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A mathematical model is developed to evaluate the feasibil-
ity of an in vivo implanted drug delivery system. The deliv-
ery device consists of a cooling material coated by a drug-
loaded thermoresponsive polymer film. Drug release is initi-
ated by remotely dropping the temperature of the cooling ma-
terial sufficiently for the temperature throughout the polymer

*Corresponding author. ™ These authors contributed equally to this work.

coating to drop below its lower critical solution temperature
(LCST), causing the polymer to swell and release the drug.
Drug release switches off again when heat conduction from
an external fluid medium raises the polymer temperature to
above the LCST causing the polymer to collapse. Candidate
cooling mechanisms based on endothermic chemical reac-
tions, the Peltier effect, and the magnetocaloric effect are
considered. In the thin polymer film limit, the model pro-
vides an upper bound for the temperature the cooling mate-
rial must be lowered for drug release to be initiated. Signif-
icantly, the model predicts that the duration a thin polymer
will continue to release drug in a single cycle is proportional
to the square of the thickness of the cooling material. It is
found that the system may be realised for realistic param-
eter values and materials. A simple illustrative calculation
incorporating the presence of a heat source is presented, and
the results suggest that conduction due to the initial temper-
ature difference between the water and the cooling material
can make the dominant contribution to heat transfer in the
polymer as it reheats to its LCST.

1 Introduction

Thermoresponsive polymers undergo a volume phase
transition in aqueous solution when the temperature of their
fluid environment is varied across a critical value. If the
polymer goes from being in a swollen, hydrophilic state
to a shrunken, hydrophobic state as the temperature is in-
creased through the critical value, the critical temperature is
referred to as the lower critical solution temperature (LCST).
The LCST of a thermoresponsive polymer can be readily
varied by, for example, changing the pH or composition of
its fluid environment, by varying the molecular weight of
the polymer, or by the incorporation of hydrophilic or hy-
drophobic groups [1,2]. LCST values as low as —7.5°C [1]
and as high as 80°C [2] have been observed experimentally.
Poly(N-isopropylacrylamide) (pNIPAm) is a thermorespon-
sive polymer that has been extensively studied [3,4]. The
LCST of pNIPAm occurs over a narrow temperature range,
and is manifested as a sharp transition close to 32°C [5]. Fur-
thermore, the LCST of pNIPAm can be easily increased to
near human physiological temperature (37°C) [6,7].

Thermoresponsive polymers have numerous potential
applications in areas such as drug delivery [8—10], gene de-
livery [11], tissue engineering [12], chemical valve technol-
ogy [13], and catalysis [14]. However, a biomedical device
based on a thermoresponsive polymer that enables the pul-
satile release of drug in vivo has yet to be developed, princi-
pally because of the difficulty of locally decreasing the tem-
perature of human tissue in vivo. Nevertheless, candidate
mechanisms for cooling polymers in vivo have been pro-
posed, and some of these are now briefly discussed.

A potential chemically-based cooling mechanism is to
add a substance to the polymer’s fluid environment that gives
rise to an endothermic chemical process. In an endothermic
process, heat is absorbed from the environment as the reac-
tions involved proceed causing a drop in its temperature. The
dissolution of ammonium nitrate in water is an example of an



endothermic process; when ammonium nitrate is dissolved in
water at room temperature at a concentration of 1 M, a drop
in fluid temperature of 6 K is observed. However, the choice
of substances that could be safely used in vivo is limited since
most endothermic reactions involve toxic chemicals [15].

Another candidate cooling mechanism is based on the
Peltier effect, which is a thermoelectric phenomenon [16].
The Peltier effect arises at the junction of two dissimilar
conductors through which a current is flowing, and refers
to the transfer of heat from one of the conductors to the
other across the junction. The Peltier effect allows for the
transfer of heat at the junction against the temperature gra-
dient, and cooling devices have been manufactured based on
the effect [17, 18]. BiyTes and BiySes [19] are amongst the
best performing thermoelectric materials at room tempera-
ture, and exhibit a temperature-independent thermoelectric
effect [20,21]. A thermoelectric cooling device based on the
Peltier effect has recently been developed by Morizane et al.
[22] for the treatment of spinal cord injury in rats, although
the cooling component of their device was deployed outside
of the body as it was too large to be implanted in vivo. How-
ever, extremely thin thermoelectric cooling devices can now
be fabricated that are less than 200 um thick [23], making
feasible the development of devices that may be implanted
in vivo.

The magnetocaloric effect (MCE) provides another pos-
sible mechanism for externally lowering the temperature of
the cooling material. The MCE refers to the heating or cool-
ing of magnetic materials due to the application of time-
varying magnetic fields. The effect, which has been sub-
stantially understood for a long time [24], is caused by the
change in magnetic entropy of a material due to the applica-
tion or removal of an external magnetic field. Specifically,
the cooling of a magnetic material is caused by an increase
in its magnetic entropy when an external magnetic field is
removed. The MCE has been a subject of considerable in-
terest since 1997 when Pecharsky and Gschneidner [25] dis-
covered a giant MCE in some Gds(Si Ge|_y)4 alloys. Many
alloys have subsequently been found to possess a colossal
MCE [24, 26], although only some of these were found to
undergo their maximum temperature change close to room
temperature and ambient pressure. Of these, only a very few
were found to possess their MCE peak near physiological
temperature (37°C). De Campos et al. [27] reported that the
MCE peak of Mg;_,Fe,As is at 37°C when x is 0.003.

The three cooling technologies just described can in
principle be used to locally decrease the temperature of tissue
in the body. It should be emphasised, however, that a system
will only be of practical value if it can be manufactured at a
sufficiently small scale for it to be implanted in vivo.

In this paper, a mathematical model is formulated to in-
vestigate the feasibility of developing a pulsatile drug release
system that is based on dropping the temperature of a ther-
moresponsive drug-loaded polymer coating below its LCST.
The candidate cooling mechanisms discussed above are not
incorporated in the modelling presented here. Rather, the
model is used to determine the properties a cooling system
should have for a drug release device to produce practically

useful pulsatile release profiles.

2 The mathematical model
Introduction

The proposed release system is composed of a thermore-
sponsive drug-loaded polymer bonded to a cooling device
which consists of a slab of cooling material. The device
and polymer are immersed in water that is initially held at
a temperature above the polymer’s LCST, so that the poly-
mer is collapsed and drug release is negligible; see Fig. 1
(a). Drug delivery is initiated by quickly lowering the tem-
perature of the cooling material sufficiently for the temper-
ature throughout the adjacent polymer to drop to below its
LCST, thereby causing the polymer to swell. Drug then
releases from the swollen polymer. Drug release sponta-
neously switches off again when heat conduction from the
fluid environment raises the polymer temperature to above its
LCST causing it to collapse. In the current theoretical study,
mathematical modelling is used to assess the feasibility of a
system of this kind.

Modelling assumptions

The principal assumptions made in formulating the
mathematical model are now listed.

(i) Heat conduction in the cooling material, polymer and
water is governed by Fourier’s law of conduction.

(ii)) The thermal conductivity and diffusivity of the cool-
ing material, polymer and water are taken to be con-
stant. The thickness of the cooling material and poly-
mer are also assumed constant and the water is taken to
occupy an infinite domain. Although these are reason-
able assumptions for the cooling material and the water,
they are not valid for a thermoresponsive polymer since
its properties and thickness change during the swelling
and collapsing processes. However, for the important
case of a thin polymer film, these assumptions are fre-
quently acceptable since it will be shown in this study
that the polymer temperature can then be dominated by
the properties of the cooling material and the water. For
polymers whose thickness is comparable to that of the
cooling material, the assumptions of constant polymer
conductivity, thermal diffusivity and thickness may be
viewed as providing a starting point for the analysis of
the system.

The temperature and heat flux are taken to be continu-
ous at the cooling material-polymer and polymer-water
interfaces.

It is assumed that the presence of drug does not affect
the thermal properties of the polymer or the water. The
model thus does not incorporate drug concentrations,
and is used instead to predict the evolution of the tem-
perature profiles in the cooling material, polymer and
water. This is sufficient to establish the feasibility of the
system.

The temperature of the cooling material may be instan-
taneously dropped to the same value throughout its vol-

(iii)

@iv)

v)



ume. There is no further cooling of the system subse-
quent to this. These assumptions will not affect the con-
clusions of the modelling presented here since allowing
for a finite cooling period will only serve to delay the re-
heating of the system by the fluid environment, thereby
prolonging the time the polymer remains swollen.

(vi) The phase transition for the polymer is assumed to be
perfectly sharp, so that for temperatures immediately
above its LCST, the polymer collapses fully.

Cooling Device

Cooling
Device

-H,, H,

Fig. 1. A schematic representation of (a) the polymer coated cooling
device, and (b) a slice of the cooling material, polymer, and water at
time ¢ = 0 in the semi-infinite domain —Hy, < x < co. The complete
system lies along the infinite domain —oo < x < oo, but is symmetric
about the centreline of the cooling material at x = —H,.

Geometry and model equations

For simplicity, the cooling device is taken to be com-
posed of an infinite slab of homogeneous material of thick-
ness 2H, that occupies —2H, < x < 0,—o0 < y,7 < oo. At
x = —2H, and x = 0, the cooling material is taken to be
in thermal contact with polymer films of thickness Hp. At
x = —H,,— H, and x = H,, the polymer films are in turn taken
to be in thermal contact with water that occupies —co < x <
—2H,, — H, and H, < x < co. Water is chosen as the fluid
medium here since it is the dominant component of biologi-
cal fluids. The system is clearly symmetric about the centre-
line of the cooling material at x = —H,,, and so a symmetry
condition is imposed at x = —Hy, and the semi-infinite do-
main —Hy < x < oo only is considered; see Fig. 1 (b).

The temperatures in the cooling material, polymer and
water at location x and time ¢ are denoted by Ty,(x, 1), Ty (x,)
and Ty (x,t), respectively. The initial temperature of the en-
tire system is taken to be at the constant temperature of the
water, Tv’;, say. Since the behaviour of the device in the hu-
man body is being modelled, 7! is taken to be 37°C in the
numerical calculations of this paper. The LCST of the ther-
moresponsive polymer is denoted by 7;, and it is supposed

that 7, < T} so that the polymer is initially in its collapsed
state. At time ¢ = 0, it is assumed that the temperature
throughout the cooling material is instantaneously lowered
to T < T,. The purpose of the analysis of this paper is to
investigate the subsequent temperature evolution for # > 0 in
the adjoining polymer, and in particular, the possibility of the
polymer temperature dropping to below its LCST through-
out its thickness so that it can swell and release drug. The
subsequent reheating of the polymer above its LCST due to
heat conduction from the adjacent fluid medium will also be
tracked.

In view of the discussion immediately above and the
modelling assumptions of the previous section, the tempera-
ture in the cooling material Ty, (x,¢) satisfies:

oT, 9°T,

T:A:kMWZM for—HM<x<O,t>O,

aT,

-9 onx=—Hy, t>0, M
ox

TMzThf; for —Hy <x<0,t=0,

where k,, is the constant thermal diffusivity of the material.

The boundary condition (1), is the symmetry condition that
allows the spatial domain to be halved. The temperature in
the polymer T;(x,) satisfies:

oy 2T,

ot

i
P:Tw

forO<x< Hp, t >0
o2 orusAs At )

for0 <x < Hp, t =0,

where k; is the constant thermal diffusivity of the polymer,
and the temperature in the water medium 7y, (x,¢) satisfies:

oT, 97T,

a—thkw ax2w for Hy < x < oo, t >0,

Tszvf, for Hy < x < oo, t =0, &)
TW—>T\£ asx — oo, t >0,

where k,, is the constant thermal diffusivity of the water. Im-
posing continuity in temperature and heat flux at the cooling
material-polymer and the polymer-water interfaces gives:

T, oT;
Li=T, —Kugr=—K3- onx=0120,
4
ot T )
=T, —Kopr=—Kvr onx=H, 120,

where Ky, K;, Ky, give the constant thermal conductivities of
the cooling material, polymer, and water, respectively. The
thermal diffusivities are related to the thermal conductivities

via:
ky = KM; kp:ﬁ, ky = Kw’ (5)
Pumlm PeCp PwCw
where, using an obvious notation, the p’s give the densi-
ties and the ¢’s the specific heat capacities of the three me-
dia. The ratio of the conductivity to the thermal diffusivity,
K /k = pc, is referred to as the volumetric heat capacity of a
material.
The mathematical model is now complete and consists
of equations (1)-(4).




3 Results and discussion
3.1 The thin polymer film limit
In the appendices, a non-dimensionalisation of the gov-
erning equations (1)-(4) is presented, and the asymptotic
limit € = H,/H, — 0 is considered, with the other inde-
pendent dimensionless parameters arising being taken to be
O(1). This limit is of practical relevance since it corresponds
to the case of a thin polymer film coating. It is found that
T ~ Ty (2) as € — 0, where:
I o

i P i n Hy
Tit) =7~ 51 -T)(1-) (ere(2) @

o (1412))

_ VEupucw — vVKwPwew _ by — Iy
VEKupucn + VEwpwew  hi+Ly’

Iy = V KMpMcMy Iy = \/my

give the thermal inertias of the cooling device and water, re-
spectively. It is clear from (7) that |a| < 1. It is noteworthy
that at leading order, the temperature in the polymer does not
depend on position, and is also independent of the conductiv-
ity, thermal diffusivity and thickness of the polymer. Hence,
for a thin polymer film, the temperature in the polymer will
frequently be dominated by the properties of the cooling ma-
terial and the water medium, as would be expected.

An elementary calculation shows that T;, is an increasing
function of time for || < 1 and T}\ < T} so that the polymer
has its minimum temperature at leading order immediately
after the temperature in the cooling material has been low-
ered. From equation (6), this minimum temperature is given
by:

with:

o

)

where:

LT+ T

ast— 0T,
INe

To(t) = 5 (1 + 7+ - )R
which is a weighted average of the initial temperatures of the
cooling material and the water, with the weights being given
by the thermal inertias of the two media. As time progresses,
the leading order temperature of the polymer increases to-
ward the initial water temperature, T\,ﬁ. Hence, in the thin film
limit, a necessary condition for the polymer to fully swell is
that:

InTE + Iy T

. Ly
<T, , Ty <T.——(Ty —T). 8
[M+[w Ly or, M L [M( W L) ( )

The second inequality in (8) is of considerable practical
value since it provides an upper bound for the temperature
the cooling material must be dropped to for drug release to
be initiated.

If inequality (8) is satisfied, it is of interest to estimate
the time # = 1, by which the polymer has heated back up to
its LCST, as 7, then provides an estimate for the duration the
polymer releases drug. If t;, ~ ,, as € — 0, then T (t,,) = T;,
and using equation (6):

o Hyn ) (HM(n+l))) 2 T-Ti
o' | erfc + erfc = g -

n;) ( ( Vo Vhkntio l—aT,—T
)

Elementary calculations show that equation (9) has a unique
solution 0 < #,, < oo provided |a| < 1, T\ < T, < T!, and
inequality (8) is satisfied. It also follows from equation (9)
that #,, has the general structure:

H: (T,—-T. Iy—I
ho=—MF( —M% =%, (10)
ky  \Ti—Ti Ly + 1y
for some function F, or:
o =tuF (0, a), (11
where: 5 )
H, T. T}
y=-2 ="M (12)
ko Ty — Ty

Note that 0 < 8 < 1 for T} < T, < T{ and that inequality
(8) corresponds to 8 > (1 — c)/2. In Table 1, values are dis-
played for F(0,a) in therange (1 —a)/2 < 6 < 1, |a| < 1,
which were found by numerically solving equation (9) using
the mathematical package MAPLE.

The formula (10) is instructive because it implies that in
the thin film limit, the duration the polymer is held below its
LCST is proportional to the square of the thickness of the
cooling material. Since F(0,¢) >0for (1—a)/2< 0 <1,
|| < 1, it is in principle possible to adjust the thickness of
the cooling material so as to maintain the polymer in the
swollen state for a desired time interval for any parameter
pair 0,0 with (1 —a)/2 < 6 < 1, || < 1. Furthermore,
since the dependence on the thickness of the cooling material
is quadratic, it is an effective parameter to adjust to tune the
system. It is also noteworthy in equation (10) that the three
temperature parameters 7, T;, T\ appear only in a single di-
vided difference ratio. However, it remains to show that the
system 1is realisable for realistic parameter values, and this
issue is now addressed.

3.2 Cooling materials

The feasibility of a particular system may be evaluated
using the formula (11) since #,, estimates the time the poly-
mer will remain in the swollen state. In (11), it is seen that
1., depends on the three parameters #,,, 6 and ¢. The parame-
ter t,; depends on the properties of the cooling material only,
0 depends on the three temperature scales that arise in the
system (one each for the cooling material, polymer and wa-
ter), and a depends on the ratio of the thermal inertias of the
cooling material and water. It is noteworthy that in the thin
film limit, the properties of the polymer only enter at leading
order via its LCST in the parameter 8. However, it is clear
that the properties of the cooling material are criticial to the
behaviour of the system.

In Table 2, parameter values for four potential cooling
materials are displayed. However, only two of these materi-
als, water and copper, are evaluated in detail here. Water is
chosen because it may be used as the medium for a cooling
system based on endothermic chemical reactions. Copper
has a large thermal and electrical conductivity, and has been
chosen to represent metallic materials; thermoelectric and



Table 1. Table of values for F(0, @) intherange (1 —@)/2< 6 <1land0 < a < 1.

a=0 a=02 o=04 o=06 a=064 a=08 o=08 a=087 a=09 «a=092
6 =0.05 0.86
6=0.10 0.01 0.72 1.61 3.05 5.05
6=0.15 1.57 2.37 4.46 7.98 12.89
6=0.20 0.60 3.38 4.94 9.01 15.90 25.50
6=0.25 0.98 1.37 6.06 8.76 15.80 27.70 44.32
6=0.30 1.79 2.39 9.89 14.23 25.53 44.66 71.35
6=0.35 0.82 2.90 3.81 15.27 21.91 39.22 68.52 109.40
6=0.40 1.40 4.41 5.76 22.77 32.62 58.31 101.81 162.49
6=045 0.76 2.15 6.51 8.47 33.22 47.55 84.95 148.24 236.56
6=0.50 1.25 3.18 9.44 12.26 47.89 68.53 122.37 213.51 340.68
6=055| 0.74 1.90 4.64 13.61 17.65 68.82 98.44 175.76 306.62 489.24
6 =0.60 1.22 2.80 6.73 19.67 25.50 99.35 142.10 253.68 442.54 706.06
6 =0.65 1.86 4.13 9.87 28.80 37.33 145.39 207.95 371.24 647.60 1033.23
6=0.70 | 2.82 6.20 14.80 43.21 56.01 218.17 312.04 557.08 971.80 1550.48
6=0.75 4.40 9.66 23.11 67.53 87.54 341.11 487.91 871.07 1519.58 2424.49
6=0.80 | 7.27 16.07 38.55 112.83 146.28 570.27 815.72 1456.40  2540.75  4053.94
6=0.85 | 13.47 29.96 72.11 211.39 274.11 1069.06  1529.29 2730.53  4763.69  7602.26

magnetocaloric cooling technologies typically involve met-
als.

Table 2. Parameters values for some potential cooling materials
[28-31].

. Volumetric Heat Capacity Conductivity
Material []

cp Im3K1) KQ@m'Klsh
Water 4.2 x10° 0.6 0.00
Copper 3.4 % 10° 386.0 0.92
Aluminum 2.4 % 10° 204.0 0.87
Stainless Steel 316 3.9 x 10° 13.4 0.64

In Fig. 2 (a), the leading order polymer temperature,
Ty (1), has been plotted as a function of time, with copper
being the cooling material. In the plot, T} = 32°C , T} =
37°C (physiological temperature), and various thicknesses
for the cooling material are used, ranging from 2 mm to 8
mm. The strong dependency of the behaviour on cooling ma-
terial thickness is evident in these plots. If, for example, the
LCST of the polymer is 35.5°C , then it is clear from the fig-
ure that a drug release time of some minutes may be achieved
for a device thickness of some millimetres if a temperature
drop of the order of 5°C can be induced in the cooling mate-
rial. A drug release duration of a couple minutes for a single
dose can be appropriate for many systems of practical inter-
est; see, for example [32].

In Fig. 2 (b), plots for the leading order time it takes the
polymer to reheat to its LCST, 7, are given as a function of
T!, the temperature to which the cooling material is initially
dropped. In these plots, parameter values for both copper and

water being the cooling material are used, and 7; = 35.5°C,
T; = 37°C . It is evident from this figure that the system is
realisable for reasonable parameter values for both materials.

3.3 Thicker polymers

The case where the polymer thickness is not small com-
pared to that of the cooling material is now very briefly con-
sidered. For this case, the full set of equations (1)-(4) are
integrated numerically. However, it should be emphasised
again here that some of the modelling assumptions may not
now be valid; see Section 2.

In Fig. 3, numerical solutions for the temperature of
the polymer at its interface with the water medium are plot-
ted as functions of time, that is, T,(Hy,?) versus ¢. The
model predicts that the polymer will remain swollen while
T.(H,,t) < T; since T;(x,t) has its maximum value at x = H,.
In the figure, parameter values for poly(methyl methacrylate)
[33] have been used for the polymer; poly(methyl methacry-
late) is known to have similar properties to pNIPAm in its
collapsed state. The cooling material is water in Fig. 3 (a),
and copper in Fig. 3 (b). The model predicts, as would be ex-
pected, that thicker polymers are more difficult to cool thor-
oughly, although the results also indicate that the system can
be feasible for ratios H,/Hy, as large as O(1/10).

3.4 Incorporating a heat source in the modelling

A limitation of the modelling presented here is that no
attempt has been made to incorporate the possible presence
of heat sources or sinks. In the human body, tissues generate
heat via metabolic processes, and blood flowing in or nearby
to tissue can exchange thermal energy with it. The subject
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Fig. 2. (a) The leading order temperature of the polymer as a func-
tion of time, T,,O(t), with copper being the cooling material. Here the
initial temperature of cooling device and water are TN’; = 32°C and
Tvi = 37°C, respectively, and various cooling material thicknesses,
2H,;, have been used. (b) The leading order time it takes the poly-
mer to heat back up to its LCST as a function of Tl\ﬁ for various cooling
material thicknesses. Here, the LCST is T}, = 35.5°C , the initial tem-
perature of the water is Tvi = 37°C , and plots for both copper and
water being the cooling material are displayed.

of bioheat transfer has been extensively studied in the past,
and numerous mathematical models have been proposed to
describe it [34-38].

The model presented here can be justified for systems
where heat conduction due to the initial temperature differ-
ence between the cooling material and the water makes the
dominant contribution to heat transfer in the polymer as it
reheats to its LCST. Fourier’s law implies that heat trans-
fer via conduction at a given location is proportional to the
temperature gradient at that location. In our system, the tem-
perature gradients in and near a thin polymer are large for
times ¢t < H2 /ky and t = O(H2 /ky) compared to these gra-
dients for times ¢ >> H2 /ky, (with the dimensionless param-
eters other than H,/H,, being O(1)), so that heat conduction
in the polymer is strong in this sense for t = O(HZ /ky) or
smaller. However, it should be emphasised that the model
presented here cannot be used to estimate the time taken for
a polymer to reheat to 37°C in the human body. This is be-
cause the model predicts that T, — 37°C as t — oo, and since
heat conduction becomes weaker as time progresses, other
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Fig. 3. Plots of the temperature at the polymer-water interface as
a function of time for various ratios of the polymer thickness H, to
half the cooling device thickness Hy;, with Hy; = 3 mm. The cooling
material is water in (a), and copper in (b). The thermal diffusivity and
conductivity chosen for the polymer are k, = 1 X 107 "m? s~ ! and
K, = 0.15J m~ 'K~ 1s7!, respectively. The initial temperature of
the cooling device and the water are T = 32°C and T}, = 37°C,
respectively.

factors that can contribute to heat transfer, such as the pres-
ence of blood vessels or metabolism, can become significant,
or even dominant, as time goes on.

A simple illustrative calculation is now presented that
models the presence of a constant heat source at 37°C that
is at a distance H,, from the polymer. This is achieved by
replacing the boundary condition 7, — 37°C as x — +oo by:

Ty =37°C onx=H,+ Hy. (13)

This condition could serve as a crude model for the presence
of a major artery at x = H, + H,,, for example; more realis-
tic models for heat transfer in the body can be found in the
literature cited above. Numerical solutions corresponding to
the boundary condition (13) are presented in Fig. 4, and the
results are broadly as expected. It is seen that for Hy, < 6
mm, the profiles for the first few minutes are close to the
H,, — oo curve, but that the curves with H, = 1,6,12 mm re-
cover to close to 37°C much more quickly than the Hy, — oo
curve. This suggests that for some geometries and materials,
heat conduction due to the initial temperature mismatch be-
tween the cooling material and the water can make the major
contribution to heat transfer in the polymer in the first few
minutes. In Table 3, numerical estimates for the time taken



for the polymer to reheat to its LCST and to 36.9°C are dis-
played for various separations between the polymer and the
constant heat source, Hy,.

—H

=1mm
-.-H
---H

=6mm
=12 mm
=30 mm

—_H

o H

0

Temperature on polymer surface, TP(HP,t)(OC)

&
£ £ £ 5 =2

° ° * * Timez‘lo(min) * * ° 80
Fig. 4. Numerical solutions for the temperature at the polymer-water
interface as a function of time, and for various separations Hy, be-
tween the polymer and a constant heat source held at 37°C. The
polymer is of thickness H, = 150 um, and the cooling material is
water of thickness Hy, = 3 mm. The thermal diffusivity and con-
ductivity chosen for the polymer are k, = 1 X 107"m? s7! and
K, = 0.15J m~ 'K~ 1s7!, respectively. The initial temperature of
cooling device and water are T, = 32°C and T} = 37°C, respec-
tively.

Table 3. Estimated times taken for the polymer to heat back to its
LCST, T, = 35.5°C (t,), and to 36.9°C (f36.90C), with water being
the cooling material. The times are estimated for various separations
H,, between the polymer and the heat source. The thickness of the
cooling material and the polymer here are 2H,, = 6 mm and H, =
150 wm, respectively. The initial temperature of the cooling material
is Tl = 32°C, and of the water is T\, = 37°C.

Hy, (mm) # (min) f36.9-c (min)

1 0.2 2.85
3 1.3 6.5

6 2.4 13.3
12 3.0 32.0
18 3.0 56.0
30 3.0 115.0
oo 3.0 840.0

4 Conclusions

A mathematical model has been developed to evaluate
the feasibility of a proposed local drug delivery that may be
implanted in vivo. The delivery system is composed of an

appropriate cooling material coated by a drug-loaded ther-
moresponsive polymer film. Some candidate cooling mech-
anisms for the device have been proposed based on endother-
mic chemical reactions, thermoelectric effects, and the mag-
netocaloric effect. In the thin polymer film limit, the model
provides an upper bound for the temperature the cooling ma-
terial must be dropped to for drug delivery to be initiated.
The independent non-dimensional parameters governing the
behaviour of the system have also been identified. For thin
polymers, a useful formula has been derived to estimate the
duration the polymer will remain swollen in a single cycle;
in particular, it is found that this duration is proportional to
the square of the cooling material thickness. A calculation
that incorporates a constant heat source in the modelling has
been presented. The results indicate that while the presence
of heat sources in the body cause the polymer to recover to
37°C on a realistic time scale, heat conduction due to the ini-
tial temperature difference between the water and the cooling
material can make the dominant contribution to heat transfer
in the polymer for sufficiently small times. Finally, it has
been established that the system may be realised for realistic
materials and parameter values.
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Appendix A: Non-dimensionalisation and

dimensional parameters

non-

The independent non-dimensional parameters that may
be varied to tune the system are identified by non-
dimensionalising the governing equations (1)-(4). Introduc-
ing the dimensionless variables:

X t _ Tv = I Tw
FTER TW =
Hy T

. -

i= L Tu=—, T,=—,
(H3/kw) ™ T 7T

the following dimensionless equations are obtained:

Cooling Material
Ty 9°Ty
FTR for -1 <x<0,7>0,
aT,
—M—0 onx=-1,t>0, a5
ox
TM:T,\f[,W for -1 <x<0,1r=0,
Cooling material/polymer interface
aT, aT;
Tw=T, ——=-—Km—= onx=0,t>0; (15
dx dx
Polymer
9T, 9T
il U Al R
T ko 2 or0<x<eg, t>0, (16)
=1 forO<x<eg, t=0,
Polymer/water interface
aT; aT,
T =Ty, _J:_KWIPJ onx=¢,t>0, (17)
dx dx
Water 5
aT, 2°T;
a_tW:kW/MWzW for g <x < oo, t >0, N
Tw=1 fore<x<oo, t=0, %)
Tw—1 asx— oo >0,

where the over bars have been dropped for convenience, and
where:

; T! H, K K
T]\fl/w:i;‘l7 e=—", Km=—, Kyp=—,
Ti Hy, K K» 19
_ kp —K PumCym A kw & PumCwm
PIM kM PIM pPCP ) 'WIM kM KM pWCW

are the non-dimensional parameters arising.

It is noteworthy from (19) that for a given polymer and
cooling material, there are two parameters that may be inde-
pendently varied to tune the system, namely the temperature
ratio, T ,, and the geometrical parameter, €. The remain-
ing four quantities appearing in equation (19) are material
parameters, and are fixed for a given choice of polymer and
cooling material. If both the cooling material and the poly-
mer are allowed to change, then in principle all six parame-
ters in equation (19) may be independently varied.

The problem defined by equation (14)-(18) is linear
and analytical progress is possible using, for example, the
method of Laplace transforms [28]. However, the algebra
arising is quite heavy and it is more convenient to solve the
full problem numerically. Fortunately, a convenient analyt-
ical solution may be written down at leading order in the
thin polymer film limit (which is probably the most impor-
tant case from the point of view of applications), and this is
considered now.

Appendix B: The thin polymer film limit

The asymptotic limit € = H,/H,, — 0 is considered,
which corresponds to the thickness of the polymer being
small compared to the thickness of the cooling material. The
remaining parameters are taken to be O(1), and as € — 0 the
following expansions are posed for r = O(1):

Ty ~ Tho(x,1)

It is easily shown that T, satisfies (14), Ty, satisfies (18)
with € =0, and:

in —1<x<0, Ty~ Ty(x,z) inx>0.

T, aT,
Ty = Tw07 - aj:o = *KW/Ma—;m

onx=0,r >0,

where Ky = KonKwp = Ky /Ky. This leading order prob-

lem can be readily solved using Laplace transforms (similar
problems are considered in the book [28], for example) to
obtain:

Tao = T — %(TKA/W* D(1—a) i o (erfc (2;\;;> +erfe (%))

n=0

(20
Lo S 2n+xvk
TWO:I+E(TM,W71)(1+(1)'§6(X Gﬂ(%ﬁww)
(2(n+1)+x\/kww>)
—erfc | ——————— s
2Vi

where:
o= Vi — Kwm _V Kvpvem — v Kwpwew
Viwm +Kwm  VRupPscr + vEwpwew
so that |¢¢| < 1. The leading order temperature in the poly-
mer film, 7, (say), is then given by:

Too() = To (0.) = Ty — %g&/w,l)(pa) Yo (erfc (%) +erfe <n;;1 ))

n=0

or, in dimensional terms:

Tool1) = Ty~ 3 (B~ T (1~ ) Y o (erfc( Hyn ) terfe (HM(H ”)) .



