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In this paper, non-normal interactions in a thermoacoustic system are studied, using
a low-order expansion of the state variables in terms of eigenmodes. The thermoa-
coustic eigenmodes are determined as solutions of the Helmholtz equation or the
linearized Euler equations, respectively, in the presence of a time-lagged heat source.
Subsequently, non-normal effects are evaluated in a post-processing analysis based on
the computed eigenmodes. In the case where the eigenmode analysis is based on the
linearized Euler Equations, effects of a non-zero mean flow velocity can be taken into
account. The energy associated with the eigenmodes may then contain contributions
of convected entropy and vorticity modes as well as the acoustic field. The notion of
transient growth of perturbation energy is thus extended from an expression based
on the classical acoustic energy density to a form based on a generalized disturbance
energy.

The expansion in terms of eigenmodes is computationally efficient, making the ap-
proach potentially applicable to complex, 3D configurations including non-trivial
boundary conditions and spatio-temporal distributions of heat release fluctuations.
In the present paper, the method is applied to a 1D configuration that consists of a
duct including a 1D heat source, followed by a choked isentropic nozzle. It is shown
that for such a case it is essential to include the contribution of entropy perturbations
in the calculation of the optimal initial perturbation and the maximum transient en-
ergy growth. Subsequently, the impact of increasing mean flow Mach number and
increasing strength of flame/acoustic interaction on non normal effects is assessed in

a parameter study.
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I. INTRODUCTION

Over the last decades, thermoacoustic instabilities have been the subject of intense re-
search activity with the aim to better understand and predict them at the design level, thus
avoiding problems in late development or during commissioning. Unless the pertinent gov-
erning equations are solved in the time domain (e.g. when Large Eddy Simulation is used),
linear stability analysis often relies on a modal approach, where eigenmodes/eigenfrequencies
of the thermoacoustic system are sought for. A system is considered linearly stable, if and
only if all its modes decay exponentially. However, the eigenmodes are in general not or-
thogonal, because of boundary conditions and/or coupling between acoustic perturbations

and heat release!?.

Thus the associated eigenfrequencies provide information only about
the long-term evolution of the modes. Due to non-normality, linear modes may interact and
transient energy growth can be observed even for stable systems. This effect was demon-
strated by Balasubramanian & Sujith? who transferred ideas initially developed for shear
flow instabilities® © to the thermoacoustic context.

The maximum energy growth that can appear depends only on the thermoacoustic system of
interest. Calling U the state vector (typically the components of U are the fields of acoustic

density, pressure and velocity), the relevant equations for describing the time evolution of

the perturbations read formally:
ou

at

where A is a differential operator, which is linear when linear thermoacoustics is considered.

+ AU) =0, (1)

Eq. (1) is nothing but a set of partial differential equations, which can be reduced to a
set of ordinary differential equations when an appropriate discretization method is used.
The thermoacoustic system of interest is then represented by a first order dynamical system
which reads:

du
— 4+ Au=0 2
o TAu=0, (2)

where u is the discretized counterpart of U. If Eq. (2) is obtained from Eq. (1) using a modal
expansion (”Galerkin”) technique, i.e. by expanding the fluctuating quantities in a series of
orthogonal basis functions’, the vector u contains the weights of those basis functions. On
the other hand, if a finite difference/finite volume technique is used, u contains the nodal
values of the state vector U. Of course, the square matrix A depends on the discretization

technique, both in its size and structure. Typically, a modal expansion produces a dense



matrix of small size, as the expansion requires usually only few basis functions®, whereas a
finite volume approach produces a large, but sparse matrix®.

In any case, some of the characteristics of the thermoacoustic system can be studied
by analyzing the matrix A instead of the differential operator A. Notably, the maximum
transient energy growth at time t,

E(t)

E(t=0) (3)

G (t) = IMaXjnitial states

where F is a suitably defined measure of perturbation energy (see below), is related to
the largest singular value of the exponential matrix exp(—At)®. This property was used in
several recent studies in order to quantify the non-normal effects in simple thermoacoustic
systems such as the Rijke tube? or a laminar diffusion flame!®. This allowed assessing the
maximum transient growth G, = max [G(t)], the maximum value being taken over all the
possible values of ¢t. Unfortunately, we believe that this approach based on a Singular Value
Decomposition (SVD) of the matrix A is not very suitable for complex systems for two main

reasons:

1. time delay: In practical cases, the flame response to upstream acoustic perturbations
is time lagged, the time delay 7 being potentially related to several fluid mechanics
and/or chemical processes relevant to the flame unsteadiness. In thermo-acoustic
simulations based on linearized equations, this time lag behaviour has to be included
explicitly in the system of equations via a model for the heat source. As a consequence,

the system cannot be described by Eq. (1), but an expression of the form

%—i’+,4<u(t)> +BU(t—T)) =0, (4)

or generalizations involving several time lags, must be used instead. Unfortunately,
generalizing the SVD approach described above to Eq. (4) is not straightforward and
may involve additional simplifications like assuming the time delay 7 to be small

compared to the first mode’s period®.

2. boundary conditions: if the Galerkin method is used to convert Eq. (1) into Eq. (2),
the knowledge of an orthogonal set of basis functions, which meet the actual bound-
ary conditions of the thermoacoustic problem, is required. Because they convey useful

information about the configuration, the acoustic eigenmodes are suitable for this
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purpose’. Unfortunately, they are not orthogonal as soon as the boundary condi-

tions correspond to a finite, complex-valued impedance!, a situation which is not rare.
If a finite difference/finite volume type of approach is used instead, the size of the
discretized problem, Eq. (2), is large (typical finite volume grids contain 10° — 10°
elements) so that performing a SVD in order to assess G(t) may be CPU demanding.
Thus, maximizing G(t) over all the values of time t to obtain G,,,, might not be
affordable in practice.

Recently, Selimefendigil et al.!!

proposed a method to handle delayed systems and overcome
the first issue mentioned. In their view, Eq. (4) is recast into an equivalent non-delayed
problem for which the pseudospectra can be computed. The concept of pseudospectra (first
mentioned by Landau'?) was introduced by Trefethen'? in order to quantify the sensitivity
of eigenvalues to uncertainties/ perturbations in the data or discretization. The property

1.1 is that the geometry of pseudospectra can be used to

exploited by Selimefendigil et a
obtain a lower bound of G (Kreiss theorem). Still, computing pseudospectra becomes
very CPU demanding as the size of the problem increases, so that this approach does not
address the second issue mentioned. Besides, as far as the authors know, analyzing the
pseudospectra can only give information about the maximum transient growth and not
about the shape of the optimal perturbation.

The first objective of this paper is to present a strategy, which is potentially suitable
for assessing non-normal effects in 3D complex configurations with moderate computational
effort. It is based on an expansion in terms of the first few thermoacoustic eigenmodes of the
system of interest. Indeed, even if non-normality is present and eigenmodes only provide
information about the long term evolution, they convey relevant information about the
system. For example, their individual stability dictates the overall stability of the system
if non-linear effects are not considered. Numerical strategies have been proposed in the
past in order to compute such modes by solving an Helmholtz type of equation with a

forcing term representing the flame!141%

. The view considered in this paper was initially
proposed by Schmid & Henningson® for investigating classical fluid mechanics configurations.
It consists in looking for the optimal perturbation (the one which generates the largest
transient growth) in the linear space spanned by the thermoacoustics modes. In other
words, assessing the non-normality effect amounts to a post-processing of the results of the

classical modal characterization of the configuration. As we will demonstrate, this can be



done at negligible additional cost. Of course, since only a finite number of eigenmodes are
considered, all possible initial conditions cannot be generated by combining these modes,
thus only a lower bound on G,,.x can be obtained. However, since the eigenmodes convey
a lot of information regarding the system of interest, it is expected that keeping only a few
of them is sufficient to obtain a reasonable assessment of the maximum transient growth.
The same idea justifies the Galerkin methods where often only a few (of order 10 say)
basis functions are necessary to reach good accuracy. However, contrary to the Galerkin
method, the orthogonality of the modes is not required in the present approach, so that the
method is also suitable for complex 3D configurations with finite, complex-valued boundary

impedance.

Practically all of the previous studies dealing with non-normal effects in thermoacoustic
systems relied on the zero Mach number mean flow assumption although the effect of the
approximation M ~ 0 is not well understood!® and the neglected convective terms may
introduce additional non-normality!”. An exception is the study of solid rocket motor in-
stability by Mariappan & Sujith'®, where mean flow terms are included in the system of
acoustic equations. In the case of a time-lagged heat source (generalized "n-7 model”), only
a moderate non-normal effect has been reported in the literature?, with maximum transient
energy growth up to Gpax = 7. The second objective of this paper is then to investigate if
larger values of G, can be observed when mean flow effects are not neglected. In this case,
the evolution of the perturbations are described by the Linearized Euler Equations (LEE)
instead of a simple Helmholtz equation for the acoustic pressure. Also, the state vector
contains one more component (the density or entropy, say) on top of the acoustic pressure
and velocity fields. Thus this situation is quite different from what has been considered so
far and the analysis presented also serves as an illustration of the flexibility of the method

and its ability to handle complex situations.

The method is introduced in section IT A, giving details on the heat source model and
the boundary conditions. Sections IIB and II C then present discussion of a generic 3D
thermoacoustic system treated under the zero Mach number assumption. In this case, the
state vector contains only the acoustic pressure and velocity fields and non-trivial boundary
conditions (finite, complex-valued impedance) can be considered. The formalism is then
extended in section IID to the case where the perturbations are obtained from the LEE,

and the state vector contains one more component. The method is applied to the simple



case of a heat source placed in a straight duct. Note however that this situation is more
complex than several previous studies since a) a time delayed n-7 type of model is used for
describing the acoustic-flame coupling and b) complex boundary conditions are applied at
the boundaries of the duct. The corresponding results are discussed in section III, where the
maximum transient growth related to two types of energies is considered, i.e. the classical

acoustic energy and the energy of the fluctuations.

II. FORMALISM
A. The thermoacoustic model

The phenomenon of thermoacoustic instability results from a coupling between combus-
tion processes and the acoustic eigenmodes of the configuration'®. Assuming vanishing Mach
number for the mean flow, this coupling can be modeled in the linear regime by the following

wave equation :

1 82p/(x, t) . 1 e f) — "}/(X) _ 1(9(]’(X,Zf)
P R e KAL) o e vy T (5)

where p/(x,t) stands for the acoustic pressure at position x and time ¢; v(x) and py(x)

are the time averaged isentropic coefficient and density of the fluid; py is the homogeneous
background pressure.

Eq. (5) states that heat release fluctuations ¢’(x, t) may influence the acoustics in the domain.
It is common practice to model the feedback effect, viz. the influence of acoustic fluctuations
on combustion, via an n — 7 type of model?*22. This model assumes that the heat release
fluctuations are proportional to the time-lagged velocity fluctuations at a reference point
located upstream of the flame:

(7 0) = S Hy (%) W (e, £ = 7)) ey, (6)

where H,(x) is the amplitude of the flame response and can be related to the parameter
n of n — 7-models®, 7(x) is the time delay and n,.; is a unit vector. Assuming time-
harmonic perturbations of pulsation w, one may write p'(x,t) = %(ﬁ(x)e_m) and ¢'(Z,t) =
%(Q(X)e_i‘*’t). The acoustic field can then be expressed in terms of eigenmodes that are

solution of a Helmholtz equation written for the complex amplitude of pressure p:

Y (57

. n dtot ; .\
Vix) | +w?p(x) = —2 H. (%) €“"™) Vp(Xyer) - Dye 7
) ) 500 = (3 7 o) g (7
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As the problem has been written in frequency domain, the reflection of low frequency waves
at the boundaries can be handled easily with a complex-valued impedance at the boundary,
denoted Z(w), Z € C. The appropriate boundary condition to impose to p takes the following

form:

w

mﬁ(x) =0, (8)

Vﬁ(x) ‘Npc — 7
where npe is a unit vector normal to the boundary and c¢y(x) is the speed of sound. Solv-
ing the eigenproblem given by Eq. (7) and Eq. (8) allows to determine the thermoacoustic
pressure eigenmodes p(x), and their corresponding eigenfrequencies w. The velocity eigen-
modes 1(x) can then be deduced using the linearised Euler equation written in the frequency

domain for time harmonic fluctuations:

iwpo 0(x) = Vp(x). (9)

B. Non-orthogonality of the eigenfunction

Non-normality arises from the fact that the thermoacoustic eigenmodes are not orthog-
onal. Thus, it is important to specify how orthogonality is defined or, equivalently, what
is the appropriate inner product. The formalism used throughout this paper is therefore
stated in the following.

An acoustic perturbation is defined as a vector composed of pressure and velocity fluctua-

tions p’ and u’ that are assumed to be harmonic in time. This allows to write:
v'(x,t) = = | = R(0(x)e™™) (10)
u

where the vector 0(x) contains the complex amplitudes of pressure and velocity fluctuations,
the latter being composed of three components G(x) = (U,(x), Uy(x), U,(x)) and w = w, +iw;
is a complex frequency.

The following considerations are set in the complex space, i.e. the return to a real-valued

vector is dropped. The solutions of the thermoacoustic system are considered in the form



of complex-valued vectors
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a complex eigenvector.
Considering vy (x, t) and ve(x, t) two complex vectors that are solution of Egs. (7), (8) and (9),

a weighted inner product can be defined as follows:

<v1(x, t))’Ug(X, t)>W = /V (v1(x, )" Woa(x,t)) dV (12)

with vy (x, 1) = d(x)H e tevit the conjugate transpose (”Hermitian transpose”) of vy (x, ),
V' the volume of the domain that is considered and W a weight matrix.
If W is the identity matrix I, the inner product defined in Eq. (12) applied to an eigenvector

0(x) yields simply its Lo-norm:

i), = [ o GoTiay = o6

By defining the matrix W in an appropriate way, the product of Eq. (12) can be linked

to an equivalent of the acoustic energy associated to the mode v(x) = o(x)e”™*. For an
eigenvector 0(x) as defined in Eq. (11), a weight matrix
1 uoz Yoy U0z
2ypo(x)  2¢F 262 2§
Uz po(x) 0 0
o= EE (13
u o(x
w0 oK
121_2,(27; 0 0 poéx)
allows to define an equivalent acoustic energy of the form:
Eoe(t) = < N ‘ it >
0 = (ve)folx0)),
:/ (d(x) et Wyb(x)e ™t i) dV (14)
v
| I po(x), p(x)| - )
2wt 2 2
= e p(x)|” + a(x)|” + up(x) - 4(x)| ) dV,
[ (g 7608 + 2221060 + 223 ot - a0
where |...| denotes the absolute value of a complex number. The term FE,.(t) is a real-

valued energy that is defined based on complex quantities. It shares the same coefficients
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as the classical acoustic energy. Still, it differs from the latter in the sense that the classical
acoustic energy is based on the real parts of the complex signals and will hence be noted
Eqc»(t) in the following:

P'(x,1)

Eoen(t) = /v (ﬁo(x)p’(x, t)* + po;X) u'(x,t)? + muo(x) ~u'(x, t)) dv (15)

Please note that the energy terms of Eq. (14) and (15) do not follow the same temporal

evolution. The term of Eq. (14) is defined in a way as to describe the energy of a linear
combination of several modes with possibly incommensurate frequencies, which would pro-
hibit time averaging over one period of oscillation.

This difference becomes clearer if one considers the two energy terms defined for orthogonal

modes, i.e. of the form F,.(t) = < > (%) D00 v(x, t)> . For a characteristic time
W,

ac

scale of amplification # that is much larger than the period of the eigenmodes 7} (i.e. for
modes with an imaginary frequency much smaller than the real frequency w; << w,), one

may link the energy terms in the following way:
m 1 T
E..(0) = — E..x(0,t)dt 16
0= | EBuntot (16)

In particular, one may consider the case of a domain with a reactive impedance boundary
condition, where the eigenmodes are marginally stable. This boundary condition allows an
instantaneous flux of acoustic energy across the border of the domain, which means that
Eqex(t) will vary. The time-integrated flux over one period of oscillation is zero, though, and
the variation in E,.»(t) is not to be attributed to non-orthogonality. As shown by Eq. (16),
the equivalent acoustic energy FE,.(t) does not reflect that effect and remains constant.
Complete equivalence between the terms of Eq. (14) and (15) may thus be established by
time averaging. However, in the present case the short term transient behaviour is to be

evaluated. Therefore, it does not make sense to introduce a time average.

The orthogonality of the eigenmodes can now be discussed using the inner product intro-
duced in Eq. (12) together with the weight matrix of Eq. (13). The projection of 0;(x) onto
09(x) can be expressed analytically and leads (after some algebra) to the following equation

(see Appendix A for a short derivation):

R 1 1 1/, Vps VD . -1, . ..
U2>W = [/ <p1 Pa —p2ﬂ) -ndS—I—Z/ 7 (p1q2+p2q1) dV}, (17)
ac S 1%

2w —wi L/gpo N wy w1 YPo
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where S and V' denote the surface and the volume of the domain, respectively, and * stands
for complex conjugates. (The dependency of the complex variables on x is omitted for clar-
ity, and the mean flow speed is neglected.)

The expression of Eq. (17) is an extension of the result by Nicoud et al.!, who were consid-
ering only pressure fluctuations in their analysis of the eigenmodes’ orthogonality, instead
of the complete mode structure composed of pressure and velocity terms. Eq. (17) shows
that two eigenmodes 0 and 0y are orthogonal when a) boundary impedances are trivial |
i.e. they correspond to pressure or velocity nodes with p = 0 or Vp = 0 respectively; and
b) no heat release fluctuations occur (§ = 0). However the conditions for orthogonality will
most probably never be met in an actual experimental setup, so that non-normality should
be considered as the rule for practical thermoacoustic systems.

As a consequence, even if all the eigenmodes are found stable (w; < 0), there is a possibility
for the equivalent acoustic energy of Eq. (14) to exhibit transient growth before it eventually
vanishes as predicted by linear modal analysis. The amplitude of the acoustic fluctuations
may become significant during this transient phase and the linear assumption is possibly not
valid anymore. In particular, it has been shown?? that gain and phase of the flame transfer
function may depend significantly on the amplitude of the velocity fluctuations. This is
the reason why non-normality is sometimes related to complex effects such as non-linear
triggering?.

The focus of the present study is however limited to the assessment of non-normality effects

in complex configurations and non-linearity is not considered.

C. The maximum possible amplification

For complex time-dependant signals of pressure and velocity ¢(x,t), a maximum possible
amplification G.(t) can be defined as

Gac(t) = max gL(t) = max <Q(Xa t))Q(Xa t)>W“ (18)

wc(0)  a(x0)#0 <q(x7 0)’q(x, 0)>

W(l C

This quantity should be thought of as the upper bound of the envelop of the equivalent
acoustic energy. Starting from any perturbation with a unit energy norm, the equivalent

acoustic energy term will always remain smaller than or equal to this coefficient: E,.(t) <
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Gac(t), Vt. Still, there is no reason why the optimal perturbation, which maximizes F,. at
time ¢, should also maximize F,. at time ty # ¢, thus the envelop.

Schmidt & Henningson® provide a procedure to assess this maximum possible amplification
for complex signals ¢(x,t) that can be expressed as a linear combination of m complex

eigenmodes:
q(x,t) = D ki (x)e (19)

This expansion of ¢(x, t) as a linear combination of eigenmodes can be rewritten in a compact

matrix notation as

q(x,t) = V(x)e ¥k (20)

where the j™ column of the matrix V(x) contains the complex-valued eigenvector 0(x),
the diagonal matrix 2 = diag(wy,ws, ...,w,,) contains the complex frequencies of the m
eigenvectors used for the expansion and the vector k stores the coefficients k; of the linear
combination Eq. (19).

Introducing Eq. (20) into the definition of the equivalent acoustic energy of Eq. (14), one

<qxt‘qxt>
WCLC

obtains:

= / q(x, ) W q(x,t)dV

v (21)
_ / (e=%) 1V (%) Wyo V(x)ekaV

1%

— (efZth) Mac (672'th)
where the matrix M contains the inner products of the m selected eigenvectors:
M, = / (V(X)H W V(x)) AV = <\7<x)]f/(x)> (22)
V WH.C

The element &l of this matrix reads:
MF = / (0(x)" Woe t1(x)) dV (23)
v

Since < : ‘ . > is an inner product, M, is a positive Hermitian matrix so that its Cholesky
decomposition exists and yields the square matrix F,. of size m such that FZF,, = M,..

Introducing the decomposition of M, into the acoustic energy term of Eq. (21) one obtains:
EP(t) = (Faee k)" (Foee YK) (24)

12



This equation shows that E,.(t) is nothing but the Ly-norm of the vector F,.e~**k. Note
that in difference to the energy term defined for one single mode (Eq. (14)), the equivalent
acoustic energy term for a superposition of several modes is function not only of w;, but also
of w, (via the matrix 2).

Finally, noting that the Cholesky factor F,. is not singular, the maximum possible amplifi-

cation at time ¢ takes the following form:

Ee(t) HFaceimtkH% HFaceithilFackH%
G (t) = max =%~ = max —,———— = max o (25)
E32(0) [ Fuckl3 Fack [ Fuckl3

By definition, this quantity is the Lo-norm of the operator F,.e **F1. In other words, the
maximum amplification at time ¢ is given by the largest singular value of Fj,.e **F 1.
The optimal initial perturbation is given by the corresponding right singular vector of
Fe i p-1,

On the LHS of Eq. (25), the superscript m indicates that this expression gives the maximum
energy amplification at time ¢ for all the perturbations which can be obtained by combining
the m selected eigenvectors (this notation is sufficient if one assumes that the m vectors
selected correspond to the m lowest eigenfrequencies). In the same way, the maximum tran-
sient growth, which can be obtained by combining these m eigenvectors, can be obtained by

maximizing G7%(t) over time and shall be noted:

max,ac

G = max G (t). (26)

In the case where the eigenmodes are orthogonal and all damped, the matrices M,. and
F,. are both diagonal. Then, Eq. (25) shows that the maximum growth rate equals unity
(because F,.e ™ F~1 reduces to e **) as it is expected when non-normality is not present.
As a last comment, we stress the fact that the singular value decomposition is performed on
a matrix of size m (which is the number of eigenmodes used to generate the signal), making

the above approach computationally inexpensive.

D. Extension to non isentropic modes

When the LEE equations are solved instead of the Helmholtz equation for pressure only,

the thermoacoustic modes contain one more component, in the presented case the fluctuating

13



entropy. Any mode can thus be represented with the following compact notation :

p(x)
p(x) Uiy (X)
v(x,t) = 0(x)e ™ = d(x)e “rtevit with o(x) = |ax) | = iy (x) (27)
(

=

X
>
»

)

z

~—

[ (%) ]
To describe the energy contained in this kind of modes, the corollary for disturbance energy
derived by Myers®** and extended by Karimi et al.?> is appropriate. Thus, instead of the

classical acoustic energy of Eq. (15), the following term should be used to determine the

total energy of the disturbances:

= 1 '(x,1)? po(X)u,X 24 B0 (x,1)? + ol (x, ug(x) - v (x
Buan = [ (5 707+ 5w PR 24 () - w ) ) av

(28)
The weight matrix W;, that relates the inner product of Eq. (12) to a complex based

equivalent of the total disturbance energy of Eq. (28) reads

1 oz Uoy U0z 0
2ypo 26} 23 23
U0z PO __PoUox
2¢2 2 0 0 20y
Wiot = 2o 0 £ 0 — Potoy 29
° 2c2 2 2Cp (29)
Uz Po __ pPouoz
22 0 0 2 20,
() £ _ POUOy _ pouo: poTo
2C, 2C, 2C, 2C,

The resulting energy term reads then
Eun(t) = (v(x,t)|o(x,)}
Wiot

2w;t 1 2 P a2, Podo o P po (30)
_ e A2+ 20 a2 4 220 5 +(———§)u -ﬁ>dV
[ (g 198+ 3 10 5 1+ (5 = £25) o6

where the dependencies on x were omitted for clarity.

The energy term based on complex quantities (Eq. (30)) is formally equivalent to the one
based on real-valued quantities (Eq. (28)), as the last term of the RHS integral can be

rewritten using the linearized state equation

>
I
Kol
|
23
(VAN



It can be shown?® that the matrix W, defined in Eq. (29) is definite positive as long
as the local mean flow Mach number is smaller than a critical value, more precisely if
Ma = \/ug-ug/cy < 1/v. Since this condition is well satisfied for practical combustion
systems, the following integral:

<@1(X)‘?§2(x)> - /V (61(x)™ Wier 0(x)) dV (31)

Wiot

defines an inner product. Thus, the analytical development described in section II C remains

valid in the non-isentropic case and the maximum growth at time ¢ can be written as:

Em(t) | Frore " F,} Froik|3 i e
G, (t) = max =2~ = max —— ot~ 202 — || Frore M E I3 32
t t( ) E{Zt(o) Frok HFtotkH% || tot tot ||2 ( )

where the Cholesky factorisation of the matrix
Mtot = / ( V(X)H Wtot V(X) > dV = FtIOJtEOt
1%

has been introduced. This decomposition exists, if W, is symmetric positive definite?®,
i.e. when Ma < 1/7. It might also exist even if the latter condition is not met locally,
in a choked nozzle say, where the local mean Mach number is obviously greater than the
critical value. This is due to the volume integral in the definition of M,,, which allows
some compensation between low and large Mach number regions. Similarly to the isentropic
case of section IIC, the maximum energy at time ¢ is given by the largest singular value
of Fipe ™ F, -1 and the corresponding initial perturbation is given by the right principal
singular vector. The maximum transient growth which can be obtained by combining m
eigenvectors is:

am

max,tot

= max G (t). (33)

As in the isentropic case of section I C, we may remark that :

e Eq. (32) produces G, . ,., = 1 when the eigenmodes are orthogonal and damped,

max,to

e the requested SVD is still to be made on a matrix of size m, thus not very CPU-

demanding

The theoretical results established in sections I1C and IID are now used to study an aca-

demic configuration where Mach number effects are present.
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III. RESULTS

A. Configuration

. . flame | nozzle
n mn mn |
Ma,, py. T, 8 |
—_— i
| 1 | | | .
T T T T >
0 Xf L. Xth L X

FIG. 1. The numerical setup to assess non-normality with non-zero mean flow (from Nicoud and

Wieczorek?).

L (m) L (m) Lthroat (Hl) Ty (m) 5f (Hl) Y r (SI)
1.1 1.0 1.0863 0.5 0.15 1.4 287

p%]n (Pa’) Tén = Tu (K) Tb (K) M(l)n ]\4(())11t Tref (m)
101325 300 1200 0.05 1.5 0.42

TABLE I. Main physical parameters used for configuration of Fig. 1.

The numerical setup consists in a duct of constant cross section of length L., with a region
of heat release ("flame”) of axial extent d; located at © = xy and connected to a nozzle of
length L— L. (see Fig. 1). As in®, the mean flow is assumed isentropic except in the region of
heat release and is constructed from analytical expressions of the temperature profile in the

combustion chamber and the Mach number distribution in the isentropic nozzle as follows:

Tout + Tm Tout . Tin T —1
To(z) = =2 0 0 0 tanh (3 ! 34
o) > T 2 T (34)
. . r—1L,\°
Mag(z) = Maj' + (Ma3" — Ma") (L — LC> (35)

The mean flow is then entirely determined by the choice of three independent inlet quan-
tities (for example pi, Ti®, M), the outlet Mach number Mg" and relevant geometrical

parameters 07, T¢, Lc, Tihroar and L.
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The mean profiles depicted in Fig. 2 correspond to the numerical values gathered in Table I
and used throughout the course of this study. 7T, and T} are the temperature of cold (”un-
burnt”) and hot ("burnt”) gas on both sides of the heat source, respectively. Note that in
the presented case, the gain of the transfer function H, of Eq. (6) is set to zero, i.e. unsteady
heat release is not considered. However, there is still interaction of the acoustic field with
the heat source, as acoustic perturbations generate entropy waves in the zone of non-zero
heat release, which are then convected downstream and may in turn create acoustic waves

at the nozzle, which then propagate back into the duct®?7.

4
15 12X 10 1500
10 1200 /
! s 900 /
05 6 600
4 300
0 : 2 . 0 .
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
Position (m) Position (m) Position (m)
(a)Mach number (b)Static pressure (Pa) (c)Static temperature (K)

FIG. 2. Mean flow fields for the configuration of Fig. 1.

The first eigenmodes of the configuration are computed following the procedure described
in? where the Linearized Euler Equations written in the frequency space are discretized on
a staggered mesh. The first three modes are displayed in Fig. 3 where the modulus of the

complex amplitudes of pressure, velocity and entropy are plotted.

2 ; 2 ; 2 ;
15 .‘\15"_— 15 :E 15 :i
05 ’__ii ___________ "l 1 05 0 N\ Smmmmmmmaanll 'l' 05 ¥ T ’:-
% //0’2’ of’: 06 08 1 % oz o4 o6 o8 1 00,/ 02 04 06 \0 T /1}
(a)Mode 1 at 59.1 — 8.3¢ Hz (b)Mode 2 at 169.6 — 9.47 Hz (¢)Mode 3 at 231.7 — 4.3i Hz
FIG. 3. The first 3 modes in the configuration of Fig. 1. — : |p(z)|; --- : |u(x)]; ——

|3(x)|. The fluctuating quantities are scaled by vpo, co and 10 x C,, respectively.
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B. Transient Energy Growth & Optimal Initial Perturbation

Based on the first six eigenmodes obtained from solving the Linearized Euler Equations,
the optimal initial perturbation and the corresponding transient growth are determined. As
explained in section II, two alternative definitions of ”perturbation energy” are used, based
on the classical acoustic energy GI(t) as noted in Eq. (25), and on the total disturbance
energy G (t) as in Eq. (32), respectively. As the configuration allows for the presence
of entropy fluctuations, the optimal initial perturbation may include acoustic and entropy
fluctuations in both cases (see Fig. 5). The important difference between G7%(t) and G} (t)
consists in the fact that the contribution of entropy fluctuations to the energy term are
considered negligible in the former approach, whereas they are taken into account in the
latter.

It should be noted that the evaluation based on E,.(t) alongside with Fy(t) is included here
in order to point out the importance of the correct choice of the energy form. The evaluation
of non-orthogonal effects as post-processing of an eigenvalue analysis may be more prone to
inconsistencies than other approaches. The following demonstration is therefore meant to
caution the reader against misleading results, which occur if the presented technique is used

inadequately.

The temporal evolution of the terms GO, (¢) and G¢,(t) is shown in Fig. 4(a). In this
plot, the time is scaled by the period of the first eigenmode, which has a frequency of
fi = 59.1 — 8.3iHz (cf. Fig. 3(a)); the possible transient energy growth is plotted using a

log-scale. It is obvious that the two quantities behave very differently, their maximal values

being G° ~ 6000 and G¢

maz.ac maztot ~ 0. In both cases, however, the maximum possible

amplification is reached at a reduced time of ¢/~ 0.5, i.e. after half a period of the first
mode. It should also be noted that at very low Mach numbers the two approaches lead to
results comparable with each other, with values of G} o & G e = 1 (n0t shown).

Fig. 4(b) shows the temporal evolution of GY ,(¢) together with that of the energy of the
optimal initial perturbation Egpt,tot(t). The energy of the initial perturbation follows very
closely the curve of G(t). This indicates that the optimal initial condition maximises the
energy of the system not only at ¢ = t,,,,, but rather throughout the complete initial phase

considered here.
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FIG. 4. Temporal evolution of the maximum possible amplification and energy term as obtained
from the first six eigenmodes. Time is scaled by the period of the first eigenmode t' = T% with

f1 =59.1 — 8.3i Hz.

The optimal initial perturbations that allow to obtain the maximum possible amplifica-
tions G _(t) and G¢ ,(t) are shown in Fig. 5 for ¢ = 0. Figure 6 shows the same perturbations
at the moment of maximum possible amplification, i.e. at t = t,,45.

In the optimal initial perturbation obtained using the total energy approach (see Fig. 5(b)),
fluctuations of entropy, pressure and velocity are equally present. At the time of maximum
growth t = t,,4., the entropy contribution to the disturbance energy term FEj,; has increased
significantly, while the acoustic mode persists (see Fig. 6(b)). The situation is rather differ-
ent for the optimal perturbation computed based on the acoustic energy only. At the initial
time, the optimal perturbation contains mainly entropy fluctuations, the acoustic contribu-
tion being virtually zero (see Fig. 5(a)). However, at t = ¢,,4, the entropy fluctuations have
decreased, while the acoustic part has increased significantly (see Fig. 6(a)). This means
that energy has been transferred from entropy towards acoustic fluctuations. However, as
entropy fluctuations were not taken into account in the computation of the energy term,
this also means that the acoustic energy term F,. is amplified enormously as it grows from

an initial value close to zero to a non-zero value at t = t,,4..

6

mazx,ac

This observation is consistent with the fact that a large value of G is observed in Fig. 4,

while the value of G

mazx,tot is a lot smaller.
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(a)optimal perturbation for GS,(0) (b)optimal perturbation for G%_,(0)
FIG. 5. Spatial distribution of the optimal initial perturbation at t = 0: — p/(z,t); --- u/(x,t);

—-— §/(z,t).  The fluctuating quantities are scaled by ypo, cop and C, respectively.

1.5

-0.3 /
-0.4 ] -1r N
0% 02 04 06 08 1 1.2 % 02 04 06 08 1 1.2
X X
(a)optimal perturbation for GS,(tmaz) (b)optimal perturbation for G%  (t,,4x)
FIG. 6. Spatial distribution of the optimal perturbation at t = t,4.. — p'(z,t); --- u/(x,1);

—— §(z,¢t). The fluctuating quantities are scaled by ~vpg, co and C, respectively. Note the

different scale of the ordinates.

m

To better understand the physical background of the difference between Gy, .. and
Gm

maz.tot, the convergence of these quantities with respect to the number of eigenmodes m

used for the analysis is displayed in Fig. 7. From Fig. 7(a) one may conclude that the max-
imum transient amplification is well predicted with only 5-6 modes, when the total energy

of the disturbances is considered. Adding more modes to the analysis does not have a huge

impact on the result for G, ;- By contrast, for the growth rate based on the acoustic
energy Gy, .. convergence is hardly reached when 10 modes are used. It seems that the

values of G would increase even more when a larger number of eigenmodes is retained.

mazx,ac
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This observation is confirmed by Fig. 7(b), which shows the contribution of acoustic fluc-
tuations to the optimal initial perturbation computed with the norm based on the acoustic
energy (cf. Figs. 5(a) and 6(a)). For this plot, the value o(t) has been defined as the ratio
of acoustic energy to total disturbance energy:

E,.(t)
"= Fo )

(36)

where E,.(t) and E;(t) are the terms defined in Eq. (14) and (30) respectively. Values of o(t)
close to one indicate hence preponderance of acoustic fluctuations and negligible influence
of entropy fluctuations, while values of o(t) near zero denote huge contributions of entropy
fluctuations in the signal. For the optimal perturbation corresponding to G, .. at t = 0,
the contribution of the acoustic energy to the total energy clearly tends to zero for increasing
m (o-symbols). At the same time, the contribution of acoustic energy to the perturbation
at t = t;q, remains of the same order of magnitude (x-symbols). The acoustic transient
growth G7(t) = max Eu.(t)/FE.:(0) is hence virtually unlimited for increasing values of m,
as Eue(tmaz) does not decrease in the same way as Fq.(0).

This behaviour is possible, since the entropy mode of fluctuations can feed the acoustic

mode when the mean flow is accelerated®?”2%. Another path from entropy to acoustic was

discussed by Nicoud and Poinsot?” in the case where the thermal diffusivity is not zero. The
6

max,ac

very large value of G displayed in Fig. 4 is merely the consequence of these physical
phenomena. In other words, non-normality effects cannot be characterized by the transient
growth of acoustic energy when either mean flow or thermal diffusivity are present; the total

transient growth based on the complete energy of the fluctuations must be used instead

(cf.18:30),

IV. PARAMETER STUDY

In the following, two aspects contributing to non normality in the system will be investi-
gated separately: the influence of the mean flow Mach number and flame-acoustic interaction
via unsteady heat release. The configuration to be analyzed is simplified to a duct with a
1D flame, the isentropic nozzle being removed (see Fig. 8). The boundary conditions are set
to u =0 and § = 0 at the inlet and to p = 0 at the outlet of the domain. This means, that

as soon as a mean flow is present, both acoustic energy and energy contained in entropy
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FIG. 7. Dependence of transient growth on the number of eigenmodes m retained for the analysis.
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FIG. 8. Configuration used for Parameter Study.

fluctuations may leave the domain.
The flow parameters concerning temperature, pressure and gas constant of the fluid, as well

as the position and thickness of the flame, remain those of Table I.

A. Variation of mean flow Mach number

In this subsection, the effect of mean flow Mach number on transient growth is explored.
In particular, for inlet Mach numbers in the range from M = 0.05 to 0.20, the maximum
possible transient growth is computed based on the total disturbance energy, using up to
eight eigenmodes of the configuration for modal expansion.

Cases with inlet Mach numbers smaller than M{" = 0.05 are not considered here, as for low
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FIG. 9. Variation of G,,4; with the inlet Mach number.

mean flow Mach numbers the entropy fluctuations are structures with a wavelength much
shorter than the acoustic wavelength, by a factor that corresponds to the mean flow Mach
number \./A\,c &~ u/c = M. This implies that for low Mach numbers the computational
grid has to be very fine in order to correctly capture the effect of entropy perturbations. At
the same time, a demonstration of low Mach number computations is not the main concern

here, as the effects of non normality are expected to decrease with the mean flow velocity.

The results for G™

max

as defined in Eq. (33) obtained by combining the first m eigenmodes
are plotted in Fig. 9(a). The plot confirms that the growth factor G, converges towards
a stable value when about seven modes are included in the analysis. Figure 9(b) resumes
the values of G4, obtained by combining eight eigenvectors as function of the inlet Mach
number. As expected, non normal effects are relatively small at low Mach numbers, and
increase with growing mean flow velocity. For M{" = 0.05, the maximum transient growth
obtained is approximately G,,.. =~ 2.5, which is considerably lower than the value obtained
for the same velocity for the configuration including the choked nozzle. Yet, increasing

the mean flow Mach number leads then to maximum possible growth factors as high as

Grmaz ~ 18 for Mi" = 0.20.
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B. Variation of the strength of the unsteady heat release term

In the remainder of this section, the impact of unsteady heat release on non-normal
interactions and resulting growth of perturbation energy is investigated. As before, the
effects of non-normality are determined based on the total disturbance energy approach.

As introduced in section II, the unsteady heat release is described using an n-7-model,
leading to the expression stated in Eq. (6). In the frequency domain, this unsteady heat

release term reads:

4(%) = [ H, ()€™l - e (37)
Ubuik
The local interaction index H, can be linked to a parameter n as follows:
— 1 Ubuik of Sf.
Hy(z) =5 go Sy po - for oy —5 <w<ap+ 3 (38)
H,(x)=0 otherwise

where ¢ and ¢y denote the position and the thickness of the flame, respectively.

Varying the parameter n hence allows to change the strength of the flame-acoustic inter-
action, which is what is investigated in the following. However, once unsteady heat release
is introduced with n > 0, some of the modes are expected to become linearly unstable. This
is indeed observed for the configuration investigated here, see Table II, which shows a trend
towards positive values for the imaginary part of all eigenfrequencies if the interaction index
n is increased. The analysis has been carried out at a relatively high inlet Mach number
of M;, = 0.2, resulting in high losses of disturbance energy at the boundaries, and thus
reducing both the growth rates and the number of unstable modes. Nevertheless, modes 4
and 5 are linearly unstable for n > 2.

In such cases, the computation of a transient growth factor is not obviously meaningful,
perhaps not even possible. However, the system being linearly unstable does not mean
that non-orthogonal effects do not exist anymore, but rather that G}, (¢) cannot be used
for the evaluation, as it will inevitably tend to infinity. For this reason confrontation with
linearly unstable systems is usually avoided. Otherwise, an analysis can be made possible by
introducing a damping term in the governing equations®. However, this approach requires
changes to the formulation of the underlying eigenvalue problem, and is thus opposed to the
idea of studying non-normal effects in a post-processing step.

In this paper a different strategy is therefore adopted: Simply speaking, the growth of

perturbation energy including non-normal interactions is compared to the growth of the
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1| 53.3—-64.0¢ 45.3 — 58.31 39.4 — 54.61
2| 332.6 —10.6t 3425 —5.43 350.3 — 2.1¢
31457.5—188.17 440.9 — 169.6¢ 433.7 — 160.0¢
4| 662.6 +41.5¢ 677.9+73.9¢ 696.7+ 103.6¢
5| 893.4+410.6¢ 877.5426.6¢ 859.9 + 37.5¢
6(1114.1 — 204.77 1069.6 — 194.2¢ 1045.4 — 186.27
711229.6 —43.8: 1221.4 —30.2¢ 1217.0 — 23.5¢
8| 1567.4 —37.7¢ 1404.3 — 143.3¢ 1415.2 — 124.14
911784.1 —76.8: 1567.4 —37.7¢ 1574.9 — 29.5¢

10| 1933.8 — 33.5¢  1805.0 — 68.8¢ 1819.0 — 60.9¢

TABLE II. Eigenfrequencies of first modes with flame-acoustic interaction n > 0, time delay
7 = 0.5ms, inlet Mach number of M;,, = 0.2. Mode index m in bold face indicates linearly unstable

modes.
energy of the most unstable eigenmode,
Erar = Eoexp(—2w"*t). (39)

Results are shown in Fig. 10. Is is evident that non-normal interactions can accelerate the
growth, such that larger perturbation energies are reached at earlier times. However, such
enhanced growth is only observed in the early stages of growth ¢’ < 0.2, at later times the
growth rate of the most unstable modes dominates the evolution. This becomes particularly
obvious when the data shown in Fig. 10 is plotted on a log-linear scale (see Fig. 11). Then
it becomes clear that for n = 2 and n = 4, perturbation energies including non-normal
interactions are about four times and two times larger, respectively, than the energy that
the most unstable mode reaches at the same time.

As mentioned before, for the case of a linearly unstable system G(t) will tend to infinity
and can therefore not be used for the analysis. In such conditions, the largest oscillation
amplitudes are always observed at ¢ — oo, and they would correspond to the most unstable

mode, i.e. the mode with largest imaginary part w;.
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FIG. 10. Growth of perturbation energy with unsteady heat release n = 2 (left) and n = 4 (right)
for m = 10 eigenmodes. — - — - — : most unstable mode E,q5(t); — : G(t) maximum growth;

———: E(t) growth from optimal initial condition
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FIG. 11. Growth of perturbation energy with unsteady heat release n = 2 (left) and n = 4 (right),
log-linear scale. — - —- — : most unstable mode E,q5(t); — : G(f) maximum growth; — — —: E(t)

growth from optimal initial condition

In order to identify the optimal initial conditions and to quantify the effect of accelerated
initial growth observed in Fig. 10, the approach used so far is slightly modified: The expo-
nential growth of the term G(t) is counteracted by multiplication with exp(—2w]"**t), which

leads to a modified growth term of the form

max 3

GimP = max [G(t) exp(—2w]™*"t)] (40)
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FIG. 12. Temporal evolution of the compensated terms for n = 2 (left) and n = 4 (right) for

m = 10 eigenmodes: —— : G(t) exp(—2w"*"t) — — — : E(t) exp(—2w["*"t)

(where comp stands for compensation of the exponential growth.) In difference to G(t), the
growth term of Eq. 40 tends towards a stable value for large times, and presents a maximum
value during the initial cycle. This "compensated” growth term can therefore be used to
quantify the effect of accelerated growth in unstable non-orthogonal systems, the approach

being otherwise the same as for linearly stable systems.

V. CONCLUSION

This article evaluates non-normal effects for a thermoacoustic system that contains both
a source of entropy fluctuations and a zone of accelerated mean flow. Rather than using a
singular value decomposition approach, the determination of the maximum transient energy
growth and the corresponding optimal initial perturbation is carried out as a very efficient
post-processing analysis based on an expansion in eigenmodes. These modes are obtained
by solving the Linearized Euler Equations using a finite volume technique, a method which
allows to take into account mean flow effects and is at the same time suitable for complex
geometries. It should be noted, though, that as the approach is based on an eigenmode
decomposition, the computation of eigenvectors being associated to discrete frequencies is
a prerequisite to this analysis. The generalization of the presented technique from 1D to
a complete 3D analysis based on the Linearized Euler Equations is limited to the case of
discrete eigenmodes. For hydrodynamic instabilities associated to a continuous frequency

spectrum, the presented approach may require further adjustments not considered in this
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study.

The results confirm that the eigenmodes of thermo-acoustic configurations are, in general,
not orthogonal, which allows for transient growth of disturbance energy. However, it is
pointed out that for the analysis of non-normal effects of such a configuration the definition
of the norm, or equivalently the proper choice of the disturbance energy, is crucial. Two
approaches are presented in this paper, the first one being based on an energy term that is
equivalent to the classical acoustic energy; the second one being based on the total distur-
bance energy and therefore including the contribution of entropy fluctuations. It is shown
that the use of the acoustic energy concept may cause misleading results in configurations
that include mean flow effects: If the energy of entropy fluctuations is neglected in the anal-
ysis, any energy transfer from entropy to acoustic fluctuations will lead to spurious values

for transient (acoustic) energy growth.

Applied to a schematic representation of a combustion chamber with a moderate mean
flow speed and choked exit without unsteady heat release, the method presented predicts a
maximum possible amplification of G4z 0t = 6. For this configuration, a linear combina-
tion of five to six eigenmodes is sufficient to determine the maximum possible amplification
and the optimal initial perturbation. A subsequent parameter study shows the effects of
the mean flow Mach number and unsteady heat release on the degree of non-normality.
The analysis confirms that non normal effects increase with the mean flow velocity and the
strength of the thermo-acoustic interaction. It is demonstrated also that linearly unstable
systems can be analysed with the method presented. The results show that transient growth
due to non-normality may lead to high amplitudes of perturbations at times earlier than

those predicted by linear theory, i.e. before the exponential growth is the dominant aspect.

After completion of the work described in the present paper, Subramanian & Sujith®!
have proposed a norm for the energy of heat release fluctuations in a model of a laminar
premixed flame. In support of the findings of the present study, it is found that the transient

growth of energy detected in the system may be strongly influenced by the choice of norm.
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Appendix A: Orthogonality of the Eigenmodes

The objective of this appendix is to give a short derivation of Eq. (17), which is used to
discuss the orthogonality of the eigenmodes.
Consider two eigenvectors 01 and 0o, that are associated to the complex eigenfrequencies wy

and wo, respectively. A weighted inner product can then be defined as follows:

where V' denotes the domain’s volume, and * stands for complex conjugates.

) 1 .. Po . .
= > dV 4+ [ —u; a5 dV, Al
U2>Wac /V 27p0p1]72 v 2 1 Uy (A1)

Writing the Helmholtz-Equation (cf. Eq. (7))for the complex conjugate of py yields:
g1 -

1 Y
YPpo w2 po T ypows (A2)

The first integral on the RHS of Eq. A1 can thus be rewritten as:

1 1 1 1 [ y—1
1Py AV = — /AV'—VA*dV—Z' / p1G, AV A3
/v 2ypo’ 2 2032 Jy P g 203 Jv po (43)

Using integration by parts, this result can be further developed into:

1 1 1
PPy dV = ———~ /—ﬁVﬁ*—ﬁ*Vﬁ -ndS
/V 2ypo 2(w? —wi?) Jg Po( 1VP; ~ P2VP) (A4)

{ 7_1 % A A% Ak A~
+ ” / WaP1qs + wi1Psq1) dV,
2@%‘“22) v YDPo (wahrdy 1P2h)

where S denotes the domain’s boundary and n the unit vector normal to the boundary.
The second integral on the LHS of Eq. (A1) can be rewritten using the relation poty =
Elkvm, which yields:

pO ~ ~ 1 1 ~ A
—u-usdV = ——— —Vp, - Vo5 dV A5
/v 2 12 2(w1w§) v Po b P2 ( )

29



Further development using integration by parts leads to:

*

1 1 _ - 1 1w, ., Wy oo
/ —Vp1-Vpy dV = ———F+ / —(—1p1Vp2 — 2p3Vp1) -ndS
1% s Wi

2(wiw3) Jv po 2(wi —w3?) Js po w3

1 7_1 A Ak * Ak A
+ " / wiP1Gs + waDsqr) AV,
NT ) Jy gy P10 T RE)

(A6)

Finally, adding the expressions given in Egs. (A4) and (A6) yields the result discussed in

section II:
(o
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