-hyperbolic space.
Hence, there exists a point ¢ € o such that d(t,ba) < ¢ and d(a,bc) < §. Let t; and t9 be
the respective projections of ¢ on ba and bc. By hypothesis, R is the minimum distance
from b to the points of o. Therefore, R = |b —a| < |b—t1| + |t1 —t| < |b— 1] + J and
R < |b—to| + |ta —t]| < |b—ta| + 6. Hence, |a —t1| < § and |¢ — to] < 2A + 6. By the
triangle inequality, we obtain |a —¢| < |a —t1| + [t; —t| + [t —ta2] + [t — | < 2A+45. O

Remark 2. In particular, all the orthogonal projections of a point to a geodesic lie in a
segment of length 49.
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Lemma 3. In a d-hyperbolic space, let two points b and d be such that |b —d| = A. Let
o be a geodesic and a and c be the respective orthogonal projections of b and d on o. Let
la—0b| > 3A+60, and let d(d,o) > d(b,0). Let two points x1 € ab and x4 € cd be such that
2A +56 < d(x1,0) = d(z4,0) < |a—b] — (A +25). Then |x1 — 4] <49 and |a — c| < 86.

d

< 85

FIGURE 2. Illustration for Lemma [l

Proof. (See Fig. @) By the triangle inequality and because cd is a perpendicular to o,
lc—d| <|a—0b|+|b—d|, whence |b—c| < |c—d|+|b—d| < |a—b|+2|b—d|. By Lemma 2]
la —c| < 2A +45. The triangle abc is 6-thin, |a — x1| > |a — ¢| + 0. Therefore, by the
triangle inequality, d(x1,ac) > ¢, and hence d(x1,bc) < §. Let zo denote the point of be
nearest x1. Because the triangle bed is also d-thin and [b—xa| > |b—21| — |x1 — 22| > A+6,
there exists a point x3 € cd such that |z3 — z3] < J. It follows from the triangle czqx3 that
|xs —c| > |x1 —¢| — 20 > |1 — a] — 2d. On the other hand, because z5c is a perpendicular
to o, |xs — | < |zs — 21| + |1 — a|. Now, |a — x1| = |¢ — 4], and hence |z4 — 23] < 20.
Finally, we obtain the statement in the lemma: |21 — 4] < 40.

By the triangle inequality and because d(z1,0) = d(x4,0), we have |x1 — c| < |c — zy| +
|xg — 21| < |a — x1| + 49. Hence, using Lemma 2] we conclude that |a — ¢| < 8. O

Lemma 4. Let o be a geodesic segment, a be a point not on o, and ¢ be a projection of a on
o. Let b € o be arbitrary, and let d denote the projection of b on ac. Then the |c—d| < 26.



Quasi-isometries between hyperbolic metric spaces 21

Proof. By hypothesis, bd minimizes the distance from any its points to ac, and because
the triangle bed is d-thin, there exists a point e € bd such that d(e,ac) = |e — d| < 6 and
d(e,be) < 6. Because ac is a perpendicular to o, |a—c| < |a—d|+|d—e|+d(e, be) < |a—d|+26.
Hence |¢ — d| < 20. O

Lemma 5. As in the preceding lemma, let o be a geodesic segment, a be a point not on
o, ¢ be a projection of a on o, and b be some point on o. Let d denote a point on ac such
that |d — c¢| = 6 and e denote a point on be such that |e — c| = 36. Then
e d(d,ab) <6, d(e,ab) <6, d(c,ab) < 20, and
e the length of ab differs from the sum of the lengths of the two other sides by at most
84,

la—cl+b—c =20 <|a—0b| <|a—c|+|b—c|+ 8.

Proof. The triangle abc is 0-thin. Therefore, obviously, d(d,ab) < ¢ (the distance from a
point of ac to ab is a continuous function). We take a point = € be such that d(x,ca) < 4.
Using Lemmaldl we obtain |b—z|+d(x, ca) > |b—c|—26, and hence |c—z| < d(z, ca)+2§ <
39.
We now let di and e; denote the respective projections of d and e on ab. Then by the

triangle inequality, we have

o la—d—-d<l|a—di| <|a—d|l+9,

e lb—el—0<|b—ei| <|b—e|+J, and

e 0<|dy —er| <|di—d|+|d—c|+|c—e|+]e—e1| <60.

Combining all these inequalities, we obtain the second point in the lemma. O

Lemma 6. Let o be a geodesic and a and b be two points not on o. Further, let a and b
have a common projection ¢ on o. Let d be a point of o and c¢1 be the projection of d on
ab. Then

ld — ¢| < |d— 1] + 66.

Remark 3. Lemma [6] deals with a geodesic segment. The statement is not true for a
complete geodesic passing through a and b, as can be seen from Fig. Bl

Proof. We take a point e € bc such that |¢ — e| = § and consider the triangle bed (see
Fig. M)). Because bc is a perpendicular to de, d(e,bd) < §. Let e; denote a projection of e
on bd. Let ey and eg be the respective projections of e; on the geodesic segments dec; and
bci. Because the triangle dbe; is 0-thin, either |e; —eg| < § or |eg — e3] < 6.

L. If [eg —ez] <0, then |d—¢| < |c—e|+|e —e1| + |e1 — ez + |e2 —d| < |d — ¢1] + 30.

II. If |e; — eg| > O, then the length of the path cees is at most 30. We apply the same
arguments to ad (we assume that this is possible; otherwise, we could apply the first case
to it). We obtain the points g, g1, and g3 and the length of the path cggs is also at most 3.
If neither of these paths intersects ccy, then its length does not exceed 66 (which follows
from consideration of the triangle cesgs). O



22 VLADIMIR SHCHUR

CT a b

FIGURE 3. Illustration for Remark [Bl

Lemma 7. Let E be a §-hyperbolic metric space and abc be a triangle in E. Then the
diameter of the set S of points of the side ab such that distance to bc and ac does not
exceed 2d is not greater than C(d + 6), where C is a constant.

Proof. Let x be a point of ab such that d(z,bc) < § and d(x,ac) < ¢ and y be a point
of ab such that d(y,bc) < d and d(y,ac) < d. Without loss of generality, we assume that
y € (a,z). Because the triangle abc is §-thin, one of these two distances does not exceed 9.

We first assume that d(y,ac) < . Let 2’ and 3’ be points of ac such that d(z,z') < §
and d(y,y’) < 6. We let t, t/, s, and s’ denote the respective projections of x, 2/, y,
and y' on be. Because z/t’ is a perpendicular to be, |2 — /| < |2/ — x| + ¢ — t] < 26,
and hence [t —¢'| < 46. If y and ' are sufficiently far from be, ie., if d > 94, then
|s — s’| < 6§ by Lemma Bl Otherwise, we can give a rough estimate by the triangle
inequality: |s —s'| < |s —y|+ |y —¢/| + |y — §'| <194. Hence, in any case, |s — s'| < 190.
We consider two cases.

If s is in the segment [b,t'], then by applying the triangle inequality several times, we
obtain

b—y| <|b—s|+|s—y| < [b—t|+|s—y| < |b—z|+|z—t|+|[t—t|+]|s—y| < [b—x|+55+d.

And because |b —y| = |b — x| + |x — y|, we have |z — y| < 50 + d.
The same arguments we apply if s € [/, ¢]. We merely note that we can replace y with
y' and t with ¢’ with respective errors less than § and 194:

le—y'| <lec—5&'|+|s —y| <|e—5&|+|s —y| < |c—s|+196+|s —y|+ < [c—t'| +206 +d.
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a

FIGURE 4. Tllustration for Lemma [6l

Now, because |c — /| < e — 2| + |2/ — /| < |e — 2| 4+ 26, we have
le—2'|+ 2" — | =|c—¥| <|c— 2|+ 226 +d.
Finally, |z —y| < |y —¢/| + | — /| + |z — 2/| <246 + d.
The case d(y,bc) < ¢ is treated identically with d and § interchanged. O
7. QUASI-GEODESICS AND A-LENGTH

Definition 14. A (A1, A2, ¢1, c2)-quasi-geodesic in F'is a (A1, A2, ¢1, ¢2)-quasi-isometric em-
bedding (in the sense of Definition [3)) of a real interval I = [0,!] into F.

Let v : I — F be a curve. We assume that the interval I = [z, z,,] of length |I| = [ gives
the parametrization of the quasi-geodesic v. We take a subdivision T}, = (zg,z1,...,Ty)
and let y;, 7 = 0,1,...,n, denote y(z;). The anti-mesh of T}, is d(T},) = ming<;<p, |yi —yi—1]-
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Definition 15 (A-length). Let v : I — F be a curve. The value

La(y) = sup Z!yz yi-i
Toid(To)>A =3

is called the A-length of the quasi-geodesic +.
We note that the values of A-length and classical length are the same for a geodesic.

Lemma 8. Let v: 1 — F be a (A1, Ao, 1, ¢2)-quasi-geodesic. For A > 2c¢q,
La(y) <2\l

Proof. By the definition of A-length, A < |y; — yi—1| < M|z; — 2i—1] + ¢1. Hence, because
A > 2¢y, we obtain |z; — 21| > (A —c1)/M1 > 1 /M.
Now, by definition of a quasi-geodesic, we have

S;PZ lyi — yi—1] < S%lp Z()\ﬂl"i —zi_1|+c) < S;lpz 2\ |z — 1| = 21,

where the last equality follows because the sum of |z; — ;1| for every subdivision of the
interval [ is exactly equal to the length of I. O

Lemma 9. Lety: I — F be a (A1, A2, c1, c2)-quasi-geodesic. Let R > co /g be the distance
between the endpoints of v, and let A > 2cy. Then La(vy) < 4\ A2 R.

Proof. By definition of a quasi-isometry, (I — c2)/A2 < R < Ajl + ¢;. Hence, | < A\yR + c5.
And by Lemma B La(y) < 2(A2R + ¢2)A1. In particular, La(y) < 4\ AR for R >
ca/ 2. O

8. EXPONENTIAL CONTRACTION

Lemma 10 (Exponential contraction). Let A > 0. In a geodesic §-hyperbolic space E, let
v be a A/2-connected curve at a distance not less than R > 6A + 1166 from a geodesic o.
Let La be the A-length of ~v. Then the length of the projection of v on o is not greater
than

max<%e_KR/385LA, 85),

where K =1n2/19.

Proof. Let yo,y1,...,yn be points on v such that A < |y; —y;—1] <2A fori=1,2,...,n
and yo and y,, are the endpoints of «. Let y; be the point of this set that is nearest from o.
We take a perpendicular from yy, to o and a point zy on it with |yx— x| = 2A+30. Now, on
the perpendiculars from all other points y;, we take points x; such that d(z;, o) = d(zk, o)
(see Fig. Bl). By Lemmal3] |z; — x;—1| < 46 for i = 1,2,...,n. Therefore,

46 46

;]x,—a;, 1] <n46<nAZ < ZLA
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F1GURE 5. Exponential contraction of the length of a curve + under pro-
jection on a geodesic o.

We set g = xo and Z,1 = =z, and select points T; € {z1,x2,...,2,-1} such that
86 < |7 — &;_1| < 165. For each i = 0,1,...,n', we choose a perpendicular from Z; to
o, move T; along it a distance 160 + 30 = 190 towards o, and obtain xll By Lemma [3]
|zt — 2l || <45 and

" 1 1 146
; 2} — 2l | <n'4d < 5; Zi — Ti_q| < 5; |2 — @] < §ZLA.

We can continue such a process while the distance from the set of points {z*, i =
0,1,...,n™} to o is not less than 190 and |z’ — a2} | > 86. After k steps, we have

n m

nk
146 46
; ok — b || < iala= K€—((1n2)/195)(195k)LA.
We set r = 196k and K = (In2)/19. We need 85 < (46/A)e K7/°LA and hence r <
(6/K)In(La/2A). Now, if the distance between the projections of the endpoints |z —z /|
is not less than 8 at some step m, then we use Lemma [B] to do the last projection on
o, and its length does not exceed 8. Otherwise, we must do the last descent to the
distance 550 using Lemma [3 (the estimate for the projection on a geodesic with A = 16
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gives the necessary distance from the set of points to the geodesic to be greater than
3 X 160 + 66 = 549) and intervals of a length not less than 89 contract to intervals of a
length not more than §, and we hence have a contraction factor of unity at the last step.
We need just to notice now that our choice of R allows us to conclude that R — (2A +
39) + 550 > R/2, so the number of iterations k > R/389. O

9. QUANTITATIVE VERSION OF THE MORSE LEMMA

We are now ready to state and prove the quantitative version of the Morse lemma. In a
d-hyperbolic space F, any (A1, Ag, ¢1, ¢2)-quasi-geodesic v belongs to the H-neighborhood
of any geodesic o connecting its endpoints, where the constant H depends only on the
space F (in particular, on the constant ¢) and the quasi-isometry constants A, A2, ¢; and
Co.

9.1. Attempts. To motivate our method, we describe a sequence of arguments yielding
sharper and sharper estimates. Here, for simplicity, we will assume that A\ = Ao = X\ and
additive constants are small relatively to A. We start with the proof in [I], Chapter 5.1,
Theorem 6 and Lemma 8, where the upper bound H < \8¢?§ was obtained (up to universal
constants, factors of the order logy(Acd)). The first weak step in this proof is replacing a
(), ¢)-quasi-geodesic with a discrete ()X, ¢)-quasi-geodesic « parameterized by an interval
[1,2,...,1] of integers, where \' ~ A\?c. For a suitable R ~ \?, we take an arc z,x, of 7/
and introduce a partition of that arc x,, Tyi N, Turon, - - ., Ty for some well-chosen N ~ ).
The approximation of a d-hyperbolic space by a tree (see [I], Chapter 2.2, Theorem 12.ii)

is used to obtain an estimate of the form |y,4in — ¥/, i) Nyl < ¢ ~In)\. By the triangle

inequality, ‘xu _‘Tv‘ < ’xu _yu‘ + ‘yu _yu—i-N‘ Tt ’yv _xu‘ < 2(R+)\/) +(N_1 ’U_U‘ "‘1)6/-
On the other hand, N'~!|u —v| < |z, — x,|. Combining these two inequalities, we obtain an
estimate for |u — v| and hence for the distance from any point of the arc x,z, to the point
2. The second weak step in this argument is in the estimate of the length of projections,
which can be improved significantly.

Another proof was given in [7]. It allows to obtain the estimate A2 H,p, where Hom
is the constant of the anti-Morse lemma (see Section [II]) and is given by the equation
H,y ~InA+1In HamEl It is very close to an optimal upper bound but still not sharp as
the sharp estimate for H,, =~ In A\. The proof uses the fact that in a hyperbolic space the
divergence function is exponential.

To prove the anti-Morse lemma, the authors of [7] take a point p of the geodesic o that is
the distant from the quasi-geodesic v and construct a path a between two points of v such
that a is in the complement of the ball of radius d(p,~y) with the center p. Finally, they
compare two estimates of the length: one estimate follows from the hypothesis that « is a
quasi-geodesic, and the other is given by the exponential geodesic divergence. To prove the
Morse lemma, they take a (connected) part v; of v that belongs to the complement of the
H,-neighborhood of the geodesic o, and they show that the length of v, does not exceed

1Be careful while reading [7] because a slightly different definition of quasi-geodesics is used there with
A1 = A% of. Lemma [l
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2)\2H,, by the definition of a quasi-geodesic. In [7], they also use another definition of a
quasi-geodesic, which is less general than our definition because, in particular, it assumes
that a quasi-geodesic is a continuous curve. Consequently, some technical work is needed
to generalize their results.

To improve these bounds, we use Lemma [I0] (exponential contraction) instead of expo-
nential geodesic convergence and Lemma [0 which do not require discretization as in [I]
and provide a much more precise estimate for a length of a projection. We can then take
R =1In ) and obtain H < O(M\2In \) by a similar triangle inequality.

Below, we prove the Morse and anti-Morse lemmas independently. We only mention
that arguments in [7] can be used to deduce the optimal bound for the Morse lemma from
the anti-Morse lemma. We can also obtain an optimal upper bound for H from Lemma [T1]

We now sketch the proof of a stronger result (but still not optimal): H < O(A?In* \),
where In* A is the minimal number n of logarithms such that In...In A < 1.

n

The preceding argument is used as the initial step. It allows assuming that the endpoints
x and 2’ of 7 satisfy |z — 2| < O(In \). Then comes an iterative step. We prove that if zz’
is an arc on v and |r — 2’| = d1, then there exist two points y and 3y’ at distance at most
Ca(c,8)A? from a geodesic o1 connecting x and z’ such that dy := |y — v'| < C3(c,6)Ind;.
Indeed, we choose a point z of the arc za’ that is farthest from oy and let ¢’ denote a
perpendicular from z to o;. If all points of the arc xz’ (on either side of z) whose projection
on ¢’ is at a distance < A2 from o; are at a distance not less than Ind; from o’ , then
Lemma [I0 implies that the length of the arc is much greater than A?Ind;, contradicting
the quasi-geodesic assumption. Hence, there are points y and 3’ that are near o/. We
can arrange that their projections on ¢’ are near each other, which yields |y — ¢/| < Ind;.
We apply this relation several times starting with d; = C1(c,d)In A until d; < 1 for some
1 =1In" A

In summary, we use two key ideas to improve the upper bound of H: exponential
contraction and consideration of a projection of v on a different geodesic o”.

9.2. Proof of the Morse lemma. We use the same ideas to prove the quantitative version
of the Morse lemma, but we should do it more accurately.

Remark 4. In Section [[0l we will give examples (properly parametrized and discretized rays
in a tree) where H = A Ay min{cy, co}/4.

Proof of Theorem[2. First, we notice that a (A1, Ag, ¢1, c2)-quasi-geodesic + is a ¢1-connected
curve. We will use Lemma [ and Lemma to get control on the A-length of v with
A = 2max{cy, d}.

We introduce the following construction for subdividing the quasi-geodesic v. We let z
denote the point of our quasi-geodesic that is farthest from o. Let 0y = o be the geodesic
connecting the endpoints of 7. Let of, be the geodesic minimizing the distance between
z and o( (because oy is a geodesic segment, o(, is not necessarily perpendicular to the
complete geodesic carrying og). Let sp denote the point of intersection of oy and of,. Let
sq be the point of of, such that the length of the segment [sg, sp) is equal to 95. We consider
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z

FIGURE 6. Hlustration of proof of Theorem

the set of points of v whose projections on o, belong to the segment [sg, sy]. The point z
separates this set into two subsets V(T and v, (see Fig. [6).
Let dB—L denote the minimal distance of points of 785 to 0(,. We also introduce the following

notation:

o dy=dj +dy +0;

e 7 is a ¢j-connected component of 7y \ (’yar U7, ) containing z and is also a quasi-

geodesic with the same constants and properties as 7;
e oy is a geodesic connecting the endpoints of the sub-quasi-geodesic v1;
e [ is the A-length of ;.

Applying the same idea to the curve =1, the same point z, and the geodesic o1, we
obtain the geodesic o], the parts ’yfﬁ of the quasi-geodesic, and the distances df. We have
l(of) < U(o})+d+66. To show this, we apply Lemma [l assuming that ¢ = s{,,d = z, and a
and b are the endpoints of v;. Continuing the process, we obtain a subdivision of v by %i
and two families of geodesics o; and o}. Finally, for some n, we obtain d,, < ¢o +6A 41614
(the choice of such a bound will allow us to apply Lemma [I0] on exponential contraction
for all i < n).

The quantity L; is the length of the subcurve 7;_1, which is also a quasi-geodesic. Hence,
l(o]) < L, < 4d, 1 \2 by construction. Therefore,

1(00) <96 +4(co + 6A + 1616) A1 M.
=1
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Our goal is to estimate n.
By Lemma [I0] we obtain

Kd

51388 KA /388 9A K (di1-6)/765

A
T U~yT) > 95— i
La(y; U%)_9545 max(e 1€

On the other hand, La(y;" U7, ) = L; — Liv1 + 2A. Hence, setting Cp = (9A/4)e= K/

we have
(1) C’oeKdiJrl/’?&S <L;—Lj1+ 2A.

Let gijE be a point of ’yii that minimizes the distance to of. The part of the quasi-geodesic
~v between gf and g; is also a quasi geodesic with the same constants and properties. By
the triangle inequality, |g; — g;| < d; + d; + 8. Therefore, by construction (see the
beginning of the proof) and because d; 2 cg + 6A 4 785 > co for i < n,

(2) L; < 4X1)aod;.
The function de=? is decreasing. Therefore, because d; > ﬁLi’ we obtain

Kd ~kdj2s o K1 Lo~/ B5M) L

20 - 25 41 Mo

We are now ready to estimate n:

1 — 1 8)\ M9l — K
— 1= — —Kdl-/26 Kdi/25 < _i —(K/Sé)\lAg)Lii Li— _Li 2A .
n=> l=g& ;e S Zi:l ‘ Bags il 28)

Setting X; = (K/8A1A20)L;, we have

D<)+ 2/0 3,

and because the function e™¥ is decreasing for X > 0, we can use the estimate

n 00
Ze_Xi (Xi—l — Xz) < / e XdX = —€_x|80 =1.
i=1

0

Summarizing all facts, we finally obtain the claimed result

5
H=4 12 A
)\1/\2(80K+62+ 61—1—785)"1' 05
we recall that K = In2/19 and Cy = (9A/4)e=5/3% and Ay = 8/9¢%/38. Lastly we notice
that 5/A <1 and Ag < A\ A24g. O
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10. OPTIMALITY OF THEOREM

Proposition 5. Let T be a metric tree. Then for any constants Ay, A2 > 1 and ¢1,¢c0 >0
there exists a (A1, A2, c1, ¢2)-quasi-geodesic y such that Morse constant H > A\ Ao min{cy, co}/4—
min{ey, co }.

Proof. We will construct explicitely such a quasi-geodesic v : I — T', where [ is a parametri-
sation interval.
Consider a geodesic ray o with base point s7 in the tree T'. Denote by ¢ = min{ecy, ¢o }Let

I be an interval of length | = A\oc/2. Divide I by intervals I3, Io, ..., I, of length [ = ¢/)\;.
Let s9,...,s, be consequent points of o such that |s; — s;—1| = ¢/2 for i = 2,...,n. We
assume

e Y(I;) = s; for any i < n/2,

e v(I;) = s,—; otherwise.
First, we check that v is indeed a (A1, \g, ¢1, ¢2)-quasi-isometry. If two points z1,z9 of T
are in the same little interval I; then

|1 — 2| — 2 < li —co
Ao Y
If 21 and x4 are in different intervals I; and I then the distance between their images is
at least ¢/2 and for the left-hand inequality we have

< |y(z1) = v(z2)] = 0 < Aifz1 — 22| + 1.

|1 — 29| — o - l—co e

Ao — Xy T2

Finally, we prove the right-hand inequality. We have (|i — k| — 1)l < |21 — x2| and also
[¥(21) = y(22)| < cli — k[. Hence,

< y(@1) = y(2)l.

Mlz1 — 22|+ > (i — k| — 1)e+ e > |y(x1) — y(x2)].
We see easily that H > 1/2-¢/2-1/l; —c= A Aac/4 — c. O

11. ANTI-MORSE LEMMA

We have already proved that any quasi-geodesic v in a hyperbolic space is at distance
not more than A\jAa(c1 + c2 + 0) from a geodesic segment o connecting its endpoints. This
estimate cannot be improved. But the curious thing is that this geodesic belongs to a
In A-neighborhood of the quasi-geodesic! We can therefore say that any quasi-geodesic
is In A-quasiconvex. This upper bound can be improved in some particular spaces: for
example, any quasi-geodesic is c¢j-quasiconvex in a tree.

The proof of Theorem [ (see the introduction) that we give below is based on using

e Lemma [I0] (exponential contraction) to prove that at the distance In A from the
geodesic the length of ¢ is at most A?In A and

e an analogue of Lemma [I0l to prove that the length of a circle of radius R is at least
e (up to some constants).
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Lemma 11. Let X be a hyperbolic metric space, v be a (A1, A2, ¢1, ¢2)-quasi-geodesic, and
o be a geodesic connecting the endpoints of v. Let (yu,yy) be an arc of v such that no point
of this arc is at distance less than CiyIn A Ay + Cy from o and y, and y, are the points of
the arc nearest from o. Then the length of the projection of the arc (yu,yy) on o does not
exceed max {80, Cs (§In Ao+ 0+ ¢1 + ¢2)} (with some well-chosen constants Cy = O(0),
Cy = O(0 + 1) and a universal constant C3).

Proof. By the definition of a quasi-geodesic, we have

u— V| — ¢y
B2 <yl < fu— ol + e

On the other hand,

Y — Yol < yu — Vol + [0 — vl + |y — w0l

where y/, and y, are the projections of y, and y, on 0. We adjust constants C; = O(9)
and Cy = O(A + ¢) such that

384
R=CiIn )Xy +Cy = ? In 32()\1)\2)2 + 6A + 1166.
We assume A = 2max{c;,d} (such a choice allows applying Lemma []). We apply the
lemma on exponential contraction (we assume that the length of the arc is rather large for
using the estimate with an exponential factor and not to treat the obvious case where the
length of the projection is 85). We let I(yy,yy) denote the A-length of the arc (y,, yy):

40 40 1
I < - —KR/385 — —(a15+a2A)_ A
|yu yv| = l(ymyv) Ae € A 32()\1)\2)2l(yu7yv)7

where a1 and ag are some positive universal constants, we denote £} = exp (—(a10 + a2A)) <
1. Combining all these inequalities and using Lemma [9 we obtain

|lu —v| — ¢ 40 1
7< (T v S2 E_'il Uy JU
" < lyu =yl 2R+ Eig ) (Yus Yo)
1
<2R4+ ——=4M X |yy — Yo
<2R+ S 12| Yu — Yo
1
<2 — — .
< R+ 2)\1/\2 ()\1|u ’U| +Cl)

We therefore conclude that |y, — yp| < CsA\iA2 (0In Ao + 6 + ¢1 + ¢2), hence [(yy, yy) <
C3(A1A2)? (In A Ag + 6 + ¢1 + ¢2), where C3 is come universal constant and, finally, the
length of the projection of the arc (y,,y,) of v does not exceed

max {85, Cs (5111 AMAy+06+c + 62)}
]

Proof of Theorem[3. The proof follows directly from Lemma [Tl Because we have already
proved that for every point 2z’ € o, there exists a point z € v such that the projection of z
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on o is at distance not more than several times c; + 6 from z’. For simplicity, we therefore
assume that for any point of o, there exists a point of v projecting on this point.

Assume H,y, = Cy(dInAj Ay + 0 + ¢1) where Cy is just a universal constant which can
be found from Lemma [IIl If the distance between z and 2’ is less than H,,,, then the
statement is already proved. If not, then we take an arc (v, y,) of v containing the point z
such that the endpoints y, and ¥, are at the distance H,,, from o and these points are the
points of this arc that are nearest from o. Hence, by LemmallIl the length of the projection
(which includes z) of the arc (y,, y,) does not exceed max {89, C5 (§ ln \yAg + 0 + ¢1 + ¢2)}.
Therefore, the distance from z to y,, (and y,) is not greater than C5 (§ In Ay Ay + 0 + ¢1 + ¢2)
with some universal constant Cs. ]

12. APPLICATION OF ANTI-MORSE LEMMA

Proposition 6. Let X, Y be two geodesic hyperbolic spaces, let f : X — Y be a (A1, A2, c1,¢2)-
quasi-isometry. Let o be a geodesic in X. Then the distance from 4 = f(o) C Y to any
geodesic connecting its ends is at most \yH.X, + c1, where HZ s a anti-Morse constant
for the space X.

We see that in case of a quasi-isometry instead of a quasi-isometric embedding we have
a stronger result than Morse Lemma.

Proof. Let 6 C Y be a geodesic connecting the ends of 4. Define also a quasi-geodesic
v = f~1(#) in X. Because o and 7 share their ends, we can apply the Anti-Morse Lemma
to them, so o C Up,,, (v) lies in HX, = (¢1 + c2 + &) log \j Aa-neighbourhood of 7. Now
applying f to o and v we obtain that ¥ C Uy gx L. (7). O

12.1. Proof of Proposition [l Here, we prove Proposition [I] (see the introduction). We
call any connected component of the ball B = B(O, R) with deleted center O a branch.
We call points that are sent to the branch containing the image of the center f(O) green
points and all other points of T" red points.

Proof of Proposition[l. We show that there exist two red points r; and 79 such that
d(O,rire) <r=1c3+ 1.

By Definition Il a c-neighborhood of every point of the border should contain a point
of the image. We must have at least (d—1)d®~~! red points near the border (we exclude
the green part). The number of points in each connected component of the complement
of the ball of radius r is less than df®~". Therefore, there is a constant c3 depending on
the tree only such that if » > ¢3, then one component contains an insufficient number of
points to cover the boundary of B. Hence, there exist two red points 1 and ro in different
components of the complement of B(O,r), which means that the geodesic r1ry passes at a
distance less than r from the center O. It follows that the quasi-geodesic f(r172) passes at
distance less than A1r + ¢1 from f(O) and belongs to a (A Hgm + ¢1)-neighborhood of the
geodesic f(r1)f(re) by Proposition [6l Because every path from f(O) to f(r1)f(re) passes
through O, we conclude that d(O, f(O)) < A\ (Ham +c1) +c1+ A\ir. We need only choose a
good value for r. Simply calculating the number of points in above mentioned components
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gives the estimate 1 +d + d? + --- + df" < (1/Ind)d® 1. For r = c3 + 1, we have
(1/Ind)d"+1 < (d — 1)df* =<~ which completes the proof. O

13. GEODESICALLY RICH SPACES

Definition 16. A metric space X is said to be geodesically rich if there exist constants r,
r1, ro such that for every pair of points p and ¢ with |p — ¢| > r¢, there exists a geodesic 7y
(with ends at infinity) such that d(p,~v) < 71 and |d(g,7y) — |¢ — p|| < ra.

Remark 5. We introduced the notion of geodesically rich spaces in [30], see Definition 11.
Still now we do not need the second condition to estimate a displacement of points under
self-quasi-isometries fixing ideal boundary so we change the definition to a weaker form.

Ezxample 5. A line and a ray are not geodesically rich.
Ezample 6. Nonelementary hyperbolic groups are geodesically rich. We prove this later.

Any d-hyperbolic metric space H can be embedded isometrically in a geodesically-rich
d-hyperbolic metric space G (with the same constant of hyperbolicity). We take a 3-regular
tree with a root (7', 0), assume that G = H x T, and set the metric analogously to a real
tree:

e the distance between points in the subspace (H, O) equals the distance between the
corresponding points in H;

e the distance between other points equals the sum of the three distances from the
points to their projections on (H,O) and between their projections on (H,O).

It is easy to show that the space G is d-hyperbolic and geodesically rich. But such a
procedure completely changes the ideal boundary of the space. We therefore ask another
question:

Remark 6. It is not always possible to embed a §-hyperbolic metric space H isometrically in
a geodesically rich d-hyperbolic metric space GG with an isomorphic boundary. An example
can be provided by a J-hyperbolic space with as isolated point at the ideal boundary.
As an illustration, consider a real line R. Its ideal boundary contains only two points.
Now consider a d-hyperbolic space H with the same ideal boundary 0H = {&1,&} and
an isometric embedding v : R — H (hence, v is a geodesic). We will show that every
point p € v lies at distance at most 20 from any infinite geodesic & what means that H is
not geodesically rich. Because H is d-hyperbolic, the triangle p&;1&> with sides coinciding
with v and o is d-thin. Hence, there exists a point ¢ € o such that d(q,vy(&1,p)) < 0 and
d(q,v(&2,p)) < 4. And we conclude that d(p, o) < 20 because v is a geodesic.

Lemma 12. Let G be a nonelementary hyperbolic group. Then there exist constants cg,
¢1, and cy such that for every two points p and q in the group G with |p — q| > 1o, there
exists a geodesic vy such that d(p,v) < ri and ||p — q| — d(q,7)| < 7.

Proof. We first assume that p is the unity of the group. We argue by contradiction: we
suppose that the statement is false, i.e., there exists a sequence of points ¢, such that
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Ficure 7. Ilustration for Lemma [I2]

|gn, — p| — 00 as n — oo, and all pairs p and ¢, do not satisfy the conditions in the lemma.
We suppose that £ is a limit point of this sequence. We supply the boundary of the group
with a visual metric.

We prove by contradiction that there exists € > 0 such that for any point £ there exist
points 1 and 1’ on the ideal boundary G(oo) such that that the pairwise visual distances
between &, 7, and 7 are greater than € (see Fig. ). In other words, we will prove that the
union of the three balls of radius & with centers &, n and 1’ does not cover the whole ideal
boundary. On the contrary, we suppose that there exist three sequences of points &,, 1,
and 7, such that the union of B(&,,1/n), B(n,,1/n) and B(n,,1/n) includes G(co). By
compactness, we can assume that &, — &, 0, — n and 7/, — 1/, and we find that G(0)
belongs to the union of B(&,2/n), B(n,2/n) and B(n/,2/n). Hence, the ideal boundary
contains only the three points &, n and 7/, which contradicts the assumption that G is
nonelementary. We show that the geodesic v with the endpoints 1 and 7’ satisfies the
conditions in the lemma, which leads to the contradiction.

In what follows, we write &, 1, and 1’ but assume that we consider three sequences of
points converging to the corresponding points of the ideal boundary. The triangle pnn’ is
d-thin. We take a point s of nn’ such that d(s,pn) < ¢ and d(s,pn’) < . We let ¢t and ¢/
denote projections of s respectively on pn and pn’. By the triangle inequality, we have

=t + 10 =t =20 <[n—n| <[n—t[+n—t]+20
By hypothesis,
visdist, (1, 7) = e~ r > ¢,
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Hence,
p—nl+p—n'| = |n—1n'| < 2,

where eg = —Ilne

Combining the two inequalities, we obtain |[p — t| + |p — t'| < 2(g9 + d) and d(p,nn') <
2¢0+30. The same arguments applied to the triangles pné and pr’€ show that the distance
from the point p to the geodesics n¢ and 7€ also does not exceed 2g¢ + 35. We let py, po,
and p3 denote the respective projections of p on nr’, n&, and 7'¢ and g denote the projection
of £ on nn’. By the triangle inequality, |p1 —p2| < |p1—p|+|p—p2| < 2(2e0+36). Applying
Lemma [{] to the triangles ¢g&én and ¢én’, we find that the point ¢ is not farther than 2§ from
both n¢ and 1’€. Therefore, both p; and ¢ are at bounded distances from n¢ and 1€, and
we can apply Lemma [[ whence it follows that p; and ¢ are near each other at a distance
of the order g9 + 4. O

This Lemma proves that a nonelementary hyperbolic group satisfies the definition of
geodesically rich space.

14. QUASI-ISOMETRIES FIXING THE IDEAL BOUNDARY

We now give some estimates of the displacement of points in geodesically rich spaces
under quasi-isometries that fix the ideal boundary. We do not yet know whether these
results are optimal.

Theorem (see Theorem [ in the introduction). Let X be a geodesically rich hyperbolic
metric space. Let f : X — X be a (A1, A2, c1, c2)-self-quasi-isometry fizing the boundary
0X. Then any point O € X can be displaced at most at distance d(f(0),0) < A\ (Hgm +
r1) + 2¢1 + 1o + 120

Proof. Consider a point O and its image f(O). If d(O, f(O)) < ro, there is nothing to prove.
Otherwise, let v be a geodesic such that d(O,v) < ry and |d(f(O),v) — d(O, f(O))| < 7o
and in particular, d(f(O),~v) > d(O, f(O))| — re. Such a geodesic exists by definition of
geodesic ally rich.

Because f(7) is a quasi-geodesic with the same endpoints as 7, the quasi-geodesic lies
near v: f(v) C Ux m,,,+c,(7) by Proposition @l Also since d(O,~) < ri, in the image
d(f(O), f(7)) < Air1 + ¢1. Combining all the arguments, we obtain

d(O, f(0)) <d(f(O),y) +r2 < MHgm +c1 + 12+ M1 + 1.

O

The property of being geodesically rich plays crucial role here. For example a translation
of a real line R (which is an isometry) fixes its ideal boundary but still moves its point to
any pregiven distance.
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Part 3. Poincaré inequalities and quasi-isometries

14.1. The critical exponent for LP-cohomology. LP-cohomology groups provides in-
variants for quasi-isometries. The continuous first LP-cohomology group of a hyperbolic
metric spaceX is

LPH}, . (X) == {[f] € LP"H'(X)|f extends continuously to X UdX},

cont

where X UOX is Gromov’s compactification of X. Following the works of Pierre Pansu, and
Marc Bourdon and Bruce Kleiner [26], we define the following quasi-isometric numerical
invariant of X

pzo(X) = inf {p > 1|LP Hppy(X) # 0} .

If p.o achieves different values for two spaces X and Y, then X and Y are not quasi-
isometric. We expect that the difference |p.o(X) — p.o(Y)| also bounds for below the
quasi-isometrical distortion growth. We are able to prove this only for a family of examples.

Let Z, and Z,, be two variants of the space T" X (—o0, c0) with metrics dt?+ Y e*idz?
and dt? + ez“gtda:? respectively. The main result of this part is a sharp lower bound for
the quasi-isometrical distortion growth between Z,, and Z,, of the form

const (pzo(Zw) — pzo(Z,)) R.

14.2. Scheme of proof. Constants in Poincaré inequalities are the quantitative incarna-
tion of LP-cohomology.

Let X be a Riemannian manifold. Let p be a number in [1,00]. Then the LP-norm
| - |p of functions and vectorfields make sense. We will say that C'= C(X,p) is a Poincaré
constant for X and L? if for any function f in LP there exists such a constant ¢ (which is
in fact a mean value of f over X) such that the Poincaré inequality holds

[f = ¢lp <CIVlp.

Variants of this definition appear in the litterature. In an appendix 21l we shall check that
these definitions are equivalent, up to universal constants.

For the family of spaces Z,,, it is known that p4o(Z,) = 2l We show that

max [;

o if p > p_o(Z,), then the Poincaré constant for a ball of radius R satisfies
C,(B?*(R)) > const.(VolB(R))"?;

o if p < po(Z,), then
Cyp(BZ(R)) = o (VoI B(R)'").

Next, we show that under transport by a (A, ¢)-quasi-isometry, C), is multiplied or divided
by at most e?9/% for some positive constant a. Transport under quasi-isometric embed-
dings is more delicate, this is why our arguments work only for a family of examples. For
these examples, we are able to get a lower bound. Roughly speaking, it states
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Assume that p2o(Z,) < p < pxo(Zyu). If there exists a (A, ¢)-quasi-isometric embedding
B?:(R) — Z,r, which induces an isomorphism on fundamental groups, then

C,(B?«(R)) > const.e~ 92 (B%w (R)).

This yields

Atc > a(log(Cp(B?(R))) — log(Cp(B?#(R)))
~ (pzo(Zy) — pzo(Zy))R.

which is the announced lower bound on quasi-isometric distortion growth.

15. REGULARISATION AND QUASI-ISOMETRIES

In this section we will study how Poincaré inequalities are transformed under quasi-
isometries. For this purpose we will introduce the notion of cross-kernels, which will help
us to regularize transported functions.

15.1. Kernels. First we recall what are classical kernels.

Definition 17. Let X be a geodesic space, dr a measure on X. A kernel v is a non-negative
function on X x X such that
e ¢ is bounded, ¢ < SY¥;
o for every z € X [y (x,2")dx’ = 1;
e the support of 1 is concentrated near the diagonal: there exist constants ¥ > 0,
7 > 0 and R¥ < oo such that 9(z,y) > 7% if d(z,y) < €¥; ¥(z,y) = 0 if
d(xz,y) > R.
RY is called the width, €¥ the radius of positivity, S¥ the supremum and 7% the margin of
.

The convolution of two kernels is
vrevn = [ il () de
the result is also a kernel. The convolution of a kernel and a function is
g3 0la) = [ o,z e

Lemma 13. For any e > 0 there exists a kernel ¢ on X X X and a constant T such that for
any two points w1,z such that d(z1,z2) < & we have (x1,x2) > 7. Moreover, T depends
exponentially on €

T =cre 5,

where c; depends only on the local geometry of the space X.
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Proof. We start from kernel
¥ (2,2") = vol(B(x,1)) g1y

with radius of positivity ¢/ = 1 and margin 7/ = v(1)~!, where, for r > 0, v(r) denotes
the infimum of volumes of balls of radius r in X. We know from the proof of Lemma 1.2
in [I1I] that the m-th convolution ¢*™ has radius of positivity &, > m(e’/2) = m/2 and
margin 7, > 7™ (3)m1 O

Definition 18. A cocycle on Y isamap a: Y XY — R such that for every y1,y2,y3 in Y,

a(y1,y2) = a(y1,y3) + a(y2, y3)-
The convolution of a cocycle with a kernel is defined by

o x gz, 2) = /Y alyt/ )0l )0la’ ) dy

Definition 19. Let 9 be a kernel and a a cocycle on X. The semi-norm N, 4 is defined
by

1/p
Nyp(a) = ( [ lateran) o o) den dxz) |

The following facts are known, see [11].

Lemma 14. 1) Semi-norms N, are pairwise equivalent. More precisely, let 1 and 1o
be two kernels. Then .
Ny, < CN#JN
where
& _ SupYisup Yy RZ’Z (2e)R2 /%
Cr gvtL
Let the space X be a Riemannian manifold and have the following properties: (1) its
injectivity radius is bounded below, (2) its Ricci curvature is bounded from below. Then the
volumes of balls are bounded below (Croke inequality [3]) and above (Bishop inequality).
2) For any function g define a cocycle u(z,y) = g(x) — g(y). Then for any p and
any kernel ' with bounded derivatives there exists a kernel 1)1 such that the LP-norm of
V(g * ") (we regularise g) is bounded from above by a 11-seminorm of the corresponding
cocycle u

IV (g * ¥)lp < Np,y, (1)
with the kernel ¥y defined as follows

~ sup Vo) sup )/
= l(B(, RV <Ry

3) Conversely, there also exists a kernel 1o such that
Npp (u) < Cl|Vgllp,
where C' depends only on dimension. Here the kernel 19 can be taken as

¢2(l‘, y) = max{l, @($7 y)_l}l{d(x,y)SR}y
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where ©(z,y) is the density of the volume element in polar coordinates and R > 0 can be
chosen arbitrarily.

In the third hypothesis we propose to use R = 1, then vy is bounded by 1 and the
width of its support is also 1. For reader’s convenience, we include the proof of the second
statement of this Lemma, following [I1].

Proof. Denote by a the cocycle u * v’'. Then for any vy,

0
V(a* ) (z) = % = / (9(z') = 9(2)) dut/(z,2)0 (2, y) dz d2'.
Choose y = x. Then we obtain
V(g *4(2))| < sup Vi)' supy) 9(2') — g(2)| dz d2".

B(z,R¥)x B(z,R¥)

Now applying Holder inequality we get the needed statement with the kernel

_ sup Vi)' supy/
V1= Sol(B(, R <Ry

O

15.2. Cross-kernels. Let X,Y be two metric spaces, let f : X — Y and f': Y — X
be (K, ¢)-quasi-isometries between them such that for any z € X, d(z, f’ o f(x)) < ¢ and
vice versa (that is, they are inverse in the quasi-isometrical sense). Let g be a measurable
function on Y. We want to find a way to transport g by our quasi-isometry (using the
regularisation) to obtain a similar measurable function on X. We will take

hz) = /Y 9(2)(f (), =) dz

as a function on X corresponding to g.

We are going to construct a numerical function on X x Y which will play the role of a
kernel. Indeed, a cross-kernel can be considered as the composition (relatively to the first
variable) of a quasi-isometry from X to Y and a kernel on Y x Y. Conversely, a cross-kernel
generates a quasi-isometry.

Definition 20. A cross-kernel is a bounded non-negative function ¢ : X x Y — R such
that
o forallz € X, [, ¢(z,y)dy = 1;
e for all R > 0 there exists Qf > 0 such that if d(y,y") > Qf and d(z,2') < R, then
that ¢(z,y)¢(z,y) = 0;
e for all R > 0 there exists Q%) > 0 such that if d(y,y') < R and d(z,2") > Qg), then
¢($7 y)¢($l7 y,) =0;
e there exists a constant S? such that for any y € Y, fX o(x,y)dr < S?;
e there exist 7%, D? such that for any y € Y the set {zx € X|¢(x,y) > 7%} contains
a ball of radius D?.
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Remark 7. For our purposes, the third axiom could be replaced with a weaker one: there
existsR > 0 such that for any y € Y there exist ¢y € X such that for any z € X with
d(z,z9) > R, ¢(x,y) = 0. But we prefer our definition as it is more symmetric and easier
to apply.

Before we construct a cross-kernel with a quasi-isometry and a kernel, we will show that
a cross-kernel ¢ defines a quasi-isometry. Simply let f : X — Y be defined as follows
x — {y|o(x,y) > 7%}. We notice that if we remove the last hypothesis in the definition,
we get a quasi-isometric embedding instead of a quasi-isometry.

Lemma 15. Ifv is a kernel on Y XY and f is a (A1, A2, ¢1, ¢2)-quasi-isometry or a quasi-
isometric embedding from X to Y. In case of a quasi-isometry we also assume that the
radius of positivity of v is at least (A + co with ¢ > 0, then ¢(z,y) = Y(f(x),y) is a
cross-kernel on X XY and Q(f(R) < 2RY 4+ MR + ¢, Q?(R) < M(2RY + R+ ) and
5% < (2A RY + ¢1) supy«y ¥. In case of a quasi-isometry D® > ¢ and 70 = 7% > cre=".

Proof. 1) Evidently, for any z € X [, ¢(x,y) dy = 1 by the definition of kernels.

2) Check the second axiom. Take two points x1,x9 such that d(xi,22) < R; and
two points 1,2 such that d(yi,y2) > 2RY + MRy + ¢1. If d(f(z1),y1) > RY, there is
nothing to prove as ¢(f(z1),y1) = 0. Otherwise d(f(z2),y2) = d(y1,y2) — d(f(z2),y1) =
d(y1,y2) — (d(f(22), f(z1)) + d(f(z1),91)) = d(y1,y2) — (Md(z1,22) + ¢1 + RY) > RY.
Hence, ¢(f(z2),y2) = 0.

3) Check the third axiom. Take two points y;, y2 such that d(y1,y2) < Q1 and two points

x1, 29 such that d(zy,z2) > M(2RY 4+ Q1 + c2). If d(f(x1),y1) > RY, there is nothing
to prove as ¢(f(z1),y1) = 0. Otherwise d(f(z2),y2) > d(f (1), f(x2)) — d(f(z1),92) >
d(f(x1), f(x2)) — (d(f(x1),91) + d(y1,92)) > d(z1,22)/ A2 — c2 — (R¥ + Q1) > R. Hence,

V(f(z2),y2) = 0.
4) Check the fourth axiom. For any y € Y, if d(f(x),y) > RY then ¥(f(z),y)

y) = 0.

Hence, the diameter of the set of points X,, € X such that for any z € X, d(f(z),y) < RY,
is less than A\;2RY + ¢;. Hence, [y ¢(z,y)dz < (2A\ RY + ¢1) supy .y .

5) If d(f(x),y) < (A2 + co then ¢(x,y) > 7¥. Hence, the diameter of the set of points of

X with this property is at least (. O

Remark 8. If, in the previous Lemma f is a quasi-isometric embedding, then we do not
need the condition on radius of positivity of .

15.3. Transporting cocycles.

Definition 21. Let a be a cocycle on Y and ¢ a cross-kernel on X x Y. The convolution
of a with ¢ is the cocycle defined on X by

o x gz, 2') = /Y alyt/ )0l )0la’ ) dy

Lemma 16. Let ¢ : X XY — R be a cross-kernel, let a be a cocycle on'Y and let 1 be a
kernel on X. Then
Ny(ax 9) < ONy(a),
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where z; 1s a kernel on'Y and

¢= <ﬂ>/ (5217,

T

where T = cZe‘Qf(Rw) (for the definition of constant ¢ see lemma I3, it depends on the
local geometry of the space Y only).

In particular, if ¢ is associated with a (A1, A2, 1, ¢2)-quasi-isometry or a quasi-isometric
embedding,
1
Rl

C < —(sup ¢)3/pe((2+>\1)Rw+01)/p(2)\1Rw + ey

Proof.
(Ny(a )P = / o ¢z, 2")Py(z, 2" )dodz' =

XxX
/X><X

By Holder inequality

p
/Y Ya(y,y')¢($,y)¢(:ﬂ’,y’)dydy’ Y(x, ") dwd’

< / / laly, ¥V (@, 9ol o Vdydy' vz, ' deds!
XxX JYXY

Assume w/(y7 y/) = fXXX ¢($, y)¢($/, y/)w(‘ra x’)dmdaz’

=/ la(y, y")IPY (y,y")dydy'.
Y XY

Now we need to show that 1)’ is dominated by some kernel v)”.
First we will prove that ¢/(y,y') = 0 if d(y,y’) > R for some RY".
If d(x,2') > RY then by the definition of kernels ¢ (z, ') = 0, hence

V' (y,y') :/x X<z$(:c,y)¢(x’,y’)w(x,x’)da;dx’:

¢($, y)¢($l, y/)¢($, x/)dzndx/.

/(whmz)EX x X,d(z1,r2)<RY

If d(z,2') < RY then by definition of cross-kernels there exists a number Q(f(R’/’) such

that if d(y,y") > Q‘f we have ¢(z,y)o(2',y’) = 0. We estimate ¢'(y,y’) from above in an
evident way

V' (y,y) < supyp - o(z,y)(z',y')drdz’ < supp(S?)>.
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By Lemma [[3 we conclude that there exists a kernel ¢ such that 1,Z~)(y,y’ ) > T = Y e=@F
whenever the distance between y, vy’ does not exceed Q‘f. Hence,

Wy y) < w(sd’)%@,y’).

Theorem 22. Let X,Y be two quasi-isometric spaces, let ¢ be a cross-kernel on X XY,
let C'x denote the p-Poincaré constant for X. Then the Poincaré constant Cy for Y is
bounded from above by

C(V)Q1O) (sup ¢)2 + Cx sup 6V (Q2(0))

Do o ’
where multiplicative constants depends only on the local geometry of X and Y.

Cy < const(X)const(Y)

Proof. The idea of our proof is the following. By Minkowski inequality we will show that

Hng < Nw(dg) + Hth'

We know that the semi-norm N, is bounded from above by the L, norm. So, applying
Poincaré inequality to i and then Lemma [I6] for cocyles to Vh we will get the upper-bound
for Poincaré constant for g. In other words,

||9||p < Nw(dg) + ||h||p < ||v9||p + CpoincareHVth < ||V9||p + Ccocyclecpoincare||v9||p'
First step. We have

1
/Y 9Pz < 3 /X 9P oo, )dads.

Here we need just to notice that for any z fX o(z, z)dx > D79,
Second step. Now by Minkowski inequlity applied to ([ |g(2)|P¢(z, 2)dzdz)'/P we get

(/ l9(2)[Pp(z, 2 dde) v </ lg(2) x)|[Po(x, z)dzda:) w </\h )Pp(x, z)dzdx) w =
( [ la2) ~ nGapote. )azas " + ([t Ipdx>l/ ‘

Third step. For any points z € Y and «x € X we have
o(2) = hia) = 9(2) = | awole.n)iy -

by definition of cross-kernel [ ¢(x,y)dy =1 so we go on

2) /Y o, y)dy — /Y 9(y)(z,y)dy = /Y (9(2) — 9(9))(z y)dy.

Now we apply H older inequality

9(2) — h(z)[? </ 19(2) = g(y) [P o (=, y)dy
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So,
(196 - H@Poto, 2)dzac) v < ([ 1962) - st (o, ot )y "

Fourth step. Evidently, [  ¢(x,y)¢(x, z)dz is uniformly bounded, and it vanishes

outside of a strip of width Q(f(O) (take R = 0 for the second property of cross-kernel).
Hence, there exists a kernel ¢ on Y x Y and constants C; = C1(¢,Y) and Cy = Ca(Y)
such that

1/p 1/p
( [ 1962) - stwyrote. ot z)dzdxdy> <o ( [ 1962 <y>|%<z,y>dzdy> _
— 1Ny (9(2) — 9(9) < CLC8lVgl.

Let zﬁy be a model kernel on Y with the margin 7y and radius of positivity £y. Fix some
r < y. Assume m to be the least integer such that m(éy —r) > Q‘f(O). Hence, if we take

P = 15{’}, we set
c = Bwd)®
?y/pv(r)(m_l)/lu

where v(r) is the infimum of volumes of balls of radius r.
Fifth step. We apply Poincaré inequality to h

[IAllp < Cx[[VA]]p.

We have already discussed that any semi-norm defined by a kernel and an LP-norm are
equivalent. Hence, we can apply Lemma [I6] for cocycles to ||[Vh|| and ||Vg|| just adding
some multiplicative constant C3 = O Oy

I1h|l, < CxCssup ¢V (Q5(0))]Vllp,

where V(QS(O)) is supremum of volumes of all balls of radius Qg(O) in X.
Final step. Combining all these results we conclude that

llgllp < (Hth +C1C2|[Vyllp) < 55~ ¢(Cx03HVng + C1Co[|Vyllp) =
. C105 + C3Cx Sup¢V(Q2(O))HV H
- Doro 9l

O

Now summarizing all the results of this section we know that quasi-isometries preserve
Poincaré inequalities. Moreover, if C'x is a Poincaré constant for the domain, then the
Poincaré constant Cy for the range does not exceed C(1 + Cx), where C is exponential
in function of the quasi-isometric distortion, up to some multiplicative constants which
depend on the local geometry of X and Y.
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16. POINCARE INEQUALITY FOR EXPONENTIAL METRIC

We will give an upper bound for the Poincaré constant in a ball of radius in a space with
the metric dt? + Y, e**itda?.

Theorem 23. Let X = Ry x R™ with the metric dt> + Y, e2#itdx?. Let X = X /T where
I is a lattice of translations in the factor R™. Then the Poincaré constant for a ball B(R)
m X is

Cp(p) < C(p,p) + Cp(TM) et T,
where C(p, ) is a constant depending only on p and p = Y pi, Co(T™) is a Poincaré
constant for a torus T™.

First, we fix the direction 0 = (z1,...,2y,).

16.1. Poincaré inequality for fixed direction. Let f be a function such that its partial
derivative 0f /0t is in LP(e™dt, [0, +00)). By Holder inequality we get

+o00 +oo p 1/p +o0 1-1/p
/ Of | 4t < / O\ gt gy / o (ut/p)(p/ (0=1)) < +oo.
0 ot 0

Hence, for every fixed direction # there exists a limit limy_, o, f(¢,6).

Here we will prove the Poincare inequality for the fixed direction 6 in a ball of radius R
(we allow R to be infinity, in this case we deal with a complete space). Assume ¢y = f(R,0)
or ¢y = limy_, f(¢,0) if R = oco. We write

R

R
/\ﬂﬂ—m%WHSQRM/IWMWW%

where C'(p, pt) is a constants depending only on p and p.
First, if R = oo, prove that |f(t) — cg|[Pett — 0 as t — co. Apply the Newton-Leibniz
theorem and then Holder inequality to |f(t) — cg|. We have

@ 0) ol =| [~ FLas| < /\

ofl 4
0s
() P 1/p 1-1/p
() e
t t

Calculate the last integral

o s _
/ ehs/ (D g — P 16_:*1 ©° = b 1e_Pu_j1.
t K Hw

1-1/p
Denote the constant Dy = (p—;l)

gp

B eMds.

—+o0
vw—@WSmaM/
t
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Hence
8_f P

B e"ds — 0

70— o <Dy [ m'
t

as t — +o0.
Now we integrate by parts

[ 10 —apertan= [is0 - =] [ 1o -

As cg = f(R)

R a R t
| 180 = alera = i@ — b=~ [7 rore - op

By Holder inequality

R R 1/p R (p—1)/p
/ f’(t)lf(t)—Celp‘l%de( / If’(t)lpe’“dt> ( / |f<t>—ce|Pe“tdt>

Introduce following notations

R
X :/ |f(t) — ce\pe“tdt
Y = / (t)[Pertat
X < |£(0) — cyl? + ylrxe-0/r <y L yl/rxe-1/p,
Dividing by Y we obtain
X 1 x\ P=1/p
< —+ | .
Y = u <Y>
< C(

)Y which proves Poincaré inequality for fixed

So,

This inequality is true only if X
direction.

16.2. Poincaré inequality for exponential metric. Introduce the following notations
fr(t,0) = f(r,0) (the function is considered as a function of two variables), f.(0) = f(r,0)
(the function is considered as a function of one variable).

We have already proved that for any 6 € T"

R R 8f
_ p _ht
/0 |f(t,0) — f(R,0)Pe dt§0/0 ‘—at

et dt.

We change metric

/ Vel oy < e / V£ Pdr.
- B(R)\B(R—1)
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Write Poincaré inequality on torus for the function f,.(6). There exists a number ¢, such
that

/)MW%wWMSU%@WV/IW%WWM,
T Tn

where Cp,(T") is a Poincaré constant for T".
Assume ¢ = f }f_l crdr and we obtain

/R(f—wmr

uf—wmwm»::\

R-1 LP(B(R)
R R
< ‘/ (f_ fr)dr + ‘ / (fr _Cr)dr
R—1 L?(B(R)) R—1 L?(B(R))
R
< /R 1 (1f = Felleesery) + |1fr — crllieaemy)) dr

< Clo IV FllLesry) + Co(T) e IV fllLe(B(r)\B(R-1)

17. LOWER BOUND ON POINCARE CONSTANT

Let Z,, denote T" x R equipped with metrics dt? +° 62“itda:?, where we suppose p; <
o < ... < pp. In this section we will give a lower bound for the quasi-isometric distortion
growth between two spaces Z = Z, and Z' = Z,,, using our results on transported Poincaré
inequalities. Let O, O" = (0,...,0) be base points of Z and Z’ respectively. First we notice
that the width of T™ x (—o0,0] is finite so it is at finite distance from a ray (—oo,0], so
from now on, we shall focus our attention on the part of Bz(O, R) where ¢t > 0.

Theorem 24. Let Z, 7’ be two locally homogeneous hyperbolic metric spaces with metrics
dt? + 3 e2Hitda? and dt* 4+ . e*itdx? respectively, 0 < py < po < ... < pin and 0 < ) <
ph < ... <ul. Assume also that > pi/pn > > /1. Suppose that there exist constants
a and b such that for any i b < p;,ui < a. Then there exist constants Go(a,b), Gi(a,b)
and Ga(a,b) such that the following holds.

e Let ©: Bz(R) — Z' be a continuous (A1, A2, 1, ¢2)-quasi-isometric embedding, in-
ducing an isomorphism on fundamental groups. Suppose that © sends base point to
base point, ©(0) = O" and that R > const(A\ +c1 + 1)(Aa + c2 + 1) /), (with uni-
versal multiplicative constant). If p > > ul/ul,, up to replacing Z with a connected
2-sheeted covering, Poincaré constant Cp(p) for a ball of radius R in the space Z
is bounded from below by

1
Cy(1) = (Gola, )P (g + ) /7207 = OLrssitd e (/DR (3 = 5 it/ ) "

e The distortion growth (see Definition[]]) for quasi-isometrical embedding of Bz(R)
into Z' is bounded from below by

Da(R) > Gy (Z“i - Z—%> R — Gy,

- P, K,
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provided that R > Ry for some ineffective constant Ry.

Remark 9. The assumption that © be continuous is not that restrictive: every quasi-
isometric embedding is within bounded distance of a continuous quasi-isometric embedding,
with a slight loss on additive constants.

If dim(Z) > 3, the assumption that © be isomorphic on fundamental groups is not that
restrictive either. In Lemma [[7] we shall show that this is automatic, but unfortunately
the argument introduces an ineffective constant, which therefore arises in the distorsion
growth estimate.

We will prove this theorem in several steps. First we introduce non-trivial double-
covering spaces of Z and Z’ of Z and Z'. We prove that © lifts to a (A1, A2, 2¢q, c2)-quasi-
isometry. Then we take a test-function ™ on Z' which depends only on one coordinate
Ty. It varies very slowly outside of some ball, so the absolute value of the transported and
regularised function v on Z stays near to 1. Lemmas [4] and [[G help us to control how the
lower bound of Poincaré constant changes under transport. This helps us get a lower bound
for Poincaré constant of Z in function of {u;}, {1} and the constants of quasi-isometric
embedding. We also have an upper bound for the Poincaré constant of Z by Theorem
The combination of these results provides a lower bound for the distortion growth for Z
and Z'.

17.1. Quasi-isometric embeddings and fundamental groups.

Lemma 17. Let Z, Z' be two spaces of the described form with equal dimensions n—+1 > 3.
Then for any A\ > 1, o > 1,¢1 > 0,c0 > 0 there exists Ry = Ro(A1, A2, c1,c2) such that
if R> Ry and a continuous map f : Bz, (O, Ro) — Z,y is a (A1, A2, c1, ¢2)-quasi-isometric
embedding, then f induces an isomorphism on the fundamental groups m(Z,) — m1(Z,).

Proof. We provide a proof by contradiction. Assume that for arbitrarily large values of R,
there exists a map fr : Bz(R) — Z' which is a (A1, A2, ¢1, ¢2)-quasi-isometric embedding
which is not isomorphic on fundamental groups. Pick a 2¢j/Aj-dense and ¢q/Aj-discrete
subset A of Z. Notice that if fr is a (A1, A2, ¢1, ¢2)-quasi-isometry, then fg is bi-Lipschitz
on Bz(R) N A. Conversely, if a map defined on B(R) N A is bi-Lipschitz, then it can be
continuously extended on B(R) as a quasi-isometric embedding. Indeed, away from a ball,
Z' is contractible up to scale c¢;.

If d(O’ fr(O )) — oo then for R large enough fr is homotopic to 0, hence fg lifts to
fR Bz(R) — — X, which is homogeneous. Now up to composing fR with an isometry
we can suppose that it preserves the center fR( ) = O'. By Ascoli’s theorem, we can find

a sequence fR |o which uniformly converges to f IA: ZNA — Z' which is also bi-Lipschitz.

We continuously extend f| Ato f:Z— Z', fis a quasi-isometric embedding. Its extension
to ideal boundaries is continuous and 1nJectlve. By the theorem of invariance of domain,
Of :T" ~ 0X,, = S™ is open, and thus a homeomorphism. This provides a contradiction
ifn>2.

If d(O', fr(O)) stays bounded, we can directly use Ascoli’s theorem, and get a lim-
iting continuous quasi-isometric embedding f. Again, f extends to the ideal boundary,
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Of : 0Z — 0Z', the map Jf is continuous and injective. Because 0Z and 907’ have the
same dimension, df is an open map by the theorem of invariance of domain and 9f is
a homeomorphism. Hence, 0f induces an isomorphism on fundamental groups. If R; is
sufficiently large, then fg; is at bounded distance from f and hence fg; also induces an
isomorphism 71 (Bz(R)) — m1(Z'). This contradiction completes the proof. O

Remark 10. The proof does not provide an effective value of Ry.

17.2. Lifting to a double covering space. Introduce a double covering of Z'. Let
7' = R"Y/Zn1 x R/2Z x [0; +00). Consider the map Z’ — Z' defined by

(1,22, ..., Tp,t) = (x1,29,...,2, mod 1,t).
So we identify (z1,z2,...,2,,t) and (z1,22,...,2z, + 1,t) in Z'. Consider a complex func-
tion u(z1,ra,. .., 2Ty, t) = ™% on Z'.

Composition of u with deck transformation ¢/ : Z' — Z'
(2, o, ., t) > (21, T, ., @ + 1L E)

gives uo i = —u.

We have © : Z — Z' which is a continuous map inducing an isomorphism in fundamental
groups, and we have 7' which is a covering space of Z’. We need to show that there exists
a non-trivial covering space Z — Z such that the following diagram commutes.

zZ = 7
izl Lz
z & 7

Define ~

Z={(z,N|z €27 €n}(0)},
that is Z € Z x Z'. Let [/] be a loop in Z' which does not lift to a loop in Z’. By
hypothesis, there exists a loop v in Z such that O(y) is homotopic to v Then v does not
lift to a loop in Z. There exists an isometry ¢ of order 2 on Z such that @ o1t =/ 006.

17.3. © lifts to a quasi-isometric embedding. Here we will prove that in the con-
structed double coverings O lifts to a (A1, A2, 2¢1, ¢2)-quasi-isometric embedding. We need
two preliminary lemmas concerning distances in two-fold coverings.

Lemma 18. Let Z = Z,, be a locally homogeneous space. Let z be a point in Z in the region
where t > 0. Let ¢ = t(z). Every loop based at z' of length less than 7 s null-homotopic.

Proof. Let v be a non null-homotopic geodesic loop at z. Assume that its length is < 7.
Let 0 :] — 00, c] be a geodesic ray joining the unique ideal boundary point of the part of Z
where t < 0 to z. Let y; be the geodesic loop based at o(t), homotopic to a[;’lc]’ya[m}. The
length of «4 is a nonnegative, convex function of ¢, which tends to 0 as ¢ tends to infinity,
so it is nondecreasing. Therefore length(vyp) < . The null-homotopic loop 7y Lo=1yo lifts
to a geodesic quadrangle ABC D in the universal covering X of Z, with t(A) = t(B) = 0,
t(C) =t(D) = c. Let ¢ denote the hyperbolicity constant of X. By definition, there exist
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points P and @ in X such that P (resp. @) sits at distance at most § from all sides of
the triangle ABC (resp. ACD). Since t(P) < ¢, t(Q) > ¢ — £, there exist points P’ and
Q' € AD such that d(P', BC) < 24, d(Q', BC) <26 and d(P',Q") > § — 4.

Let —a be the upper bound of the sectional curvature of X. Then.... O

Lemma 19. Let v be a geodesic in Z with end-points zs3, z4, the length of v be b. Let zo be
a point at distance a from the base point z1 = O. Assume also that d(z1,z4) = d(z2, 23) = t.
Then there exist two points w1 on z1z4 and us on zs, z3 such that

d(uy,ug) <

Proof. Up to a normalisation, we can suppose that the curvature of Z K < —1. Then we
can compare it with a CAT(—1) space X. The metric on X in polar coordinates is

ds? = dr? + sinh? rd6>.
Consider a triangle z1 2324, let a triangle z1x3z4 C X be a triangle of comparison for it. The
geodesic x3xy4 lies in the area {t —b < r < t+b}. Then we have for the angle Zzszi24 =0

ds 1 b
0< [ do< < ds = ——.
- L - L sinhr — sinh(¢t — b) L § sinh(t — b)

Let u; be a mid-point of 2124, that is d(z1,u1) = t/2, vy is a corresponding point on zqxy4.
Let v’ be a point of 2123 such that d(z1,us) = t/2, its corresponding point on zyx3 is v'.
Then

sinh(¢/2)
sinh(t —b)’
where we integrated along an arc of a circle between v1 and v’ centred in x7.

In the same manner we consider the triangle z12523. Take a point us on z9z3 such that
d(z3ug) = d(z3u') = d(2123) — t/2. Then

t
d(ui,u’) < d(vi,v') < /sinh %d@ = @ sinh 3 <b

, sinh(t' — ¢/2)
<ga———.
d(w'uz) < a sinh(t — a)
U

Lemma 20. Let z1, 29 be two points in Z such that d(O',0(z1)) > ¢1 or d(O',0(22)) > 1

and d(z1,22) < c1/M1. Then d(O(31),0(%)) = d(O(z1),0(22)).
Proof. Let 2, € Z be such that d(é,il) > c1. Set
W = {%e€Z|,d%,%) <al,
U = {&eW[dO(2),0(%)) = d(O(z1),0(22))} C W,
V = {5 eW[dO(2),/ 00(%)) = d(O(21),0(22))} C W.
By construction, W = U U V. Let us show that the intersection of U and V is empty
UNV = {2 € W[d(O(21),/ 0 6(%)) = d(6(%1), 0(22))}
If (21, 22) € UNV, then the geodesic segments connecting ©(2;) with ©(%y) and ©(;) with

! 0©(Z3) induce a loop v in Z’ of length 2d(0(21),0(22)) < 2 (A1 (c1/A\1) + ¢1) = 4¢1 which
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is not homotopic to 0. According to Lemma [I8 this is incompatible with the assumption
that d(O’,0(z1)) > ¢1. Hence, U NV is empty. Since U is non-empty (it contains at least
Z1) and closed in W, V is closed in W and W is connected, we conclude that U = W,
which finishes the proof. O

Lemma 21. A (A1, A2, c1, c%)—qyasi—ifometric embedding © : Z — Z' lifts to a (A1, Ay, 2¢1, ¢2)-
quasi-isometric embedding © : Z — Z'.

Proof. The lefthand inequality in the definition of quasi-isometric embedding is evident as
in a covering space distances cannot diminish. Let 4 C Z be a geodesic between % and Zs.
Let t1 be the first point such that d(©v(t),0’) < ¢; and t be the last point with such a
property. Then

d(6(21),6(22)) < d(©7(t1), 0(t2)) + d(6(21), 03(11)) + d(O(21), OF(t2))-

By definition of ¢; and 5 Ei((:)ﬁ(tl , ~5/(t2)) < 2¢1. Now divide parts of v between ©(%;)
and ©%(t;) and between ©(Z;) and ©7(t2) by segments of length ¢1/\;. We apply the
previous lemma to them, so

o A U c
d(O(21),03(t)) + d(6(21),07(t2)) < N <)\1)\—11 + c1> :
where N < d(Z1, 22)/(c1/A\1) is a number of segments in the subdivision. So,

d(é(él), é(ég)) < 2c1 + 2)\1(1(21, 52).
O

17.4. Proof of the first statement of Theorem Let ¢ be a kernel on Z invariant
by isometry, that is for any isometry ¢

P (1(21), UZ2)) = Y’ (21, Z2).

Let also ¢ be a cross-kernel constructed with the quasi-isometry © and a kernel ¢ on A
which is also invariant by isometries. Define a complex function v on Z as follows

v=(uxed)x.

Then v ot = —v. Indeed,

vor=(ur@) sy or=(uror) .
On the other hand,

Uxpol= /u(%’)(b(bé,i/)di/ = /u(g’)g(/(:)(g)7 ()22)dZ =
— [ @)@ 217 = [l Z)e(O(). )7 = —uxo

hence, v is skewsymmetric with respect to (. We get immediately that [v = 0. Now we
apply successively Lemma [I4] and Lemma
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Step 1. By Lemma [I4] there exists a kernel ¢y on Z which is controlled by a and b and
such that

(/ |v<u*¢*w’>|p)1/p < Ny, (u 9),

where for ¥; we have the width of support is R¥* = R¥" and

sup V' sup ¢/
inf, vol B(z, RY)’

sup 1 <

Step 2. By Lemma [If there exists a kernel ¢; on Z’ such that
N¢1(u * ¢) < éNQ(“))
where the width of support of ¢; is 2RS + M R¥’ + ¢1, the supremum of ¢; is

su !
sup Cl — prwl 62R<+)\1Rw +c1 (2)\1RC + 01)2
T
and

~ 1 ARY +c / 2/p
CZE(SUPT/Jl)g/pe((H R (@R ber) .

Step 3. Applying Lemma [[4] we get that there exists a kernel ¢, on Z’ such that
Ne, (u) < C(n)|[Vullp,

we remind that the constant C'(n) depends only on the dimension of Z” if the Ricci curvature
is bounded from below, that is sup p; is bounded.
Step 4. Here we merely need to pass from N¢, to N¢,. We apply Lemma [I4] once more

NCl < éNCQ’

where

¢ = JIPS1TIP G2 C15up 62 R—Q(Ze)(QRCJr)\lR’”/er)/EQ.
Y 62

Choose ¢ and ¢ such that RY" =1 and RS = 1. Then supv’ and sup ¢ are controlled

by a and b. We note also that €2 = 1. So combining all inequalities we get

/ IVolP < Cy(a,b) (M + Cl)3+2/p e(9+3/p) (A1 +e1) / [Vul?,
B(R) T x [0, 4-00]

where C(a,b) is a constant depending only on a, b and dimension n. Denote Q = A\ + ¢;.
The distortion growth Dg > 1/2Q so we will establish a lower bound for () now. Assume

C(@Q) =M+ Cl)3+2/p e(O+3/p)(Ar+er)
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Let us compute |v(Z)| for Z which is rather far from the center. In fact we require that
d(O, 2) > Ry = )\Q/M;L log 87 + 2/\2()\1 + Cl) +co + 1.

(ux ¢) +/(3)] = /X /Y w(Z)COG), 3 (5, 51 )dF dz

> / / (w(Z) — u(B(2)) + u(@(E))C(O(2), ) (2, 21)d 2
> // (O(2)))C(O(21), 2 (2, 21)dZ dz

- \ [ [ )~ @6, v aasaz
> 1- / / () — w(@(E)[C(B(2r), ) (2. 71)dZ d.

V/(%, %) is non-zero if d(Z,%;) < RY =1 and ¢(©(%;),7) is non-zero if d(3',0(z1)) < R¢ =
1. So the diameter of the set S of points 2z’ such that the integrand is non-zero, is at most
oA +¢1 +2 < 4(\ +c1). Assume 2 = O(Z) € S. Then by the mean value theorem, for
any point 7 € S,

[u(Z') —u(2)| < |7 — 2| sup |[Vu(z")] < 4(\1 + ¢1) sup TU | et < Ar(M + c)e Hnt
zes ze8 Oy
< 471-()\1 + Cl) sup e_/ﬂnd(O”gl) < 47_‘_()\1 + 61)E_M,"((Ro_l_cz)/)\z_2(>\1+61)) < 1
2'e8 2
Hence we have proved that
1
S <) ()| <1
And we conclude from this relation that for R > Ry
1
/ [u]P > —wol(B(R)) — vol(B(Ry)) > e #)f jopt1,
B(R) 2
Let us compute the integral [ IVul?.
+0o0o
/ [Vul? = / ‘ e Hnpte(S ) dtdy,, = 77/ o(SHi-pi)igy - HaT .
0 — > Wi/ +p

Hence the Poincaré constant C)p(p) for Z satisfies

] o] ol I
G 2 190 2 G0 NS
> (W w2 C1(a,)C(Q)) T e IR(p — N7 /).

This proves the first claim in Theorem
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17.5. Proof of the second statement of Theorem Let © : Bz(R) — Z' be
a (A1, A2, 1, co)-quasi-isometric embedding. Approximate © with a continuous quasi-
isometric embedding. According to Lemma [T for R large enough (the bound is not
effective, however), © is isomorphic on fundamental groups. Lemma implies that ©
moves the origin a bounded distance away. Indeed, a non null-homotopic loop of length
1 based at O is mapped to a non null-homotopic loop of length < QQ = Ay + ¢; based at
©(0). This implies that ¢(6(0)) < 4Q and d(0',©(0)) < 4Q + 1.

The space Z is of the form T x R where T — T is a connected 2-sheeted covering
space of torus, that is T is also a torus. Hence we can apply Theorem We have
Cyp(1) < Co(a,b)e! . So we arrive to

_ 1/
(1,2 C1 (0, 0)C(Q)) ™7 /IR (5 =S i fyr ) < Cola, bt P

Hence with C3(a,b) = (u!,72P+1C (a, b)) /PCy(a,b),

I\ /P
Cs(a, H)C(Q) > X Hi/p=m)R (p _ %) '
We have calculated that C(Q) = Q3+2/Pe0+3/P)Q  Combining these results, assuming
p=>u,/ul, +1/R and using the fact that @ > log Q, we get for R large enough

) /

Q 2 Gl(a7 b) <& - Z_f%z) R— G2(a7 b)

Hn Hn,

with G1(a,b) and Ga(a,b) being constants depending only on a and b.
This finishes the proof of Theorem

Part 4. Examples of different distortion growths
18. APPROXIMATION OF DISTANCES AND AN EXAMPLE OF QI

Let X,Y be two geodesic hyperbolic metric spaces with base points g € X, yp € Y.
Let 6 : 0X — 9Y be a homeomorphism between ideal boundaries.

Hypothesis 1. Assume that there exists a constant D such that for any x € X there exists
a geodesic ray v from the base point v(0) = z¢ and passing near z: d(z,7v) < D.

We are going to construct approximatively (up to D) a map O extending the boundary
homeomorphism 6. Take some point x and a geodesic ray v from zy passing near x:
d(v,z) < D. Then ~(c0) is a point on ideal boundary dX. The corresponding point
0(v(o0)) € Y defines a geodesic ray ' such that 7/(0) = yo and 7/(c0) = 0(v(00)). Set
O(z) = +/(d(xp,z)). So, by construction, © preserves the distance to the base point. Still,
it depends on the choices of v and 7.

Definition 22. Define the following quantity

_ dy, (0(£1),0(82)) "R -R
K(R) = SUp{ Y dwo(gl’fg) |dm0(£1,£2) >e V dwo(e(&), 9(52)) >e } .

log
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We are going to prove that © is a (1 + 215(—55),D +40+ 2K(R)>—quasi—isometry. We

begin with a Lemma which gives an approximation (up to an additive constant) of the
distance between two points in a hyperbolic metric space. In its proof, all equalities hold
with a bounded additive error depending linearly on 4.

Lemma 22. Let P, Py be two points in a hyperbolic metric space Z. Let Py be a base
point (possibly at infinity). Let distances (horo-distances if Py is at infinity) from Py and
Py to Py be d(Py1, Py) = t1 and d(P2, Py) = ta. Assume that there exists points Pf° and
P3° such that Py (resp. Pa) belongs to the geodesic ray defined by Py and P° (resp. Ps®).
Denote by
too = —logvisdistp,(Pr°, P5°)
the logarithm of visual distance seen from Py. Then up to adding a multiple of ¢,
d(Py, Py) = t1 + to — 2min{ty, to, too }-

Proof. Let P} be a projection of Py on the geodesic PY°Ps°. By Lemmal5] PJ lies at distance
at most 26 from both Py PP° and PyPs*. Hence, up to an additive constant bounded by 44
the distance between Py and P is equal to Gromov’s product of P and P5°. It follows
that to = d(Py, B)) = —logvisdist(Py, Py).

The triangle PyPf°Ps® is 6-thin. Notice that if P, (or P) lies near the side Py°Ps° then
t1 > too. Otherwise, t; <t (both inequalities are understood up to an additive error ¢).
This follows from the definition of the point P} as a projection and Lemma [l

Hence, if t1,ty > too, d(P1, Py) = d(Py, Py) + d(Pa, Py) — 2d(P0,P6) =11+ tyg — 2t .

If t1 <ty < to, d(Pl,Pg) = d(Pl, PO/) + d(Pé,Pg) =19 — 1.

Finally, if ¢1,ty < too, we get d(Py, Py) = |t1 —to| = t1 +to — 2min{ty,t2} as P lies near
PyPs©.

0

Lemma 23. Let Z and Z' be two hyperbolic metric spaces. Let © be the radial extension
of a boundary homeomorphism 0, as described at the beginning of this section. Then for
any two points Py, Py € B(Py, R) C Z such that d(Py, Py) > ¢, we have

dz/(O(P1),0(P)) K(R)
dz(Pl,Pg) §1+2—c .

Ifd(P, P») < c,
7 (O(P1),0(Py)) < 2K (R) + c.

Proof. We will use the same notations as in Lemma@2l Visual distance d7’ between P and
P and the (horo-)distance to from Py to PP°P5° are connected by the relation e fe =
doo(Py°, Ps°). In the same way we define ¢,  as the (horo-)distance for corresponding
images.

By Lemma 22] we know that d(Py, Py) = t1 + to — 2min{ty, to, too }-

Assume first d(Py, P;) > c¢. We will write dz = d(P;, P2) for the distance between P;
and P, and dyz = d(©(Py),O(F;)) for the distance between their images.
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We have to consider four cases depending on the relative sizes of t1,ts,ty and . as
they determine values of minima defining dz and dz/. Without loss of generality, we may
assume that t; < to.

1st case If both t; < to and t1 < ¢/, then

dZ’ _t2—t1 N
dy to—1t1

and this case is trivial.
2nd case If too < t1 and t., < t1. We have to give an upper bound for
dz . t1 +to — 275,00
dz  t1+ty—2t5°°

Consider

t/

Lo =1

doo (6(P°), 0(55°))
doo (Y%, P5%)

Because dy > ¢, we have t1 + t9 — 2t > ¢ hence e(titt2)/20—to 5 ¢¢/2 And as ti,to < R
we obtain for visual distance d7’ > e2e=B > ¢=B_ We conclude that

the — too] < K(R).
Finally,

o —to

dZ’ dZ’_dZ+dZ 1 /

== 7 2 14— 14—t —tsl
dy dy Tt g lteo ~ ol

3d case Now let to < t; <t.,. Then

dZ/—dZ:tQ—tl—(tl—l—tQ—Qtoo):2(7500—751)SO,

which leads to
dZ’
<1.
dz —

4th case Finally if ¢/ < t; < t3° then
dyr —dgz = (t1 +ta — 2t5) — (ta — t1) = 2(t1 — t) < 2(t5° — tly).

We know that t; < R and at the same time we have ¢, < t1, hence t, < R and visual
distance between P’ and P9 is at least e~ ®. Now as in the 2nd case we obtain that

ty —tl, < K(R) and hence

dy K(R
R QL‘
dZ C
Now assume that dz(P;, P») < ¢ (we still suppose t; < t3), hence the distance to, > to
and we are either in first or fourth situation. In the first case, t1 < to, and 1 <t s0 dy =

dz < c. In the fourth case, we have still dzr —dz < 2K(R) and hence d, < c+2K(R). O

Applying the Lemma both to © and ©~!, we get the following Theorem.
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Theorem 25. Let X,Y be two geodesic hyperbolic metric spaces with base points xg € X,
Yo € Y. Assume that there exists a constant D such that for any x € X there exists a
geodesic ray «y from the base point v(0) = x¢ and passing near x: d(x,7v) < D (Hypothesis
Q). Let the restriction of © : X — 9Y be a homeomorphism between ideal boundaries.

Then © is a (X, Cy)-quasi-isometry, where X = 1 + 2@ and Cy = 2K(R) + ¢. The
constant ¢ can be chosen as ¢ = D + § where § is the hyperbolicity constant.

19. EXAMPLES
19.1. Bi-Holder maps. Let 6 be a bi-Holder map:

d(0(£1),0(82)) < cd(&1,62)% o <1,
d(0(£1),0(&2)) = %d(&,gg)ﬁ,ﬂ > 1.

Assume first that for two points &1, & of the ideal boundary, the visual distance d(&1,&2) >
e . Then we have

d(0(&1),0(82))
o8 = 0e &)

Now, if the visual distance between images of & and & satisfiesd(6(&1),0(€2)) > e &, we
get

<loged(6r,6)* ! = —(1—a)logd(é1,6) S (1—a)R.

1
d(§17§2) 2 —e_R/a
cl/a

and hence

log d(0(&1),0(&2)) > -«
d(&1,&2) a

We obtain the lower bound for log % just in the same way as the upper-bound.

If d(fl, 52) > E_R

d(0(&1),0 1 _
tog LD 5 10 Lye, )71 = —(1 = Blogd(ér.&2) < (1— )R
d(flu 52) c
If d(0(61),0(&)) > e

op W0, 0(&)) 1 B-1)/6 _ _
log (61,6 = log —d(0(&1), 0(&2))

This gives

R.

1-p
B

logd(6(61),6(62)) 2 - .

K(R) <max{l —a,1 — (}R.

In particular, consider two variants of the space T™ x [0,+00) Z and Z' with metrics
dt? + Y e?itdz? and di? + . e?#itdz? respectively. The visual distance between points Py
and P, is given by

doo(P1, Py) ~ max |z} — 22|'/H.
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Pick the identity map 6 : 0Z — 0Z’. Then
doo (0(Py),0(P)) _ max; |z} — a2 |VH
doo(Py, Ps) max; |z} — z?|V/mi
Suppose that d(P;, P,) > e~ . Then
doo (0(11), 0(12))

I .
< g o} — a2
7

1 20/l =1 i |

log doo (P1, P2) ‘S log max [z; — a7 =1/ i | —

- <M — = — | |logla} — x| > < max M—f — 1‘3.
! My M &

So, we conclude that K(R) = |max;(u;/p}) — 1| R.

Remark 11. More generally, such bi-Holder maps exist between boundaries of arbitrary
simply connected Riemannian manifolds with bounded negative sectional curvature. The
Hoélder exponent is controlled by sectional curvature bounds.

19.2. Unipotent locally homogeneous space. Now assume the space Z is a quotient
R?/Z? x R of the space R? x R with the metric dt* + €% (dz? + dy?). Consider the space
7' = R?/72 x4 R, quotient of the space R? x, R, where « is the 2 x 2 matrix

(01)

The locally homogeneous metric is of the form dt? + g; where g; = (e

[ T\ el tet T\ el + tely
“\w) Lo ¢ y ) e'y

and so g; = d(e'z + tely)? + d(e'y)? = e (dz? + 2tdxdy + (t* + 1)dy?).

Let 6 : 0Z — 0Z' be the identity. Consider two points Py = (x1,y1) and Py = (z2,¥ys2)
in Z. We will write © = z1 — 29 and y = y1 — y2. For the visual distance between P, Py
we have

ta)*go

doo (P1, P2) = max{|z], [yl}.
For their images 6(P;) and 0(P) (see section 5 of [27] and [28])
doo(0(F1),0(P2)) = max{ly|, | —ylog [yl}.

First we will give an upper-bound for log(deo(0(Py),0(FP2))/de(P1, P2)). We have four
different cases.

1st case. If |z| < |y| and |z — ylog|y|| < |y|,
doo(0(P1),0(P2))

=1.
doo(P17P2)
2nd case. If |z — ylog |y|| < |y| < |z,
doo(0(£1),0(P)) _ |

doo(P17P2)
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3d case. If |z| < |y| < |x —ylog |y||.

doo(O(Py),0(P. -yl
(0(11),0(F) _ |= yogy’gﬁﬂloglyll-
doo(P1, Py) ly] vl

If doo (P1, Py) > e~ we have e~ < |y| < 1 (the upper bound follows from the fact that y
is a coordinate of a point of a torus) and hence |log|y|| < R and we finish as follows,

doo (0(F1),0(F,)) _ ||
< — +1lo <1+ R.
(P Py gy W
If doo (0(P1),0(P,)) > e~ we will consider two situations.
o If |z| > |ylog|y|| then |z —ylogy| < 2|x| and as |x| < |y|
doo(P17P2)

o If || < |ylog|y|| then e~f < |z — ylog|y|| < 2|ylog |y|| and hence |log|y|| < R, so
doo (0(P1), 60(1%))
doo(P17P2)
4th case. Let now |y| < |z| and |y| < |z — ylog|y||
Ao (O(P),0(P2)) _ |z = ylogly
doo(Pr1, ) ||
We will check two possibilities.
o If |y| < |z|? then

<1+R.

|y log |y||
2]

<1+

lyloglyl| _ |y|'”
|z| |z

(Iyll/2 loglyl( <1.
e Now suppose that |y| > |2]?. If doo(Py, P2) > e ¥, we see easily that |y| > e 2F
and hence
lyloglyl| _ |zloglyl|
[z 7 g
If doo(0(P1),0(Py)) > e T we use the fact that |a + b| > 2max{|al, |b|}. Hence, either
lz| > e /2 or |ylog|y|| > e /2 and so |y| = e~ and we finish the estimation as earlier.
So in the fourth case we have also

I (P1, Py) <2R.

<logy|| < 2R.

Here, we have proved that log(de(6(P1),0(P))/ds(P1, P2)) < log R. Now we proceed
to give also a lower bound for this expression.
st case. If |z| < |y| and |z — ylog|y|| < |y
oo (0(P1), 0(P))

=1.
doo(P17P2)
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2nd case. If |z —ylog|y|| < |y| < |z]
doo(0(P1),0(F2)) _ |yl
doo (P1, I2) ||
Without loss of generality, assume z > 0. By the construction of Z, |y| < 1 hence log |y| <

0. If 0 < z < ylog |y|, we have y < 0. Now transform x < ylog |y| as 1 < —log |y|(—y)/z,
hence

1

logly|’
Now either duo (0(Py1),0(P)) = |y| > e or e < doo (Py, P2) = |z| < ylog |y| which also
means that |y| > e . So,

v

y
e
R

Wy 1
[z~ R
If on the contrary ylog|y| < z we have
(4) z —ylogly| <yl <.

First we notice that ylog |y| > x —|y| > 0. As |y| < 1 for any point of our space, log |y| < 0
and we conclude that y < 0. Now from () we obtain that = < —y(1 — log|y|). As
1 —log |y| > 0 we obtain
1
.
= 1—loglyl
If deo (0(P1),0(P2)) = |y| > e, we trivially get that

ly| 1
= > =.
lz] = R

If e % < doo(Pr, P2) = |2| we write e ¥ < # < —y(1 —log|y|) and hence y > e~ so we
obtain the same result. So, in both cases we come to the same result

log M

< R.
|z|

3d case. Assume |z| < |y| < |z — ylog |y||, this case is trivial as
doo(0(P1),0(P,)) _ |z —ylogyl

doo(P1, P2) vl
4th case. Let now |y| < |z| and |y| < | — ylog |y||. We also suppose that = > 0 to save

notation.
doo(0(P1),0(P2)) |z —ylogly||
(5) = =
doo (Py, Py) ||

If (@) is greater than 1/2 then we have nothing to prove. So suppose that (B]) is less than
1/2

> 1.

1

_ ylog |yl
—.

X
-3 <z —ylogly| <

VS
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and so
a:< loH<3x
—2_y gy_—2.

The last inequality shows that if either duo(6(P1),0(P)) > e~ or do (P, Py) > e &,
ly| > e~ and so we have

lyloglyll _ lyloglyl| 1
> = |log |yl| = =,
x Y R
which completes our discussion of this example. We have proved that
K(R) S log R.

Part 5. Appendix
20. POINCARE INEQUALITY FOR H"

Let H” be n-dimensional hyperbolic space. The metric is written as dr? 4 sinh? (r)d6? in
polar coordinates, this is very close to the exponentially growing metrics studied in section
From the results of section [I6 little effort is needed to get the Poincaré inequality for

balls in H",
1/p 1/p
( / If(w)—CI”du> < CI(R) ( / IVflpdu> .
Bpyn (R)) Byn (R)

Theorem 26. Let H" be n-dimensional hyperbolic space. Then for a ball B(R) of H" the
Poincaré constant does not exceed

h R
CpP(R) < C(p,n)(1+e€™),
where C'(p,n) depends only on p and dimension n.

Proof. We will provide the proof by comparing the hyperbolic metric with an exponential
metric dr? + e?"df?. To pass from the exponential to sinh, we will divide the ball B(R) in
two parts: a little ball near the center and its complement. Finally we will compare the
initial inequality with the Euclidean Poincaré inequality on this small ball and with our
”exponential” inequality (Theorem 23)) on the complement.

Let the volume element be dy = sinh™ ' rdrdd. We will also write dvoly,, for dpu,
dvoley for euclidean volume element and dvolc,, for exponential volume element djiey) =
e rdrdd. The idea of the proof is following. First we notice that outside of a ball
B(1) exponential and hyperbolic metrics are equivalent. On the other hand inside of a ball
B(2) hyperbolic metric is equivalent with euclidean metric. This motivates us to use the
partition of unity to prove the initial Poincaré inequality for hyperbolic metric.

Let b= fB(z) fdvolgye, x be the continuos function

x(x) =11if x € B(1)
(x) =01if x € H\B(2)
(x)=2—-rifz e B(2)\B(1)

X
X
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We notice that

e sinh” 'r < e for >0,
n=1r < ¢ sinh® ' r for r > 1 where the constant c, is equal to e"_l/si]ah"_1 1,
e in B(2) (r < 2) the hyperbolic and euclidean metrics are equivalent

oe(

sinh® ! rdrdd sinh 2\ " !
1< .
- rn=ldedd T 2

Now present f — b as follow f —b = x(f —b) + (1 — x)(f —b). First we consider the
function b+ (1 —x)(f —b). We notice that V(b+ (1 —x)(f —b)) equals to 0 on B(1), hence

/ V(1 = x)(f — b)|P sinh™ V) rdrdh = / V(1 = x)(f = b)|P sinh™~V rdrde.
B(R) B(R)\B(1)

And we can write

/ b+ (1—x)(f —b) — c1|Psinh™ Y rdrdd < / b+ (1 —x)(f —b) — c1|Pe™ V" drdg
B(R) B(R)

IA

gy [ 19— = o rdrdg
B(R)

< ¢, (CE2P(R))? /B AR sinh®= rdrdp),

where the second inequality is a Poincaré inequality for exponential metric.
Now we will apply to the righthand part of the inequality the following formulas

VI=x)(f=b)=00-x)Vf+(f-b)V(I —x).
and

fr+ follfs < 201 f111Ts + [1f2llT0)-
We get that

/ b+ (1= x)(f —b) — 1| sinh™ Y rdrdf <
B(R)

< cep (C52PY? </B(R) |V £|P sinh ™) rdrdf +/

|/ — b|P sinh™~ V) rdrd@)
B(2)

Now we write euclidean Poincare inequality in B(2) with euclidean constant C’;jﬁfl (it
depends only on dimension)



62 VLADIMIR SHCHUR

inh 2\ " !
/ \f — bPPdvoly,, < (Sm > / If — bPdvoleya
B(2) 2 B(2)
sinh2\" ! NP »
EUC d leuc
(222) " () [, st

sinh 2" NP
< euc p
< ( 5 > (Cput) /B |7 oot

Consider the function x(f — b). It equals to 0 on the complement of B(2) so we can
easily treat this case involving euclidean Poincaré ineqaulity as two metrics are equivalent
there.

sinh 2

n—1
/ X(f —b) — eafPdvolyy, < ( ) / X(f — b) — calPdvoluwes <
B(2) B(2)

sinh2\" " NP sinh 2" ! p
< euc Vv f|P < eucl v f|P )
N ( 2 > <Cp7n ) /B(2) [V dvolenss < ( 2 > <Cp7n > /B(2) v Avolhup

Now we need to combine all these results. First, we have

| dr-e-alduzp [ (b= -0 - al + (- b - P )du
B(R)

B(R)
remind that dy = dvoly,,. Further, we note that for big enough R

inh2\" ! p
(%57) () <o (cpmany

hence
[ Af-e-ali < et cm) e () ([
B(R) ’ 7 5

p
et (cprmcs) [ (osran
B(R)

VP + / IVflpdu)
) B(2)

(R

IN

21. EQUIVALENCE OF THREE FORMS OF THE POINCARE INEQUALITY

In the literature, we can meet three different definitions of Poincaré inequalities. We
will show that they are equivalent.

Definition 23. e There exists a constant C’; such that for any function f with Vf €
L? and its mean value ¢; = § f

1f = ésllur < CylIV f[e;
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e there exists a constant Cg such that for any function f with Vf € L? there exists
a constant ¢y

1] = &flle < ColIV flls;
e there exists a constant Cg’ such that for any function f with Vf € P

|f(z) = f(y)[Pdzdy " <Cp IV f(z)[Pdx 1/,,.
XxX X

Proposition 7. All three definitions are equivalent in the sense that C’;, C’g and C’S differs
only by universal multiplicative constants.

Proof. 1 = 2 Evident, just assume ¢y = cy.
2 = 3 Assume g = f — c¢y. Hence Vg € L? and we have ||g||, < C’2||Vg||p. So,

F11@) - sPasdy <2 (f\f P+ 150 rpdy> <afczvsp.

We just proved the third definition with Cg’ < 405.

3 = 1 Now consider ||f — ¢f||Lr
_ Wy | )”” ( ' ’ )”P
I =elhs = [ [0 L0 # | @ = swas] as

1/p 1/p
(Vol jl{|f )|pd:1:dy> §<VOZ(X)Ogj£|Vf|de> = C3||V fl|Le-

1 3
Hence, Cp < C’p.

22. ACKNOWLEDGEMENT

I am thankful to Professor P. Pansu for advising me through all the steps of this research.

REFERENCES

[1] E. Ghys, P. de la Harpe, eds., Sur les groupes hyperboliques d’aprés Mikhael Gromov, Progr. Math.,
vol. 83, Birkhauser, Boston, 1990.

[2] V. Chepoi, F. Dragan, B. Estellon, M. Habib, Y. Vaxes, Diameters, centers, and approximating
trees of delta-hyperbolic geodesic spaces and graphs, in: Symposium on Computational Geometry,
SoCG’2008, University of Maryland, 2008.

[3] Ch. Croke , Some isoperimetric inequalities and eigenvalue estimates, Ann. Sci. Ec. Norm. Sup.
Paris, 13 (1980) 419-535.

[4] M. Gromov, Infinite groups as geometric objects, Proc. Int. Congress Math. Warsaw 1983 1 (1984)
385-392.

[5] M. Gromov, Hyperbolic groups, in: Essays in group theory (S.M. Gersten, ed.), MSRI Series 8
(1987) 75-263.

[6] M. Bonk, O. Schramm, Embeddings of Gromov hyperbolic spaces, Geom. Funct. Anal., 10 (2000)
266-306.



VLADIMIR SHCHUR

[7] J. Alonso, T. Brady, D. Cooper, V. Ferlini, M. Lustig, M. Mihalik, M. Shapiro, H. Short, Notes on
word hyperbolic groups, in: Group Theory from a Geometrical Viewpoint: 26 March-6 April, 1990
(A. Verjovsky, ed.), ICTP, Trieste, 1990.
[8] G. D. Mostow, Strong rigidity of locally symmetric spaces, Annals of mathematics studies, vol. 78,
Princeton University Press, Princeton, 1973.
9] C. Drutu, M. Kapovich, Lectures on Geometric Group Theory,
http://www.math.ucdavis.edu/ kapovich/EPR/ggt.pdf, 2009.
[10] P. Pansu, Métriques de Carnot-Carathodory et quasiisomtries des espaces symtriques de rang un,
Ann. of Math., 129 (1989) 1-60.
[11] P. Pansu Cohomologie L” des variétés a courbure négative, cas du degré 1, Rend. Semin. Mat.,
Torino Fasc. Spec., (1989) 95-120.
[12] B. Kleiner, B. Leeb, Rigidity of quasi-isometries for symmetric spaces and Euclidean buildings,
Math. Publ. of THES, 86 (1998) 115-197.
[13] M. Kapovich, B. Leeb, Quasi-isometries preserve the geometric decomposition of Haken manifolds,
Inventiones Mathematicae, 128 (1997) 393-416.
[14] R. Schwartz, The quasi-isometry classification of hyperbolic lattices, Math. Publ. of IHES, 82 (1995)
133-168.
[15] K. Wortman, Quasi-isometric rigidity of higher rank S-arithmetic lattices, Geom. Topol., 11 (2007)
995-1048.
[16] B. Farb, L. Mosher, A rigidity theorem for the solvable Baumslag-Solitar groups, Invent. Math.,
131 (1998) 419-451.
[17] A. Eskin, D. Fisher, K. Whyte, Coarse differentiation of quasi-isometries I: spaces not quasi-
isometric to Cayley graphs, Ann. of Math, 176 (2012) 221-260.
[18] A. Eskin, D. Fisher, K. Whyte, Coarse differentiation of quasi-isometries II: Rigidity for Sol and
Lampligher groups, To appear in Ann. of Math.
[19] A. Eskin, D. Fisher, K. Whyte, Quasi-isometries and rigidity of solvable groups, Pure Appl. Math.
Q., 3 (2007) 927-947.
[20] T. Dymarz, Large scale geometry of certain solvable groups, Geom. Funct. Anal., 19 (2009) 1650
1687.
[21] I. Peng, The quasi-isometry group of a subclass of solvable Lie groups I, Preprint.
[22] I. Peng, The quasi-isometry group of a subclass of solvable Lie groups II, Preprint.
[23] Y. Shalom, T. Tao, A finitary version of Gromovs polynomial growth theorem, Geom. Funct. Anal.,
20 (2010) 1502-1547.
[24] P. Papasoglu, Homogeneous trees are bilipschitz equivalent, Geometriae Dedicata, 54 (1995) 301—
306
[25] Y. Shalom, Harmonic analysis, cohomology, and the large-scale geometry of amenable groups, Acta
Math., 192 (2004) 119-185.
[26] M. Bourdon, B. Kleiner, Some applications of LP-cohomology to boundaries of Gromov hyperbolic
spaces, arxiv:1203.1233 (2012)
[27] N. Shanmugalingam, X. Xie, A rigidity property of some negatively curved solvable Lie groups, to
appear in Comment. Math. Helv.
[28] X. Xie, Quasisymmetric maps on the boundary of a negatively curved solvable Lie group,
arxiv:1001.0148 (2009), to appear in Mathematische Annalen
[29] U. Hamenstédt, Zur Theorie des Carnot-Caratheodory Metriken und ihren Anwendungen, Bonner
Math. Schriften, 180 (1987)
[30] V. Shchur, A quantitative version of the Morse lemma and quasi-isometries fixing the ideal boundary,
J. Funct. Anal., 264 (2013) 815-836.

UNIVERSITE PARIS-SUD 11, F-91405 ORSAY CEDEX

VLSHCHURQGMAIL.COM



	Part 1. Introduction
	1. The quantitative quasi-isometry problem
	1.1. General idea
	1.2. Example

	2. Summary of results
	2.1. Morse Lemma
	2.2. Anti-Morse Lemma
	2.3. Lower bounds for negatively curved locally homogeneous spaces
	2.4. Upper bounds

	3. Statement of the quantitative quasi-isometry problem
	3.1. Definition of quasi-isometry
	3.2. Choice of a class of maps
	3.3. Example illustrating the behaviour of 1
	3.4. Example illustrating the behaviour of 2
	3.5. Role of the additive parameter c
	3.6. Choice of a numerical measurement of distortion
	3.7. Statement of quantitative problem
	3.8. Example : maps to trees

	4. Quasi-isometric classification - survey

	Part 2. Morse Lemma
	5. Basics of hyperbolic geometry
	5.1. Metric definition
	5.2. Case of geodesic metric spaces
	5.3. Divergence
	5.4. Isoperimetry
	5.5. Comparison with trees

	6. The geometry of -hyperbolic spaces
	7. Quasi-geodesics and -length
	8. Exponential contraction
	9. Quantitative version of the Morse lemma
	9.1. Attempts
	9.2. Proof of the Morse lemma

	10. Optimality of Theorem 2
	11. Anti-Morse lemma
	12. Application of Anti-Morse Lemma
	12.1. Proof of Proposition 1

	13. Geodesically rich spaces
	14. Quasi-isometries fixing the ideal boundary

	Part 3. Poincaré inequalities and quasi-isometries
	14.1. The critical exponent for Lp-cohomology
	14.2. Scheme of proof

	15. Regularisation and quasi-isometries
	15.1. Kernels
	15.2. Cross-kernels
	15.3. Transporting cocycles

	16. Poincare inequality for exponential metric
	16.1. Poincaré inequality for fixed direction
	16.2. Poincaré inequality for exponential metric.

	17. Lower bound on Poincaré constant
	17.1. Quasi-isometric embeddings and fundamental groups
	17.2. Lifting to a double covering space
	17.3.  lifts to a quasi-isometric embedding
	17.4. Proof of the first statement of Theorem 24
	17.5. Proof of the second statement of Theorem 24


	Part 4. Examples of different distortion growths
	18. Approximation of distances and an example of QI
	19. Examples
	19.1. Bi-Hölder maps
	19.2. Unipotent locally homogeneous space


	Part 5. Appendix
	20. Poincaré inequality for Hn
	21. Equivalence of three forms of the Poincaré inequality
	22. Acknowledgement
	References


