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Abstract

In this article we are interested in energy estimates for initial boundary
value problem when surface waves occur that is to say when the uniform
Kreiss Lopatinskii condition fails in the elliptic region or in the mixed
region. More precisely we construct rigorous geometric optics expansions
for elliptic and mixed frequencies and we show using those expansions
that the instability phenomenon is higher in the case of mixed frequencies
even if the uniform Kreiss Lopatinskii condition does not fail on hyperbolic
modes. As a consequence this result allow us to give a classification of
weakly well posed initial boundary value problems according to the region
where the uniform Kreiss Lopatinskii condition degenerates.

AMS subject classification : 35L04, T8A05

1 Introduction

In this article we will construct rigorous geometric optics expansions for solu-
tions to a linear hyperbolic initial boundary value problem (ibvp in short) with
constant coefficients.

The uniform Kreiss-Lopatinskii condition (UKL in short) is the main point in
the study of initial boundary value problem. Indeed it is a necessary and suf-
ficient condition for strong well-possedness of the ibvp. This condition due to
Kreiss in [9] means that in the normal modes analysis no stable mode satisfies
the homogeneous boundary conditions. In this article we are interested in ibvp
for which this condition is not satisfied and fails for some "boundary” frequen-
cies. The description of those frequencies will be made precise in section 2.2.



Geometric optics expansions for the ibvp are also highly linked to the structure
of the resolvent matrix of the ibvp for boundary frequencies. Let us recall that
thanks to the block structure of the resolvent equation (see theorem [2.1}[4], [3])
we know that there are four different kinds of frequencies, namely : elliptic,
hyperbolic, mixed or glancing.
There are already many articles about geometric optics expansions for ibvp
according to the frequency of oscillations in the source term, the fact that
the ibvp is characteristic or not, the stability assumption on the boundary
For instance, on the one hand, under the uniform Kreiss-Lopatinskii con-
dition (UKL), Williams treats in [I7] the case of a noncharacteristic ibvp for all
possible frequencies, and Lescarret [I1] deals with characteristic problems for
a mixed-frequency. On the other hand, Marcou [12] and Coulombel-Gues [7]
build expansions without UKL but for an elliptic frequency and a hyperbolic
frequency respectively.
In this paper we are interested in noncharacteristic ibvp, when UKL fails in the
elliptic region or in the mixed region of the boundary of the frequencies set (see
section for more details). So this paper will generalize Marcou’s work to non
homogenous problems and generalize Lescarret’s work to problems for which
UKL is violated. To some extent this paper will conclude the construction of
geometric optics expansion for weakly well-posed ibvp.
The main consequence of the geometric optics expansions will be to describe
the influence of the region in which UKL fails on the energy estimate that we
have on the solution of the ibvp.
Indeed, in [9] Kreiss shows that UKL is a necessary and sufficient condition for
the strong well-possedness of the corresponding ibvp in L?. The corresponding
energy estimate associated to the solution u is of the form :

1
s + o-alls < € (SU712 + lolis )

where f is the source term in the interior and g the source term on the boundary.
Then, Sablé-Tougeron showed in [I6] that if UKL fails at the order one in the
elliptic region of the boundary of the space of frequencies, it is possible to
consider solutions in a weaker sense. That is to say that there exists a unique
solution of the ibvp that satisfies an energy estimate with a loss of one derivative
on the boundary.

At last Coulombel treated in a more recent work cases where UKL is violated in
the mixed region and in the hyperbolic region and showed two different energy
estimates ([6] [5] ). In the mixed region he proved that there is a loss of one
derivative on the boundary (as in Sablé-Tougeron’s work) and also a loss of half
a derivative in the interior. Whereas when UKL fails in the hyperbolic region,
there is a loss of one derivative both on the boundary and in the interior.

The question is to know whether those energy estimates are sharp.

In 2010, using geometric optics expansion for an ibvp with a failure of UKL in
the hyperbolic region Coulombel-Gues [7] proved that the corresponding energy
estimate is sharp.

This paper will treat two of the three remaining behaviours for the failure of



UKL, that is to say elliptic and mixed case. And we will be able to show the
optimality of the energy estimates found by Sablé-Tougeron and Coulombel. In
particular, our work shows that away from glancing points, the only possible
failure of the UKL that allows for a homogeneous ibvp to be well-posed is in
the elliptic region. This makes rigorous the discussion in ([3] , chapter 7) see
also [15].

2 Notations, assumptions and main results.

2.1 Notations.

In this article we will consider ibvps in the half-space
RY := {2z = (2/,2q4) € R*\ 4 > 0}

and will we also note for 7' > 0, Q7 := |—00; 7] x R% and finally the spatial
boundary of Q1 will be denoted by wr.
Our typical ibvp will read :

L(O)us = 0yu + Y7, A;0jus = f< in Qr,
Bufxdzo =¢° in wr, (1)
uTtSO =0,

where the A; are square matrices of dimension N with real coefficients and B
is a real matrix of dimension p x N. The value of p will be made precise in
assumption [2.3]
The superscript € is sometimes used in order to highlight the main frequency of
oscillations of the source terms and the solution in .
Energy estimates require the introduction of weighted Sobolev spaces. For s
real and v > 0 we will denote by H3(€2r) the weighted Sobolev space defined
as follows :

H,‘;(QT) = {u S D/(QT) \ e M e HS(QT)} R

and we also define H?(wr) and L2 (H%(wr)) in the same spirit.
We introduce a partition of the frequencies space :

E = {(=(c=y+ir,n) eCxR*" y>0},
E0 = {CGE,’Y:O}

Let A(¢) be the resolvent matrix obtained after Fourier-Laplace transformation
in the evolution equation of :

d—1
A(C) = —Agl 01+i277j14j . (2)
j=1

We denote by E_(() the stable subspace of A((), and F, (¢) the unstable sub-
space.



Thanks to Hersh’s lemma (see [3] page 125) we know that for all o such that
Re o > 0, A(¢) does not have any purely imaginary eigenvalue and that
dimE_(() = p.

However if Reo is zero, Hersh’s lemma is not true anymore and has to be substi-
tuted by the following result which is due to Kreiss [9] and adapted by Métivier
[13] for constantly hyperbolic operators that is to say the following assumption
is satisfied.

Assumption 2.1 There exist an integer ¢ > 1, real valued analytic functions
A1, -y Ag on R4\ {0}and positive integers vr, ..., v, such that :

d q

Ve € ST det T+Z§jAj = H(TJF)\k(f))V’“,

j=1 k=1
with A (§) < ... < Ag(§) and the eigenvalues Ay (§) of 22:1 Ay are semi-simple.

Theorem 2.1 [Block structure] If the ibup satisfies assumption then for
all ¢ in = there is a neighborhood V of ¢ in E, an integer L > 1, a partition
N =uv; + ...+ vy such that all v; > 1, and a regular invertible matriz T defined
on V such that we have :

Ve eV, T(OTAQT(¢) = diag (A1(¢), ... AL(C)) |

where the size of A;(C) is v;, and A;(C) satisfies one of the following properties

i) All elements in the spectrum of A;(C) have a strictly negative real part .

i1) All elements in the spectrum of Az@) have a strictly positive real part .
iii) v; = 1, Ai(Q) € iR, 9, A4:(¢) € R\ {0}
iv) v; > 1, Jk; € iR such that

k, 1 0
Ai (Q = 1|
0 k;

and the coefficient in the down left corner of 0,A4;(¢) € R\ {0}.

Thanks to this theorem we are able to describe the four kinds of frequencies ¢
in Eo.

Definition 2.1 Let :

o & be the set of elliptic frequencies, that is to say the set of ¢ in =y such that
theorem is satisfied with one block of type i) and consequently also one of
type i1) only.

o H be the set of hyperbolic frequencies, that is to say the set of  in Zg such
that theorem is satisfied with blocks of type iii) only. a

o EH be the set of mized frequencies, that is to say the set of ( in Eg such that



theorem is satisfied with one block of each type i) and consequently also one
of type it) and at least one of type iii), but no block of type iv)
e G be set the of glancing frequencies, that is to say the set of ¢ in Z¢ such that
theorem is satisfied with at least one block of type iv). B

We have the following partition of = :
Eo=EUEHUHUQG.

The analysis in [[9],[13]] shows that E4(¢) admit a continous extension for the
frequencies in Zg. Moreover if, { € Z¢ \ G then we can write

CN =E_(Q) @ E4(Q),

and
E+(¢) = BL(Q) & EL(Q), (3)

where E° (¢) (resp. E$(¢)) is the generalized space associated to the eigenvalues
of A() of negative (resp. positive) real part, and E’} (¢) are sums of eigenspaces
of A(¢) associated to some purely imaginary eigenvalues of A(().

In fact, it is possible to give a precise decomposition of Ei (¢). Let iw,, be a
purely imaginary eigenvalue of A((), then

det(rl + A(n,w,,)) = 0.

Using the constant hyperbolicity of L() (see assumption 2.1, there is an index
k,, such that
T+ N, (7, wp,) =0, (4)

with Ag,, (7, wy,) smooth.

Definition 2.2 The set of causal (resp. moncausal) indeces C (resp. NC) is
defined by : m is in C (resp. NC) if and only if for g, defined in we have
OnaMen, (1, Wp,) > 0 (resp. Opy Ak, (0,w,,) <0).

Um = VA, (0, w,,) is called the group velocity associated to the phase T+n.x"+
Wm -

m

With such notations, we have

Lemma 2.1 For all { € (EHUH)

Eﬁ( ) = @meckerﬁ(Lﬂa Qm)7
Ei( ) = @mecheT‘ﬂ(I,ﬂ7gm),

where for all € in R4, L(&, ..., &) = &I + 0_ &A;.

We refer to [7] for the proof.



Definition 2.3 Set ITF := IIX(() the projector on E$.(() associated to the de-
composition (@

Set I, = IL,, () the projector on kerL((,wn) and Qu = Qun({) the partial
inverse of L((,wm) satisfying :

Qm£(<7wm) =1- I,

2.2 Assumptions.

Let us deal with non characteristic ibvps with constant multiplicity that is
assumption and the following assumption are checked.

Assumption 2.2 The matriz Aq is invertible.

The assumptions on the boundary condition are summarized in the following
one :

Assumption 2.3 B is a matriz of mazximal rank p, with p > 1 the number of
positive eigenvalues of Aq counted with multiplicity.

Our last assumption explains how the uniform Kreiss-Lopatinskii condition de-
generates. There are two distincts cases depending on the region of degeneration

Assumption 2.4 e The Kreiss-Lopatinskii condition is satisfied, that is to say
for all ¢ € 2\ By, kerBN E_(¢) = {0}.

o Let ¢ € Zg such that kerBN E_(¢) # {0} then { € £ and there exist such
frequencies. B B

e Moreover let ¢ € € such that ker BNE_(() # {0}, then there is a neighborhood
V of ¢ in Z, a regular basis (Ey, ..., E,)(C) of E_(C), a regular and invertible
matriz P(C) of size p and at last a reqular real valued function 6 such that we
can write :

V¢ eV, B[E,...,E,] (C) = P(¢)diag(y +16(¢), 1, ..., 1).

Assumption 2.5 e The Kreiss-Lopatinskii condition is satisfied.

o Let ( € Ey such that kerBN E_(¢) # {0} then ¢ € EH and such frequencies
exist. B a

o Let ( € EH such that kerBN E_(¢) # {0} then :

o E_(¢)NkerB = E°(¢)NkerB.
o There is a neighborhood V of ¢ in Z, a regular basis (EY,...,E;_,)(C) of
E< (¢),an inversible and regular matriz P(C) of size p and finally a regular real

valued function 6 such that :
V¢ €V, B[EY,...E; . El, .. .E!| (¢) = P(()diag(vy +i6(C), 1, ..., 1),

where (E7, ..., E?)(C) is a reqular basis of E"(().



Assumptions and correspond to situations where the uniform Kreiss-
Lopatinskii condition breaks down because of surface waves that have exponen-
tial decay with respect to the normal variable z4. It is equivalent to assume
that a Lopatinskii determinant vanishes at the order one for elliptic or mixed
frequencies (see [2], [16] ). However, assumption [2.5] considers a situation where
hyperbolic modes also occur, even though they are not responsible for the break-
down of the uniform Kreiss-Lopatinskii condition.

One example of an ibvp which satisfies the assumption is the onset of
Rayleigh waves for the equations of elastodynamics. That is to say that when
UKL fails in the elliptic area one can see waves which are localized along the
boundary.

One example of physical interest we know of an ibvp which satisfies the as-
sumption [2.5] is the liquid-vapor phase transition model especially studied by
Benzoni-Gavage in [I] and later on by Coulombel in [6]. We provide in section 5
with another such example arising from the linearization of the Euler equations
on a fixed domain.

Until the end we will work under one and only one of the two previous as-
sumptions.

Now thanks to one of these assumptions we can describe the form of the source
terms we are interested in.

Definition 2.4 e Let P,; be the set of oscillating profiles ie functions u(t, z, Xq)
in C°(Qr x Ry) which can be written :

M
u(t, o, Xa) = 3 e Ko, (t,2),
m=1

with (wl, ...,CUM) S RM, (ul, ,UM) S (H+OO(QT))M

o The set of functions U(t,x, Xq) in HT>°(Qr xR, for which there is a positive
§ such that XU (t,z, Xy) is in HT>®(Qp x R, will be denoted by P., and
will be the set of evanescent profiles.

e To conclude, the set of profiles P is defined as follows P = P,s ® P,,.

Source terms used in the geometric optics expansion will not be the same under
assumption [2.4] or under assumption [2.5] We shall be more specific later on.
To conclude this section we define the useful following vectors :

Definition 2.5 Under assumption or[2.5] there exists :
e a vector e € CN \ {0} such that E_({) NkerB = E*(¢) NkerB = vect(e).

e A vector b € CP\ {0} such that b.Bw = 0, for allw € E_(C).

o E_(¢) = vect(e) ® E_ (¢) and B is an isomorphism from E_ (€) to b-.

2.3 Main results.

As mentioned in the introduction energy estimates depend on the region in
which the uniform Kreiss-Lopatinskii condition fails. In the case of a frequency



¢ that satisfies the assumption we will need the extra assumption :
Assumption 2.6 If ¢ satisﬁes then E"({) is non trivial.

Let us recall the different energy estimates :

Theorem 2.2 [16] [Sablé-Tougeron] Under assumptions for
all f in L?(Qr), g € H%(wT) that vanish for t < 0, then there is a unique
solution u € L?(Qr) of the ibup which moreover admits the following energy
estimate :

2 + 1 s 5
= (B + 102y )o@

2 2
Il )+ ol y <

with v sufficiently large and where C' is independent o

[6] [Coulombel] Under assumptzons m E E ‘ for all fin L2 (H Hz (wr)),
g € H: (wr) that vanish for t < 0, then there is a unique solution u € L*(Q7)
of the ibuvp which moreover admits the following energy estimate :

C
2 2 2 2
[0l @y + 0ol ( 1, bieny +||g||H$(wT)>, (®

o ) = 7 :

with v sufficiently large and where C' is independent of ~y.

The estimates (@ are true for v above a threshold v, and it is poss1ble to
avoid the dependency in v by multiplying C by 77T, So we can rewrite @
under the more pleasant form :

Il + otasmol?y -y, < Cr (151 crniorn + Dol ) )

with s = 0 for and s = % for @, f,9,u zero for t < 0.
Our first result is that one can make a geometric optics expansion if ¢ satisfies
assumption or 2.5l The oscillating source terms fE g° are made precise in

@ under assumptlon and @D under assumption (2 .

Theorem 2.3 Under assumptions one can find a geometric
optics expansion (Up)nen of the ibup which satisfy equations (see below).
Moreover, setting uy, ,,, the truncated geometric optics expansion defined by :

No
€ _ if _n
UNy app = E e'=e"U,, (7)

n=0

then the error beetween UNy.app N the ezact solution u® of (l) is an O(eNot3)
in HX (seel.

Under assumptzons one can find a geometric optics expansion
(Un)nen of the ibup which satisfy equations (26))-(27) (see below).

Such that the error beetween uyy, ., and the ezact solution u® of is an

O(eNot1) in HZ® (see[4.1)).



The two following theorems show that energy estimates and @ are sharp :

Theorem 2.4 Under assumptions 12.2H2. 9 let s > 0. We assume that
for all f in L*(Qr), g € H*(wr) vanishing for t < 0, there is a unique solution

u in L*(Qr) of the ibup with the energy estimate :
ey < Cr (11320 + 190y )

1
-

Theorem 2.5 Under assumptions 2.6, let s1,s9 > 0. We as-
sume that for all f in L2 (H*'(wr)), g € H**(wr) vanishing for t <0, there is
a unique solution u in L*(Q7) of the ibup with the energy estimate :

then necessarily s >

lell3ac0ry < Cr (IF132, e oy + N9 0rea o) ) (®)
then necessarily s1 > % and s > %

Theorem indicates that the existence of hyperbolic outgoing modes has a
serious impact on the stability properties of . In particular, strong well-
possedness of (1) for g = 0, as considered in [[3], chapter 7] can not occur if such
modes are present. This result gives a rigorous justification to the discussion in
[[B] pages 205-207]. We refer to section 5 for further comments and consequences.

3 Geometric optics expansions.

Let ¢(t,2") = 1t + n.o’, with (7,7) a frequency that satisfies assumption or
assumption [2.5]

3.1 Geometric optics expansions under assumption (2.4

This section gives a rigorous construction of geometric optics expansions when
UKL fails in the elliptic area. It is a generalization of Marcou’s work in the
case of a non-homogenous boundary condition. Indeed, in this paper we are
interested in the influence of a non-homogenous boundary condition on the
energy estimate.

Moreover, the case of an elliptic frequency will be a good preparatory work for
the case of a mixed frequency in the next paragraph.

Remark Hereinafter as no confusion is possible we will set 119 = II.

From now to the end of the paragraph, we will deal with source terms f¢ and
g° of the form,

flta) = et (a2, (9)
g (ta') = edFg(t.a),



with amplitudes f¢ in P,, and g in H1T°°(wr),both zero for negative times.
We also take an ansatz of the form,

(o) = S enei® 24
u(t7x)—25e Un(t,;zc,E)7 (10)

n>0

where for all n > 0, U, is an element of P.,.

Taking such ansatz allows us to treat elliptic modes in one piece as in Lescarret’s
work [I1I]. Thus, in comparison to Williams’s method in [I7] see also [§] it is
unnecesary to assume that the stable part of A(() is diagonalizable, moreover
it does not require to solve in an approximate way transport equations with
complex coefficients.

Plugging the ansatz in the ibvp , the following cascade of equations

appears :

L(0x)Uy = 0,
L(0x)Up + L(O)Up—1 = dp1f,¥n > 1, (11)
BUn\md:xd:o = 6n,lgavna
Unjico = 0,V
where ), , is the Kronecker’s symbol and :
L(ax) = Ad (8Xd - .A(g)) .
Lemma 3.1 Let
P, U(Xy) = eXeAOTI_U(0), (12)
Xq —+00
QuF(Xy) = /0 e(Xd_S)A(QH,AglF(s)ds — /X e(Xd_S)A(QHJrA;lF(s)dS.
d

(13)
Then for all F in P.,, the equation
L(0x)U = F,

has a solution U in P,,. Moreover, one can write any such solution U under
the following form :
U=PU+ QevF~

proof : P., and Q., defined in — are explicitly given by Duhamel’s

formula.

Using lemma the cascade of equations can be rewritten equivalently as
follows :

PCUUO - UOa
BUy,, 0 =0, (14)
Uojco =0



and for higher order terms :

(I - HDev)(]n = @e'u(én,lfev - L(aw)Un—l) )

BUn,, _x,—0 = 0n19 , Vn > 1. (15)
U’I’thgg =0 )

3.1.1 Determining the leading order term Uj.

Using P.,Uy = Uy in the boundary condition of one has to solve the fol-
lowing system for the principal term :

IEDevUvO = UO ;
BIL_Uy(t,a’,0,0) =0 , (16)
Uojyeo = 0.

Thanks to equation 7 the first equation implies that in order to know Uj it is
sufficient to know its trace on { X4 = 0}. Unfortunately, the boundary condition
does not determine this trace but a double trace on {Xy = x4 = 0}. Moreover,
this equation can not be solved easily due to the degeneracy of UKL on E_(().
We will start by determining the double trace Uy(¢,2’,0,0). Let a

I_Uy(t,z',0,0) = ap(t,z')e, (17)

with e given in definition [2.5] «g a scalar function.

The determination of ag follows Marcou’s method described in [12], which is
here adapted to a non homogenous boundary condition.

Equations satisfied by the term U; are (see (15)) :

(I - ]P)ev)Ul = Qev(fev - L(az)U0> )
BUl\zd:Xd:O =g, (18)
Injecting, the first equation written for x4 = Xy = 0 in the boundary condition
and after multiplying by the vector b (given in definition , we are led to :
b'BQev(fev - L(GI)UO)de:XdZO = b.g .

However by definition of Q., (see ), we can develop the left-hand side of the
previous equation as follows :

+oo
b.BQey (f—L(02)U0)|zy=x4=0 = b~B/ e *AOTL AL (— fU+L(0,) U (s))ds.
0
We thus obtain

+oo “+o0
b.B/ e AOTM, AT L(0,)Up(s)ds = b (g + B/ e_SA(<)H+A;1fe”(s)ds>
0 0

= 4o-

11



Once more developing the left-hand side and using the equality we have
the final equation :

400 d—1
b.B / e AT AT L(9,)Ug(s)ds = b.BLidrao + Y b.BI;0;0,
0 j=1

where we set :

I = [F° e A0, AT esA© e ds,
IJ e f0+oo e*SA(QH_,_AglAjeSA(Qe dS.

So it is clear that «q satisfies the transport equation

d—1
b.BI:0, + Y b.BI;d; | ag = fo.

J=1

It does not seem obvious that the coefficients of this equation are real. So we
can not conclude that this equation is well-posed yet. To do that, we will need
to make the I, I; more explicit which is possible thanks to the following lemma.

Lemma 3.2 [Marcou] Set I = Iy, Oy, = O, then for all j € {0,...,d — 1},
I; = 11,.0,,I1_(Q)e,
where we use the notation ny = T.

proof : This proof is the same as in [[12], lemma 6.3] . We recall it here for the
sake of completeness.
Let p be an eigenvalue of A({)II_, we have Rep < 0 and moreover e** is an

eigenvalue of eSAOTT ; applying Dunford’s formula we can write :

1
s.A(g)H _ sz _ —1
e - =5 . e (A(() — =) dz,

where I'_ is a closed simple curve included in the complex half-plane with neg-
ative real part, surronding the eigenvalues of A({)II_.
As II_e = e, we have

1 +oo
I; = </0 68(z7A(£))H+ ds) A;lAj(A(Q _ 2)71 de.

- 2im Jr_
On the other hand we can explicitely compute

“+o0 +
/ GC—AD, gs = {es(zf.A(g))H_‘r(ZiA(g)),l] o
0

— IL(AQ -2

0

12



Setting Ay = I we have,

I, = II; (1/1“ (A(C) — z)flAglAj(.A(g) - z)ldz> e

um

. (;ﬂ/r By, ((A(C) — 2)™) dz>e

= I.9,,I1_({e
U

Thanks to the stability assumption one can write in a neighborhood of ¢ the
equality :

Be(¢) = B(¢) (v +1i6(C)) e(Q), (20)
with e, o, 8 smooth such that
eQ)=e,
0(¢) =0;0(C) R,
B #0.

Using lemma @ we also have in a neighborhood of (,
b.BI = b.BIL, ()01 ({)e.

Differentiating the identity ITI_(¢)e(¢) = e(¢) in a neighborhood of ¢ then com-
posing on the left by II, (¢) in order to avoid the second term we have :

IL. (QOM1- (O)e = de(().
Now differentiating in ¢ we obtain :

Boe(¢) = iB(£)00(C)e.
Therefore we have proved the following proposition :

Proposition 3.1 The function ag defined in is a solution of the real trans-
port equation

{ iB({)b.e (9-0(C) 0o + V0(¢).- Vo) = o (21)

aOHSU =0 ’

thus ag is uniquely determined and it is nonzero if and only if go is. Moreover
ag has the same regularity as go (ie HY>®(wr)). By the equation , the same
properties are also true for II_Uy(t,z’,0,0).

We readily observe that go is nonzero if we choose a nonzero g and f¢ = 0.
This explains the scaling of ¢° in order to have an O(1) solution u® in L (7).
The double trace II_Uy(t, 2,0, 0) is now fully determined. To conclude the con-
struction of Uy it is sufficient to note that in Uy (¢, x, Xg) = P, Uo (¢, z, X4), xq is

13



a parameter. Consequently we can arbitrary lift the double trace TI_Uy(t, 2, 0, 0)
in a simple one II_Uy(¢,z,0). For instance, set as in [I1] :

U(t, z, Xa) = ao(t, 2 )x(zq)e XA e,

where x € C°(R) checking x(0) = 1.

Remark We stress that from now on the geometric optics expansion is not
uniquely determined. Indeed it highly depends on the function .

But following Métivier’s work [I4] we can show that this dependency is only an
error term of upper order in . Indeed, by Taylor’s expansion in x4 :

Uo(t,l’,Xd) = Uo(t,x/,O,Xd) + .’L‘dV(t7$,Xd),

where V' is a function in P, as well as W := X3V. For X4 = %4 :

UO(t,l',Xd) = U()(t7$/707 %) + €W(t,l'7 %)

Consequently the difference beetwen two functions Uy lifted by two different
functions x is at most a term of order one in €.

3.1.2 Second term in the WKB expansion.

The construction of the second term of the expansion is very similar to that of
the first one. Indeed the only modifications come from the fact that U; is not
polarized so that we have to consider the unpolarized part and that there is a
little change in the source term of the transport equation .

Let us recall that the second term satisfies equation . But thanks to the
previous section from now Uy is known, so the first equation of allows to
determine the unpolarized part of Uy.

Thus to complete the construct of U; it is sufficient to determine is polarized
part that is to say P.,U;. But reiterating the arguments of the previous section,
to do that it is sufficient to know the trace II_U; (¢, z,0).

Let us start by determining the double trace II_U, (¢, 2',0,0).

Plugging this double trace in the boundary condition of we obtain :

BH_Ul(t7I/,O7O) =4g— @ev(fev - L(aZE)UO)‘.'L'd:Xd:O' (22)

As noticed in the introduction of this paragraph there is a little difference with
the first term. Indeed, "a priori” the left side of the previous equation is not
zero so we can not deduce that II_U; (¢,2’,0,0) is in kerBN E_(().

So let us decompose, a

H_Ui(t,2',0,0) = a1 (t, 2")e + v1 (¢, 2'), (23)

where oy is a scalar function and vy (t,2') is in E_(¢) (notation of definition

23). B

The boundary condition can now be rewritten as follows :

it a’) = B (9= Qeo(f* = L(02)U0)jey=x,4=0)

14



which determines in a unique way vy in H+t*(wr), zero for negative times.

At this moment it is sufficient to determine «; to know the double trace
II_Ui(t,2’,0,0). In order to do so, one can reiterate the construction described
in paragraph [3.1.1] to exhibit a transport equation on a;. We end up with :

Proposition 3.2 The function oy defined in is solution of the transport
equation
{ i(¢)b.e (879(98,5&1 + V,]G(Q.onzl) =31 ,

al\tgo =0 ’
with g1 = =bBQeuL(3,) (I =T U1, _, +v1)

Mimicking the end of paragraph we have to extend II_Ui (¢,2,0,0) to all
positive x4. Thus we can set

Uy (t,z, Xq) = x(2q)eXA© (aq (¢, 2")e 4+ v(t, 2'))+Qeu (f¢¥ —L(02)Up ) (t, T, Xq).

3.1.3 Higher order terms and summary.

It is clear that the process of the previous sections allows us to determine the
(n 4 1) term if we already know the terms uppon the n*. Indeed let us sum-
marize this method :

o If we know the nt” term, equation determines the unpolarized part of the
(n+ 1) term.

¢ (|[12)) implies that to know the polarized part it is sufficient to know
M_U,41(t,2,0). We begin by computing the double trace II_U, (¢, 2’,0,0).
¢ To do so, we decompose II_U,,11(t,2’,0,0) in a component on kerB which
depends on a scalar function a,,+1 and a component on E_(C ) which is deter-
mined algebraically by the boundary condition. B

o For ay, 41 we write the equations for the (n + 2)** term and Marcou’s work
allows to show that a1 is solution of a real transport equation. So at this
stage II_U,41(t,2,0,0) is known.

o To conclude it is sufficient to lift the double trace II_U,4+1(¢,2',0,0) in a
"simple” trace II_U,11(t, z,0).

Thus we have shown the following proposition :

Proposition 3.3 Under assumptions one can find a geometric
optics expansion (Up)nen of the ibup which satisfy equations , where all
U, belong to Pe,.

3.2 Geometric optics expansion under assumption [2.5}

From now on the frequency ¢ will satisfy assumption raher than assumption
So we will have to include highly oscillating terms in the geometric optics
expansion. The philosophy of the construction will be the same but we will have
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to be more careful about the resolution of boundary conditions.
We choose source terms f¢ and g° under the form,

fa(tv z, Xd) = ei% (Efos(tv Z, Xd) + fev(ta €, Xd)) ’ (24)
g (ta') = ee'fg(t,a),

with f°% = an\le ewmXa fos in P . f¢ in P., and g in H**°(wr), both zero

for the negative times.
Let us consider the ansatz

(o) = S enei® 24
u(t,x)fzee Un<t,x,€>, (25)

n>0

where for all integer n, U,, € P is decomposed as
M
Un(t, 2, Xq) = U + US* =Y emXdu, . 4+ UL,
m=1

Injecting the ansatz in the ibvp we obtain the cascade of equations :

L(9x)Uy = 0,
BUs,, -y =0, (26)
U0|t50 =0 )

for the principal term. For higher order terms :

L(aX)Un + L(aw)Un—l = 5n,1fev + 6n72fosv

BU”sz:Xd:O = 571,19 s Vn > 1. (27)

Un|t§0 =0 )
The following lemma which is just a generalization of lemma [3.1] gives us a
solution of the equation L(dx)U = F with F in P.
Lemma 3.3 [11] There are projectors P, P, a partial inverse Q such that for
all profiles F' € P, the equation :

L(ox)U=F (28)

admits a solution U in P if the following compatibility condition P'F = 0 is
satisfied. In that case, this solution U can be written :

U=QF+PU.

In particular on Pu,, P = Pey, Q = Qe and P is zero. On Pys, PP =P = P,,.

16



We refer to [II] for a complete proof but since it will be useful we give below
the expression of P,, and Q,y :

M
PosV =PV = 3 eXenll, Vy, (29)

M
QosV = Z eiXdﬂm Qm Vi,

m=1

where V =M ¢ XdV
Using lemmam7 . and can be rewritten as follows :

PUy = Uy,
P'L(8,)PUy = 0,
BUy,,_x,.o =0, (30)
Vojico =0
and

(I =P)Up = Qn,2f* + 6,1 [ = L(82)Un-1) ,

]PnL(aa:)Un - ]P”L(Sn’lfos + }P)Zé'n’lfe'u s

BUn‘ X.—0 = 6,” 19 , Vn Z 1 (31)

Td d 9
Unjpco =0 .

The first equations in — are due to the particular form of the solution of
, and the second come from the compatibility condition P*F = 0.

We see that the first term Uy has to satisfy the conditions of polarization
and propagation together with some boundary conditions. Decomposing on the
profiles spaces P,, and P, it follows:

Peverv = USU 5

P, Ug® = Ug*

P! L(0,)Pos Ug® = 0,

P!, L(0, )P, US” = 0, (32)
B [Ugs + U, - 0} oa=0 0.

J— ev
Uo\t<0 - =0.

Ojt<o

However, thanks to the relation P{, = 0 given by lemma the fourth equation
of (32) is a tautology. Since this lemma also gives the relation P!, = P,s one
can reformulate the third equation of :

Pos L(0y)Pos US® = 0.

So we see that the evolution equations on the oscillating terms and on the
evanescent terms are just linked by the boundary condition. Consequently one
can hope to solve the evolution equations independently for the oscillating and
the evanescent terms. Let us start by determining the principal oscillating term.
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3.2.1 Leading order oscillating term.

Thanks to the decomposition given in lemma and we will identify each
term in the expansion of U§* :

Hmuo,m = Uo,m ;
I, L(0z)uo,m =0,

B | et tom + UG

5 70] —0, Ym e {1,M}. (33)
a= 1 xq=0

UO,m‘tSO = O Y
Let us recall the classical lemma due to Lax :

Lemma 3.4 [10] Under assumption the following equality is true
HmL(aw)HmUOm = (at + Um~vw)u0,ma

where vy, = VA, (n,w,,) is the group velocity associated to Ay, defined in

Distinguish two cases according to the set in which m lies.
First case : m € NC
The group velocity v, is outgoing thus the transport equation associated to
is :

{ (625 + 'Um-vw)umm =0 5

U0,m <o = 0,

and can be explicitely solved by integration along the characteristics. Conse-
quently ug n as solution of a homogeneous transport equation is zero and the
same remains true for its trace on {z4 = 0}.
Second case : m €C
Conversely when m is causal the phenomenon is incoming so the transport
equation has to take the boundary condition into account; thus it reads :

(8t + Um~vm)u0,m =0 )
B [Emec W uo,m + (]PevUSU)IXdzo}

UO’mugo =0.

oaco — B Lmene mtion =0,

Focusing on the left-hand side of the boundary condition, we obtain :

Z nuom,, o + T2UG"(t,27,0,0) € vect{e.}
meC

So in order to satisfy the boundary condition, we need

{ I tom,, o =0, Vm € C

e U§y(t,2',0,0) = ap(t, 2 )e (34)
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where « is a scalar function.
Consequently the transport equation for a causal term reads :

(8t + 'Um-vz)u&m =0 )

uO,m‘Id:O =0 s

UO,m‘tSO - 0 7
one more time, one can solve it explicitly and show that ug ,,, and the trace on

{x4 = 0} are zero.

3.2.2 Principal term for the evanescent part.

For the principal evanescent term we have to solve the same cascade of equations
as in the previous paragraph (see (L6])), that is to say :

PevUOeU — U0€1) ,

BIIC Ug¥(t,2',0,0) =0, (35)
v, =0.

So we will try to apply the method described in paragraph up to a few
modifications.
As before, equations for the higher order evanescent term U{" read :

(I - Pev)Ulev = @ev(fev - L(am)Ugv)7

B [U{’S + ff;dzo} oo 9 (36)
e =0.

lii<o
The only change is that now oscillating terms of order one appear in the bound-
ary condition. Since we do not know those terms, Marcou’s method can not be
applied at this stage.

However, in paragraph we managed to determine oscillating terms without
any consideration on the evanescent ones, so we will try to do that once more.

3.2.3 Second oscillating terms in the WKB expansion.
Using the cascade of equations for the oscillating part, we obtain

(I - POS)Ulos = _QOS(L<8:E)USS)’
PosL(aw)Ufs — fos7

37
BUl\ngXcL:O =9 ( )
figo =0.

Since from now we know that Ug® is zero, the first equation allows to determine
the unpolarized part of U{® and it is zero. So it is sufficient to determine the
polarized part of Uy?, to do that combining the first and the second equations

of it follows :
PosL(0:)Pos U = f9°.
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Reiterating the arguments of paragraph we exhibit the following transport
equation on I, uq m, :

{ (Or + vin- Vo ) llmui,m = [ ,m e NC. (38)

Hmul,m‘tgo = 0 Y
And for m e C :

(at + Um~vx)Hmu1,m = fo

mo 7
B (Zmec Hmul,m|zd=0 + Ulev(ta $l, 0, O)) =g—B ngj\/c l_Inﬂ/fl,WLmd:0
Hmul,m‘tgo =0 ’
(39)

is a transport equation which determines in a unique way Il u1 m = w1 m
and its trace on {zg = 0} for all m in N'C. We stress that U1 ,m is not zero unless
the source terms meet specific requirements.
We have to be more careful with causal terms. Indeed, as said at the end of
paragraph [3.2.2] evanescent and oscillating terms both appear in the boundary
condition.
Let us decompose the evanescent term in its polarized and unpolarized parts.
The boundary condition in now reads :

9-B Z Hmul’m\wdzo
meNC

— BQeu(f*" = L(9:)Ug"),(40)

B (Z W ut,m,, —, + HEUT (8,2, 0, 0))

meC

where we used :
(I - Pev)va = Qev(fev - L(aﬂc)UOev)'
The main point is that one more time the vector

Z Hrnul,m‘wdzo + He_ Ulev(t7 SC/, O7 0),
meC

which appears on the left-hand side of is an element of E_(().
Thus after multiplying by the vector b defined in definition [2.5| we obtain the
following compatibility condition :

b.BQey (f¢° — L(02)USY) = b. (g -B Y Hmul,mzd_(,) : (41)
meNC

Moreover thanks to the definition one can find w; in E_ (¢) such that the
following decomposition is satisfied :

> Murm,,_, + TEU(t,27,0,0) = aa(t,2))e + wa(t, ). (42)
meC
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Applying B, implies that w; is given by the formula :

AN —1
’w1(t, X ) = B\E’,(g) <g — B Z Hmul,m\xdzo - BQev(fev - L(aac)Ugv)> )
meNC
(43)
showing that w; is known if and only if U§" is determined.

3.2.4 End of the construction of the evanescent term.

The compatibility condition will allow to apply Marcou’s method (see(3.1.1])
indeed it reads :

b.BQey(f* — L(0:)US" ) jzumxs=0 = b <g— B Y u17m1d0>

meNC
= go(t, x'),
where all source terms on the right-hand side are known. So one can show the

following proposition

Proposition 3.4 The function «g defined in is solution of the transport
equation
{ iB({)b.e (9-0(C) Do + V0(¢). Vo) = o (44)

ao\tgo =0 ’

Thus g is determined in a unique way. It is zero if and only if go is zero, and it
has the same reqularity as go. Thanks to it is the same for II©U§Y (¢, 2',0,0).

Reiterating the end of the analysis of paragraph [3.1.1] it is sufficient to lift
I1e U§* (¢, 2',0,0) to obtain a solution of . A typical example is

USY (t, 2, Xq) = ap(t, ') x(zq)e XA e, (45)
with x € C°(R) such that x(0) = 1.

3.2.5 End of the construction for causal terms.

After the choice of y, the principal evanescent term is determined. So, it is the
same for wy defined in and it is explictly given by the formula .
However, wy is in E_({) so it can be decomposed as follows :

h
wy = vy + 05,

with v} an element of E” (), v{ in a supplementary space of E"(¢) in E_ (€)-
We emphasize that v¢ and v? are known since w; is known from equation .
By identification on those spaces we obtain the two equations :

_ .k
{ ZmEC Ul,myp, =0 — V1-

e Uev(t,2',0,0) = oy (t, 2")e + v$(t, ')
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Consequently the transport equation can be rewritten as follows :

(61& + Um~vx)Hmu1,m = ;;LS y

_ h
Zmec Hmulv’m\zd:o =" NS C.
Hmul,m‘tgo =0,

and it is now possible to determine u; ,, for all causal m, by integration along
the characteristics.

3.2.6 Second evanescent term.

The method to build the second evanescent term is similar to the method for
the first one.

Taking equation , since U§” is now known it is sufficient to determine the
polarized part that is to say II° Uf¥(¢, z, 0).

Decomposing as follows :

e Uy (t,2',0,0) = ay(t, 2" )e + v (¢, z'),

where v¢(t,2') € E_() is given by the boundary condition.

Consequently it is sufficient to know a;. To do that we will need to deal with
equations on the third evanescent term and since it contains oscillating terms
we will need to know them as well. As before, noncausal terms are easy to
determine since they satisfy outgoing transport equations. For causal terms we
have to decompose the boundary condition for n = 2 as in sections and

one can show that aj is the solution of the transport equation :
{ Z,B(Qbe (870(98,5041 + V,ﬁ(g)vxal) = §1 s

al\tgo =0.

So it is now sufficient to extend the double trace II- UV (¢, 2, 0,0) for the posi-
tive 4. For instance, we can set :

U{”)(t7 x, Xd) = X(xd)eXdA(Q [Oél(t, x')e + ’U(t7 x/)]‘i'(@ev(fev_L(aw)Ugv)(t’ €T, Xd)'

3.2.7 Higher order terms.

Let us summarize the construction of the higher order terms.

o The first equation of gives the unpolarized parts of US%, and UZ% . So
one more time it is sufficient to determine the polarized part.

© For noncausal oscillating terms , the second equation of and Lax’s lemma
lead to an outgoing transport equation :

(815 + Um-vx)nmun—i-l,?n - Fm 5
Hmu"+1vm|t§0 =—(- Hm)un+1,7mtgo =0,

where F,, is a function depending on (I —IL,,)tn41,m and possibly on the oscil-
lating source terms. Integrating along the characteristics, noncausal oscillating

22



terms are determined.
¢ The boundary condition for the causal oscillating and the evanescent terms
reads as follows :

meC meNC
+ ((I_ PC’U)U’SS’-I)lid:Xd:O

_ Z (I— Hm)unﬂ,mz“) .

meC

Decomposing as in 1) allows to determine Unt1m, o thanks to Lax’s lemma.
¢ To determine the fransport coefficient on the boundary of US4, we write
the boundary condition for USY, , after the determination of the noncausal
oscillating terms of order n + 2 it reads :

B (Z Hmun+2,m‘md:0 + He, 512> = @G -+ B(QevL(am) Eil\mdzxd:o)

meC

with G a function depending on the traces of uny2.m, (I — ILy)upta,m and
possibly of the source terms on the boundary. Composing by b gives a compat-
ibility condition on by —x =0 and Marcou’s method allows to write it as a
transport equation which permits to determine a,41.

Thus we have shown the following proposition :

Proposition 3.5 Under assumptions|2.1{2.2H2. one can find a geometric
optics expansion (Up)nen of the ibup which satisfy equations (@)—.

4 Proof of the main theorems.

4.1 Justification of the expansion.

The aim of this section is to show that the two geometric optics expansions built
in previous sections converge to the exact solution of .

Since proofs are very similar in both cases we will just give it in the case of the
geometric optics expansion under assumption [2.5

We give the following definition :

Definition 4.1 For all integer N and for all (u®). of HT>°(Qr), we say that
(uf) is O(eN) in HF>°(Qr) if for all o € N4+ there is a positive constant C,,
such that

Ve € ]0, ].] 7€|a\ ||8°‘u5||Lz(QT) < CQ€N.

We will also need the following proposition in view of justifying the geometric
optics expansion :
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Proposition 4.1 Let U be a fonction in Pe, then U(t,z,%%) and
(L(0:)U(t, 2, Xa)) x,—za are O(e%) in L*(Qr).

proof : Since U is in P.,,, there is § such that e?X¢U (¢, x, X4) is in H>®(Qp xR )
50 (24, Xa) = U(, - 2q, Xa)e*X € LY v (L*(wr)). We have,

+oo
||U|Xd:m7d||%2(QT) = / / [T] xR~ |6 5 ( ’ 77) 767|2dtd1' dl’d
00, T| % 1

/ 92U, 0, ) By 2 dag
0

IA

+o0 24
|U€” | (L2 (wr)) e 2% dag,
g, Xq
0

< Ce.

Let 0, be a differential operator, y in {t,z1,...,2q} we have :

+oo
_ J Zd
|| (ayU(’ "Xd))|Xd:x?d ||%2(QT) :/0 2 ||6 N 8 U( s Ldy - )HQLQ(oJT)dxda

as the assessment Xy equals “¢ is made after the derivative.
Since e9X49, U (t, z, X4) is in H> (Qr xR, we can work as for the first assertion
to show that

” (ayU(v '7Xd))|Xd:de ||%2(QT) < CE,

and we conclude by the triangle inequality.

We have to prove the following result to complete the proof of theorem [2.3]

Theorem 4.1 Under assumptions (@ —uf is an O(eNotl)

in HX>(Qr), where we recall that ua;p is defined in

No+2

€ 3 .
app ~ — u° satisfies the system :

proof : The remainder u
L(0) (uf\’gop+2 uf) = eNot2eiE (L(0L)UR 1o + L(02)US 1o)
B (ulo =0

app
u(t<0)=0

~

Thanks to proposition and by interpolation between spaces L?(w
H'(wr) one can show that for all index N, L(9,)U§’ is O(1) in L2 (H
The same kind of argument also shows that L(0,)US’ is O(e72)in L2 L(H
Thus in terms of powers of € the limiting term is the oscillating one.
Using the energy estimate @, we obtain

) and
(wr))-
(wr))-

vl Nl

No+2

No+3
app ’

Hu u5||L2(QT) S Ce

24



For all o, tangential derivatives 0;',, are estimated directly by differentiation of
the ibvp , so we have :

1082 (uh™® = ) 2y < 220050 (€72 L@ Uny+2) 2@

Thanks to Leibniz’s formula it comes :

e 1
105" 2 (els L(aac)UNo+2) 200 < w”L(aw)UNO—WHLQ(QT)
+ 1082 (L(02)Ung+2) |2 (27)
C

< —.
- 5|0“

Consequently, .

clal Haélz/ (U(JIV;;Q _ UE) HL2(QT) < CelNots
Using the evolution equation, we can write the x4-derivative of ufl\;?p*z —u® as a

linear combination the tangential derivatives. Thus the previous estimate still
holds if we add derivatives in x4. Consequently we have shown that ué\g’p“ —uf
is O(eNo+3) in H>(Qp).

It is now easy to show that wu}o,? —upe, is O(e™ot!) in HF>(Qp) and we
conclude by the triangle inequality.

O

4.2 Optimality of energy estimate, proof of theorem

Once again since proofs are very similar in both cases we just describe here the

proof of theorem We will need the following lemma :

Lemma 4.1 Let Uy be as in , then Up(t,x, %2) is O(e2) in L2(Qp). This
property is sharp in the sense that if there is kK > 0 such that Uy is an O(e%“””)
in L?(Qr), then Uy is zero in L*(Qr).

proof : The first assertion has already been proved in proposition |4.1
To show the second assertion we will use the fact that for all w € CF, M €
M} (C) we have

leMw|? > e 2IMly)2,

So, if v° = Uy (t,x, %)

5]

1
+oo _2a, 2
I 20y > Mﬂ%(A x@m%e'A@%FmQ

by change of variable u = ¢ it comes

—+o0 %
Co ( / ©(eu)Ze-2ulAQI du)
0

1
Coapex, AQE? -

Nl

€

v

”UE”L?(QT)

v
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proof : (theorem 2.5) We argue by contradiction and assume s; = = — §,
§elo,3.
Let ¢g* = 0, and consider source terms

fo=eef e (e 2,
€
0s Tq Tw Zd
f (t,x,?) =(t, z)e*mo = ei, (46)

where e}jr € kerL(i¢,iw,,,) \ {0}, which is possible from assumption
So by interpolation between spaces L%(wr) and H2 (Qr),

€ 1
15Nz o @r)) < Cezte

the energy estimate allows to show that u® is O(e21%) in L%(Qg). Using
the geometric optics expansion given by theorem [2:3] and thanks to the triangle
inequality, one shows that Uy = U§" the first term in the expansion is 0(5%”)
in LQ(QT)

But,

2d

Up = US” (t,x, ﬂ) = ag(t, 2" ) x(zq)e= A,
€

implies that for ag nonzero, US” is O(e2) in L2(Qy). This result is sharp thanks
to lemmal[d.1} Therefore oy is zero. But, ay is solution of the transport equation

with :
Go = —b.B ( Z ul,mlm“) .

meNC

The argument to conclude is the same as in [7]. For m € NC, uj ,, is solution
of the transport equation :

{ (875 + Um'vﬂi) Ul,m = 5m,mo"/}(tvx)ei )

Ul,mir<o = 0,

so the only nonzero amplitude is 11 ,, and it is computable by integration along

the characteristics.

Let us choose 9 in l} such as the source term —b.Buq m, is nonzero. It
M0z =0

implies that aq is nonzero and we have thus proved s; > %
Once more we argue by contradiction so we suppose that s = % —4,0 € ]0, % [

Let f¢ =0 and choose now
g (t,2') == e’ Eap(t, 2" )b,

with b as in definition and ¢ € C°. Reiterating the same kind of interpo-
lation arguments described in the first part of the proof and using the estimate
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one can show that u is O(e219) in L2(Q7). The geometric optics expansion
tells us that
[[u® — ei%Ugv”LQ(QT) < Ce.

So, U§" is an O(E%M) in L?(Qr), consequently once again ayq is zero. But, g
is the solution of the transport equation with

gO = ¢|b|27

and we can choose 1 such that is not gy zero.So, g as a solution of the nontriv-
ial transport equation (44) is not zero which is the desired contradiction. So we
proove that necessarily so > %

5 Consequences

5.1 Classification and well-posed homogeneous ibvp.

The first consequence of theorems is to show rigorously the intuition
in the beginning of [[3], chapter 7] and [I5]. It says that the only well-posed
homogeneous ibvp, that is ibvp of the form with ¢¢ = 0 and that satisfy the
estimate :

lull 207y < Crllfll2@n),

meet on of the following conditions :

i) UKL is satisfied.

i1) UKL fails in the elliptic region &.

i41) UKL fails in the glancing region G under some dimension restriction.
Indeed, if UKL fails in the mixed or in the hyperbolic area then necessarily there
is a loss of at least half a derivative in the domain 7, so the homogeneous ibvp
is not well-posed.

If UKL fails in the elliptic region, thanks to theorem the energy estimate is

22 = 2 1 < 22 2 1
Il + itasmoly -y, < Cr (I Brcany + Dol ) )

and the only way to have strong well-posedness is that there is no loss of deriva-
tive on the boundary that is to say g = 0.

Moreover theorems and the optimality of energy estimate when UKL
fails in the hyperbolic region given by [7] allow the following classification of
weakly well-posed ibvp when UKL fails outside the glancing area.

When UKL fails for an elliptic frequency then the energy estimate is :

Bl Pl < O (1 +1o0)
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for a mixed frequency, we see that a loss of half a derivative appears in the
interior of the domain :

Il gy + lgeamoll?

<C 2 2 .
o =Cr (I S+l )

1 1
L3, (H2 (wr H?2 (wr)

At last, [7] show that the worst case occurs for hyperbolic frequencies for which
we lose one derivative in the interior and one derivative on the boundary :

||UH%2(QT) + ||U|xd:0H%2(wT) <Cr (||fH%gd(Hl(wT)) + ||9||§11(WT)> : (47)

5.2 Boundary conditions for linearized Euler equations.

Theorems allow to describe areas where one can impose a maximal dis-
sipative boundary condition for linearized Fuler equations. Indeed this system
is both symmetric and constantly hyperbolic so we can study the question of
dissipative boundary conditions. Let us recall that the boundary conditions are
maximal dissipative if the following is true :

Vv € kerB, (Aqv,v) <0,

It is known (see [3] chapter 3) that a symetrizable ibvp with a maximal dissi-
pative boundary condition admits an energy estimate without loss of derivative
in the interior.

Moreover for linearized Euler equations the elliptic area is empty so we have :

SEo=EHUHUG.

Consequently thanks to theorem and the optimality of the energy estimate
proved in [7], the only possibility to have a maximal dissipative boundary
conditions that does not satisfy UKL is that the Lopatinskii determinant van-
ishes at a glancing point.

We deal with the linearized isentropic Euler equations in dimension 2 for an
outgoing subsonic fluid. This correspond to the problem :

OU + A101U + As05U = f s

BUy—0=0, (48)
U\t:O:()v
with :
0O -1 0 M 0 -1
Ai=1-1 0 0], 4=]0 M o],
0 0 0 -1 0 M

where M € ]—1,0[ denotes the Mach number.
We suppose that B reads :

B=[1 by b,
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with by, b3 € R. We denote by D the set of (bz,b3) € R2 such that B defines

a maximal dissipative boundary condition and by G the set of (b, b3) € R?

such that UKL fails in the glancing region. G is easily computable (similar

computations can be found in [[2],chapter 14]) and is given by :

n 14 Mbs
V1— M?

We introduce A(o,n) a Lopatinskii determinant associated to the ibvp .

The other possibilities of behaviour for a boundary condition (see [2]) are a bit
more difficult to compute, we enumerate all the possible cases below

g{(52,63)€R2\52 }Fiul“i.

% = {(bs,b3) € R*\ A(1,0) =0}
= {(b2,b3) e R*\ b3 =1}
I = {(by,b3) € R*\ I € EH,A({) =0}
= {(b2,b3) € R®\ b3 = —M,T? <by <T9}
* = {(b,b3) € R*\ I € H,A(¢) = 0,A(¢) =0}
= {(ba,b3) € R*\ by > —M,b3 + b3 =1}
SU = {(ba,b3) € R\ 3¢ € Z\ Zp,( # (1,0),A() =0}
= {(ba,b3) € R*\ by > —M,b3 + b3 < 1}
SS = {(ba,b3) € R\ V( € E,A(C) #0}
= {(ba,b3) ER*\ b3 < Mrg <by<T9}
{bg,bg)€R2\b3>—]\14,r‘i<b2<rg_}

All other parameters (bq, b3) give rise to problems in the so-called WR class,
that is for which the Lopatinskii determinant vanishes exactly at first order in
the hyperbolic region H.

Remark The transitions described above are those predicted in [2]. The set
' contain frequencies which satisfy the assumption 2.5 and assumption [2.6]

It has already been mentioned in the begining of this paragraph that
DCGUSS.
But for (by,bs) € G the matrix associated to the quadratic form (A, X, X) is

14+Mbs)? 14+ Mbs3)?
| (S + (L)
i“ﬁ%ﬁg (M (1 + b2) + 2b3)

and it is easy to see that det(M) < 0 which means that (42X, X) is nonpositive.
In other words D N G is empty.
For (bg,b3) € SS the matrix associated to the quadratic form (A3 X, X) is

M (1+03) by (1 + Mbs)

M’ = {bQ (1+ Mbz) (M(1+b3)+ 2bs)
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Since M (1 +b3) < 0, (42X, X) is nonpositive for all X if and only if det(M’) >
0 that is to say :

b3(M? — 1) + (Mbg + 1)? + (M? — 1) > 0.

The boundary of D is a hyperbola, included in SS, for which the corresponding
boundary conditions are maximal dissipative though not stricly dissipative. As
predicted by theorem 2.5 I'” does not meet D.

We summarize the above discussion in the following scheme.

bzn

re
WR —
// o
~ - — SS
—_ \\ b3
-
~
WR Ny
~
re
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