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Abstract

We determine the effective electric properties of a composite with high contrast. The energy
density is given locally in terms of a convex function of the gradient of the potential. The permittivity
may take very large values in a fairly general distribution of parallel fibers of tiny cross sections. For
a critical size of the cross sections, we show that a concentration of electric energy may arise in a
small region of space surrounding the fibers. This extra contribution is caused by the discrepancy
between the behaviors of the potential in the matrix and in the fibers and is characterized by the
density of the cross sections of the fibers with respect to the cross section of the body in terms of
some suitable notion of capacity. Our results extend those established in [7] in the periodic case for
the p-Laplacian to a general nonlinear framework and a non-periodic distribution of fibers.
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1 Introduction and setting out of the problem

Composites comprising traces of materials with extreme physical properties have been investigated by
several authors over the past decades in various contexts, such as diffusion equations [7, [T}, 16} 26] 28],
fluid mechanics [12], electromagnetic theory [9], linearized elasticity [6l [8]. The common feature of this
body of work is the emergence of a concentration of energy in a small region of space surrounding
the strong components. This extra contribution is characterized by a local density of the geometric
perturbations in terms of an appropriate capacity depending on the type of equations.

In this paper, we determine the effective electric properties of an electrified composite whereby a set of
extremely thin fibers with very large permittivities is embedded in a matrix with permittivity of order 1.
This study may as well concern various steady-state situations in Physics like heat diffusion for instance.
It is interesting to refer to Electricity where capacity has a specific meaning. A similar problem has been
studied by one of the authors with G. Bouchitté [7] in the periodic quasilinear case for fibers of circular
cross section. In what follows, we investigate the non periodic case and consider a more general non linear
framework and also fibers with arbitrarily shaped cross sections. This is worthwhile because fibers stem
from draw plates and therefore are likely to display anisotropic behaviors governed by general convex
functions. Let us notice that in the linear case, M. Briane and J. Casado-Diaz [15] obtained nonlocal
effects with fibers the cross section of which is merely a bounded connected open subset of R?. Dropping
the assumption of periodicity is a challenging task which may lead to quite different effective problems
when composites with high contrast are considered. In our specific study, the effective problem turns out
to show the same general features as in the periodic case, provided the fibers are not too closely spaced
(see (1.6).

We turn now to a more detailed introduction of the paper. Let O = O x (0, L), where O is a bounded
smooth open subset of R?2. We consider the boundary value problem in Electrostatics

min F.(u) —/ qyu dx —/ qsu dH?,
u€uo+ Wi (0) o Iy

WrP(0) ={peW'P(0):p=00onTo}, ToC0O, H*To)>0, Ty=00\Ty, -
1.1
11 1)7

(4v95) € LV (0) x LP (T1), ug € C*(D), (; T

F.(u) = /O\TTE f(Vu) dx + )\E/T g(Vu) dz.

Te

The solution u. to (P.) describes the electric potential of an electrified fibered composite insulator, where
the distributions of body and surface charges are denoted by ¢, and ¢,. The non periodic set 7;._ occupied
by the fibers is defined in terms of a bounded domain S C R? with a Lipschitz boundary, of two small
positive parameter ¢, 7. such that 0 < r. << ¢ << 1, and of a finite family (w!);c;. (J- C N) of points in
O. We set .

Q.={wleR? jeJ.}CO, (1.2)

T..:=|JTL, T,:=8.x(0,L), S :=(wl+r.S). (1.3)
JjeJe
The parameter r. describes the size of the sections of the fibers, which are homothetical to S, whereas

the parameter € accounts for the local density of the distribution of the fibers in O through the function
n. defined by

ne(z) =Y (4J2) lyz(z1,22), JZ:={j€Je, wl €Y7},

zele (1.4)
Yii=ezteY, YVi=[-1/21/2)% L ={:€2? Y:cO},
where A denotes the cardinal of a set A. Given z € O, the scalar n.(x) is the number of points of Q.
included in the cell Y such that (zq1,22) € Y2 and z € I, if this cell exists at all. Therefore, n.(z) is



an approximation of the number of fibers included in the parallelepiped YZ x (0, L) containing . The
assumption
0<n.(z)<N in0O, NeN, n.>n weakstarin L®(0), (1.5)

ensures that the fibers do not concentrate in some lower dimensional subset of O (see Remark (ii)).
We also suppose that

min wé — wg/ > R., dist(9., 00) > 5v/2,
j.,JA,EJEJ.#,I | ( ) (1.6)

for some sequence of positive reals (R.) satisfying

2-p
re<Ro<e, 1<AP(R), AP0 = 0 ifp£2, 420) = % (1.7)
5 2| log t|
The hypothesis guarantees that each fiber is separated by a sufficient distance from the other fibers
and from the lateral boundary of O (the constant ”51/2” in is chosen in order to get ) The
periodic case corresponds to Q. = {ez, z € I} and n. given by n.(r) = 1 if x € (J,;. YZ x (0,L),
ne(x) = 0 otherwise. With no loss of generality, we assume that

0€0, DcC S, (1.8)

where D denotes the open unit ball of R2. The density of electric energy is given in terms of a sequence
of positive reals (A:) and of two strictly convex functions f, g satisfying a growth condition of order
p € (1,+00) of the type

alg? < £(€),9() <bEP VEER®,  (a,b>0). (1.9)
We suppose that
. r2|S| -

thus the density of electric energy is assumed to take large values in the fibers. For simplicity, we suppose
that (see Remark (iii))

ug =0, if k= +4o0. (1.11)

2 Notations

For any weakly differentiable function ¢ : RY — R (N € {2,3}), we set

Vi = (019, 02, 0). (2.1)
We denote by P the “p-recession” function of f, defined by
t. .
foP(€) = limsup f(t 3 VE € RP. (2.2)
t——4o0
Our results are obtained under the hypothesis:
' >0, 38" € (0,p), [f(€) — SOl <a’(1+]¢)7) Ve R, (233)
For any o € R, we set
sgn(a):=1 if & >0, sgn(a):=-1if a<0. (2.4)



For all couples (U, V) of open subsets of R? such that U C V and for all a € R, we set
cap! (U, V; ) = inf PY (U, V; ),

PH(U,V;a) : inf {/

v

The letter C' denotes different constants whose precise values may vary. We employ the usual convention

00.0 = 0. We denote the Lebesgue measure on RV by £V, the Hausdorff k-dimensional measure on

RY by H*, the space of Radon measures on O by M(O), the space of Borel functions on O by L°(O),
respectively.

—~ 2.5
f(ch) dzidzs - p € WyP(V); o =ain U}. (2:5)

3 Main result
We assume that the sequence (%(” ) (re)) defined by l} is convergent and set
A P) = giir(l)'ye(p)(rs) € [0, +o0]. (3.1)

The effective behavior depends on the order of magnitude of the parameter v(). A critical case occurs
when 0 < v(P) < 400. Then, a gap between the mean potential of the constituent parts of the composite
may appear, giving rise to a concentration of electric energy stored in a thin region of space enveloping
the fibers. The effective electric energy then takes the form of a sum of three terms like

D(u,v) = /O F(Vu) dx + Peap(v — 1) + @ fipers (v). (3.2)

The function u stands for the weak limit in W1?(Q) of the sequence (u.) of the solutions to 7 and v
represents a local approximation of the effective potential in the fibers. More precisely the function nv,
where n is defined by , is the weak- limit in M(O) of the sequence of measures (ucji), being .
the measure defined by

62

o= et (Lo (53)

The functional @ fipers accounts for the effective electric energy stored in the fibers and is given by

(I)fibers(v) :/ ghom(ag,u)ndx’ (34)
o
where n and ¢"™ : R — R are respectively defined by (1.5 and
9" (a) := min {g(q) : ¢ € R?, g3 = a} . (3.5)

The second term of ® describes the last mentioned concentration of energy in terms of the gap between
the effective potential in the fibers and in the matrix. We obtain

Drgp(v—u) = / ¢ (S;v — u)nde,
o

where

¢l (S;0) = ¢! (S;sgn(a))|al?, (S +1) = 1in(1)cg(5'; +1),
; 1 oo . (3.6)
cl(S;+1) == —20ap (reS,0;£1).

The sequences (cf(S;+1)) are assumed to be convergent if p = 2. A study of cap’ (see Section |5)) yields

yPleap? ™" (S, R?; +1) if p<2,
¢/ (S;£1) = { @7 (£1) if p=2, (3.7)
+00 if p>2,



for some positive reals ¢/~ (£1) independent of S (see Remark (iv)).
We prove that the limiting problem in a variational sense associated with (1.1]) is given by

(P"my:  min {Fhom(u) - /O qpu dx — /F qsu dH? :u € ug + Wll(’)p((’))} , (3.8)

where

F’wm(u) =inf {®(u,v) : v € LP(O)},

/ f(Vu) dz + / ! (S;v —u)ndx + l%/ g™ (93v)ndx

o o o

= if (u,v) € (ug + WiP(0)) x Vp, (3.9)
400 otherwise,

Vp = {v € L%(0), vn € LP(O) : d3un € LP(O),vn = upn on 'y N (5>< {O,L})} .

D(u,v)

Theorem 3.1. Assume . (2.3, (3-1), then the unique solution u. to converges weakly in

WLP(O) as e tends to 0 toward the unique solution u to (@ Moreover, there holds

lim {FE(UE) f/ Qpue dx f/ gsUe dHQ} = Fhom (y) 7/ gpu dx f/ qsu dH?. (3.10)
e=0 o r, o r,

Assume in addition that v) > 0 and let pe be the measure defined by . Then the sequence of
measures (uspie) weak x converges in M(O) to m)[,ifo, where n is defined by and v is the unique

element of V,, given by (5.9), such that F"™(u) = ®(u,v).
Remark 3.1. (i) If ) =0, the variables u, v are independent and the effective energy simply reads

Fhom(y) = /Of(Vu) de+C, C:= inf l::/oghom(ﬁgv)da: (P =0).

veEV)

If 4P) = 00 (in particular if p > 2), the functional ®(u,v) takes infinite values unless u = v, hence

Fhom(u) :/ f(Vu) dx + ]%/ ghom(a3u) ndz (,Y(ZD) — _;'_00)7
o o

and the effective energy is that of the matriz augmented by a permittivity term in the direction of the
fibers.

If 0 < 4P) < 400, the effective electric energy is not a local functional. This means that it can not be
written as the integration over O of a density of electric energy of the form h(z,u(zx), Vu(z),...). By
introducing the additional state variable v, we can write the effective energy under the form of a local
functional of the couple (u,v). This internal or hidden state variable is the limit of a suitable scaling of
the electric potential in the sole fibers and accounts for the micro-structure. The total effective electric
energy is that of a body totally filled up by the matrixz material augmented by a term which is the infimal
convolution of the last mentioned permittivity term supplied by the distribution of fibers and a bonding
term depending on the gap of electric potentials in the matriz and in the fibers. This bonding term
describes a concentration of electric energy in the matriz in the immediate vicinity of the fibers, which
may occur only when p < 2. It induces a total effective energy lower than ®(u,u). The structure of ®
stems from the contribution of each term entering the decomposition:

F.(u) :/ f(Vu) dx—i—/ f(Vu) d:r—l—)\s/ g(Vu) dz, (3.11)
O\(Dr. x(0,L)) (Dre X (0,L)\Tr, Ty

where, given (R.) satisfying (1.7), the set Dp_ x (0,L) is the R.-neighborhood of the fibers defined by
(6-3). The set (Dg, x (0,L))\ T, is a small portion of the matriz surrounding the fibers where electric



energy may concentrate due to the gap between the mean electric potentials in the fibers and in the matriz.
This will provide a limit capacitary term associated with f°P(Vu) on R.D \ r.S. The contribution of
O\ (Dgr, % (0,L)) is obvious and the contribution of the fibers is classical (see [1, [29]).

(i) The extension of our results to the case when the sequence (ng) is not bounded in L™ (O) but only
in LY(O) and weak-+ converges in M(O) to some measure u is a challenging mathematical problem.
The effective energy stored in the fibers is then likely to be simply deduced from by substituting du
for ndx. As regards the concentration of electric energy around the fibers, we expect it to take the form
Prap(v—u) = [ cf(S;v—u)dug for some suitable measure py absolutely continuous with respect to u and
satisfying po(E x (0,L)) = 0 for all sets E C O such that cap (E, 5; 1) = 0. Similar classes of measures
arise in the study of Dirichlet problems on varying domains [19], [20], [21]. Computing this measure pg,
if possible in terms of wu, seems to be a big task.

(iii) The simplifying assumption ensures that the effective electric energy stored in the fibers van-
ishes if k = +o00. An alternative is to assume that ug takes the same values on the intersection of the
opposite bases of O with I'y.

(iv) If p =2, the constants ¢/~ (£1) are simply defined by

-, 1 % (r.8;0
7 (1) = —— lim cap!  (re5;0)

@y lim = if 0 < ~+? < 400, cij(j:l) =1 otherwise. (3.12)
Y e

These constants can not be explicitely determined in terms of capfoo'2, However, they can be calculated

10 = 31 (see (520 [0

C%HQ(:N:I) =.

(iv) The phenomenon observed in the critical case does not appear in dimension 2 whenever the sequence
of conductivities () is supposed to be uniformly bounded from below. Indeed, M. Briane and J. Casado-
Diaz showed [13, [T{|] that in that case the nature of the problem is preserved through the homogenization
process.

4 Conjecture for the case of a random distribution of fibers

In this section, we indicate a possible generalization of the periodic model to the case of parallel fibers
randomly distributed in accordance with a stationary point process. In the model under consideration,
the cross sections are not uniformly (i.e., periodically) distributed but their distribution is periodic in
law i.e., the probability of presence of the sections is invariant under a suitable group (7. ),cz2 defined
below. In the stochastic homogenization framework, the distribution of the sections is then said to be
statistically homogeneous. We are going to give some precisions on this model.

Let us first define the discrete dynamical system (€, P, (7.).cz2) that models the distribution of the
sections of the fibers. Given d > 0, we set

Q= {(wi)ien s wi €R?, |wp —wy| >d for k#1}, (4.1)

and denote by ¥ the trace of the Borel o-algebra of (R?)> on Q. We equip 2 with the group (7.).ez2
defined by

T,W=w — 2,
where w — z must be understood as (w; — z);en, and we denote by F the o-algebra made up of all the
events of ¥ which are invariant under the group (7.).cz2. We assume the existence of a probability
measure P on (€, ) for which (7.).cz2 is a measure preserving transformation, i.e.,

P#7, = P for all z € 72,

where P#7, denotes the pushforward of the probability measure P by the map 7,. For any measurable
function X : Q — R, we denote by E7 X its conditional expectation given F, i.e., the unique F-measurable
function satisfying

/EfX dP:/XdeoreveryEef.
E E



Note that E¥ X is 7.-invariant (hence periodic) and that under the additional ergodic hypothesis which
asserts that F is trivial, that is made up of events with probability measure 0 or 1, E¥ X is constant and
nothing but the expectation E(X) := fQ X dP. Note also that the following asymptotic independance
hypothesis

| |lim P(ENnT,E')=P(E)P(E), (4.2)
z|—+o0
is a stronger but more intuitive condition yielding ergodicity.

The random set of fibers is defined by

T, (w) = U T, T :=(ewj+r.S) x (0,L), Je(w):= {j €N, w;e 5} . (4.3)
JjEJ (w)
We will denote by (P.(w)) the problem associated with the random functional F;(w,.).
Consider the random function

ng: Q — N, ano(w)::#{iEN:wiG?}, ?::[0,1[2. (4.4)

In all likelyhood, the conditional expectation E¥ ng(w) is the only additional corrector of the limit energy
obtained in the periodic case. More precisely let us denote by ®(w,.) the random functional:

/ f(Vu) dx JrE]:no(w)l_c/ g™ (93v) dx + Efno(w)/ ! (S;v — u)dz;
(@] o @]
P(w,u,v) = if (u,0) € (g + WEP(0)) x Vj, (4.5)

400 otherwise,

and set "™ (w, u) = inf {®(w,u,v) : v € LP(O}. Then one may reasonably conjecture that

Conjecture 4.1. Under the assumptions stated above, when € tends to 0, the unique random solution

us(w) to the problem (P.(w)), deduced from by substituting for (1-3), almost surely weakly

converges in WHP(O) toward the unique solution u(w) to
(P(w)) min {Fhom(w,u) - / @ dx — / qsu dH? :u € ug + Wllop((’))} .
(@] 'y

Moreover,

lim {Fs(w,us) —/ Que dx —/ QsUe d’HQ} = Fhom(w, u) —/ qyu dx —/ qsu dH?,
e—0 o r o r,

52

and, if YP) > 0, v.(w) := W]ITTE (w)Ue(w) almost surely weak * converges in M(O) to some v(w)

belonging to V,, such that F"™(w,u) = ®(w,u(w),v(w)). Furthermore, under the ergodic hypothesis (for
instance under condition ), there holds E¥ ng(w) = Eng so that the functionals ®, F'"™ and the
functions u and v are deterministic.

We hope to treat the mathematical analysis in a forthcoming paper.

5 Study of the capacity cap’

Given a strictly convex function f : R® — R satisfying a growth condition of order p € (1,+0cc) of the
type , our main objective in this section is to analyze the behavior with respect to certain small
subsets of R? of the mapping cap’ defined by . A similar study has already been performed in the
setting of linear elasticity in [0 Section 3]. In [22], G. Dal Maso and I.V. Skrypnik have studied the
capacity for monotone operators which are closely related to the ones considered in our paper. Also,
their study has been extended to pseudo-monotone operators by J. Casado Diaz in [I7]. Further results



concerning capacities and many references on this subject may be found for instance in [2] 25] 27 [30L [32].
In what follows, the letter U denotes a non-empty bounded connected Lipschitz open subset of R? and
V an open subset of R? such that U C V.

The proof of the following Lemma is similar to that of [ Lemma 1]:

Lemma 5.1. The problem has a minimizing sequence in D(V).

If p < 2, we denote by KP(V) the set of functions ¢ € LP (V) (p* := ;Tpp) for which all the partial
derivatives 011, 921 (in the sense of distributions) belong to LP(V'). It is easy to check that, equiped

with the norm
Y| ke vy = (/ |¢|P*dx) + (/ |v¢|1’dx) , (5.1)
174 174

the space KP(V) is a reflexive Banach space. Therefore the closure of D(V) in K?(V'), which will be
denoted by K¥(V), is also a reflexive Banach space. Gagliardo-Nirenberg-Sobolev inequality (see for
instance [10, Theorem 9.9]), namely

/ WP de < C / VylPde e KE(V) (p<2), (5.2)
1% 1%

holds true whatever the choice of the open set V', with a constant C' depending only on p (we can take for
instance C = 2’%}7 but this constant is not optimal, see [10], footenote, p. 278]), unlike Poincaré inequality

in Wy (V), which may fail to hold when V is unbounded. The space K% (V) coincides with Wy* (V) if
V is bounded and may be strictly larger otherwise. There holds K¥(R?) = K?(R?).

The next lemma marks a noteworthy difference between the case p < 2 and the case 2 < p: if p > 2, the
infimum problem Pf (U, V;a) (see (2.5))) is not achieved in general if V is unbounded (see Remark |5.1]),
whereas P/ (U, V; ) is always achieved, if p < 2, provided we substitute K2 (V) for Wy (V) in (2.5).

Lemma 5.2. (i) Assume that p < 2, and let o € R. Then the problem

PlyW.Via): _int [ f@r0.000,0)ds,
0 1%

YEK L (U,V) (5.3)
KalUV) = {¢ € K§(V), b=a inU},
has a unique solution and
cap’ (U, V;a) = min ’Plf(g(U, V;a). (5.4)
Moreover, the solution v to satisfies, for a.e. x €V,
0<¥¢()<a if a>0; a<YP(z) <0 if a<0. (5.5)

(i) Assume that 2 < p and that V is bounded in one direction, and let « € R. Then the problem
has a unique solution.

Proof. (i) By (2.5) and Lemma [5.1] we have

cap’ (U, V; o) = inf {/V (019,001, 0)dx, 1 € Ko(U, V) mD(V)} . (5.6)

By repeating the argument of the proof of [0, Lemma 2], we find that

KP(
)

Ko D)~ Y = ka (U, v), (5.7)

where o (U, V) N D(V)K ) denotes the closure of Ko (U, V)ND(V) in KP(V). Since f is convex and
satisfies the growth condition (1.9), the functional ¢ — fV f(01¢, 021, 0)dx is continuous on K¥(V). We
deduce that

cap’ (U, V; a) = inf {/V F(01¢,0200,0)dx, ¥ € Ku(U, V)} = ian{(g(U, V;a). (5.8)



By (1.9) and Gagliardo-Nirenberg-Sobolev inequality there holds, for all ¢ € D(V) (extending v to R?
by setting ¢ = 0 in R?\ V)

1 1

([ o as ’T=( @) < / |vwwdx ([ IV%DI”dx

<o ([ o om.0u)"

(5.9)

yielding (see (5.1]))

By < C /V F(010,050,0)ds Vi € D(V). (5.10)

By Lemma there exists a minimizing sequence (¢,) in D(V) to Problem (2.5). By -, the
sequence (1)) is bounded in the reflexive Banach space K (V'), hence weakly converges in K{(V), up
to a subsequence, to some . As each function 1, belongs to the convex strongly closed (hence weakly
closed) subset Ko (U, V) of KP(V), we infer that 1 also belongs to Ko(U,V). The functional ¢ —
fV [ (01, 02,0)dx is convex and strongly continuous on K} (V), hence weakly lower semi-continuous.
We deduce that

cap/ (U, V;a) = lim+inf f(O1n, 02y, 0)da > / f(O1, 021, 0)dx > inf Pf(p(U, V;a).
n—-—+oo Vv Vv 0

Taking into account we infer that v is a solution to (5.4)). The uniqueness of this solution follows from
the strict convexity of f. The "markovian” property (5.5 results from the last mentioned uniqueness,
and from the fact that for any ¢ € K, (U, V), the function defined by ¥ := (¥ V 0) A a if @ > 0 and
= (1 AN0) Vaif a <0 belongs to Ko (U, V) and satisfies [i, f(d1,0240,0) < [i, (011, D21, 0)d

(ii) If 2 < p and V is bounded in one direction, by Poincaré inequality in WO1 (V) we have

Wy <C [ VIPdn <€ [ f00.00.0000 v e Wer() (5.11)

Then we repeat the argument of the case p < 2, substituting (5.11)) for (5.10), W, * (V) for Ko(V), and
(v e WgP(V), ¢ = ain U} for Ko(U,V).

The next Lemma, whose proof is straightforward, states that the map (f,U,V,a) — capf (U, V;a) is
convex with respect to «, decreasing with respect to V' and increasing with respect to U and f.

Lemma 5.3. (i) The map o € R — cap/ (S, V;a) is conver.
(ii) Let Vi and Vy be two open subsets of RN such that U C Vi C V. Then

cap’ (U, Vi; &) > cap’ (U, Va; ). (5.12)
(iii) Let Uy and Us be two bounded connected open subsets of R2 such that Uy C Uy C V. Then

cap’ (U1, V; ) < cap’ (Uy, V). (5.13)
(iv) There holds

cap™ (U, V; o) = Acap’ (U, V;a) V¥V A > 0. (5.14)

In addition, if fi,fo : R® — R are two strictly convex functions satisfying a growth condition of order
p € (1,+00) of the type and if fi < fo in R3, then

cap” (U, V;a) < cap” (U, V; ). (5.15)

In the following lemma, we investigate the continuity properties of cap/ (U, V; ) with respect to U and
V.



Lemma 5.4. Let (V,,) be an increasing sequence of open subsets of R? such that U C Vi and U;fg Vo =
V.
(i) We have

lim cap’ (U, V,,;a) = cap’ (U, V; ). (5.16)

n—-+oo

Furthermore there holds, if 0 € V,
. 1 9
;grg)capf (U,Xv;a) = cap’ (U,R%0). (5.17)

(i) Assume that p < 2, and let v, be the unique solution to 77{(p(U7 Vi) (see ) extended to V' by
0
setting ¥n, = 0 in V\'V,,. Then (1) converges weakly in KP(V') to the unique solution to ”P{(p(U, Via).
0

(iii) Assume that 2 < p and that V is bounded in one direction, and let 1, be the solution to P/ (U, V,; )
(see and Lemma (i), extended to V in the same way. Then (V) converges weakly in Wy (V)
to the unique solution to P¥(U,V;a).

(iv) If p < 2 and if (Uy,) is an increasing sequence of bounded open subsets of R? such that U;ﬁ’j U,=U,
then

1irJrrl cap! (U, V;a) = cap’ (U,V;a) Va €R. (5.18)
Proof. (i) Let us fix ¢t > 0. By Lemma there exists ¢» € D(V) such that ¢ = « in U and
Jy f(019, 020, 0)dz < cap’ (U, V;a) +t. Let us fix ng € N such that spty) C V,,,. By lj there holds,
for all n > ng: cap’ (U, V3 @) < cap! (U, Vios ) < [, f(O19, 21, 0)d. Taking again (5.12)) into account,
we deduce
cap/ (U, V; ) < liminf cap’ (U, V,,; a)

n—-+oo

< limsup cap’ (U, V,,; o) < cap’ (U, V;a) + t.
n—-+4oo

By the arbitrary choice of ¢, Assertion is proved.

If 0 € V, we can assume without loss of generality that D C V. Since the sequence (nD) is increasing,
we deduce from that lim, ;o cap/ (U, nD; a) = cap’ (U, |J;}2{ nD;a) = capf (U,R% a). Taking
into account, we then easily infer that limy_,q cap’ (U, %D;a) = cap/ (U, R%;a). By there
holds cap’ (U, R?; a) < cap” (U, %V;a) < cap/ (U, D; «). By passing to the limit as A — 0 in the third
term of the last double inequality, we obtain . O
(ii) If p < 2 and 1), is the solution to P{((,; (U, V,; ), then by we have

|¢n|1})<p(V) = [¢n Ilj{p(Vn) <C v f(O1n, O2tpy, 0)dz = Ccapf(U, Vi @).

It then follows from ([5.16]) that
lim sup \wnﬁ{p(v) < C(cap! (U, V;a)) < 4o0.
n—-+oo

Therefore the sequence (1,,) is bounded in K?(V') and converges weakly in K?(V'), up to a subsequence,
to some function ¥. As each function v, (extended by 0 to V') belongs to the weakly closed subset
Ko(U, V) of KP(V) (see (5.3])), we deduce that v also belongs to K, (U, V), hence (see (5.4]))

/ F(O1,020,0)dx > cap’ (U, V; ).
1%
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On the other hand, by (5.16) and by the weak lower semi-continuity in K (V) of the functional ¢ —
fv f(01p, 020, 0)dx, we have

cap’ (U, V;a) = lirf cap’ (U, Vs a) = lir_irrl / (0190, D21y, 0)dx
n—-1+0oo n—-1+0o0 Vn
=t [ @102, 0)de = [ F(010,020. 00
n—Too Jy \%
Therefore, 1 is the solution to P{(p(U, V;a). O

0
(iii) Same argument as in the proof of Lemma [5.2] (ii).
(iv) Let 1, be the unique solution to P}];g(Um V;a) (see Lemma . By 1} and lj there holds

[Unlkr(v) < Ceap’ (U, Vi) < Ceap’ (U, V5 a),

hence (¢,,) is bounded in KP(V) and converges weakly, up to a subsequence, to some function . Since
each v, belongs to K{'(V), we have ¢ € K§ (V). Moreover, it is easy to check that ¢ = « in U, therefore
P € Ko(U,V) (see ) We deduce from and from the weak lower semi-continuity in K§ (V') of
the map ¢ — [|, f(O1¢, D2, 0)dx that

cap’ (U, V; &) > limsup cap” (U, V; @) > liminf cap’ (U, V; a) = limJirnf f(O1y, 02y, 0)dx
n—-—+oo Vv

n—-+oo n—-+00

> / F(019, 029, 0)dx > capf(U,V;a).
v

Assertion (5.18) is proved. O

In the next Lemma, we investigate the case when f is positively homogeneous of degree p. Next properties
(5.19) are easily deduced from Lemma and from the change of variable formula. Formula (5.20)) is
deduced from the explicit computation performed in [7, p. 432] of the radial solution to the problem

associated with capr!!” (reD, R.D; ).

Lemma 5.5. Assume that f is positively homogeneous of degree p and let A > 0, a« € R. Then

1
cap/ (AU, V; o) = A\*"Pcap’ (U, -V; a) if AU CV,

\ (5.19)
cap’ (U, V; ) = |afPcap’ (U, V;sgn(a)).
Iff()= %| - P, then
9 p—2 p—1
™ P .
L ? up - 2 P if p# 2,
cap?'l" (r.D, R.D; ) = Rzt — 27! (5.20)
ottt Y ifp=2

Proof. Let us fix ¢t > 0. By Lemma there exists ¥ € D(V) such that ¥ = « in AU and
cap’ (AU, V;a) +t > [, f(O1),029,0)dz. The function ¢(y) := ¥ (Ay) belongs to D (V) and satis-
fies ¢ = a in U and (01, D2, 0)(y) = A(01%, D21, 0)(A\y). By applying the change of variables formula,
taking the positive homogeneousness of degree p of f into account, we obtain

cap! (AU, Vi) +¢ > /V F(0v, D, 0)(w)dx = N2 [ (@1 020.0) )y

1
= AH’/ F(01,02,0)(y)dy > N Pcap’ (U7 XV;O‘) :
1y
A

11



By the arbitrary choice of ¢, we deduce that cap/ (AU, V;a) > A2"Pcap/ (U, $V). The inverse inequality
can be proved in a similar way. The first line of (5.19) is established. The second line of ([5.19) is obtained
in a analogous manner, by setting ¢(y) := ﬁz/}(y). O

The next Lemma illustrates the contrasting behavior of the capacity cap’ in the case p < 2 and in the
case 2 < p.

Lemma 5.6. We have

cap/ (U,R%0) >0  VaeR\ {0} if 1<p<2,

, (5.21)
cap’ (U,R%*a) =0 Va € R if 2<p<-+oco.

Proof. Assume that p < 2 and let ¢ be the solution to P{(O(U, R?) (see Lemma . Then ¢ = ain U
hence, since « # 0 there holds ¢ # 0 (recall that U # 0)). Therefore by (5.10) we have

cap’ (U, R% a) = / F(000, D, 0)der > Cl| o az) > 0.
RZ

Suppose now that p > 2 and fix r > 0 such that U C rD. By (1.9), (5.13), (5.14), (5.15), (5.17), and
(5.20), we have

cap’ (U, R? a) < cap®" (U, R? o) = pbeap? " (U, R?; ) < pbeap? " (rD, R?; )
= lim pbcapil"p(rD,RD;a)

R—+00
limR_H_oo pb@oﬁ =0 if p=2,
= ’ p=2 p—1
limR_,+oopb2?7r P laP =0 if 2<np.
Rpr—1 —pyp—1

O

In the next two lemmas, we investigate the asymptotic behavior of cap/ (r.U; R.D), being (r.), (R.) any
bounded sequences of positive reals such that r. <« R.. Then, we establish (3.7). We start with the case

p#2

Lemma 5.7. Assume that p # 2, let U be a bounded connected Lipschitz open subset of R? such that
0 €U, and let (r:) and (R.) be any sequences of positive reals such that r. < R. < . Then,
(i) for all & € R\ {0}, there holds

o1 1 oo,
gli% ?capf(rgU, R.D;a) = ilg%) s—zcapf p(?”EU, R.D;a)

Y Peap! (U, R?; a) if 0<~4P) < oo,
where ) is defined by .
(i) For all a € R\ {0}, there holds
1 o Y (p) it ~(P) e {0
hm jcapf (TEU, O, OZ) - ’y co,p 2 Zf ’y { ’+OO}’ (523)
e—0 ¢ P eap (U, R?; a) if 0<~y® < 4o0.

Proof. (i) It is easy to check that f°P also verifies the growth condition (1.9). Hence by (5.14) and
(5.15) there holds

a 1P 1 b 1P 0o
%Cappl'l (reU,R.D;a) < gcaph(rgU,RgD;a) < %cappl" (reU,R.D;a) (he{f,foP}). (5.24)

12



Let us fix r, R > 0 such that »D C U C RD. By (5.13) we have
capp‘ 1 (rerD,R.D;a) < capil'lp(rsU, R.D;a) < cap%“lp(raRD,RaD;a). (5.25)
Thanks to , we can easily verify that
1 1
lir% E—Qcapp‘ (rerD,R.D;a) = hm g—capp "(r.RD,R.D;a) =~V if v € {0,400}.  (5.26)
E—

The estimate (5.22) is proved in the case v?) € {0, +00} (in particular if p > 2).
Assume that 0 < 4P < 400 (hence p < 2) Since f°P is positively homogeneous of degree p, we can

apply Lemma [5.5) . we infer from and ( - ) that

]- oo, p 271) oo, p R oo, p
lim —cap’” " (r.U, R.D;a) = lim Ie cap’ (U, —=D; a) = 4P cap’ (U,R?; ).
e—0 g2 e—0 g2 Te

The proof of Lemma (i) is achieved provided we show that lim._,g A, = 0, where

1 o, p 1
A, = e—zcapf (r-U,R.D;a) — chapf(rgU, R.D; ). (5.27)

First we prove that limsup,_,,A. < 0. To that aim, we consider the solution ¢ to Pép (r:U, R.D; )
0
(see (5.3). There holds ¢ € Ky (r:U, R.D; o) and

f(810,020,0)dx = cap’ (r.U, R.D; a); FoP (01, Bagp, 0)dx > cap’” " (r.U, R.D;a). (5.28)
R:.D R.D

We deduce from (2.3]), (5.27)) and (5.28]) that

1

i /
7/ (fomp(al(pva?()@o) - f(81<p782<pa ))dl‘ <d= (1 + |61¢782(p70|ﬁ )d]}
R.D

A, <
2 2
€ € JRrR.D

(5.29)

’

|

R? 1 _
< C* + C (/ |01, 020, 0|pd1‘) (R?)l
R.D
On the other hand, by (L.9), (5.14)), (5.15) and ([5.20)), there holds

/ |81(p78290a Ipd'r <C f(al% 6290) )d.l? = Cca’pf(r&‘Uv R8D7 Oé)
R.D R.D (5.30)

< Ceapl!” (reU,ReDsar) < Crffp.
Joining (3.1 and , we infer

2 4 ’
A, <CR—+C S (2 )%(Rg) 5 <CR +CyP)(r )(Rgrgfp)l‘%.

It follows that limsup. o A. < 0 (because 0 < vP) < 400, p < 2, 8’ < p). By repeating the same
argument, considering the solution to PI];p v (r.U, R.D; «) instead of that of P};p (r:U, ReD; «), we find
0 0

that liminf. o A; > 0. The proof of (5.22)) is achieved. O
(ii) By (1.9), (5.14) and (5.15) there holds
P - 1 oo, — b P —
p—gcap%“' (reU,05a) < —2capf p(rgU,(’);a) < %cap%H (r-U, O; ). (5.31)
3 € €

Let us fix two positive reals dq, do such that diD C 6 C doD. Then by |D we have

1 P 1 P —~ 1 P
—zcap%"‘ (r-U,dsD;a) < —zcap%“l (rU,0;a) < —20ap%|'| (r.U,d1D; ). (5.32)
€ € 5
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By (5.20) there holds

1 1
lim —2capzl7‘ " (r.U,dyD; 0r) = hm E—capp (U, dy Do) = 4P if 4®) € {0, +00}. (5.33)

e—0 €
Joining (5-31)-(5:33)., we get

1 o, p -
lim E—capf (rU, 0; ) = 4P if 4P € {0, +o00}.

If 0 < 4P < 400, we infer from and (5.19) that
im - can! <" (rU. O ~ T?_p = (g Lo ) ean! ™" (U, R?
lim — cap (reU, O;a) = lim cap U —0O;a) =~Pcap (U,R?%; ).
e—0 g2 e—0 £2 Te
Assertion (5.23)) is proved. O

The case p = 2 is appreciably more involved.

Lemma 5.8. Assume that p = 2, let S be a bounded connected Lipschitz open subset of R? such that
0€ S, and let (re) and (RL) be any sequences of positive reals satisfying (1.7), (3.1)).
(i) There holds

cap/ ™% (r.S, R.D; +1)
52
cap! ™’ (reS, 0O; +1)
52

q 722) (Ta) <

1
< Coy(r,) <= 027) ;

2| logr,| (5.34)

C1y P (re) < < CoyP(re),

for some positive constants Cq,Cs.

ap’ ™ (r.5,0,41)

(ii) Assume that 0 < ¥'2) < 400 and that the sequences <C -2 ) are convergent. Let cfooﬂ(l)

and cfm'z(—l) be defined by

cap! ™ (1.8, O; :&:1)

Foo : 5.35
T+ = (2) lim N (5.35)
Then cfoo’z(l) and cfoo’Q(—l) are positive reals, are independent of S, and satisfy
foo,2 / .
lir% cap (rESQ, R.D;+1) _ V(Q)Cfoo,z(il)' (5.36)
e— 3

Proof. See Section 8.2

Remark 5.1. (i) If p > 2 and o € R\ {0}, then the infimum for problem P/ (U,R?;a) (see )
is not achieved. Otherwise, should Y € WyP(R?) be a minimum, then by and the second line of
, |V1¢)|LP(R2 R2) < CfR2 Y)dx = Ccap/ (U,R?;a) = 0, hence ¢ = 0, in contradict?on with the fact
that v = « in U. This lack of solutwn is similar to Stokes’ paradoz in fluid Mechanics [31].

(ii) If V. = R?%, weighted Sobolev spaces provide an interesting alternative approach to the questions of

existence of a solution to P/ (U, R*;a) (see [3] for more details on this subject ). Indeed, it can be shown
that

(capf(U, R?; ) :)ianf (U, RQ;Q) = min { f(O1,029,0)dx, € Wﬁ;f’(Rz), P =ain U} ,
R2
where W;;}p(Rz) is the weighted Sobolev space defined by

WiP(R?) = {p € L% (R?), (01, 020,0) € LP(R% RY)}
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being pi, the measure on R? given by

L2 wolx) = (1+ |x|2)(1 + log(1 + \x|2))2, wp(z) = (14 |z])P otherwise.

The property cap? (U,R?;a) = 0 if p > 2, stated in Lemma can be recovered from the fact that if
a # 0, then the constant function ¥ = o belongs to W,}LP(RQ) if and only if p > 2.

6 Technical preliminaries and a priori estimates

The proof of Theorem rests on an extensive investigation into the asymptotic behavior of the sequence

of the solutions to (P.) and, more generally, of sequences (u.) satisfying

sup Fz(ue) < 4o0. (6.1)
e>0

A commonly used method consists in introducing auxiliary sequences designed to characterize the com-
portment of the diverse constituents of the composite. The delicate step lies in the analysis of the behavior
of the fibers. An interesting approach consists in investigating the sequence (ucp.), where p. denotes

the measure with support included in the fibers defined by (3.3). To that aim, given a sequence (R.)
satisfying ([1.7)), we introduce the operators (.)g_, {.),., {((.))e defined on LP((0, L); W1P(O)) by setting

(P)r.(z) = Z <<P>§g5 (933)117;{5 (z1,72), (@)ﬁa(fﬂz’)) = ]{mj p(s1,52,3) dH'(s1,52),

JEJe Re
(9)r) = 3 (. (o)L (@), (o, (o) o= o lorma) des). (g
JcJe Te
((ehe(@) == Z (][ @(51752,$3)d81d82> Ly:(z1,22),
z€el, YEZ
where
D}, =w!+R.D, Dgr =] Dy, (6.3)
Jj€Je

and analogously for DJ . The series of estimates stated below will take a crucial part in the proof of
Theorem [3.1] (the proof of Lemma [6.1]is situated at the end of Section [6]).

Lemma 6.1. There exists a constant C such that for all ¢ € LP((0,L); Wl’p(a)),

/| Py, < (”>(r Jo |V<P| dr, ifp <2,
R. — - Me = .
' ) (m(R Jo IVelPdz, ifp>2,

/| Y. [P dps (p) /|Vgp\pdx
[wene~teinPaue < g [ [Fpas (6.4

[ e tehras < cer / VoPde voel,
Yz x(0,L) Yz x(0,L)

1o~ @ rduc < crz [ Belrdue,
where V and 'y(p)(.) are defined, respectively, by and (ﬂ/
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The next Lemma states a lower bound inequality for convex functionals on measures.

Lemma 6.2. Let O be an open subset of RN and let p. and pn be bounded Radon measures in O such
that pe weak * converges in M(O) toward p and f. a sequence of p.-measurable functions such that
sup, [, |fe|? dpe < +oo. Then

i) the sequence of measures (fope) is weak * relatively compact in M(O) and every cluster point v is
of the form v = fu for some f € LL.

i) If fope = fu, then limi(glf/j(fg) dpe > /](f) du for all convex and lower semi-continuous

functions j on R satisfying a growth condition of order p. In addition

1im151f/|fj\” dpe > /If*lp dp,

(6.5)
imigt [ 14 d > [ 1579 o
E—
Proof. The proof of this lemma is given in [7] with j = 7\ |” but the duality argument can be extended

to any convex lower semi-continuous function satlsfylng a growth condition of order p. Assertion
results from the fact that if f+u. = guand fope = fu, then g > f+ p—a.e., which can be easily checked
by using positive continuous test functions (notice that in general, g # f). O

The main results of Section [6] are stated in the next Proposition, where the asymptotic behavior of several
sequences associated with some sequence (u.) satisfying (6.1)) is specified.

Proposition 6.1. Assume (1.9 (.), (-) (.) . Let (u.) be a sequence in W1P(Q) satisfying
and let (pe), ((ueyr.) and ({{uz))e) be defined by ﬂ (6-2). Then the next estimates hold true

/ |us|p + |Vu€|pdx < 07
© (6.6)
/ Vuel? + fuel? + (o, P + () m, [Pdpse < C,

and there exists u € ug + W;OP(O) and v € V,, such that, up to a subsequence, the next convergences take
place

Us = U weakly in ~ WP(0O)
U pe m)['?[o’ Dgc fre = nagvﬁfo weak x in  M(O), (6.7)
(uc)p.pre = nuﬁfo, (U pre = nvﬁfo weak * in ~ M(O).

In addition, v = u if YP) = 400 (in particular when p > 2).

Proof. The first line of follows from (6.1]), from the Dirichlet condition on I'y and from Poincaré
inequality. We deduce that, up to a subsequence,

Us = U weakly in WP (0), (6.8)

for some u € WHP(O). We infer from the weak continuity of the trace mapping in W1P(O) that
u € ug + Wll(’]p (O). It follows from the fourth line of lb that the sequence (((uc)).) defined by 1'
strongly converges to u in LP(Q). We deduce then from (1.5)) that

{{ue))eme — un weakly in LP(O). (6.9)
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For each z € I., there holds #{z € I.,.Y.NY. # } 9, therefore each set Y7 has a non empty
intersection with at most 9|n.|pe (o) different sets SJ (se . We then infer from .,

and that

/I ((ue))elPdpe = Z/(zel

JjEJ:

P
62

]lez (iEl, SL'Q)) W,S’I]lsza ((El, .’Eg)d.’b
€

][ U (51, 52, 73)ds1ds2

2

L p
= Z Z f ua(sl, S92, l‘3)d81d82 %[/2 (Sﬂi N Y:)dl‘?,
€l fjer.,si vz "0 1TYE ) (6.10)
P
< 9Ine| L0y Z/ ][ ue(81, $2,x3)ds1dss| drs
z€Il
= 9|ns|Loc(0)/ |<<U5>>5|pd$ § C
@}
On the other hand, by (L.5)) and (3.3]) we have
e = nﬁi’o weak x in  M(O). (6.11)

By applying Lemma taking (6.10) and (6.11) into account, we deduce that there exists f € L°(O)
such that fn € LP(O) and that, up to a subsequence,

((ue))epte = an?[O weak x in ~ M(O). (6.12)

Testing the convergences and (6.12) with a given ¢ € D(0O), taking the estimate |{({(¢))e — | < Ce
in O into account (this estimate is satisfied provided ¢ is sufficiently small, see (1.4)), (6.2)), we get

limO ((@))e((ue))enede = / pundz; limO {p))e({ue))edue = / pfndz.
e~bJo @) e— @)
We prove below that

lim
e—0

[ theltuencda = [ ohettue))odne
o

We deduce that [, gundz = [, ¢ fndx and then, by the arbitrary choice of ¢, that fn = un a.e. in O.
Therefore,

=0. (6.13)

(ue))epre = nuE?O weak * in  M(O). (6.14)

By , , , and , we have
/|Vu5|p dpe < C. (6.15)
From ., , and (6.10]), we derive

/ e P+ (o P + (), [Pdpie < C,

which, joined with (6.15]), yields . We deduce from (1.7)), the third line of (6.4)), and (6.14]), that

(us) . pe = nuﬁfo weak * in  M(O). (6.16)
By and Lemma
(Ue ), e B m}ﬁfo, Usfle = nvlﬁfo, g fe = nw/jfo weak * in  M(O), (6.17)
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for some (v, v1,w) € (LP(0))3. Tt follows from the estimate stated in the fifth line of (6.4) that
nv = nvy a.e. in O. (6.18)

To show that

nw = ndsv a.e. in O and nv = nug on Ty N O x {0,L}), (6.19)

it suffices (as in [7]) to pass to the limit in [ @d3u. du. by integrating by parts with first ¢ € D(O), next
¢ of the form ¢(z) = 0(z1,x2)(x3) with § € D(Oy), Op = {(21,22) € w: (z1,22,0) € To}, ¥(0) =1
’lﬂ(L =0 and ﬁnally 9 €D OL O = {(.’Iﬁl,xg) cw: <$1,$2,L) € Fo}, ¢<O) =1, w<L) =0

Collecting (6.8 (6.17), (6.18), (6.19), the convergences are proved. It remains to notice that
the first line of 1-) ylelds v=1u when p > 2 or 7(P) = 400: introducing an additional state variable to
account for the asymptotic behavior of the electric potential in the fibers is not necessary!

Proof of . By , , , and there holds
/O (o) e (ue))enede = / (N el ede, 1Ty, O User, Y x (0,L) = 0, (6.20)

hence in this case there is nothing to prove. However, the equality (6.13]) may fail to hold in the general
case, because the border of some cells Y can possibly intersect some of the sections of the fibers. To
circumvent this difficulty, we introduce the operator ((.))1 . defined by (see (1.4))

{(PM1e = <][ <P(51,82,$3)d51d82> La: (21, 2),

z€el,

(6.21)
c:=(veuUsi |\ U
JjeJz JETNJIZ
We deduce from (3.3)), (6.2]) and (6.21)) that
Jtteme ) o
Le{{ue))1 edpe = / / Le5radx
(e edue jed. s7. e E7”§|S|
2
€
=> {ue))1,e 5rorde
ZEIE]GJZ/ /SJ r2|S]|
2
=22 / / (][ (s1,82,23 d81d82) ( 51,52,x3)d51d52> g
z€I. jeJZ SJ Yz rel | (622)
= Z Z / / (][ ©(s1,82, 73 dSldSQ) ( Ue 51,52,x3)dsld52> dx
z€Il. jeJZ 3 o
= Z/ / (7[ (81, 82,13) d51d52> (7[ (81,82, 73) dsld32> 82 dx
ZGI z YZ
= [ (eh-lue))enede.
o
By (6.22), the proof of (6.13) is achieved provided we establish that
tim | [ (e Cuedne = (@D ue))e) de| =0 (6.23)
To that aim, we notice that since ¢ € D(O), by (6.2)) and (6.21]) the following estimate holds true:
[{{e))1,e — ({))e] < Ce. (6.24)
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We deduce that

/O () e (e e — () (buied)e) e

/ N nell (e e — ((ued)eldps + / ()l e — ((@D)eldus  (6.25)
<C’/| Ue))1,e — ((Ue))e |du5+05/\ Ue))e|dpte.

We prove below that

[ e = (el < Ce, (6.26)
[ )l < c. (6.27)
Since Assertion (6.23]) results from (6.25)), (6.26]), and (6.27)), Assertion (6.13]) is proved. O

Proof of . By (1.4), (3.3), there holds
/ [((ue)) 1,e ((ue))eldpe = Z Z T2|S|/ /SJ (ue)) 1, — ((ue))eldz. (6.28)

z€Il. j

By (6.21)), the function ((u.))1 . takes constant values on each set S{_x {x3}, whereas the function ((u.)).,
defined by (6.2), may take up to four different values on S x {x3} if SJ NOY? # 0 and j € JZ.

For each z € I., we denote by Z7 the union of the cells Yzl whose adherence has a non empty intersection

with YZ. The set Z7 is the subset of e(z + [-1,2[?) deﬁned by
= U vt A=@n[-1,1P)n{keZz+kel}. (6.29)
keA,

Let us fix z € I.. For each j € JZ and for a.e. x5 € (0, L), we have

2

% j ‘<<u5>>1’€ - <<u5>>5|<$1,{1}2,$3)d$1d$2
) Z ][ ue(s1, 52, 23)dsydsy | — ][ Ue (81, S2,x3)ds1dsy || dzidas
2|S| SJ AyZ+k . g

keA. ; g .
= Z (][ Ue 81’327333)d51d82> - <]€+k u5(81732,m3)d81d52)

keA, .
<C Z / <][ Ue 817sz,m3)d31d.92> - (7{/% u5(31,327x3)d51d32> dayds.

kEA. .
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Noticing that #A4, <9, we infer

2

€

= | [{ue))ie = (ue))el (21, 32, m3)dardics

T5|S‘ Sy

<CZ/ e (21,22, 23) — (7[ us(sl,sz,xg)dsld52>‘
k€A, <

us (21, T2, 23) — (][ Us(81,52>$3)d51d82)
vzt

e (21, T2, 23) — <][ +ku5(51,52,x3)d51d32)
o

(I17I27QZ3)‘ dl‘ldl‘g S CE/

<C Z / dxidzs

keA.
< Z Ck{:‘/

The next to last inequality in (6.30]) is deduced from a change of variables in Poincaré-Wirtinger inequality
] Lap fk+ 0.1p gpdsldSQ‘ dridze < Cy f o2 |V<p|dx1dx2 in Wh1(] —1,2[%). Noticing that by 1|
and (/1.5 j there holds gJZ < N, we deduce from 7 and (| - ) that

/|ug = {{ue)) |duE<CEZﬁJZ//‘VuEdm<C<€Z//

By 1l each set Y7 is included in at most 9 distinct sets Z§/7 therefore by we have

L
zel, 0 4

Vue(z1, 2, 1'3)‘ dxidxs.

z
€

de. (6.31)

/V\ug Vug|dx

L
dr < 9e / /
zel 0 <
~ —~ P
< 96/ ‘VUE dr < Ce (/ )Vug
o
The estimate (6.26) follows from 6.31)) and 6 O
Proof of . By (3.3), , , and (6.29)), there holds

[ e |du€_zzr2|5|//sj (ue)) o

2€l. jeJ?

P3PS 2ISI/ /S’

2€I. jEJZ kEA,

<czz/

z€l. k€A,
because §A4, and §J7? are uniformely bounded. Assertion (6.27)) is proved. O

Proof of Lemma [6.1l By (3.3) and (6.2)), we have

/ b, = (61l = 3 T / /S ) (@) |P da

= Z / — ()i (w3)] day (6.33)

- Z R |/ /D] (@)r.|? dz,

20

1 (6.32)
dx) "< Ce.

dzx

][ ue (81, 52, 73)ds1dso
Y£z+k

Yz+7c
€

/ ue (81, $2,x3)ds1dsa| dxs < C/ |ue|dz < C,
Yz+k



because (@) _(x3) and <<p>§'?l6 (z3) take constant values on D%E x {x3}. The next inequality is proven in
[7, Lemma A4]:

Y(R,a) € Ry x (0,1], Vo € W'P(Dpg), /
Dr

p Rp
W —][ vdH| dz < C—/ |Vep|Pdz,
ODur h(a) Dgr

p=2, h(a)=1 if p>2.

(6.34)

By ((6.34) there holds, for a.e. 23 € (0,L) and all j € J,

J
Re DRE

/ K r. — (@)r. [P (21, 2, 23)d2rdy < C/ lp — () r.|" (21, 22, x3)dx1ds
DJ

4 [ o= (@l (a1, dnidos
D

b (
CL} J
< { h(Riga) fDRa

~ P
Vgp‘ (z1, 29, x3)dx1dry, ifp <2,

= p
CR? fo-za ‘V(p‘ (21,22, 13)dw1dT, if p> 2.

6.35)

The first line of (6.4)) follows from (3.1)), (6.33)), and (6.35). Similarly, denoting by ({¢))Z(z3) the constant
(6-2))

value taken by ((¢)). in YZ x {z3}, we get (see

L
/ (D) — (@) Pde = 3 50 / ((o))2(@s) — ()3, (s) [P 2z
zel. jeJz 0

][ (o1, 22, 23) = (@)], (x3))dxrdas| e*da (6.36)

L
<o S [ Jotwanm) — e o) an

Noticing that by (1.4)) and (1.6)), we have

Y:CDl, cQicO Vzel,VjeJ:,  QI:=c(z+5Y), (6.37)

we infer from (6.2), (6.34)) that for a.e. x3 € (0, L), all z € I. and all j € JZ, there holds

/ |l — <<,0>3;E|p (51,52, x3)ds1dss < / e <s0>3;\p (81,82, 73)ds1dss
vz Di

V2e
P —~
SC%/, )W‘p(slwz,xs)dsld@ (6.38)
h(z) o
<c-—2 / Vol ( )dsyd
sSCU—+ @l (81,82,73)ds1dsa.
h(?) Qg 1,22 3 1 2

By ([1.5) we have

8J2 <N Vzel. (6.39)

L
).

By (6.37) and (6.39)), there holds

/V\go‘pdx < 25/ ‘/V\go‘p dr.
{z€l., Jz#0} ©
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We deduce from ) and (6.38) that

/| - r5|pdu<€§c 7“5 Z/ /

hence the second line of (6.4) is proved. The third one is obtained in the same way and the fourth one
is straightforward. The ﬁfth one is easily derived by choosing (R, a) = (¢, 1) in (6.34). O

Vgp’ dz < ¢ /|/V\<p|pdx,
gp)(rs) o

7 Proof of the main result

The demonstration of Theorem is based on the I'-convergence method (for precise details about this
method, we refer the reader to [4, [5l [I8]). The "lowerbound” and the "upperbound” stated respectively
in Proposition and Proposition indicate in particular that the sequence of functionals (Fy) I'-
converges with respect to the strong topology of LP(O) to the functional F"*™ defined by . The
proof of Theorem is deduced in the following manner from the two last mentioned propositions and
from the a priori estimates established in Proposition [6.1}

7.1 Proof of Theorem (3.1l
We will only prove Theorem (3.1]) in the most interesting case

'y(p) > 0. (7.1)
Let (u.) be the sequence of the solutions to . By , and since ug is continuous on O (see
l.} there holds F.(uc) — [, qpucdz — fr qsuEdH < F (uo) — [o qbuodx fFl gsupdH? < C. As

|fo Quedr + frl qsugdH2| < CF:(u:), we deduce that (u.) satisfies . Therefore, we can apply
Proposition and, after possibly extracting a subsequence, assume thzit (ue) converges weakly in
WP(0) to some u, and that the sequence (ucpu.) weak * converges in M(O) to vﬁ?[o for some v € V.

We just have to prove that (u,v) is the solution to (3.8]). To that aim, we first apply Proposition to
get

limianE(us)f/ qbusda:f/ gstuedH> Zé(u,v)f/ qbudzf/ qsudH?. (7.2)
e—0 o r, o r,

By Proposition there exists a sequence (¢¢) such that,

@. —u strongly in LP(O), @ope > vnﬁz[’o weak * in M(O), limsup F.(p.) < ®(u,v). (7.3)

e—0

Since w, is the solution to (L.1]), there holds

Fs(us)f/quusda?f/F gsucdH? SFE(gos)f/qugasdx—/ qsgpsd’HQ. (7.4)
1

I'y

We infer from , , and from the weak continuity on W?(O) of the linear form ¢ —
Jo wvpdx — [, qbgodH that

D (u,v) —/ qpudx —/ qsudH? < min(Phom),
o r

hence (u,v) is the unique solution to (P"°™) (the uniqueness results from the strict convexity of f and
9). O
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7.2 Lower bound

Proposition 7.1. Under the assumptions of Theorem for all (u,v) € (ug + WI};)P(O)) x Vp, and for
all sequence (ug) in ug + Wll(’)p(O) which weakly converges in WP (O) toward uw and such that (ucpc)
weak * converges in M(O) to vnE?O, we have

limiglf F.(ue) > ®(u,v). (7.5)

Proof. We can suppose that liminf. g F:(u.) < 400, otherwise there is nothing to prove. Accordingly,
after possibly extracting a subsequence, we can assume that is verified and that the estimates
and the convergences established in Proposition take place. We choose a suitable sequence
(R.) of positive reals satisfying (I.7) (the choice of (R.) will be made more precise in Lemma [8.2)), and
establish (see below) that

lim inf f(Vue) dx > / f(Vu) dx, (7.6)
e=0 JO\(Dr,.x(0,L)) o
lim inf)\a/ g(Vue) do > I%/ g (93v) ndx, (7.7)
e—0 T, o
lim inf f(Vue) dx > / ¢! (S;v —u) nde, (7.8)
=70 J (DR x(O.L\T, o

where ¢g"°™ and ¢/ are defined by (3.5) and . Collectlng , 7 we obtain (7.5) which,
joined with (6.7)), achieves the proof of Proposition O
Proof of ‘ y (1.7) and (6.3) we have |[Dg, x (0 L)| — 0, hence the sequence (Loy(py_ x (o, L))Vue)
weakly converges in LP (’) R3) toward Vu. Assertlon i-i then follows from the weak lower semi-
continuity in LP(O;R?) of the functlonal q— O

Proof of (7.7 - If k < 400, by (1.10} , . and Lemma 6.2, we have:

219
liminf. | g(Vu.) dz > nmingfEL | / g™ (Byue) dyse

T,

> E/ g"™(93v) ndz.
o

Otherwise, if k& = 400, it is enough to notice that \. fT (Vue) dzx is bounded from below by 0. O

Proof of (7.8). If v = 400 (in particular if p > 2), there is nothing to prove because then, by
Proposition v = u. From now on, we assume that 0 < v() < +oo (hence p < 2). First, we show (see
Lemma [8.1)) that there exists an approximation (u.) of u. piecewise constant in x3 satisfying

)\E/ V| dmg/\E/ VP da, / e dxg/ VP da,
T, T,. o o

1@+ @) P <

(7.9)
(W) pre = m;ﬁifo, (W) . pe = nuﬁ?[o weak * in  M(O),
lim inf f(Vue) dx > liminf For (Vi) do
=0 J(Dr X (0L, =70 J (DR x(O.L)\T.
Next, we fix a positive real § satisfying
1<d<2, (7.10)
s
and define the set S,_"* by setting (U, a) = (S,_,7?) in
U™ :={(x1,22) € U, dist((z1,22),0U) > a},
{(z1,22) ((@1,2),00) > ) -~

U+a = {(1’1,932) GRz, dist ((xl,:rg),@U) <Oé}UU.
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Notice that by (1.8)) we have, for € small enough (see (6.3])),

DI c ST Vel (7.12)

We prove (see Lemma [8.3)) that for a suitable choice of the sequence (R.) satisfying (1.7)) (the choice of
this sequence is determined by Lemma [8.2), there exists an approximation u. of u. verifying

0 - ~ -
Ue = (Ue)p, = (Ue)r, on Sy ° x(0,L), Ue = (Ue)r. = (Ue)g. on  ODg. x (0,L),
— Py 7.13
/ ) do / L orRAL) de 4 ofL). (7.13)
(Dr.x(0,L))\ (DR, x(0,L)\(Sr, © x(0,L)

The propert1es of u. allow us to make good use of the capac1tary problem (2.5). More precisely, by
and , for each (j,z3) € J. x (0, L), the function u. takes the constant value ()% (v3) on

8D§% X {mg} and the constant value (u5> ' (x3) on a5)~ T {z3} (see (7 ) Therefore there holds, for
all j € J. and for a.e. x5 € (0,L) (see (2 )

/ [P (@) derdiry > cap? ™" (S5 DL (B0 (e) — (Y (23).
D} \S7TE i

We deduce that

/ 8 foo,p(vua dl‘ >/ Z/ , foo’p(Vug) d.]?ldl‘z) dxs
(DR x(0,L)\S,."¢ x(0,L) jer Iph ST

(7.14)
/ (Z cap’” Si; e Dﬂ% ; (Tie)](x3) — <ﬁa>§35($3))> dzs.

VISDE

Because f°°F is positively homogeneous of degree p, we can apply (5.19)) and, for each (j, z3) € J. x (0, L),

obtain (see (2.5), (7.11))

coup i . - i -
cop!™ (S D B, = (0 ) = r2 Peap!™ (57 (Refr) D B, — @)
er e o : (7.15)
— [ fv -
NEREERE cap’ ™" (87 (Re /re) Ds ()i, — (@)% )dwydas.

Let us fix a bounded Lipschitz domain S’ such that
S cs. (7.16)

For small ¢’s, there holds S c s , therefore by - . and we have

2_p oo, p = P
/ o) de > e / cap!™" (S, (Refre)Ds (@), — (@ )dpe.  (7.17)
(DR, %(0,L)\ Sy,

5><(O L)

We then distinguish two cases.

Case p < 2. Collecting (3.1)), (5.12), (7.9), (7.13), and (7.17), we deduce that
lim inf /
70 J(DR x0T,

By applying Lemma [6.2] (ii) to the convex function j(.) = capfw'p S, R?; ) which, for p < 2, has a growth
of order p (see Lemma 5.3 and (5-19), (5-21)), taking (6.7) and (6.11) into account, we infer

lim inf f(Vue) dz > 'y(p)/ cap’ (S’ R% v — u) ndzx, (7.18)
0 (DR, x(0,L)\T. o

f(Vue) dz > ’Y(p)limiélf/ cap’ " (S, R?; (). — (U:)R.) dpe.
g— o)
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for all Lipschitz domain S’ satisfying (7.16). Fixing an increasing sequence (S, ),en of Lipschitz domains
such that S,, C S and | J,,cn Sn = 5, substituting S,, for " in ll and passing to the limit as n — +oo,

thanks to (5.13)), (5.18) and to the Monotone Convergence Theorem, we get (7.8]).

Case p = 2. We fix two positive reals r, R such that

rD C S C RD, (7.19)

and specify the choice of S’ by setting
S :=rD. (7.20)

By we have %RE < RL, therefore we infer from (]5.12[), (]5.13[), (]5.19[), and q7.19[) that

Capfm’2 (rerDyR.D;£1) = Capfm’2 (rsRD,REED; :tl) > capfm'2 (TES, RsED; j:l)
T T

(7.21)
> cap’™" (r.S,R.D; £1) .
We deduce from (3.6]), (3.7), (5.36), and (7.21)) that
1% (rerD, ReD; +1 -
limi(r)lfcap (7“57“2 , Be D3 £1) > ~@ef 'Z(il). (7.22)
e— 3
By (5.19) and (7.17)) , there holds
I=*(rerD, R.D; 1
—~_ cap rerD, : . _
/ 8 [P (Vue) de > ( z 2 = ) / |(<u5>ra - <UE>RE)+|2CZME
(DRE X(O,L))\Srs € X(O,L) € (723)

W’EDRD
+ 22 (“" / (@), — () r.) ™ Pelpe.

Thanks to , , and ((7.22), by passing to the limit inferior in ), taking (3.6| , and the

lower semi- contmulty property ) into account, we obtain

lim inf s foor (/V\ﬂg) dx
=0 J(Dg. x(0,L))\S~. x(0,L)

> 4@ /O (T OIw=w P+ D)l —uw) ) nde (7.24)

= / ¢! (S;v — u)ndz.
o
Joining (7.9)), (7.13)), (7.24), Assertion (|7.8) is proved. O

7.3 Upper bound
Proposition 7.2. Under the assumptions of Theorem for all (u,v) € WI}(’)’)(O) X V, there exists a
sequence (ug) such that
u. —u strongly in L*(0), ucpue > vnﬁi’@ weak * in M(O),
limsup Fe(u:) < ®(u,v).

e—0

(7.25)

Proof. By density and diagonalization arguments, (see [7, pp. 424-429] for more details), we are reduced
to prove that for all (u,v) € (C1(0))? such that

D (u,v) < 400, (7.26)
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there exists a sequence (u.) in WP(O) (thanks to the truncature argument employed in [7, p. 428], we
can forget the boundary constraint on I'g) such that

ue — u strongly in LP(O),  uepre = vnﬁfo weak * in M(O),

lim sup/ f(Vue)dx + )\6/ g(Vue)dr < ®(u,v).
e—0 O\T,, Ty,

Accordingly, let us fix (u,v) € (C’i(@))2 satisfying (7.26). By (1.9), (3.5) and the strict convexity of g,
there exists a unique field ¢ € C(O;R?) such that

(7.27)

9(¢1(2), pa(2), B50(x)) = "™ (D3v(x)) Va € O. (7.28)
We fix any sequence (R.) satisfying 1) We denote by 6. : O — R the unique solution to the problem

min {/Afoo’P(%(xth)) dxidze, 0 € Wl’p(5), f=1inS,, =0 in 6\ DRE} .
o

Since f°°P is positively homogeneous of degree p, by (2.5) and (5.19)) there holds, for all j € J. and
a € R,

‘ foo’p(a/V\HE) dzidzy = cap’” " (SZE,D%E;OO =cap’ " (r.8, R.D; )
D, (7.29)
=12 Pcap’” " (S, R. /r.D;sgn(c)) |afP.
We set

ue () = O (21, 22) X (%) + (1 = 0 (21, 22))u(2), (7.30)

where

Xe(z) = Z (Ji v(s1, 82,x3) dsidsa

J
Te

Jede (7.31)
+ <fj ()0(81,82,‘%3) d81d82> (iCl — (wg)l +£E2 — (w§)2)>]lD;? (.’El,xg).
s E
It is easy to check that the convergences stated in ((7.27) hold true. We have
/ f(Vug)dx + )\5/ g(Vug)dzr := Iy + Ig + ILe3;
O\TT‘E TTE
I = / f(Vu)dez,
O\(DRE X(O»L)) (7 32)
Iy = / F ((xe =)V + (1 — 02)Vu + 0.V . ) da,
(DR, x(0,L))\Sr. x(0,L)
I3 = )\E/ g(VXa) dx.
T,
The proof of ((7.27) is achieved provided we show that
limsup Iy < / f(Vu)dz, (7.33)
e—0 o)
limsup I.o < / ¢ (S;v — u)nde, (7.34)
e—0 @)
lim I3 < E/ g™ (dsv)ndz. (7.35)
e—0 o
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The proof of (7.33)) is straightforward.

Proofs of Assuming first that v() < 400 (hence p < 2 and (6.) is bounded in W?(©)) and

applying (8.22) to (h, A) = (f,Dgr. x (0,L)\ S,. x (0,L)), noticing that by (1.5) there holds |Dg_| <
2

CZ% =o(1) and |6 <1 (see ), we get

Lo~ | 7 ((xe = )V, ) da| = o(1), (7.36)
(Dre x(0,L))\Sr. x(0,L)
and then deduce from (8.11)) that
Iy — / P ((xe — u)/V\GE)dx = o(1). (7.37)
(DRre x(0,L))\Sre x(0,L)

It follows from (7.37)), (8.22)) and the estimate (see (7.31]))
[(xe —u)(x) — (v—u)(wl,23)| < CR. in D} x(0,L), Vje L,
that

Lo =) /D £ (0 = u) (WL, 23)V0:) da| = o(1). (7.38)

jed. 2. X (0,L)\Syr. x(0,L)

By , , and - there holds
Z/ P((v — u)(w!, x3) V9 )dz = Z/ cap’” STE,R D; (v — u)(wl, z3))dz3

jer. Dy, X(OL))\S x(0, L) jed. (7.39)
r2=p

562 /capfx’p(S,RE/T5D§C6($))dMEa

where

C(z) =) (v— w)(wz, 23)pg, (21, 22). (7.40)
Jj€Je
We distinguish then two cases.
Case p < 2, v?) < +00. Let us fix some bounded open subset V of R? such that S V. For small €’s
there holds V' C R./r.D, hence by m there holds cap/™" (S, R./r.D; Cg(x)) < cap/™" (S, V: Ca(x)),

therefore by 1) (7.38) and (7.39) we have, since 0 < v(?) < 400,

limsup I, < ~® limsup/cap (S Vi (x))dpe. (7.41)

e—0 e—0

By Lemma (i), the mapping cap!™" (S,V; ) is locally Lipschitz continuous and by 1) the es-
timate |(. — (v — u)| < Ce holds true in Dg_ x (0,L), because v — u is continous. We deduce that

cap’ (S, V(. (x)) — cap!T " (S, V;v —u) < Ce in Dg_ and then infer from (6.11)) and (7.41) that
(z) .

limsup Ieo < 'y(”)/ cap’ (S Viv —u)ndz. (7.42)
o

e—0
Let us substitute V,, for V in , where (V},) denotes an increasing sequence of bounded open subsets of
R? such that S C V4 and |J,,en Vo = R%. Noticing that by and 1) there holds cap/™ " (S, Vi, v—
u) < cap/™" (S, Visv— u) and lim,, _, o cap/~ " (S, Vv — u) =cap/ " (S, R?;v — u), by applying the
Dominated Convergence Theorem, we get

limsup I, < ~®) lirf cap!” " (S, Voo — u)nda: =~ / cap’ (S R% v — u)ndz
e—0 n—Tee Jo o

(7.43)
:/ch(S;v—u) ndzx. (p<2)
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The proof of (7.34) is achieved in the case p < 2, 0 < 7)< +o0.
Y

Case p =2, 7?) < 400. By |D and by the second line of 1 , we have
) / £ (0 = w)(wl, 2)V0.) da
jel. e J_x(0,L)
fo :
cap (TES7 R.D;1
= 2 ) > /ICE\Qﬂcadea (7.44)
jEJa
g2 S R.D;—
cap T
+ (5 Z / |G [P, <odlpte.
JjEJ:
By (5.36) there holds
poo :
hH(l) cap (TE*S; Rst :l:l) — ,}/(Z)Cf"o'2 (:tl) (745)
e— 9

By (7.40)), the next estimates are satisfied

||C6|21Cs>0 - |v - u|21v—u>0| <Ce in DRE X (07L)7

5 9 ) (7.46)
||<€| ]1C5<0 - |U - ’LL| ]]-U7u<0| S CE m DR5 X (07L)
We deduce from (3.6), (3.7), (6.11)), (7.38), (7.44), (7.45), and (7.46) that
hntl) Io = ’7(2)0][00’2(1) / v — 7-’*|2]lv—u>0nd99 + 7(2)01000’2(71) / v — u|2]lv—u<0ndx
e o o
:/ ¢! (S, v — u) ndz. (p=2)
o
The proof of (7.34) is achieved in the case p = 2, 0 < 7(? < +o0.
Case 7(P) = +oo We choose a sequence (R.) satisfying, besides , the estimate
RPAP) (1) < 1. (7.47)

By (7.26)) there holds v = v and by (7.31]) we have |y —u| < CR. in Dpg_. Taking (1.9) into account, we
infer that

/ F ((xe —w)V0.) do| < CRP / V6. |Pde < CRPAP(r,). (7.48)
(DRE X(OaL))\Srz X(OvL) O
It follows then from (7.36)), (7.48), and (7.47)) that lim. .o I.o = 0. O

Proof of (|7.35 . If k < 400, noticing that by (7.31)) there holds |Vx. — (¢1, p2,03v)| < ere in T, we
1

deduce from (1.10]), (6.11]), and (7.28) that

limsup A. g(Vxe) d 15]

e—0 Ty, e—0

= l;:/ g"°™ (93v) ndz.
o

/ (@, 03v) dpe = k/ (¢, O3v)ndzx

Otherwise, if k& = 400, then by (7.26) we have d3v = 0, therefore ¢ = 0 (because by (1.9)) there holds
g(0) = 0) and x. = 0. Accordingly, I.5 = 0 and ([7.35) is proved. O
O
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8 Appendix.

8.1 Some technical lemmas related to the lower bound

Lemma 8.1. Assume that 1 < p < 3, and let (u.) be a sequence satisfying , . Then there exists
a sequence (u.) verifying (@

Proof. We fix two sequences (a.) and (b.) of positive reals such that

R2
1>a.>b.,  ab?> ==, (8.1)

By means of De Giorgi’s slicing argument (see Remark [8.1] -, we can choose for each € a finite sequence
(lk,E)kE{L...,mE} such that 0 = l075 < 1175 < e <K lm575 <lm.+1 =L and

1 1 L
(kfz)aeélk,s§<k+i>as7 mEN(JZ7

/ |Vu€|pdm§0b—5/|Vug|pdac (=o0(1)),
H. ae Jo

b (8.2)
e ) e < O [ V)P ffue) e (= o(1)
E o 1 1
HE = _D}%E X U (lk’s - ibg;lk’s + §b5) nao.
k=1
Then, given a sequence (¢.) C D(0, L) such that
me+1
pe=1 in OL\U(lkE— beili e + b) pe=0 on U{lk,e},
k=0 (8.3)
C’
O§@5§17 ‘SDIE|<77
be
we set
me+1
Ue(wq, w2, 23) := Z (][ Sﬁs(SB)Us(xl,x2783)d83) Ty st (@3), (8.4)
k=1 (le—1,e3lk,e)

and claim that the sequence (u.) defined by (8.4) satisfies (7.9).
By Jensen’s inequality and (2.1)) we have, since 0 < ¢, < 1,

p
dzx

me+1

Vua Pdx = / /
/T | | Z (lke—1,e5lk,

me+1 p
Z / / ][ ‘Vua(xl,x2,53)‘ dszdx < / |Vue|Pdz,
(Uk—1,e5lk,e) 4 (I—1,e5lk,e) Tre

which proves the first inequality of the first line of ([7.9). The second one is obtained in the same way.
Since the sequence (u.) satisfies (6.1]), we can apply Proposition (6.1)). We infer from and (8.4)) that

Tt ma s
lk 1 a7lk s)

e

/ (@0 P + (@), [Pdpse < C. (8.5)

The estimate stated in the second line of (7.9)) is proved.
By applying Lemma we deduce from (6.11)) and (8.5) that

(), pre > wnﬁfo weak-* in M(O), (8.6)
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up to a subsequence, for some measurable function w such that wn € LP ((’)).7We have to prove that
wn = ovn a.e. in O. By 1) the sequence ({uc),,pe) weak-* converges in M(QO) to vnE?L’O. Since the
support of (1 — e )(ue)r, is included in H. and since by (8.3) there holds 0 < ¢. < 1, we infer from ,
(8.1) and the third line of (8.2)) that the sequence ((1 — @, ){ue)y. pre) Weak-* converges in M(O) to 0. It
then follows that

(U p, e 2> vnﬁ?o weak-* in M(O). (8.7)
Let us fix ¢ € C(O) and set
. me+1
V() = Z (][ 1/)($17$2,83)d53> Lyt (3)- (8.8)
k=1 (Ik—1,e5lk,¢)
It is easy to check that |¢) — @E|Loo(@) < Cae < 1 (see 1} ), consequently by and 1 we
have
lim [ ¥ (u:) . dp. = / Yondz, lim [ ¥ (i.),.dp. = / Ywndz. (8.9)
e—0 o e—0 o

On the other hand, by Fubini Theorem, (6.2) and (8.4) there holds

Uyl (x3) = (]{ )<Ps(53)<us>f;s(53)d53> Vaz € (lk—1,e3lke), Vi€ Je,
le—1,e5lk,e
therefore, by (3.3)), (6.2), 7 and (8.8]), we have

2
— e — .
rodie = — J d
[Peeetwndn =3 2 [ Bt e
JjEJ: €
me+1 52 .
- Z Z 3 / d.’L‘ld.’Eg/ ( w(thg,s?,)ds;;) goe(:rg)<u€>£€(x3)dx3
jeJ. k=1 TE|S| S7. (lk—1,e3lk,e) (Ik—1,e3lk,e)
me+1 52 ' (810)
XS g [ e [ (f stonmsan ) () et i)
jeJ: k=1 T5| | S‘Zs (lkfl.sﬂk,s) (lkfl.eﬂk,e) (lkfl,g;lk;yg)
me—+1 2

=Y =/ . (2) (820 (s)da = / B e,

2
jed. k=1 T€|S| S7 o X (lp—1,e3lk,e)

Joining and 1 , we deduce that fo Yondx = [, Ywndr and then, by the arbitrary choice of 9,
&

infer that nv = nw a.e. in O and that the convergence (8.6) takes place for the entire sequence ({Ueg ). pe)-
The first of the two convergences stated in the third line of is proved. The second one is obtained
in the same manner.

Let us prove the lower bound stated in the fourth line of . By and Holder’s inequality, for any
measurable subset A C R3, there holds

, A
[ 15000 = o)l do <o [ (1o )do < o (A1 AP il ) e € L)

for some positive reals o', 3’ € (0, p), therefore

R (R _ 2
/<DR copg, T (V) = f(Vue)| dr < C Z+ (%) Vel | 61
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yielding, by ,
lim |fOP(Vue) — f(Vue)| dz = 0. (8.12)

=0 ) (Dr, % (0,L)\T,

By 1) and 1) we have u(z) = @ (x3)uc(x) in O\ He and |pl| < b , hence by 1.' there holds

|1 (u) - P (Vennus@))lds < [ 1550 (Tu)| + 5 (el () do
(Dr. x(0.)\T, . (8.13)

gc/ [Vue|? + | =
H. be

Since 1 < p < 3, the space W'P(0) is continuously imbedded in LP" (©) (see [10, Corollary 9.14]),

therefore
v P o\ 1 1 1
|u5 )P dx < lue(z)|” dx < Cluclwrr(oy, — = (8.14)
o p* p 3

By (8.2) we have £3( c) < C’R—Qz— hence by Holder inequality, (| , and 1) there holds

p
3

p
ue(z)|P 1 o\ P _zy) _C RZ b
/ sb dx < W (/ lue (x)|” dx) LS(Hg)(l =) < bp|u€|W1P(O) < "
o1 b ) : (8.15)
R? 1 )5
< .
¢ ( g2 a.b?
We deduce from the second line of (8.2)), (8.13) and (8.15) that
R 1 \*
[ 1) = o @ls < 0F [ vapasr e (G )
(DR x(0,L)\Tr,
and then from and (8.1 that
lim PR (V) — 27 (V (e (@ e () da = 0. (5.16)
e70 ) (Dr. X (0,L)\T;.
Since . =0 on U?;Jl{lk,g}, we have
][ 03 (pe(s3)uc(x1,22,83))dss =0 Vk e {l,...,m.+ 1},
(lk—1,e5lk,e)
therefore by (2.1) and (8.4) there holds, for all k € {1,...,m. + 1} and all z3 € (lx—1,¢;lk.e)s
V(e (s3)uc(wr, w2, 53)) dsg = - V(e (sa)uc(wr, 22, 53)) dsg
(Ik—1,e3lk,e) (Ih—1,e3lk,e)
_ /V\ (8.17)

( e (83)ue (21, 22, 53))d«93>
(Ie—1,e5ln, 5)

A

u 3717-'172;$3)
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We deduce from Jensen’s inequality and (8.17)) that

/ JOP(V(pe(s3)uc (21,72, 83))) dridradss
(Dr. % (0,L)\T,.

me+1
— [ dnde - [T s0) dsy
Dr\Sr, =1 Y (l—1,e5lk,e)

me+1
2/ dx1dxs Z (lge — lg—1,e) fF (][ V(%(mg)ug(m,m,83))d33> (8.18)
Dgr_\Sr. k=1 (lk—1,e3lk,c)
me+1

:/ d$1d$2 Z / foo’p(/v\ﬁg(xl,l'g,lg))dl'g
Dr\Sr, =1 Y (lk,esli—1,e)

Foor (Vi) da.

/(DRE X (0, L)\ T,

The estimate stated in the last line of (7.9) results from (8.12)), (8.16]) and (8.18)).

The proof of the next Lemma relies on De Giorgi’s slicing argument (see Remark [8.1]).

Lemma 8.2. Let (u.) be a bounded sequence in W'?(0O), and let (RL) be an arbitrary sequence satisfying
. Let r, R be two positive reals such that rD C S C RD. Then, there exists a sequence (R.) satisfying
and

lim sup

/ [Vue|P dz =0,
e—0 (Dr \Dg, /2)%(0,L)

i (8.19)
7RE <R if p=2 and 0<~? < +oc.

Proof. We fix a sequence of positive real numbers (Q.) satisfying

re € Qe K €, 1< 7§P>(QE) (respectively, Q. < R. if p=2and 0 < vy < 400).

where 7. (.) is defined by (ifp<2and r. < eﬁ, we can set for instance Q, = e with 1 < h < 237
and choose any sequence () such that r. < Q. < € otherwise). Next, we choose a sequence of positive
integers (g.) such that lim._q¢. = 400, r. € 2Q. < ¢ (respectively, r. < 2=Q. < R. if p = 2 and
0 < ¥® < +00). For each ¢ > 0, the family of sets (Damg, \ Dam-10, )meN1<m<q., Where Damg_ is
defined by setting R, = 2™(@). in , is disjoint, therefore

qe
/ [Vue|P do < / |Vu.|P de < C,
m=1" (D2mq \Dym—-14_)*%(0,L) o

because (u.) is bounded in WP(0). Hence, for each ¢ > 0, there exists an integer m. such that
1 <m, <q. and

/ |[Vu|P de < g
(Dame@\Dyme—1,)%(0,L) g
The sequence (R.) defined by R, = 2™=(Q. satisfies (1.7)) and (8.19)). O

Lemma 8.3. Assume that 0 < 4P) < 400, let (u.) be a sequence satisfying (6.1), (R.) a sequence of

positive reals verifying and (R.) a sequence of positive reals satisfying and in accordance
with Lemma, Let U, be defined by . Then, there exists an approximation u. of U, verifying .
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Proof. Fixing a positive real § such that 1 < § < 2 and two functions (., &, € C>(O) such that

¢ =0in Dg_jo x (0,L), ¢ =1o0ndDg x(0,L), \VCE\ < ]g

c (8.20)

& —0in (Dr \ S ) x (0,L), & =1in S x (0,1), [Ve|< Cg

$ . s
where the set S,.° = Ujer. S37" is defined by 1D we set
Ue = TUe + G ((Ue) p, — Ue) + & ((Ue)r, — Ue). (8.21)
o~ P ~ —T‘6
The function u. coincides with (u.)g. on Dk, x (0, L) and with (u.),. on S, * x (0, L), hence by 1l
5

. .5 _
U, takes constant values on each sets 9D}, x {3} and 577" x {x3}. Since D, C Sy, it easily follows

S5
from (6.2) that . = (@.)r, = (8)n. on ODp. x (0,L) and G = (@), = (@) on S x (0,1), as
stated in the first line of (7.13).
Let us recall (see [23, Proposition 2.32]) that any convex function h on R? satisfying (1.9| . also verifies

|h(a) — h(b)| < Cla—b|(1 + |a[P~* + [p|P~!) Va, be R,
hence by Hélder inequality, for any bounded measurable set A C R? and all ¢, ¢’ € LP(A), there holds

1 p—1
[ o) —n@l do<c ([ o) ([ [11er w1 # o) 7
A (8.22)
< Clp = ¢'loacay (1417 +lolnlay +16 Bty -
Applying (8.22) to h = f>P and A = (Dp, x (0,L)) \ T}, setting

E. :=LP((Dg. x (0,L))\ Tr_.; R%), (8.23)
we infer
/ ‘ For(Va.) - o0 (Va.)| do
(DR x(0,L))\Tr.
R2|"7
< OV (e — te)|p. ( 55‘ + |V + IVﬁsl%:1> (8.24)
p—1
Sm R2I7 S -1 [ Sm -t
< OV (Ue — ue)| k. =2 + \VUE|EE + |V (u. - u€)|E€ .
On the other hand, by (8.20) and (8.21)) we have
~ e — (Ue)r. [P o=
| ( —u)|P dx < C ——p——— dr + |V |Pdx. (8.25)
(DR x(0,L)\T. (Drc\DRr, /2)%(0,L) Re (DR x(0,L))\Tr,

The next estimate is obtained in a similar way as the fifth estimate of (6.4)):

@ — (@) n. | de < CRY / P de. (8.26)

/(DRS\DREM)X(OaL) (Dr:\Dr,/2)%(0,L)

Joining (8.4)), (8.25) and (8.26)), we obtain

/ V(@ — AP de < C A e. VP da,
(DR %(0,L)\Tr, (Dr. x(0,L)\Tr, (Dr. X(0,L)\Tr,
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then deduce from ({8.19)) that

lim (V(@ — @), =0; Jim [Vic[p, =0, (8.27)
and infer from and - that
lim [fn (Vi) = o7 (Vi) | do = 0. (8.28)

=0 (Dr, x(0,.L)\T,

On the other hand, by (1.9)), (8.20]) and (8.21]) there holds
—~ —~ 5
[P (Va,) < C(|Vﬁs|p + [ue — <ﬁs>rs|p/7"gp) in (S, \ST_:E) x (0,L).

Accordingly, by (3.3)), the last line of (6.4]), , and ([7.9), we have
—~ 2 —~
[ er@a) de <O [ (AP - @) du.
(Src\Sr."€) % (0,L) €
[ Ve da.
Cri—r .,
/\Vus|p due < 752 r§(2 9.

Since we have assumed that () < 400 and 1 < § < 2 (see . . . we infer

<C (1 + rp(l ‘5))

mm‘i 03‘
[CESILEN)

<C (1 + rp(l 5))

lim s f°°’p(§ﬁe) dx = 0. (8.29)
=0 (88 )x (0,L)
The estimate stated in the second line of ([7.13)) results from (8.28)) and (8.29). O

Remark 8.1. De Giorgi’s slicing argument [2])] is based on the following observation: if for each ¢ > 0,
(Aé)ie{l,...,lg} denotes a family of disjoint p-measurable subsets of a set A equipped with a measure p, and
if (fe) is a sequence in L},(A) such that |felzray < C, then for each e > 0, there exists i € {1,....Ic}
such that fA15 |feldp < C. This argument is especially useful when non uniformly integmble sequences

bounded in L1 are conszdered We employ this argument in the proof of Lemma |8.1| to establish the
eristence of the set H. satisfying (8.2 (-) and in the proof of Lemma-

8.2 Proof of Lemma [5.§

The assertion (i) of Lemma is simply obtained by repeating the proof of Lemma[5.7] (i): the first line
of (5.34 - ) follows from (3.1] , 5.20 ), (5.24)), (5.25)) and the second line is obtained in a similar manner.

To prove the assertion (ii), we fix two sequences of positive reals (r.) and (R.) satisfying (L.7), (3.1).
§o0.2 .
By (5.34)), the sequence (Cap (reS,RLD;£1)

82
after possibly extracting a subsequence we can suppose that

) is bounded from above and below by positive reals, hence

_cap/ ™7 (r.S, R.D; il)
lim

1 5 ~2 o(%1), (8.30)

for some positive reals ¢(£1). The proof of Lemma is achieved provided we show that

e(£1) = /77 (£1), (8.31)
and that the reals ¢/ Ow(:l:l) are independent of S. To that aim, we establish the two lemmas.

Lemma 8.4. Assume and let ®. denote the functional defined by substituting c¢(£1) for I in
. Then the results deduced from propositions and by substituting ®. for ® hold true.
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Lemma 8.5. Assume . Then

I=%(r.S, R.D; +1
lim 2P (re — ) =~y@e(£1)  for all sequence (R.) satisfying (. (8.32)
e—0 IS
The proofs of lemmas and are situated at the end of Section Since v®) < 400, we have
re << g2 << ¢, hence the sequence R. := &2 satisfies (1.7). Noticing that by (5.19) there holds
cap! ™ (r.S,e2D; +1) = cap/™”’ (e3r:S,e5D; £1), and setting 7. := 37, we deduce from Lemma
that

Capfoo’2 (reS,e%2D; £1)

cap! ™ (7.5,e5D; +1)
2 m =

=1 °

e—0 3

The assumption v(2) < 400 also implies that r. << &3, hence by |i there holds

AP e(+1). (8.33)

lim
e—0 €

1 1
lim v (7.) = li = lim - =~®), .
il (7e) 20 e2|log(e3r.)| oy e?|logre| 7 (8:34)
Moreover, we have
Fo<e®<e and AP (0)>1. (8.35)

By (8.34) and (8.35), the sequences (7.) and (£°) (in place of (r.) and (R.)) satisfy the assumptions of
Lemma By (8.33), the assertion deduced from (8.30) by substituting (7., ) for (r., R.) holds true.
Therefore we can apply Lemma with (7., €%) in place of (re, R.). We obtain

canpfoo'2 (e3r.S, R.D; +1)

lir% = =~@e(+1)  for all (R.) s.t. 7= < R. < ¢ and véz)(RE) >1. (8.36)
E—
Choosing R. = &2 in (8.36)), taking (5.19) into account, we infer
I (r.8, LDy +1 I (378,62 D; +1
lim =2 (“2’ D) li, <2 (EreS D) _ ) y(a1), (8.37)
E—> I £— I

By 1) we have RLD C Oc %D provided ¢ is small enough, hence by 1) there holds:

capfoc’2(r55, R.D;+1) S capfoc'Q(rsS, 6;i1) S Capfm’2(TsSaéD§i1)

€2 g2 g2
By passing to the limit as ¢ — 0 in the last inequalities, thanks to (5.35), (8.30) and (8.37), we get
Y@ (1) > 7@ (£1) > P e(£1), and infer (8.31). It remains to show that ¢/~ (1) and ¢/~ (=1)
are independent of the choice of S. To that aim, we fix two positive reals r, R such that »S C D C RS.

By (5.13) and (5.19)), there holds

cabpfoo’2 (reS, RTIED; +1)
)

cabpfoo’2 (reS, %D; +1)
)

cap? ™"’ (reD,RLD; £1)
o2

By 1D the first and third terms of the above double inequality converge to v(®¢f oﬂ(:l:l), therefore

<

<

caupfcc'2 (reD,RLD;+1)

- 1
7 (£1) = —— lim . .

7(2) e—0 3
The proof of Lemma [5.8] is achieved. O

Proof of Lemma We revisit the proofs of propositions and substituting the assumption
(8.30) for (5.36). Starting with Proposition we fix some positive reals r and R verifyingrD C S C RD
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and choose, in accordance with Lemma a sequence (R.) satisfying (1.7) and (8.19). The proof then
remains unchanged until formula ((7.22)) which, by virtue of (8.30]) becomes

=% (rerD, ReD; £1
hm%lfcap (rerQ , ReDi 1) > ~@e(+£1). (8.38)
£—

By passing to the limit inferior as ¢ — 0 in Formula (7.23|), which also holds true, thanks to (8.38]) we
find

lim inf 5 f°°4’(§a€) dx
€0 J(Dg, x(0,L))\Sr."¢ x(0,L) (8.39)
> (2 / (e(D)](w — u)* P + e(~1)|(v — u)~ ) nd,
o
yielding
liminfF. (u.) > @ (u,v). (8.40)
e—0

As regards Proposition [7.2)), we set R. = R.L. Then, substituting (8.30) for (7.45) and repeating the
argument of the proof of Proposition we find that

1ims(1)1p F.(ue) < ®c(u,v). (8.41)
Lemma [8.4] is proved. O

Proof of Lemma Let us fix a sequence (R.) satisfying (1.7). By Lemma (i), the estimates
capfoo,z(rES,R;D;:tl)> .
2

deduced from (5.34)) by substituting R for R. are satisfied. Hence the sequence is

bounded from above and below by positive reals. After possibly extracting a subsequence we can assume
that besides (8.30)), the following estimate is satisfied:

(:apfm’2 (r.S, R.D;+1)
2

lim

e—0 g

_ ’)/(2)6”(:l:1)7 (842)

for some positive reals ¢”(£1). We just have to prove that ¢’ (1) = ¢(£1). To this purpose, we repeat
the argument of the proof of Lemma substituting for : we find that the conclusions of
propositions and also hold true for the last mentioned subsequence if we replace @, by ®.. It
follows that ®, = ®.», hence ¢(+1) = ¢’ (£1). O
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