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LP- theory for the tangential Cauchy-Riemann equation

Christine LAURENT-THIEBAUT

Our purpose is to extend to the tangential Cauchy-Riemann operator the LP theory,
for p > 1, developed for the Cauchy-Riemann operator in [6]. We will replace complex
manifolds by s-concave locally embeddable generic CR manifolds and the Cauchy-Riemann
complex by the tangential Cauchy-Riemann complex. We have to restrict ourself to locally
embeddable CR manifolds since, up to now, very few is known in abstract CR manifolds
outside the case of compact CR manifolds, where some results were obtained by C.D. Hill
and M. Nacinovich [4] and by M.-C. Shaw and L. Wang [16].

Compare to the complex case some new difficulties arise in the CR setting since the
Poincaré lemma for the tangential Cauchy-Riemann operator fails to hold in all degrees.
In particular the Dolbeault isomorphism does not hold in all degrees and its classical proof
works no more for large degrees.

We are particularly interested in solving the tangential Cauchy-Riemann equation with
exact support in LP spaces. We consider the following Cauchy problem.

Let M be a C*°-smooth, generic CR submanifold of real codimension k in a complex
manifold X of complex dimension n and D a relatively compact domain in M with C*-
smooth boundary. For p > 1, given any (r, ¢)-form f with coefficients in LP(M),0 <r <n
and 1 < g <n — k, such that

supp f C D and 0,f = 0 in the weak sense in M,
does there exists a (r,q — 1)-forme g with coefficients in LP(M) such that
supp g C D and 0Opg = f in the weak sense in M ?

We prove (see Corollary 3.10) that the answer is yes as soon as M is s-concave, s >
2, D is the transversal intersection of M with a relatively compact completely strictly
pseudoconvex domain in X with C*°-smooth boundary, p > 1 and 1 < ¢ < s— 1.

The paper is organized as follows. In section one we recall the main definitions of the
theory of CR manifolds.

In the second section we develop the Lf’ o theory, we prove a Poincaré lemma with LP
estimates for the tangential Cauchy-Riemann operator and study the Dolbeault isomor-
phism. We prove
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Théoréme 0.1. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of
real codimension k of a complex manifold X of complex dimension n and p > 1 a real
number. If 0 < r < n, the natural maps

P - H&q(M)%Hz’ﬁ (M) and WP : Hzﬁ (M) — HZI(M)

loc loc
satisfy:
(i) ®L and VY are surjective, if 0 <qg<s—1lorn—k—s+1<qg<n-—k.
(ii) ®5 and VY are injective, if 0 <g<sorn—k—s+2<qg<n-—k.
If 0 < r < n, the natural maps
$r, ¢ HUL(M) — HY,(M) and W2, : H',(M) - HJS, (M)

c,LP c,cur

satisfy:
(i) ®L , and VL, are surjective, if 0 <g<s—1orn—k—s+1<qg<n-—k.
(ii) ®L , and WL, are injective, if 0 < g<sorn—k—s+2<q<n-—k.

Then we extend the Serre duality introduced in [7] to the Lf . tangential Cauchy-
Riemann complexes, p > 1, and get some density results and a theorem on the solvability
in LP spaces of the tangential Cauchy-Riemann equation with compact support in bidegree
(0,1).

The last section is devoted to the LP theory. First using local LP results proved in
[12], we develop an LP Andreotti-Grauert theory for large degrees. Then using once again
Serre duality, we solve the weak Cauchy problem in LP for the tangential Cauchy-Riemann
operator.

I would like to thank E. Russ who pointed me out the reference [5] to study the
compacity of operators between LP spaces.

1 CR manifolds

Let M be a C*-smooth, paracompact differential manifold, we denote by TM the tangent
bundle of M and by TcM = C ® TM the complexified tangent bundle.

Définition 1.1. An almost CR structure on M is a subbundle Hy ;M of TcM such that
H(]JM N H071M = {0}

If the almost CR structure is integrable, i.e. for all Z, W € I'(M, Ho M) then [Z, W] €
I'(M, Hp1M) , it is called a CR structure.

If Hyp 1M is a CR structure, the pair (M, Ho M) is called an abstract CR manifold.

The CR-dimension of M is defined by CR-dim M = rk¢ Hg 1 M.

We set Hy oM = Hy M and HM = Hy oM @® Ho M. For X € HM, let X%! denote
the projection of X on Hp 1M and X 10 its projection on Hy oM.

From now on let n and k be integers such that the CR manifold M is of real dimension
2n — k and CR-dimension n — k.

Définition 1.2. Let (M, Ho M) and (M/, Hy,1M’) be two CR manifolds and F' : M — M/
a Cl-map. The map F is called a CR map if and only if for each x € M, dF((Ho1M),) C
(HoaM') pa).-
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In particular, if (M, Hyp M) is a CR @anifold and f a corllplex valued function, then
f is a CR function if and only if for any L € Hy 1M we have Lf = 0.

We denote by H%'M the dual bundle (Ho1M)* of Ho M. Let A%M = AY(H%'M),
then C§ (M) = I'*(M, A%IM) is called the space of (0, g)-forms of class C*, s > 0 on M.

If the almost CR structure is a CR structure, i.e. if it is integrable, and if s > 1, then
we can define an operator

B+ Cy(M) = Co g1 (M) (1.1)

called the tangential Cauchy-Riemann operator by setting Opf = It

df‘HO’lMx»-»xHO’lM'
satisfies Oy 0 O = 0 and a complex valued function f is a CR function if and only if
Opf =0

Let us consider the quotient bundle T™ = TcM/Hp 1M and the canonical bundle map
7+ TeM — TM.

For u € I'™°(M, H; oM), we define the tangential Cauchy-Riemann operator by setting

Oyu(L) = w[L, W],

if L € I'(M, Ho1M) and W € I'°(M, TcM) satisfies 7(W) = u. By the integrability of the
CR structure, this does not depend on the choice of W with 7(W) = w.

Let us consider the vector bundle AP4M = AP(TM)* @ A%IM of (p, q)-forms on M and
set EP (M) = I'*°(M, APIM]). We can define the tangential Cauchy-Riemann operator on
EP4(M) by setting for u € EPO(M)

(Ebu(f))(Ll, ‘e ,Lp) = Z(U(Ll, “e ,Lp)) — Z u(Ll, e ,Li_l,z(Li), Li—l—la e ,Lp),
1=1

for any L € T'(M, Hy1M) and L; € D(M,TM), 1 < i < p, where L(L;) = 9,L;(L) is
defined as above, and

q+1 _ _ _
(aba(Ll’ s ’Lqul))(Lla s aLp) = Z(_l)]Jrl(ab(a(Lla s ’L]a Lq+1))(LJ))(L15 s aLp)
j=1
4—2{2 1)7**0([L;, T}, L1, .., L Lir- o L) (L, ..., L),

if € EP9(M), Ly, ..., Lyp1 € T(M, Ho1M) and L; € T(TM), 1 <i < p.
So we get a differential complex (£7*(M), ;) called the tangential Cauchy-Riemann
complex for smooth forms. We denote by H5!(M) the associated cohomology groups.

Let DP2(M) be the space of compactly supported elements of EP4(M). We put on
EP4(M) the topology of uniform convergence on compact sets of the sections and all their
derivatives. Endowed with this topology £EP'9(M) is a Fréchet-Schwartz space. Let K be
a compact subset of M and D}?(M) the closed subspace of £P9(M) of forms with support
in K endowed with the induced topology. Choose (K, )nen an exhausting sequence of
compact subsets of M. Then DP4(M) = Up>oD! (M). We put on DP4(M) the strict
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inductive limit topology defined by the FS-spaces DI;(’Z (M). By restricting the tangen-
tial Cauchy-Riemann operator to DP4(M) we get a new complex (DP*(M),dy), whose
cohomology groups are denoted HE'%, (M).

The space of currents on M of bidimension (p, ¢) or bidegree (n — p,n — k — q) is the
dual of the space DP9(M) and is denoted either by Dy, (M), if we use the graduation
given by the bidimension, or by D™ P"~k=4(M), if we use the graduation given by the
bidegree. An element of D™ P"~F=4(M)) can be identified with a distribution section of
A"~P=k—=aM We define the tangential Cauchy-Riemann operator on D" P"~*=4(M) as
the transpose map of the d, operator from DP4~1(M) into DP4(M), we still denote it by
0y since its restriction to £"P"~*=4(M) coincides with the 0, operator on smooth forms
and we get a new complex (D""~P*(M), ), the tangential Cauchy-Riemann complex for
currents, which is the dual complex of the complex (DP*(M),d;) (see section 2 in [7]).
The cohomology groups are denoted by Hey, ’"7k7q(M). Finally the dual of &P9(M)
denoted either by &, (M) or EMm=pn=k=4(M) is the space of currents on M of bidimension
(p,q) or bidegree (n — p,n — k — q) with compact support. Restricting the 0, operator
from DM—Pn—F=4(M) to £MP"—k=4(M), we get a fourth complex (£"P*(M), d), whose
cohomology groups are denoted by Hegh™ *~%(M). This complex is the dual complex of
the complex (£P*(M), dy) (see section 2 in [7]).

The annihilator H°M of HM = Hy oM @ Ho M in TgM is called the characteristic
bundle of M. Given p e M, w € HSM and X,Y € H,M, we choose & € I'(M, H'M) and
X,Y € T(M, HM) with &, = w, X, = X and Y, = Y. Then d&(X,Y) = —w([X,Y]).
Therefore we can associate to each w € HSM an hermitian form

Ly (X) = —iw([X, X]) (12)

on (Hig),M. This is called the Levi form of M at w € H)M.

In the study of the Jj-complex two important geometric conditions were introduced
for CR manifolds of real dimension 2n — k and CR-dimension n — k. The first one by
Kohn in the hypersurface case, kK = 1, the condition Y(q), the second one by Henkin in
codimension k, k > 1, the g-concavity.

A CR manifold M satisfies Kohn’s condition Y (¢) at a point p € M for some 0 < g <
n — 1, if the Levi form of M at p has at least max(n — ¢,q + 1) eigenvalues of the same
sign or at least min(n — ¢, q + 1) eigenvalues of opposite signs.

A CR manifold M is said to be g-concave at p € M for some 0 < q < n — k, if the
Levi form L, at w € HSM has at least ¢ negative eigenvalues on H,M for every nonzero
w e HSM.

In [16] the condition Y(q) is extended to arbitrary codimension.

Définition 1.3. An abstract CR manifold is said to satisfy condition Y(q) for some
1<qg<n-—katpeMifthe Levi form L, at w € HSM has at least n — k — g+ 1 positive
eigenvalues or at least ¢ + 1 negative eigenvalues on H,M for every nonzero w & HSM.

Note that in the hypersurface type case, i.e. k = 1, this condition is equivalent to the
classical condition Y(q) of Kohn for hypersurfaces and in particular if the CR structure is
strictly peudoconvex, i.e. the Levi form is positive definite or negative definite, condition
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Y(q) holds for all 1 < ¢ < n—1. Moreover, if Ml is g-concave at p € M, then ¢ < (n—k)/2
and condition Y(r) is satisfied at p € M forany 0 <r <g—landn—k—q+1<r <n-—k.

Définition 1.4. Let (M, Hp M) be an abstract CR manifold, X be a complex manifold
and ' : M — X be an embedding of class C*°, then F' is called a CR embedding if
dF(Hp M) is a subbundle of the bundle Tj 1 X of the holomorphic vector fields on X and
dF(H071M) = T071X N T(cF(M)

Let F be a CR embedding of an abstract CR manifold into a complex manifold X and
set M = F(M), then M is a CR manifold with the CR structure Ho M = Ty X NTcM.
Let U be a coordinate domain in X, then Fj = (f1,..., fn), with N = dimcX,

“1w)

and F' is a CR embedding if and only if, for all 1 < j < N, gbfj =0.
A CR embedding is called generic if dim¢cX — rkcHo,1 M = codimgM.

Most of the known results on CR manifolds concern CR manifolds which are locally
embeddable at each point in C” and s-concave, s > 1. Moreover by a theorem of C.D.
Hill and M. Nacinovich ([4], Proposition 3.1), each s-concave, s > 1, CR manifold, which
is locally embeddable at each point, can be generically embedded in a complex manifold.
Consequently in most of the cases assuming that the abstract CR manifold M is in fact a
generic CR submanifold M of a complex manifold X is not a restriction.

2 L} -cohomology for the tangential Cauchy-Riemann op-
erator

Let M be a C*°-smooth CR manifold of real dimension 2n — k& and CR-dimension n — k.
We equip M with an hermitian metric such that H; oM L Hy ;M. If p is a real number
such that p > 1, let us consider the subspace (L} )"?(M) of D'™9(M) consisting in the
Lf L-sections of the vector bundle A™M, 0 <7 <n and 0 < ¢ < n — k, endowed with the
topology of L? convergence on compact subsets of M. Taking the restriction to (LY )™9(M)
of the tangential Cauchy-Riemann operator for currents we get an unbounded operator
whose domain of definition is the set of forms f with Lf o coefficients such that Opf has
also Lf L. coefficients and since Op 00, = 0 we get a complex of unbounded operators
(LY )*(M), dy). We denote by HZ; (M) the associated cohomology groups.

loc

Let us consider the dual space of (LY )™9(M), when 1 < p < oo. Since the injection
of £74(M) into (L} )"?(M) has a dense image, the dual space of (L )™?(M) is included
in &m~rm=k=4(M) the space of (n — r,n — k — ¢)-currents with compact support on M,
moreover by the Holder inequality it coincides with the space (Lgl)"_“"_k_q(M) of LY
1

forms with compact support in M with p’ such that % + = 1 and the duality pairing

is defined by < f,g >= [,, f A g. Taking again the restriction to (ch)’)r,q (M) of the tan-
gential Cauchy-Riemann operator for currents, we get a complex of unbounded operators
((LE)"~"*(M),dy). We denote by H! (M) the associated cohomology groups. The
complexes ((L} )"*(M),d;) and ((L{f,)"_r"(M),gb), with p’ such that % + I% = 1, are
clearly dual to each other.
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2.1 Dolbeault isomorphism

Let M be a C°°-smooth abstract CR manifold of real dimension 2n — k, £ > 0, and
CR-dimension n — k.

As in the complex case some relations between the smooth dy-cohomology groups of
M, the j-cohomology groups in the sense of currents of M and the Lf oc 0Op-cohomology
groups of Ml will result from a CR analog of the Dolbeault isomorphism. Let "M be the
sheaf of CR (r,0)-forms, 0 < r < n on M. If we can prove that the complexes (£*(M), dy),
(D'™*(M), p) and ((L}.)"*(M),d,) are resolutions of the sheaf Q"M, these groups will
be isomorphic to the sheaf cohomology groups H®(M,Q"M). This will be true if M is
CR-hypoelliptic, which means that all CR (r,0)-forms on an open subset of M are C*°-
smooth and if the Poincaré lemma for the 0;, operator holds in the C*-smooth category,
the current category and the Lfoc category in degree ¢, 1 < ¢ < t(M), for some integer
t(M) depending on the geometry of M. In that case for 1 < g < ¢(M), one gets

HIM, QM) ~ H2I(M) ~ H9 (M) ~ HZ (M).

cur Lfoc

Unfortunately results on CR-hypoellipticity or on the validity of the Poincaré lemma
for the ) operator are only proven under the hypothesis that M is locally embeddable
and satisfies some concavity conditions. Therefore it comes from the remark at the end of
section 1 that it is not a real restriction to assume that M is generically embedded in a
complex manifold.

From now on we assume that M = M is a C*°-smooth, generic CR submanifold of real
codimension k in a complex manifold X of complex dimension n.

In that case the J, operator is CR-hypoelliptic as soon as M is 1-concave (cf. [1],
Corollaire 0.2) and the Poincaré lemma holds for the d, operator in the smooth and in the
current categories in bidegree (r,¢),0 <r <nand1<¢g<s—lorn—k—s+1<qg<n-—k,
if M is s-concave, s > 2 (cf. [3], [13], [14], [1]).

Moreover in this setting, the Poincaré lemma holds also in the Lf e category,

Lemme 2.1. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of real
codimension k of a complex manifold X of complex dimension n and p > 1 a real number.
For each x € M, there exists an open neighborhood U of x and an open neighborhood
V CC U of z such that for any dy-closed form f € (LY Y-9(U),0<r<mnandl <g<s—1
orn—k—s+1<q<n—k, there exists g € (LI Y971(V) such that f = Oyg on V.

loc

Proof. Let U be an open neighborhood of x such that the Bochner-Martinelli type formula
from [1] holds. We get from Theorem 0.1 in [1] that there exists some continuous operators
ﬁ;f fromDT’a(U) into E"’qufl(U), 0<r<mnandl<g<sorn—k—s+1<g<n-k,
such that, for any C*°-smooth (7, ¢)-form u with compact support in U, 0 < r < n and
1<g<s—1lorn—k—s+1<qg<n-—k,

u = Oy Ryiu+ Ry 9yu. (2.1)

The operators ﬁqu are integral operators whose kernel R}/ are of weak type 25’11 (cf. [12],

Lemma 4.2.2). Hence the operators ﬁg}[q extend as continuous operators from (Lg)™4(U)
into (L7 )"4~1(U) and (2.1) still holds if u € (LE)"%(U) N Dom(dy).
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Let f e (L],,)"(U) a Op-closed form on U and x a C*-smooth, positive function on

M with compact support in U and constant equal to 1 on some neighborhood V ccU of
X, then

xS = DRy f) + Ry 0 (x f)
= Dy RyF(xf) + Ryf T (@x) A f)-

Since the singularities of the kernels R}/ are concentrated on the diagonal of U x U and
the support of 9y is contained in U\ V, the differential form Eg’f“(@bx) A f) is a smooth
dy-closed form on V. By the Poincaré lemma for the 0y operator for C*°-smooth forms
there exists an open neighborhood V' CC V of z and a differential form h € Era—L(v)
such that Ry (@px) A f) = Bph. Tf we set g = Ry (xf) +h then g € (LP )»4~1(V) and
f=0pgonV. O

Théoréme 2.2. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of
real codimension k of a complex manifold X of complexr dimension n and p > 1 a real
number.
IfO<r<nand 0<q<s—1, the natural maps
o+ HI(M) —>H£’§ (M) and WP : HZ;? (M) — HLI(M)

cur
loc loc

are isomorphisms, still called Dolbeault isomorphisms.

More precisely for all 0 < r < mn we have:

(i) If 1 < q < s—1, for any f € (L} )"U(M) with Opf = 0 and any neighborhood U
of the support of f, there exists g € (Lfoc)”’qfl(M) with support in U such that f — Oyg €
EMI(M).

(i) If 1 < q < s and if f € (L} )™(M) satisfies f = 0pS for some current S €
D'm9=Y(M), then, for any neighborhood U of the support of S, there exists g € (Lfgc)rvq_l(M)

with support in U such that f = Opg on M.

Proof. For 0 < q < s—1, the proof works as in the complex case, see Propositions 1.1, 1.2
and 1.4 in [6].

Let us consider the case ¢ = s. Following the proof of Theorem 5.1 in [7], it is sufficient
to prove that for each x € M, there exists an open neighborhood V' of x such that for any
(r,s—1)-current T on M with 9,T € (L}, )*(M), there exists g € (L} )»*~1(V) such that
OpT = 0pg on V. Let U be an open neighborhood of x such that the Bochner-Martinelli
type formula from [1] holds. For 0 <r <mandn—k —s+1 < g <n — k, there exists
some continuous operators ]?57]"\?[ from D"4(U) into E™9~1(U), such that, for any C>°-smooth
(r,q)-form u with compact support in U,, 0 <r <nmandn—-k—s+1<qg<n-—k,

u= gbﬁgfu + ﬁgfﬂgbu. (2.2)

Let us denote by Ry? from £™(U) into D4 (U) the transpose of ]?E"M#’"fquﬂ, 0<
r<nand1l<gq<s, then by duality, since the 0p operator for currents is the transpose
of the 0, operator for C*-smooth forms, we have for any (r,q)-current 7' with compact
support in U, 0<r<nand0<¢g<s-—1

T = 9yRyIT + RyIT'G,T. (2.3)
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where we have set figf = 0. Moreover since, by the proof of Lemma 2.1, the operators ﬁg\f
extend as continuous operators from (L2)~(U) into (LP )9-Y1(U) for any p > 1, their
transpose operators Ry} define continuous operators from (L)"4(U) into (L} )™4~1(U)
for any p > 1. For p = 1 note that E;’\,/[q is still an integral operator whose kernel is of weak
type 25’11 hence continuous from (L})"4(U) into (L}, )7 1(U).

Assume T is a (r,s — 1)-current on M with O,T € (L} )"*(M). Let V. CC U be
an open neighborhood of x and x a C*-smooth, positive function on M with compact
support in U and constant equal to 1 on some neighborhood of V', then we can apply (2.3)
to x7T' and take the 9y of it, so we get

Fp(XT) = Dp(RyT 1 0p(XT)). (2.4)

Note that 9, (xT) = x0T + 0y(x) AT with x0,T € (L}, .)"*(M), if 0T € (Lj,.)"*(M),
and support of dy(x) AT is contained in U \ V. Since the operators are continuous from
(LE)™4(U) into (L? )™4~1(U) and the singularity of their kernel is contained in the diagonal

of U x U, the restiction to V' of the current égf“gb(){T) is a form g € (L} )7~ 1(V) such
that 9T = Jpg on V. O

Corollaire 2.3. Let M be a C*°-smooth, connected, non compact, generic, s-concave, s >
1, CR submanifold of real codimension k of a complex manifold X of complex dimension
n and p > 1 a real number. If 0 <r <n and 0 < g < s —1, the natural maps
@, + HIL(M) = HIG,(M) and W2, HI, (M) = HIZ,, (M)
are isomorphisms. Moreover <I>€,S and \IJZS are only injective.
In particular Hodo(M) = 0 implies H'},(M) =0, when 0 <r <mnand1<qg<s-—1
and Hedy (M) = 0 implies H'$,(M) =0, when 0 <r <n and1<q<s.

Proof. First assume 0 < ¢ < s — 1. As in the complex case, since H! (M) ~ Hey(M),
the natural map O, = U% o &, from Heod (M) — Hedy(M) is an isomorphism, con-
sequently the map ®%, is injective and the map W%, is surjective. Moreover by Theorem
5.1 in [7] the map ©F ; is injective and so is ®£ ;. On the other hand the assertion (i) of
Theorem 2.2 implies that ®, is surjective and the assertion (ii) of Theorem 2.2 implies
that W, is injective. Moreover the last statement remains true if ¢ = s. O

Unfortunately the Poincaré lemma for the 0, operator fails to hold in any category in
bidegree (r,q) for 0 <r <mnand s < ¢ < n—k—s, when M is s-concave, hence the classical
cohomological methods can no more be applied to get the Dolbeault isomorphisms when
qg>n—k—s+1, even if the Poincaré lemma holds for such g. The method developed in
[10] cannot either be used to get the Dolbeault isomorphisms with the Lfgc cohomology
groups in high degrees since the notion of trace is not well defined in LP. We will use the
regularization method introduced by S. Sambou in [15], which depends on the fundamental
solution for the d, operator constructed in [1].

Théoréme 2.4. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of
real codimension k of a complex manifold X of complex dimension n and p > 1 a real



LP- theory for the tangential Cauchy-Riemann equation 9

number. If 0 < r <n, the natural maps

P fﬂy(kﬁ«anH€£‘A4) and WP :.Hfiﬁﬂl)—%fﬁﬁ(ﬂl)

satisfy:

(i) @ and ¥} are surjective, if n —k—s+1<qg<n-—k.

(ii) ®5 and VY are injective, if n —k —s+2<qg<n-—k.

In particular H(M) = 0 implies HZ? (M) =0, when 0 < r <n andn—k —
s+1<q<n-—kand Hil(M) = 0 im;)clies HZ,? (M) = 0, when 0 < r < n and
n—k—s+2<q¢g<n-—=k. o

Proof. In [15], S. Sambou proved that for any 0 <r <nand1<g<s—lorn—k—s+1<
q < n — k there exists linear operators

Rr,q . D/T‘7Q(M) — gr,q(M) and AT,(] : D/T7Q(M) N D/T‘,q—l(M)

such that A, , has the same regularity properties than the operators ]?E}"\f defined in the
proof of Theorem 2.2, in particular A, 4 is continuous from (LP )™9(M) into (L} )"7~1(M)
for p > 1 and from £™4(M) into E"971(M), and, for any T € D'™4(M),

T =Ry T + Argi100T + 0pAr T,
ifl1<g<s—2orn—k—s+1<¢g<n-—kand
T =R, T + 0yA, T,

if g=s—1and 9,7 = 0.

It follows that for f e (L )™9(M) with Opf = 0 we get f = R, of + OpA,,f where
R, ,f is C*°-smooth on M and A, ,f is Lfoc. Hence ®Y is surjective for 1 < ¢ < s—1 or
n—k—s+1<q<n—k. Inthe same way we get that \I/g is surjective if 1 < g <s—1
orn—k—s+1<q<n—k,since EM(M) C (L] )"I(M).

If f e (LY )"%(M) satisfies f = OpT, where T is a (r,q — 1)-current on M, then
f ng(Rr,q,lT—l—Aan) forl1<g<sorn—k—s+2<qg<n—kand R, 1T+ A ,f €
(LY )"1(M). Hence W is injective, if 1 < g < sorn—k—s+2 < g < n—k. The proof of
the injectivity of ®) uses the same arguments since the operators 4, , is continuous from

EMI(M) into EMIL(M). O

Note that the proof of Theorem 2.4 gives also an alternative proof for the Dolbeault
isomorphism in small degrees.

As in the complex case, it follows from Theorem 2.4 that the assertion (ii) from The-
orem 2.2 holds also forn —k —s+2<qg<n-—k.

Corollaire 2.5. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of
real codimension k of a complex manifold X of complexr dimension n and p > 1 a real
number. Let (r,q) such that 0 <r <mandl1<qg<sorn—k—s+2<qg<n-—k, and
€ (LEY"4(M) with f = 0yS for some current S € D'™9=Y(M), then, for any neighborhood
U of the support of S, there exists g € (LE)"9~1(M) with Opg = f and supp g C U.
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Moreover the Dolbeault isomorphism holds also in large degrees for the cohomology
groups with compact support.

Corollaire 2.6. Let M be a C*°-smooth, generic, s-concave, s > 1, CR submanifold of
real codimension k of a complex manifold X of complexr dimension n and p > 1 a real
number. If 0 <r<nandn—k—s+2<q<n—k, the natural maps

o, HYL (M) — Hg%p(M) and WP HZEP(M) — H}4 (M)

c,cur

are isomorphisms. Moreover q)zc),n—k—s—f—l and \Ilzc),n—k—s—l—l are only surjective.

In particular HeS(M) = 0 implies H.'},(M) = 0, when 0 < r < n and n — k —
s+1<q<n—kand H (M) = 0 implies H:”EP(M) =0, when 0 < r < n and
n—k—s+2<q¢g<n-—=%k.

To end this section we will precise the support of the solution of the tangential Cauchy-
Riemann equation dpg = f, when f is a (r,1)-form, 0 < r < n, with compact support in
M and LP coefficients.

Proposition 2.7. Let M be a C*°-smooth, connected, generic, 1-concave CR submanifold
of real codimension k of a complex manifold X of complex dimension n, D a relatively
compact subset of M and p > 1 a real number. Assume Hé’,ﬁm(M) =0 for 0 <r <n,
and M \ D is connected, then for any Oy-closed (r,1)-form f with support in D and LP
coefficients there exists a unique (r,0)-form g with LP coefficients and such that Opg = f
and supp g C D.

Proof. Since M is 1-concave, it follows from Corollary 2.3 that for any 0 < r < n,
Hl (M) = 0 implies Hcrip(M) = 0. Hence there exists an (r,0)-form ¢ with com-
pact support in M and L? coefficients such that dpg = f. The form ¢ vanishes on some
open subset of M \ D and is CR on M \ supp f, which contains M \ D. By analytic
continuation, which holds in 1-concave manifolds, g vanishes on M \ D, since M \ D is
connected, therefore supp ¢ C D. Let h be another solution with compact support in M,
then g — h is CR with compact support in M, hence vanishes on M since M is connected
and g = h. O

2.2 Serre duality

In this section M will always be a C°°-smooth, generic CR submanifold of real codimension
k in a nm-dimensional complex manifold X.

As we already mentioned in the previous section, if p and p’ satisfy %—l—}% = 1, the spaces
)"9(M) and (L{f/)"_r’"_k_q(M) are dual from each other, with the duality pairing <
)"+ (M), Dy) and ((LE)"~"*(M), Dy)

(LfOC

f,g>=] 1 [ A\g and we get two dual complexes ((Lf’gc
for each 0 <r <mn.

Fix some integer r, 0 < r < n. We can apply Theorem 1.5 in [7] t
(D", 8y), (£7°,8y) and ((LY)"~"*(M),d,). We deduce that if % +

the complexes

(6]
Lo— 1 f
» = 1, for any
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0 < g <n — k, the natural maps

are isomorphisms.
Moreover, from Theorem 3.2 in [7], we get that H an™ R0 is Hausdorff if and
only if H3?™ (M) is Hausdorff and if these assertions hold, then

IR0 ~ (HE3(0M))'

c,cur

HYHH (M) ~ (Hpn ()
We deduce easily that, if there exists an integer s(M) > 1 such that H!(M) is
Hausdorff for 0 < ¢ < s(M)—1andn—k—s(M)+1<gqg<n—k, then

Hz 2, (M) is Hausdorff and H.d,. (M) ~ (Hgofr’"fqu(M))/,
ifl1<qg<s(M)andn—k—s(M)+2<qg<n—k. In particular

HY(M)=0 for 0<g<s(M)—landn—k—s(M)+1<qg<n-—k
implies

HyE,(M)=0 for 0<q¢<s(M)-landn—k—-s(M)+2<qg<n-—k.

Associated with the Corollaries 2.3 and 2.6, this gives

Proposition 2.8. Let M be a C*-smooth, generic, s-concave, s > 1, CR submanifold
of real codimension k in a n-dimensional complex manifold X and p > 1 a real number.
Assume that HXI(M) =0 for0<r<mnand0<qg<s—1lorn—k—s+1<qg<n-—k,
thean’zp(M):Oforogrgn and 0<g¢g<s—1lorn—k—-s+2<g<n-k.

We will use the following notations:

ZLA(M) = EMI(M) N ker 9y, EDI(M) = (M) N Imd,
Z3:8,(M) = D™I(M) N ker Oy, BT, (M) = D"(M) N Im3,
Z5a (M) = D™ M) Nker Oy, EN4 (M) =D™(M)NImd,
Zpd (M) = EMI(M) Nker By, BN, (M) = ™M) N Imd,
Zyp (M) = (Lf,,)""(M) Nker D, Epf (M) = (L) (M) N Tm 3,
Z;1p (M) = (L2)"(M) N ker 9y, B}, (M) = (LB)"(M) N Im D,

In the LP setting the Serre duality can be expressed in the following way:
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Théoréme 2.9. Let M be a C*°-smooth, generic CR submanifold of real codimension k
in a n-dimensional complex manifold X. Let r,g e N with 0 <r <n and 0 <q<n-—k,
then for p,p’ € R with % + 1% =1 the following assertions are equivalent:

(i) Eppy "~ M) = {g € (Lo Ta(M) | < g, f >=0,5f € 27 (M)}
loc
(ii) Hg;ﬁnik*q(M) is Hausdorff

/ —rn—k—qg—
(i) Ep T (M) = {g € (L) M) | < g, >=0.¥] € 20" (M)

(iv) HZ’3,+1(M) is Hausdorff.

loc
If these assertions hold, then

—rn—k— : /
HE =90 ~ (179 (M)

loc

HZ,;]Jrl(M) ~ (anr,nfqufl(M))/.

/
loc c,Lp

Proof. Since for each 0 < r < n the complexes ((L},)"*(M),ds) and ((Lgl)"_rv'(M),gb)
are dual complexes and ((Lfgc)r”(M ),55,) is a complex of Fréchet-Schwartz spaces, we can

apply Theorem 1.6 of [9]. O

As in [9], we will use Serre duality to get some density theorems for the spaces of LP
forms.

Théoréme 2.10. Let M be a C*°-smooth, connected, non compact, generic, 1-concave CR
submanifold of real codimension k in a n-dimensional complex manifold X andp > 1 a real
number. For any integer r, 0 < r < n, the space Z;"g,"*’H(M) of C*°-smooth, O0y-closed,

(rym — k — 1)-forms is dense in the space ZZ’ﬁ_k_l(M) of Op-closed, (r,n — k — 1)-forms
loc

with LY . coefficients for the L} . topology.

Proof. By the Hahn-Banach theorem, it is sufficient to prove that for any g € (Lgl)"_rvl(M )
such that < g, >= 0 for all p € Z&”"‘“‘l(M), we have < g,f >= 0 for all f €
Z70 (M), Let

loc

ge (XY™™ (M)YN{T € E" (M) | <T,p>=0, Vp e ZI*1 (M)}

Malgrange’s theorem [8] claims that, under the assumptions of the theorem, H5" (M) =
0, then by Serre duality (see Theorem 3.2 in [9]) we get that g € (L2 )" "1 (M)NEf e (M).
From assertion (ii) in Theorem 2.2, we deduce that there exists h € (LE )"~ "0(M) such

that ¢ = Oph. Let f € Z;;“’H(M), then < g, f >=< Oph, f >=< h,0pf >=0. O

loc

Adding the assumption that some cohomology group is Hausdorff to replace Mal-
grange’s theorem the previous theorem can be extended to s-concave CR manifold, s > 1.

Théoréme 2.11. Let M be a C*-smooth, generic, s-concave, 1 < s < n —k, CR sub-
manifold of real codimension k in an n-dimensional complex manifold X and p > 1 a real
number. For any integers r,q, 0 <r <n and 1 < g < s, assume that Hggn_k_q+1(M) 18
Hausdorff, then the space Z&"_k_q(M) of C®-smooth, Oy-closed, (r,n —k — q)-forms is
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dense in the space ZZ’%::k_q(M) of Op-closed, (r,n —k — q)-forms with L} . coefficients for

the Lfoc topology.

Let us give some geometrical conditions on M which ensure that, for all 0 < r < n,
Hgg"fquH(M) is Hausdorff for some 1 < ¢ <n — k.

1) If M is compact and s-concave, by Theorem 4 in [3] or Theorem 4.1 in [4], HI* 9T (1)
is finite dimensional hence Hausdorff for 1 < ¢ <sandn—k—s+2< g <n—k and
Hausdorff for g=n—k — s+ 1.

2) If M is connected, non compact and 1-concave, then by Theorem 0.1 in [8], HZ"*(M) =

3) The cohomology groups HggniquJrl(M ) are also finite dimensional hence Hausdorff
for 1 < ¢ < s, as soon as M is s-concave and admits an exhausting function with good
pseudoconvexity properties (see for example Theorem 6.1 in [4]). This holds in particular
when M of real dimension 2n—Fk is generically embedded in an n-dimensional pseudoconvex
complex manifold X.

Let us end by a separation theorem for the LP cohomology with compact support in
bidegree (r,1), 0 <r <mn.

Théoréme 2.12. Let M be a C*°-smooth, connected, non compact, generic, 1-concave CR
submanifold of real codimension k in a n-dimensional complex manifold X andp > 1 a real
number. For any integer v, 0 < r < n, the cohomology groups Hcrip(M) are Hausdorff.
More precisely, if f € (LE)"Y(M) is a Oy-closed form such that < f,o >= 0 for all Oy-
closed, C*-smooth (n —r,n — k — 1)-form ¢ in a neighborhood of the support of f, there
exists a unique g € (LE)"0(M) such that Opg = f and if the support of f is contained in
the closure of some relatively compact domain D of M then supp g C D.

Proof. Under the hypotheses of the theorem, by Theorem 0.1 in [8], Hi ™" *(M) = 0,
for all 0 < r < n. Using Theorem 2.4, we get HZ;T’"_k(M) = 0 for any p > 1 and Serre
loc

duality (Theorem 2.9) implies that the cohomology groups HZiP(M ) are Hausdorff for

all 0 < r < n and any p > 1. In the last assertion the existence of g follows from (i)

in Theorem 2.9 and from the density of Z2%5 """ *"}(Af) in ZZ;T’nfkfl(M) for the L
l

loc
topology proved in Theorem 2.10. The uniqueness of g results from analytic continuation
in connected 1-concave CR manifolds and of the non compactness of M. To get the
support condition let us replace the CR manifold M by M = M \ {z1,..., 2}, where the
points z1,...,2; are chosen such that z; € D;, i = 1,...,[, and the D;’s, i = 1,...,[, are
the relatively compact connected components of M \ D. The new manifold M has the
same properties than M and we get that in fact the support of g is a compact subset of
M, moreover g is CR in M \ D and vanishes in a neighborhood of each z;, i = 1,...,1,
therefore by analytic continuation it vanishes on M \ D. O

Note that, if the orthogonality condition is only satisfied for the forms ¢ € Zgg‘“""“‘l(M )
we have to assume as in Proposition 2.7 that M \ D is connected to get that the support
of g is contained in D.
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3 LP-theory for the tangential Cauchy-Riemann operator

Throughout this section M will always be a C*°-smooth, generic CR submanifold of real
codimension k in a complex manifold X of complex dimension n and D a relatively compact
domain in M with rectifiable boundary. We equip X with an hermitian metric such that
Ty pX L Tp1X and we consider on M the induced metric then Hy oM L Ho1M. We
denote by dV the volume form on M associated to that metric.

For any real number p > 1, we define the space LP(D) as the set of all functions f on
D with complex values such that |f|P is integrable on D. Since D CC X, we have

D(D) C £(X),, C LP(D),

[p
where £(X),, is the space of restrictions to D of C*°-smooth functions on X and D(D)
the subspace of C*°-smooth functions with compact support in D. The space LP(D) is a
Banach space, it is the completed space of D(D) for the ||.||,-norm defined by

11l = ( /D vy,

For any fixed r, 0 < r < n, we consider the spaces L% ;,(D) of (r,q)-forms, 0 < g <n — k,
with L? coefficients and we are going to define unbounded operators from L% (D) into
L} ,+1(D) whose restriction to the space D™(D) will coincide with the tangential Cauchy-
Riemann operator assocated to the CR structure on M.

Let us define 0y, : LE4(D) — Lf,qul

it is a closed operator by definition and f € Dom(5b7c) if and only if there exists a sequence
(fv)ven of forms in D"9(D) and a form g € D4+ (D) such that (fv)ven converges to f
in LE 4(D) and (9pf,)ven converges to g in Lff’qH(D), and we have g = Op . f.

We can also consider 8y, : Lf4(D) — Ly,

it is also a closed operator and f € Dom(gb“g) if and only if there exists a

(D) as the closed minimal extension of 51)‘ Dra(D)?

(D), the closed minimal extension of

ab|£h¢1(M)‘D )
sequence (f, )yen of forms in £79(M) and a form g € EM9TH(M) such that (f,),en converges
to f in LE 4(D) and (dyf,),en converges to g in Lf,qul(D), and we have g = 0y f.

Since L7 ,(D) is a subspace of the space of currents on D, the 0, operator is defined
on L74(D) in the weak sense, so we can define two operators dyz : L7 4(D) — L7 (D)
and 0, : L ,(D) — L} ,+1(D) which coincides with the 0 in the sense of currents and
whose domains of definition are respectively

Dom(0yz) = {f € L2 (M) | supp f C D,8yf € L (M)}

and
Dom(@,) = {f € L,(D) | B,f € L2, (D)}

When the boundary of D is sufficiently smooth (at least Lipschitz), we get the following
proposition, which is a direct consequence of Friedrichs’ Lemma, which holds in L?, p > 1.
Its proof is the same as in the complex case (see lemma 4.3.2 in [2] and lemma 2.4 in [11]).
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Proposition 3.1. Let D be a relatively compact domain with Lipschitz boundary in a
CR submanifold M of a complex manifold X and r,q be integers with 0 < r < n and
0<qg<n-—k.

(i) A differential form f € LY 4(D) belongs to the domain of definition of the 0y operator
if and only if there exists a sequence (f,)yen of forms in E™9(D) such that the sequences
(fu)ven and (Of,)ven converge respectively to f and dpf in ||.||, norm. Therefore Oy s = Op.

(ii) A differential form f € LE (D) belongs to the domain of definition of the Oy,
operator if and only if the forms fo and Opfy are both in LE(M), where fo denotes the

extension by 0 of f on M \ D. Therefore 51)76 = Opz.

We will denote respectively by H, (D) and H_] (D) the cohomology groups associated
to the complexes (LF 4(D),dp) and (LF o(D), 0y 2).

3.1 Andreotti-Grauert theory in L? for large degrees

In this section we will extend to the CR case a part of the results obtained in section 2.2
in [6].

We will consider the case when D is the intersection of M with a strictly pseudoconvex
domain of X, more precisely

Définition 3.2. Let M be a C*°-smooth, s-concave, s > 1, generic CR submanifold of real
codimension k in a complex manifold X of complex dimension n. A relatively compact
domain D in M is said to be completely strictly s-convez if there exists a real, C*°-smooth,
strictly plurisubharmonic function p defined on a neighborhood U of D in X such that

D=Mn{zeU|p(x) <0}

We will say that D is strictly s-convex if the function p is only defined on a neighborhood
of the boundary of D.

When X = C™, the solvability with LP-estimates of the Oj-equation in completely
strictly s-convex domains of a s-concave, s > 1, generic CR submanifold M has been
studied in [12]. In particular the following result is proven

Théoréeme 3.3. Let M be a C*°-smooth, s-concave, s > 1, generic CR submanifold of real
codimension k in C™ and D a relatively compact strictly s-convexr domain in M with C*°-
smooth boundary. If p > 1, there exists some bounded linear operators T,/ from L? (D)
into Lf:q_l(D), 0<r S_n, n—k—s+1<q<n-—k, such that for any f € L ,(D) with
Opf =01in D, we have Ty 1 f = f.

Let us go back to the case X is a complex manifold.

Théoréme 3.4. Let M be a C*°-smooth, s-concave, s > 1, generic CR submanifold of
real codimension k in a complex manifold X of complex dimension n and D a relatively
compact strictly s-convex domain in M with C*°-smooth boundary. If p > 1, there exists

some bounded linear operators Tqr_l from L7 4(D) into Ly, (D) and compact operators
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IN(g from LY (D) into itself, 0 <r <n,n—k—s+1<q<n—k, such that for any
f € L% (D) with Oyf = 0 in D, we have

f=0T, f+K]f.

Therefore, for 0 <r <mn andn—k—s+1<q<n—k, the cohomology groups H;}(D)

are finite dimensional and Oy (LY va_1(D)) is a closed subspace of L7 q(D).

Proof. First consider the case when f is C*°-smooth up to the boundary. Using an open
covering (U;)je of D and a partition (X;j)jes of unity associated to this covering, we can
derive a global homotopy formula from the local one in Theorem 2.3.1 in [12]. There exist
integral operators T, ; and K such that

Ty f =Y Ti(x;f) and Kjf=> Ti@(x;) NS

jeJ jeJ

and

f=0T) \f+T,0f + K.
The local operators T are associated to local kernels ?; and G; in the following way

E(k—1)
2

Ty(e) = ()OI OARGO+ 0 [ el 260,

if ¢ is a C*°-smooth (r, ¢)-form with compact support in U;. Following section 4 in [12],
we define new kernels éj(z, ¢) which are integrable and also their first derivatives in ¢ for
each fixed z and moreover coincide with the kernels G; when ¢ € 9D NU; and z € DNU;.
Applying Stokes formula we get

k(k 1)

[ AQARCO+ 0 [ 300 G0

nU;

Ti(¢) = (-0

- / 2(0) A (3G O,
DNU;

if ¢ is a C*°-smooth (7, ¢)-form with compact support in Uj;.

This gives B L B o
F=0u(Ti_\f +Si_10uf) + T)0pf + KL f + LIDuf, (3.1)
with
1)+ )+ 2 . Ri(.
Tiaf = XD / IO A0

S0 [ B A KO AG0 = [ (050 4 @Gl

DnU;

7 Jelrra) 1+ D (B A G
L0 =Y (=1 /ij]@) V() A G(0),

jeJ
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Liowf =3 (-1 ”q“?féwﬁmmw@ﬁ@Aéﬂx>

JjeJ

and

Krf Z r+q)(k+1 4 k=1 [/DHU. ngj(C) A FO) AR (50)

jeJ

—/’ Box; () A F(C) A @G (O]
DNU;

It follows from section 4.2 in [12], that the operators TT , are bounded linear opera-

tors from L7 (D) into L} (D), the operators gr | are bounded linear operators from
L (D) into L?

r,q+1 r,g—1 rq+1(D)

into L? ;(D) and the operators K}I" are bounded linear operators from L% (D) into itself

2n 2n+2 2n+2
o1 Con and 5o

Assume now that f € LY (D) satisfies 9,f = 0 in D. By (i) from Proposition 3.1 there
exists a sequence (f,),en of forms in £79(D) such that the sequence (f,),en converges to
f and the sequence (9f,),en converges to 0 in LP norm on D. Applying (3.1) to the forms
f, and letting v tends to infinity, the continuity of the operators f(;_l, Si-1; L and K r
in LP norm on D implies

(D), the operators Lr are bounded linear operators from L

since the kernels are respectively of weak type

f=0Ti 1 f+K!f. (3.2)

It remains to prove that the operators IN(}I" are compact operators from L (D) into
itself. Then Id — IN( " will be a Fredholm operator from Z; ( ), the space of Jy-closed

LPforms on D, into itself whose range is contained in 9y (L? 4—1(D)) by formula (3.2)
and therefore the dimension of the cohomology group Hj} (D) will be smaller than the

codimension of the range of Id — IN(qr which is finite. The open mapping theorem gives
then that gb(Lf’q_l(D)) is a closed subspace of Lf ;(D).

To prove the compacity of the operators K; from L (D) into itself, we will use the
estimates of the kernel (0y)¢G;(z,¢) given in section 4.2 of [12] and follow the proof of
Lemma 2.20 in [5]. Since IN(g = ZjeJ(—l)(Hq)(kHHk(g;l)HKj, with

Kjf:/ X () A LA (R (€)= (Dr)cG(.,C))
DU,

if f is a dy-closed form belonging to L% (D), it is sufficient to prove the compacity of each
operator K from L7 ,(D) into itself.

After a good choice of coordinates the coefficients of the kernel R;(z,¢) and (9y)G(z, ),
whose singularities are concentrated on the diagonal, are bounded by H(¢ — z), with
1<s<kfor Rjand 1 <s<k+2for (Eb)ng, where

1
I, (Jt;] + [¢]2)[t]2n—k—s—1"

Hy(t) = (3.3)
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Following [5], for any € > 0, we will decompose K in two parts, K; = K5 + K]b where
K7 and K]l? are defined by

b — ) — ()
B = AN R0 - Bt 0)

and

Bisor= [ eOA RGO~ @i 0)

for ¢ with compact support in U;.

Note that the kernel R;(z, () — (Eb)céj(z, ¢) is bounded on DNU; N{]z — (| > €} and
therefore K ]b is Hilbert-Schmidt and hence compact.

We will prove that the norm of the operator Kj tends to zero when ¢ tends to zero,
which will implies that K is a compact operator. By Young’s inequality and the control
of the kernels R;(z,¢) and (9p)¢Gj(z,¢) by Hs(¢ — 2), 1 < s < k + 2, with Hj defined by
(3.3), it is sufficient to prove that f‘t|<6 Hg(t)dty ... dto,— tends to zero when e tends to
zero, if 1 <s<k+2 Butas1l <s< "Tfk and 1 < s < k+2 we have 2n—k —s > 0 and
ift/ = (t5+1, ... ,th,k), then

In|t'|)sdtert ... dtoam_k c s
(] “)t/‘an—k‘—s—l < C/O (Inr)*dr = 4(e),

Hy(t)dty ... dton_p < /

[t|<e |t|<e

using polar coordinates. Since the function (Inr)? is integrable nearby the origine, §(¢) — 0
when € — 0, which ends the proof. O

Exactly as in [6] the Grauert’s bumping method can be developed in the LP setting
for CR manifolds and it follows from Theorems 3.3 and 3.4 that

Théoréme 3.5. Let M be a C*°-smooth, s-concave, s > 1, generic CR submanifold of
real codimension k in a complex manifold X of complex dimension n and D a relatively
compact strictly s-convexr domain in M with C°°-smooth boundary. If p > 1, for any pair
(ryq) withO<r<nandn—k—s+1<qg<n-—k,
H}3(D) ~ H (D).

Note that associating Theorem 2.4 to Theorem 3.5, we get that H3(D) = 0 implies
H}(D) = 0.

As in the complex case (see Corollary 2.11 in [6]), using the previous remark, Theorem

6.1 in [4] and Theorem 3.3, we get a vanishing theorem when D is completely strictly
S-convex.

Corollaire 3.6. Let M be a C*-smooth, s-concave, s > 1, generic CR submanifold of
real codimension k in a complex manifold X of complex dimension n and D a relatively
compact completely strictly s-convexr domain in M with C*°-smooth boundary. If p > 1,
for any pair (r,q) with0 <r<nandn—k—s+1<q¢g<n-—k,

H}I(D) = 0.
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More precisely, if 0 < r <mandn—k—s+1<q<n-—k, there exists a continuous
linear operator T from the Banach space Z7 (D) of Oy-closed (r,q)-forms with coefficients

in LP(D) into L} (D) such that

WTf=f forany fe Z (D).

3.2 Weak Cauchy problem in L” for the tangential Cauchy-Riemann
operator

In this section we will study some Cauchy problem. Let M be a C*°-smooth, generic CR
submanifold of real codimension k in a complex manifold X of complex dimension n and
D a relatively compact domain in M with C*°-smooth boundary. For p > 1, given any
(r,q)-form f with coefficients in LP(M), 0 <r <n and 1 < ¢ <n — k, such that

supp f C D and 0Jpf = 0 in the weak sense in M,
does there exists a (r,q¢ — 1)-forme g with coefficients in LP(M) such that
supp g C D and 0Opg = f in the weak sense in M ?

A positive answer to this problem is equivalent to the vanishing of the cohomology group
bq(l).E)
g Lp\ =)

We will solve this problem using Serre duality. First observe that if p,p’ € R_sa‘cisfy
p > 1 and % —{—I% =1 and r € N satisfy 0 < r < n, the complexes (L% 4(D),dp) and

(r? / (D), dpz) are dual complexes.

n—r,e

Proposition 3.7. Let D be a relatively compact domain in M with C°°-smooth boundary.
(i) The transpose map of the By z operator from LE (D) into L} ,.1(D) is the operator

Oy = Oy s from Lzr)zfr,nfqufl(D) iﬁto Li—r,n—k—q(D)'

(it) The transpose map of the dy operator from Ly q(D) into Ly, .| (D) is the operator
0z = Opc from Ly .., . (D) into L (D).
Proof. The proof is the same as in the complex case (see Proposition 2.13 in [6]). O

Let us recall the following abstract result on duality (see section 2.3 in [6] for more
details).

Proposition 3.8. Let (E®,d) and (E,,d') be two dual complexes of reflexive Banach
spaces with densely defined unbounded operators. Assume that Hy(E,) is Hausdorff and
Hyy1(EL) =0, then HIT(E®) = 0.

Let p > 1 be a real number and p’ such that %—i—}% = 1. Applying Proposition 3.8 to the
complex (E*®,d) with, for some fixed r such that 0 <r <n, B = P (D)if0<g<n-—k
and F4={0} if g <0or ¢ >n —k, and d = 0z, we get
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Théoréme 3.9. Let M be a C*°-smooth, generic CR submanifold of real codimension k in
a complex manifold X of complex dimension n and D a relatively compact domain in M
with C*°-smooth boundary. Let p and p’ be two real numbers such that p > 1 and %—1—1% =1

and q an integer such that 1 < q < n — k. Assume that HZ;T’nfquJrl(D) 1s Hausdorff
and H","""*~9(D) = 0, then
Lp

Using the finiteness and vanishing theorems from section 3.1, this gives

Corollaire 3.10. Let M be a C*°-smooth, s-concave, s > 2, generic CR submanifold of
real codimension k in a complexr manifold X of complexr dimension n and D a relatively
compact completely strictly s-convex domain in M with C*°-smooth boundary. If p > 1, for
any pair (r,q) with 0 <r <n and 1 < q<s—1, given any (r,q)-form f with coefficients
in LP(M) such that

supp f C D and Opf =0 in the weak sense in M,
there exists a (r,q — 1)-forme g with coefficients in LP(M) such that
supp g C D and 0Opg = f in the weak sense in M.

The case ¢ = 1 was already settled in Proposition 2.7 and Theorem 2.12 under the
assumptions M is 1-concave, ngclur(M ) =0 and M \ D connected or < f,p >= 0 for all
¢ € ZE"H(U) for any neighborhood U of D.
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