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Abstract

In this paper we consider a null recurrent random walk in random environment
on a super-critical Galton-Watson tree. We consider the case where the log-Laplace
transform 4 of the branching process satisfies (1) = ¢’(1) = 0 for which G. Faraud,
Y. Hu and Z. Shi in [9] show that, with probability one, the largest generation visited
by the walk, until the instant n, is of the order of (logn)3. In [3] we prove that the
largest generation entirely visited behaves almost surely like logn up to a constant.
Here we study how the walk visits the generations ¢ = (logn)!*¢, with 0 < ¢ < 2. We
obtain results in probability giving the asymptotic logarithmic behavior of the number
of visited sites at a given generation. We prove that there is a phase transition at
generation (logn)? for the mean of visited sites until n returns to the root. Also we
show that the visited sites spread all over the tree until generation /.

1 Introduction

We start giving an iterative construction of the environment. Let (A4;,7 > 1) a positive
random sequence and N an independent N-valued random variable following a distribution
g, in other words P(N = i) = ¢; for i € N. Let ¢ the root of the tree and (A(¢"),i < Ny))
an independent copy of (A4;,i < N). Then, we draw N, children to ¢: these individuals
are the first generation. Each child ¢; is associated with the corresponding A(¢%) and so
on. At the n-th generation, for each individual  we pick (A(z?),i < N,) an independent
copy of (A;,i < N) where N, is the number of children of z and A(z?) is the random
variable attached to z°. The set T, consisting of the root and its descendants, forms a
Galton-Watson tree (GW) of offspring distribution ¢ and where each vertex x # ¢ is as-
sociated with a random variable A(x).

We denote by |z| the generation of z, % the parent of z, and for convenience reasons we
<—
add ¢, the parent of ¢. The set of environments denoted by E is the set of all sequences

((A(x%),i < N,),x € T), with P and E respectively the associated probability measure
and expectation.
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We assume that the distribution of (A4;,7 < N) is non-degenerate and, to obtain a super-
critical GW, that E[N] > 1. Moreover we add uniform ellipticity conditions

J0<e9g<1, P—as Vieg < A; <1/ey, (1.1)
INoeN,P—as N <N (1.2)

Given € € E, we define a T-valued random walk (X, ),cn starting from ¢ by its transition
probabilities,

p(x,z') = Al') pla,z)=1- %p(ﬂc o) P(g ¢) =1.
B OV TCI RSt =R

Note that our construction implies that (p(z,.),z € T) is an independent sequence. We
denote by P¢ the probability measure associated to this walk, the whole system is described
under the probability P, the semi-direct product of P and P¢.

To study asymptotical behaviours associated to (X,,)nen, a quantity appears naturally: the
potential process V' associated to the environment which is actually a branching random

walk. It is defined by V(¢) := 0 and

Vo)== 3 logA(),z € T\{s},
z€]p,x]

where [¢,z] is the set of vertices on the shortest path connecting ¢ to = and ¢, z] =
[¢, z]\{¢}. We put ourself in the non lattice case so log A; can not be written as b + ¢Z,
and introduce the moment-generating function

P(t) :=log E Z V@

ja|=1

characterizing the environment. Note that the hypothesis we discuss above implies that 1)
is defined on R, and ¢(0) > 0. In fact the hypothesis (1.1) and (1.2) are not always needed
for our work and they could be replaced by the existence of ¢ in (=d,1 + ) with § > 0
together with the existence of a moment larger than 1 for V. In Section 2 for example we
could lighten the hypothesis this way, but it would be much more complicated in Section
4.

Thanks to the work of M.V. Menshikov and D. Petritis, see [15] and the first part of [8]
by G. Faraud, if

¥(1) =¢'(1) =0 (1.3)

then X is null recurrent, with ¢/(1) = —E [Z\x\:l V(x)e_v(x)]. In [9] (see also [12]),
G. Faraud, Y. Hu and Z. Shi study the asymptotic behavior of maxg<;<, | Xi| = X, i.e.
the largest generation visited by the walk. Assuming (1.3), they prove the existence of a
positive constant ag (explicitely known) such that P a.s. on the set of non-extinction of

the GW
X,
n—rt oo (logn)3

= agp. (14)



In [3] we were interested in the largest generation entirely visited by the walk, that is to
say the behavior of R, := sup{k > 1,V|z| = k,L(z,n) > 1}, with £ the local time of X
defined by L(z,n) := > ;_; L1x,=.. More precisely, if (1.3) is realized, P a.s. on the set of
non-extinction

Ry,

. 1
lim = -,
n—+oo logn ¥

(1.5)

where 7 := sup{a € R, J(a) > 0} with J(a) := infs>o{1)(—t) — at}.

Although in [3] all recurrent cases are treated, here we focus only on the hypothesis (1.3).
According to (1.4) and (1.5), until generation legn/5 all the points are visited but X does not
visit generations further than ag(logn)3. The aim of this paper is to study the asymptotic
of the number of visited sites at a given generation (logn)'*¢ with 0 < ¢ < 2. For this
purpose we define the number of visited sites at generation m € N until the instant n

M, (m) := #{|z| = m,L(z,n) > 1},

and before n returns to the root K,(.) := MTg(-) where T = inf{k > T? 1, X}, = z} for

n>1and T =0 for z € T.

Let Z,, the number of descendants at generation m € N, we have Z; = N. Our first results

quantify the number of visited points at a given generation £ := (logn)'*¢. Thanks to the

hypothesis of ellipticity, 1 can be written as a power series in particular, for any = small
+oo

enough, ¥(1 — z) = =1 ujz’, where u; = w(j)(l), these are called cumulants and here

uy = '(1) = 0, ug := " (1) = 0. Let us define the function f, for any = small enough

flz)=1- 2% + 22\ (z).

A is the Cramér’s series depending on the cumulants of 1/(1 — z) (for more details on the
Cramér’s series see for example [17] p. 219-223).

Theorem 1.1 For all 0 < {( < 2, € > 0 independent of ( there exists Cy > 0 such that

im P (Y@< eMal® ) (loglogn, 1 =1 (16
n—s-+oo o logn logn (logn)S

Also for all n large enough, there exist two positive constants Cy and Cy such that
(logn)-f[(log n) ] (logn)-f[(log n) ]
Gi_e < E[K.(0)] < G55 i
(log n)€ (log n)(1+4)/2 (log n)(1+4)/2

; (1.7)

with Q: = Loccar + Clicc<a:

(1.6) shows that, at each generation #, the cardinal of visited sites is at least n¥(©)(1=)/7
for any (, that is to say like the last generation entirely visited R, ((0)/5 < 1, by
convexity of ¢ and the fact that ¢ (1) = 0). Also the upper bound of M, (¢) is at most of
the order of ne~@108m)'™¢ /(1og1)C4 | with C3,Cy > 0. This suggests that it may have a
phase transition when ¢ = 1. Although we are not able to show this for M,, (¢) the existence
of a phase transition is proved in (1.7) for the mean of K, (¢). Indeed by definition of f,

(logn)t=¢

s -+ (log )~ ((log n) )

(logn) f[(logn)~¢] = logn —

3



We can see that in the neighborhood of generation (logn)? that is to say when ¢ = 1, the
asymptotic behavior of N¢ := E[K,,(¢)] changes. We easily check that for all 0 < { < (' <
1, limy, s 400 Ner /JN¢ = 400 whereas for all 1 < ¢ < ¢’ < 2, limy, 400 Ne7 /JNe = 0. So the
generations of order (logn)? are, in mean, the most visited generation (in term of distinct

site visited) until n returns to the origin. Finally notice that when ¢ > 1/2 we are in a

ogn)l—¢
Gaussian behavior as e(legn)f[(logn)™¢] ne_(l o , and when ¢ > 1, e(loam)fl(oan)=¢]

n.

In order to establish our second result, recall Neveu’s notation to introduce a partial
order on our tree. In [16], to each vertex x at generation m € N, Neveu associates a
sequence I ...I,, where x; € N, to simplify we write x = x1 ... ZTp,.

This sequence gives the complete “genealogy” of z: if y = x1...2; with |y| =i < m, y is
the unique ancestor of x at generation ¢ and we write y < x.

For instance = = T1...Tm—1 and 1 <z, < N;, in other words x is the z,,-th child of .
To extend this partial order for |z| = |z|, we write x < z if there exists ¢ < m such that
rp = z for k < i and x; < z;. Hence we can number individuals at a given generation
“from the left to the right” and for A a subset of {z € T,|z| = m}, inf A and sup A are
respectively the minimum and maximum associated to this numbering.

Our last result gives an idea of the way the visited points spread on the tree, for this
purpose we introduce clusters: let z € T and m > |z|, we call cluster issued from z at
generation m denoted C,(z), the set of descendants u of z such that |u| = m, in other
words

Cm(2) :={u >z, |ul=m}. (1.8)

At some point we need to quantify the number of individuals between two disjoint clusters
with common generations. For given initial and terminal generations, denote 4 a set of
disjoint clusters. Let (D;,1 < j < |%]), with |€| the cardinal of €, an ordered sequence of
(disjoint) clusters belonging to %, that is to say for all j, sup D; < inf D;; 1. We define the
minimal distance between clusters in the following way D(%’) := min;<<|¢|—2(inf Dj;2 —
sup D;), where, by definition, inf D; > — sup D; is the number of individuals between
sup D; and inf D; 5. Notice that we do not look at two successive clusters, but two
successive separate by one. We now state a second result

Theorem 1.2 For 0 < ¢ < 2 and ¢ > 0 recalling that £ = (logn)'*¢

lim P ( max min L(y,n) > 1) =1, (1.9)
n——+00 |z|=0—logn /5 yeCy(2)

lim P min max L(y,n)>1] =1 (1.10)
n—+oo  \ 2€C_,1/3(9) y>z,lyl=¢

Let ky, hy, and r, positive sequences of integers such that kyry, + (kn — 1)hy, = £. For all
1 <i < ky, let us denote €; a set of clusters initiated at generation (i — 1)(r, + hy) and
with end points at generation ir, + (i — 1)h, (see Figure 3), also define the following event
for allm >0 and g >0

ei(m.q) == { 1] = ¢. D) = m} [ {¥z €D, L(zn) > 1}
€ DeE;



There exist 0 < k < 1AC, 0 <1 < 1 with0 < k+r < 1 and for k, = (logn)¥, r, = (logn)*

kn
. 0hn/2 p(0)rn(i—1)/2y | _
ngrfoo]p (gm(ew( /2 ¥ (O)rn(i=1)/ )) = 1. (1.11)
(1.9) implies the existence of a cluster starting at a generation ¢ — logn/¥ completely
visited (see Figure 1). As conditionnaly on the tree until generation |z|, |C;(2)| is equal in
law to Zy_|.) = Zy this cluster is large and, in particular, (1.9) implies the lower
bound in (1.6).

(1.10) tells that we can find visited individuals at generation £ = (logn)'*¢, with a common

ancestor to a generation close to the root, that is to say before generation e¢1/3 (see Figure
e(1—e)y(0)01/3 /2

0) logn/4»

4). Thus, with a probability close to one, at least e individuals of generation
¢ separate by at least e?(9%/2 individuals of the same generation ¢, are visited.

Finally (1.11) tells that if we make cuts regularly on the tree we can find many visited
clusters (which number increases with the generation) well separated. In particular these

visited clusters can not be in a same large visited clusters as they are separated by at least
eV Ohn/2 ¢ (0)(ogn)*<7/2 & 4 individuals (see also Figure 3).

To obtain these results we show that K, (¢) can be linked to a random variable depending
only on the random environment and n. For all z € T, all integer k£ and all real a, we
define the random variable

RE(k) == #{u > z,|u| = k,V(2) < a},

where V(z) = max,e)y,.; V (u). For notational simplicity, we write Rq (k) for RE (k). We
obtain the following

Proposition 1.3 Let ¢ > 0 and ® a sequence such that
(1 —¢)logn < ®(n) <logn+ o(logn). (1.12)
Then, for all 0 < { < 2 there exists Cfy > 0
Jlim P (@(1 —e) < % <1-C) (1021?3” v (I)(g”))) =1,  (1.13)
E[Ra(my(0)] < (( M occcr + P(n)03 < cp)e® M (200 (1.14)

We use the notation a, =< b, when there exists two positive constants ¢; and ¢y such
that ¢1b, < a, < b, for all n large enough. The lack of precision for the first result
shows no difference between Riog (¢) and M, (¢) (see (1.6)), unlike between the means of
Riogn(£) and K, (¢).

The rest of the paper is organized as follow: in Section 2 we study Rg(,)(¢) and prove
Proposition 1.3. In Section 3 we link Rg,)(¢) and My (£), which leads to Theorem 1.1
and (1.9) of Theorem 1.2. In Section 4 we prove the end of Theorem 1.2. Also we add an
appendix where we state known results on branching processes and local limit theorems
for sums of i.i.d. random variables.

Note that for typographical simplicity, we do not distinguish a real number and its integer
part throughout the article.



2 Expectation and bounds of Rgx)(£)

In this section we only work with the environment more especially with what we call
number of accessible points Re ) (f)-

2.1 Expectation of Rgn)(£) (proof of (1.14))

According to Biggins-Kyprianou identity (also called many-to-one formula, see part A of
appendix), B[R (f)] = E [eS‘ 1 S[Sq;.(n)] where S is a centered random walk, we only

have to prove

Lemma 2.1 For all e > 0, ® satisfying (1.12), for all 0 < { < 2
B [e¥ T gcaqn| = OO0 [T et + 0 el

Proof.
For ¢ > 0:

E [esﬂlgzg@(n)] <E [esz]l 5Z§q)(n)] <E [6&1 Sl (n)] ).

with Iy :=]®(n)(1 — ¢), ®(n)]. For every sequence (uy)nen, we denote @; 1= maxj<;<; u;
and uj = ming<i<; i, also let .77 1= {Sj,1 <8 = Sg}. First, as Sp =0

¢ ¢
s s s
ZE [6 Z]lsjeb(n)vyj} <E [6 Z]ls‘eelé(n)} < ZE [6 Z]]'Sjelé(")’yj] +1

j=1 j=1
For 0 < i < j, let S; := S; — S;_;, with this notation {S;_; < S;} = {Sj,l > 0} and
5‘1 = S5;. Writing S as a sum of i.i.d. random variables, we easily see that (S;)o<i<; and
(Si)o<i<j have the same law. Then, conditioning on o{Sk, k < j}

E {ese]lsjelé(m,yy] = DjF-; (2.1)

with Fp, == |:esm]l§m<o] and Dj:=E [BSj]lSjGIQ(n)yijfl>O] )
By (B.1),Vj<{ Fpj=<({—j+ 1)=3/2 then it remains to estimate D;. For any A >0

@(n)
Dj = Z E {esj]lk71<5j§k,§j>0]
k=®(n)(1—e)+1
P(n)
= Z ekP(k‘—1<Sj Skﬂﬁj>0)(]lk§Aj1/2+]lk‘>Aj1/2)
k=®(n)(1—e)+1
—_. nl 2
—: D! + D2



We now need to distinguish the cases 0 < ( < 1land 1 < ({ < 2.
When 0 < ¢ < 1, Djl- =0as k > A¢Y/2. Also using Lemma B.6 for A large enough

d(n)
H:= Y  fPh-1<8<kS; >0 1m0,
k=®(n)(1—e)+1
ejA®(n) SIN(M) k£ (k/)
= Y Ph-1<8<ks; 0= Y S (2.2)
k=®(n)(1—e)+1 k=®(n)(1—e)+1 J

recall that f(z) = 1 — 2/(202) + 22\(z) where )\ is the Cramér’s serie associated to V.
(2.2) implies that H]2 > c_e(ejA‘I’("))f((equ’(”))/j)/j. For the upper bound, we can assume
without loss of generality that ¢ is small enough to ensure that for |x| < e, A(z) converges
and f'(z) is negative. Therefore, the derivative of F' defined by F(z) := e*/(®/9)/f(x/j)
satisfies in the same interval F'(z) > /(@0 — ¢, 2e®f(@/9) /5 > e2f(@/0)(1 — ¢ ), with
¢y > 0. Integrating this last inequality, for € small enough

ejAD(n) ) . . .
/ oo (x/3) < [F(z )]g(/y\;bl i /(1 —cqe) < C+e(EJ/\Q(n))f((EJ/\q)(n))/J)’ (2.3)
d(n)(1—e)
and finally

d(n
H? < = Co [ taing, < O eineni(inem)/i),

J P(n)(1—e) J
Note that for s > 0 small enough, ¥ (1 — s) < s /2. So the exponential Markov inequality
applied to P(sS; > sk) and the identity E[e*%] = ¢/¥(179) yield
. ®(n)
0? = Z Pk —1<8; <k, S; >0 < ePMI7/2),

=®(n)(1—e)+1

In particular fIJZ = o(HJ?) for all j > ®(n)!** with u > 0. Finally, as for any e small
enough (gj A ®(n))f((ej A ®(n))/j) is increasing in j, for any 0 < u < ¢

l 4
STDF xS (0= 4 1) Y2 (ARG < PR/ g (2.4)
=1 j=d(n)i+

Indood, witng 5 _gquyon (£ — 4 1) 325 LTHDIENND TG
Z?:@(n)uu G; > Gy and as

CLe®MI@M/ o, (B (@(0)/0)
<

14
2
> G

o ¢<n>1+uz% B e
¢ o(n)f(@(n)/0) ¢ @ (n)f(2(n)/0)
Z G] S C+€ Z _ j + 1 % C e ; ’
j=5+1 j=5+1



(2.4) follows.
When 1 < ( < 2, we prove that the main contribution comes from Djl-. As for any n large

enough, ®(n) < AY/? for some A > 0, for any j > (®(n)/A)? using Lemma B.6
@(n) k
ke® 12,0525y P(n)
1 _ k< /(20 - d(n)f(®(n)/l
D! = E j?»Te /(20%5) o 237 () f(2(n)/0)

J :3/2
k=d(n)(1—¢) 7

When j < (®(n)/A)?, similar computations than for H; and H; give

¢ (@(n)/A)? N o
ZDJZFZ—] S Z Fﬁ—j(HJZ + sz) S C+€<I>(n)(1_(A /20’ /\8/2)).
7j=1 7j=1

Finally Z§=1 DjFy_j = ®(n)e®™F(@M)/0=3/2 this together with (2.4) finishes the proof.
|

2.2 Bounds for log Rsn)(£) (proof of (1.13))

The upper bound is a direct consequence of Markov inequality and (1.14).
For the lower bound, we first need an estimation on the deviation of min,|—,, V'(m), this
topic has been studied in details in [9],

Proposition 2.2 Let a,, a positive sequence such that a, ~ n'/3, there exists by > 0 such
that for any 0 < b < by

1 _
lim —log P (min V(z) < ban> =b—by. (2.5)

n—+00 Gy, |z|=n
A useful consequence of the above Proposition is the following

Lemma 2.3 Assume that a, is a positive increasing sequence such that a, ~ nl/3, there
exists a constant > 0 such that for any n large enough

P <|rr|1in V(z) > ,uan> < A+ 0(An), (2.6)
zZ|l=n

where A, = e~ 1" if o+ q1 =0, and \, = e~ 1% otherwise, also ¢; > 0 depends only

on the distribution P.

Proof.
Clearly for 2z < z, ?(z) <V (21) 4+ V(21,2) where V(z1, 2) = max,, <p<. V(z) — V(z). In
the sequel, writing V' (z1, z) implies that z; < z implicitly. For 0 < n < 1 and v,, := nboan/a

P (min V(z) > anoan> <P < min min V(zy,2) > 2nboa, — max V(z1)> .

|z|=n |z1|=vn |2|=n |z1|=vn



Using that max,,, |, V(z1) < avy, by ellipticity and for A, := {Z,, > emp(o)”"}

P <min V(z) > anoan> <P < min min V(z,z) > nboan>

|z|=n |z1]=vn |2]=n

<P < min min f/(zl,z) > nboan,An> + P(A,).

|21 =vn [2]=n

Theorem A.2 tells that if go +¢1 > 0, there exists v > 0 such that P(A,,) < V(1= 0)vn
otherwise there exists 3 > 0 such that log P(A,) ~ —eP'(=m¥0vn  Stationarity gives

that min|,_, V' (21, 2) and min|;_,_,, V(2) have the same law, and independence of the
sub-branching processes rooted at generation v, together with (2.5) imply

en(0)vn,

P ( min min V(z1,2) > nboan,An> <P ( min  V(z) > nboan>
|z1|=vn |z|=n |z|=n—vn

emf’(o)vn

)

< <1 _ e—(bo(l—n)+o(1>>an)

we conclude choosing 1 sufficiently close to 1 to get (1 —n) < n%¥(0)/a. [ |

b generations
0

Figure 1: One large cluster

To obtain the lower bound for log R ,) (), we prove the existence of a cluster C¢(z) (see

(1.8)) with |z| = —w,, where w,, := ®(n)(1—¢)/4 and such that V2’ € Cy(2), V(2') < ®(n).
In other words for |z| < ¢, let Z} the number of descendants of z at generation ¢, we prove

Jim P U {#d ek Vi) <em}y=2}| =1, (2.7)
|z|=f—wn

which implies according Theorem A.2 that

lim P (Rp(€) = eV @wn=9) — 1.

n—-+400



Let B := U|z|=Z7wn{V('z) < yn,Rj (0) = Z7} where y, := pl'/3

(n)_yn

PB) =P [{Ry,(t-w) =13 U {Rbw, (0 =2}

|z|=t—wn,V(2)<yn

E>1 |2|=0—wn,V(2)<yn
Let us denote 21, ..., 2, ... the ordered points at generation £ —w, satisfying V(2;) < yy.
Conditionally on {R,, (¢ —wy) = k}, 21 exists and
Riwn©=22Yc U R =21},

|2l ==,V () yn

z1

Furthermore, by stationarity Rcb(n)*yn

() and Re(n)—y, (w,) have the same law, so
P(B)> P (R<I>(n)fyn (wn) = an) Z P (Ryn (£ —wy,) = k)

k>1

> P < max V(z) < ®(n) — yn> P < min  V(z) < yn>

|z|=wn |z|=0—wn

As y, = o(®(n)), the first probability tends to one thanks to a result of Mac-Diarmid [14]
(see also [3] Lemma 2.1), so does the second one as a consequence of Lemma 2.3. |

3 Expectation of K, (£), bounds for log K,,(¢) and log M,,(¢)

3.1 Proof of (1.7)

We start with general upper and lower bounds for the annealed expectation of K, (¢).
Lemma 3.1 Forn € N:

C_(nA; + By) < E[K,(0)] < Cy(nA] + B)
where

Sy—S S
AZ =F |:e ¢ e]lzle eS¢>Cin:| 7B7—i— =F |:€ e]lggglog(6+n):| )

Se
A =F ¢

n

f ol
o] B =B o)
1=

C_ and c_ (respectively Cy and c4.) are positive constants that may decrease (respectively
increase) from line to line.

Proof.
Markov property gives E€[K,(¢)] = D=l — erlos1=p=)) - with p, = Pg(TZ < Ty).

10



Obviously on {np, > 1}, 1 —e~! <1 —erloall=p:) < 1. As for z € [0;1[, —z(1 + 2/2) <
log(l—2z) < —zand (1 —2/2) <1—e* <z, on {np, < 1}

3np,
2 )

—3p./2 <log(l —p.) < —p, and % <1 — enlos(l-p:) <
then
C- (npz]lan<1 + ]lnpzzl) S 1- en10g(1—pz) S C+(npz]lnpz<1 + IanzZl).

Using successively the fact that C—(er]] 6.2] VNl < p < c+e*V(z) and Biggins-
Kyprianou identity (see Appendix A.1)

B, <FE |:Z|z|=5]lnp221i| < By,.

Similar arguments show C_A, < FE {Z\Z\:gpz]lnpzd] < C+A,i'. [ |
We now give upper bounds for B;} and A, and a lower bound for A .

e For B, we use Lemma 2.1 taking ®(n) = logn.

e For Al first note that {Zle e% > c_n} C {S¢ > dy}, with d,, = log(c_n/¢). Recalling
the arguments given in (2.1), A is bounded from above by

J4 J4
E [esﬁszngpdn] =3 P(S;>dnS;>0)E [eSefj]lgl_jgo} = 3 LiF; (3.1)
j:dn/a j:dn/a
Like in the proof of Lemma 2.1, we distinguish cases 0 < ( < land 1 < ({ < 2.

When 0 < ¢ <1 then d, > Ay/j for any A > 0, so applying Lemma B.6 like for (2.2) we
obtain for d,, < ej

¢ ¢ (eiAdn)g((e5Adn)/5) 1
e
, - . - (logn)g(log n/t)
§ LiF,_; = § Fr - = Togn® , (3.2)
j=dn/a j=dn/a

where for any x, g(z) := f(x) — 1. For d,, > £j, a Markov inequality gives

4
Z LjFK—j < C+e_6d"/2€_3/2 < C+e—alogn/2€—3/2, (3.3)

j=dnja
so as ¢ > 0, considering (3.2)

¢ o(logn)g(logn /)
S LF =
j=dn/a

3.4
logn (34)

When 1 < ¢ < 2, first Lemma B.1 and (B.1) give

(1—e) (1—e) (1—e)
Y LiF < Cie) ™ YT PS>0 <t Y <
Jj=dn/a J=tn/a j=tn/a
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also

l l l
Y LiF;<Cy Y FP(S;>00<Cy Y (U—j+ 1) <o
j=(1—e)t j=(1—e)t j=(1—e)t
(3.5)
For any j > (1 — e)/, d,, < Bj'/? for all B> 0, and let A > B
)4 l
> LiFi ;> Y FjP(Bj'? < S; < Aj'? 8, >0)
j=(1—e)t j=(1—e)t
¢ Aj1/2—1
= > F; > PSje(kk+1],8;>0) (3.6)
j=(1-e)t k=Bj1/2
then Lemma B.6 yields
Ajl/2—1 Aj1/2
ST OP(Selkk+1),8;,>0)= > ki) > 0T,
k=Bj1/2 k=Bj'/?

Inserting this in (3.6) give 252(175)5 LjF,_; > C_{7%/2 this together with (3.5) and the
above inequality implies

L
> LiFjlg,<cj = L7 < (71 2lormglioan/t), (3.7)
j=dn/a

Collecting (3.1), (3.4) and (3.7) yields

AI S FE [eslis‘l]lgz>dn] = e(logn)g(logn/f) <(10g n)71110<<<1 + 671/2]11§C<2> .

o For A, with By := {Zle eSi < 12e5} and by, = log(cyn)

CAD 2 B |5 50g 5| = B |55 (15,2, — 1 =T, -Ty. (3.8

§z>bn,gz)]
I'y can be treated as [esﬁ*gl]lgpdn] SO
Ty < ellogmgllogn/t) ((1og n) " Mocc<r + 571/2]11§<<2> : (3.9)

Recalling that .%; = {S; = S, 5,1 < S;}, 'y = 25:1 E [BSZ_Sj]lSpbn,E,yj]' Note that
on .7}, By = {Y1(j) + Ya(j) > £} where Y1(j) := i‘:l €55 and Ya(j) := Zfzjﬂ e5i—55
As for 0 < § < 1/2, By C {Y1(j) > 665} U {Ya(j) > 6¢°}

¢ ¢
Ty < > B[ Mg, o (Ly,gysoes + Dyagysaes)] = Y G+, (3.10)
j=bn/a Jj=bn/a

12



For ZJ b, /o 2, conditioning by o(Sk,0 <k < j)

Qj =P(H;)E [eS‘*j]lgg_jgo,y+(z—j)>5zf

where Y+ (k) := Zle et% and Hy, := {Sy > by, S, > 0}. Moreover, using (B.1) and
the fact that, on {Sy_; <0}, {Y (¢ —j) > 65} =0 for j < € — (¢

E [65“"1§g_jso,y+(z—j>>5zs] <CL(l =+ 1)1 e,
and P (#;) can be treated like L;. Then, for n large enough

ellogn)g(logn/f) . 1
Z Q < — 50 <(logn)* To<c<r + 0 / 111§C<2) . (3.11)
J=bn/a
For ZJ b /o 1L, we have I1; = P (H;, Y~ (j) > 66°) Fi—j. Let R :=sup{0 < k < j, 5 <
ylog £} with v > 1, 7, :=inf{k > 0, Sy > x} for z € R and t,, = (log £)?, then

I = (P (H;,Y (j) > 6, R< 7" )+ P(H;, Y (j) > 005, R> 1, ))Fp_j = T3+ T4

Upper bound for T's, let 7, := inf{k >0, S < z} for € R. Notice that on {R < 7;"},

Sk

b l:n ...........................................
~logt ~logt

R 7 7 >k . %"71»"&" o J ~
(a) First case (3) (b) Second case (4)
Figure 2: Two cases

27# o e~5k < 0177 implying that {Y~(j) > 6¢°} C {Y~(r;") > 6¢¢/2}. Thus, using
=7}

strong Markov property

P(M;, Y™ (j) > 05, R<7,") < P(H;, Y (r;7) > 60/2, R < ;")
J
< > P(MY (rh) >0 /2, 7" = k)
k=tn/a
J
< Y sup Poyy, () P(Y(5h) > 66°/2,75 > 7 = k). (3.12)
k=tn 2€[0,q]

13



Case ¢ < 1, we use the following upper bound for (3.12)

P(Y~(r") > 005 /2,7y >7,") sup  sup Py, (Hj_k).
tn/a<k<jz€[0,a]

Lemma B.4 gives an upper bound for the first probability. Moreover with the help of
Lemma B.5 and a similar reasoning as for (3.2) and (3.3), for all t,,/a <k <j

sup PZ+tn (H_]fk) S C+tnbn*1e(€j/\bn)g((€j/\bn)/j).
z€[0,q]

So I's < Clytyby, U=2( — j + 1)=3/2e(e3N0n)g((£3A0n)/ )
Case ¢ > 1, here the following upper bound for (3.12) is useful

P(Y_(Ttt) > 007 /2,1y > Ttt) sup sup Py, (Hj—k) + P(1y A Ttt >3/2)
tn/a<k<j/2z€[0,a]

_ _ _ . 1 1
S P(Y (Ttt) > 566/2,’7'0 > Ttt)Pa+tn(§j/2 > 0) + 2E[’TO /\’Ttt]/] S C+tn <W + ;) s
with Lemmata B.1 and B.4. So
City 1 1
s < — .
P -+ (M/z " j)

Upper bound for Ty, first note that on {R > Tt+} the following hitting times 7

'ylogé =
inf{k €]r;", j], Sk < vlogl} =7," +6_ 4 OT o p and 7, := inf{k €]7 T loger 1 Sk = tn} =
Tologe T HTW_IOM o Tt (where 6 is the shlft operator) exist. With these notations according

to Lemma B.1

P(TO_ > 7~-tt) = P( < Tt +0 + O, ~vlog ¢ <T 'ylog[ 0~_1 Ttt < TO_)
v log ¢
_ _ ~vlogt
< P(ry > Ttt) sup Pyiogr—z(15 > Ttt) Cp——
z€[0,q] (t )

Again at this point we distinguish the cases ( <1 or { > 1.
When ¢ < 1 the above inequality yields

P(H;,R>7)< sup  sup Py, (Hj_p) P(ry > 7))
2ty Ja<k<j 2€[0,0]

log ¢
TR sup sup Poy, (Hj—k) -
tn)? 91, /a<k<jz€[0,0]

<c

Finally using that P (#;,Y ~(j) > 6(°,R > ;') < P (H;, R > 7 ), Lemma B.5 and (B.1)

e(EiNbr)g((€ADR)/5)

r,<C .
S b (C— G+ 1)3/210g 0

When ¢ > 1, we have

P(H;,Y~(j) > 6", R>7") <P (H;,j/2>R>7")+P(H;,R>1Vj/2).

14



Moreover P (Hj,j/2 >R > Ttt) <P (Ttt < TO_) SUP_p<z<a P,Ylogg+x(§j/2 > 0)
and P (H;, R>7}Vvj/2) < P(Sjn > 0)sup_q<z<a Prlogrra(ry > le;). So using
Lemma B.1

c,
r, < .
'S P log =+ )P

Collecting (3.11) and I's, I'y with (3.10)

ebng(bn/0) ellogn)g(logn/f)
Lo s Comper ~ O+

(logn)logt ’
if ( <1 and
(log n)g(log n/¢)
L <C +e—7
0/210gl /2 1ogl
if ¢ > 1. Ty is therefore negligible compared to I'; (see (3.9)) and (3.8) implies that

A, > Cpellosmeiosn)™) (log n) 1= Tgoceq + £7/2 11<;p). This with Lemma 3.1
finish the proof of (1.7).

Iy <

3.2 From Rsnm)(£) to K, (£) and M, (£) (proof of (1.6) and (1.9))
Let ®1(n) := (1 — 2¢) log n, we need the following

Lemma 3.1 Let A :={|z| =,V (z) < ®1(n)},

lim P <min E(Z,Tq?l_g) > 1) =1,

n—-+o00 zeA
which implies limy, 1 o P(K,1-<(€) > R, (n)(¢)) = 1.
Proof.
Applying Corollary C.1,

/2

PE(Uoea{L(z, T ) = 0}) < [Aje " < Ry () (O)e "

Using (1.13), E[Rg, (n)(£)] < e®1(") and the proof is achieved. |
The above Lemma together with (2.7) (taking ®(n) = ®1(n)), give for n large enough

lim P in Ly, TP )>1)=1 3.13

P, i, 2, 20 2) o

To obtain the lower bound in (1.9) we finally use the following result that can be deduced
from [9] (see [3] Lemma 3.2 and what follows for details)

¥0 >0, lim P(L(¢n) > nt=%) = 1. (3.14)
n—r—+0o0

For the lower bound in (1.6), we use Lemma 3.1, (3.14) and finally the lower bound in
(1.13).

For the upper bound in (1.6), denote u, = C (log logn V (log n)l_c), where C' > 0.
As n < T}, by Markov inequality and (1.7), P (log My (¢) > logn —u,) < P(K,({) >

ne tn) < Cetne(log n)'=¢/20% p=1/2 which gives the upper bound adjusting C properly.

15



4 Visited points along the GW

In this paragraph we study the manner the random walk visits the tree.

4.1 Visits of clusters at deterministic cuts (proof of (1.11))

Recall that a cluster initiated at z with end generation m is the set Cp,(2) = {u > z, |u| =
m}. Also take k, = ®(n)X, r, = ®(n)", s, = ®(n)® with s > 0 and h,, sequences such
that

b —kyrn

hp =
kp—1

, kn(ary, 4+ $p) — sp < ®(n)(1 — 2e), (4.1)
where « := |logeg| (see (A.1) for details).

We define recursively clusters at generations ir,, + (i — 1)h,, for all 1 < i < k,, in the
following way (see also Figure 3): the iteration starts with Zy = ¢ and

V2i € Cirpy i (i=1)hn (Zi-1), Zi = inf{u > 2, [u| = i(rp + hn), V(u) <i(ar, + sn)}.

The individuals of these clusters form a subtree of the GW, moreover for all z of this
subtree at generation ¢, V(z) < ®(n)(1 — 2¢). For a fixed i € [1;k,], €; denotes, among
the previously defined clusters, the ones rooted at generation (i — 1)(ry,, + hy) and with
end points at generation iry, + (i — 1)hy, in other words Cj;, 4 (i—1)n, (). We first give an
upper bound for the probability that for all i < k,, every clusters in %; are fully visited
before Tgl_s

@U U{ (T3 ) = } 2%;#(&2135):0).

i=1 DE%; z€D €D

In the previous formula Uf;l Upeg, is an abuse of notation as the sets of clusters are
defined recursively. With a similar reasoning as the one for Corollary C.1 and the ellipticity
condition for the number of descendants

U U U { (z T¢> = 0} < exp(knrnlog No — c_n' e~ ®M0=2) /py - (4.2)

i=1De%; zeD

We now prove the existence of such clusters, this implies new constraints on k, r and s in
addition to (4.1).

First, ellipticity conditions imply that for any site z > y, V(z
Thus, for all @ € N and b > 0, {32 > z,|2| = [z] + q, V(z, 2
{V(2) = V(y) < allz] = lyl), 32 > 2, |2 = |2] + a, V (5, 2) < af
in the proof of (2.6)).

Then, with our slight abuse of notation, a.s. % := {the clusters C (.) exist} contains

) = V(y) <oz —lyl) as.
) < b} is a.s. contained in
2] =

lyl) + b} (V is defined

kn
ﬂ ﬂ {352 >z, |éz| = i(?”n + hn),V(Z@',éi) < Sn}

i=1 \ 2:€Cipp, +(i=1)hn, (Zi-1)
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generations

0

¢

n

Tn + hn

2r, + hy,

— path satisfying V|z| = i(rn + hn), V(2) < i(ar, + hn)

..... rejected path
d; > eV (0)hn /2

Figure 3: Clusters at regular cuts

The independence of the increments of V' and the ellipticity assumptions on the number
of descendants (|C.(.)] < Nj™) imply

P) 2 [Pl = 1o V() < 5] = [P (i Vo) < )}N -

Assuming s > (1+(¢—k)/3, Lemma 2.3 yields P(#) > (1—)\hn)N§nm ~ exp <—Né€"r”)\hn>.
To choose k, r and s, we have to take into account the last constraint in (4.1), s <1 —k
and that if g + q1 # 0, k + r < s. We distinguish two cases

e if0< (<1, let0<d<(/2 takes=(1+()/2—9, k=0/2,andr = (1 —()/2+79/2,
eifl< (<2 let0<d<(2—()/3,takes=(1+()/3, k=0andr = (1+(—49)/3.
Thus in both cases

P(B)>1—Cre " Nf»™ — 1. (4.3)

n—-+o0o

When ¢g + ¢1 = 0, the above choices give an even better rate of convergence for P(ZA).
We now move back to (4.2), (4.3) together with the fact that ®(n) < logn + o(logn)
implies

nEIf@IP’ ﬂﬂ ﬂ{ sz) >1},%’ =1.

i=1De%; zeD

According to (3.14), as P(n > Tgl_s) tends to one we finally obtain

kn
Jim P NN N{Len=1},2]| =1

1=1De%; zeD
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So we can find set of clusters at regular cuts on the tree which are fully visited. To
finish the proof of (1.11) we first show the existence of a lower bound for the number of
visited clusters. Using successively that conditionally on 4, |%;| is equal in law to Z(i—1yrp s
Theorem A.2 and (4.3)

P (Hz‘ € [2,ka], €] < ew<0><i—1>rn/2> <P <Hz‘ € [2, kn], |6 < ?©@G=Dra/2 @) + P(%)

kn
<>.P <Z(i—1)rn < 6w(o>(¢-1)rn/2> + P(#)
=2

S e_w(o)yrn/4 + C+e_CISnNg5n7’n.

Note that for the first term we have used the left tail of Z with gy + ¢1 > 0 as the other
case provide an even better rate of convergence. Finally we prove that the previously
defined visited clusters are very spaced out. Recalling the definition of D before Theorem
1.2,

kn
P <3¢ € [2,ka], D(%) < e¢<°>hn/2) < P(%B) + ;P <D((€i) < eV (Ohn/2, @)

kn
<P@+3 P U UllCpum) <@ 0z

=2 DE%Z', 126D

As conditionally on &, |Cy(,., 11,,)(2)| and Zj,, are equal in law, on ; := {|%;| < e2V(0)—1)rny
ID||%;| < Nje2¥ (=D g6 Theorem A.2 yields

P <D(<€i) < VOhn/2 @) <P| U Ulllimin) ) <Oy nz0 9| + P(Z:)
DEeC;—1 2z€D
< ' logN0+2w(O)(i71)rnP(Zhn < ew(O)hn/Q) + e*@b(O)(ifl)rn

< 7 108 No+20(0) (i~ 1)rn—vi(0)hn /2 | o=(O)~1)ra
Consequently
p <3i € [2, k], D(%) < ew(o)hn/2> < AV Oknrn—10(Ohn/2 4 9o=0(O)rn | o1, g=ersn Nknrn
moreover as h, ~ (logn)*¢7¥ k +r <s < 1 and k < ¢ we obtain the result.

4.2 Proof of (1.10)

Let m = ef'/3, § > 0, define B the set of points 2’ such that for all |z| = m, 2’ := inf{u >
2, Jul =€, V(u) < ®(n)(1 —6)}. Corollary C.1 gives

P <U {ﬁ(z’,T(;‘H) = 0}) < ‘B‘e—c,nlffew(n)(l—é)/e < Zme—c,nlfse—é(n)(l—é)/g.
z'eB
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As ®(n) <logn + o(logn) and E[Z,,] = e¥(O)™ taking § = 2¢

P ( U {ee 1) = 0}> st (1.9

Z'eB

We now prove that limy, o P(|B] = Zp) = 1. From [I4] (see also [3] Lemma 2.1),
limy, 400 P(max;—, V(2) < 2ym) = 1, so as for n large enough (Y3 /®(n) < § with the
same arguments used in the proof of Lemma 2.3

P(Bl < Zm) <P | |J {V&'>2|d|=0V() > (1-6)2(n)}
|z|=m
e2¢(0)m
<1- (1 - P ( min  V(z) > (1 - 25)<I>(n)>> + e ¥(Om

|z|=—m

<2P <| |min V(z) > (1— 45)@(71)) 2V Om 4 o=¥(0)m,
z|=—m

To finish we put ourself in the case gy + ¢1 > 0 (the other case is treated similarly), using

Lemma 2.3

P ( min V(z) > (1 — 46)‘1>(n)> < el

|z|=—m
We can now choose € small enough and obtain, P(|B| = Z,,) > 1 — e=1"*/2 Moving
back to (4.4) P(Vz € B, L(z, T} ) > 1,|B| = Zy,) > 1 — o(1). Finally to obtain (1.10) we

apply (3.14).

generations

651/3

7
— Zee3/2
___ path satisfying Vz, V(2) < ®(n)(1 - §)

rejected path

Figure 4: Distant visited sites
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A Basic facts for branching processes and Galton-Watson
trees

A.1 Biggins-Kypriaou identities and properties of

For any n > 1 and any mesurable function F': R™ — [0, +00), Biggins-Kyprianou identity
is given by

E|Y e V@WFRWV(z),1<i<n)| =E[F(S;,1<i<n) (A1)

|z|=n

where (S; — S;—1)i>1 are i.i.d. random variables, and the law of S; is determined by

E[f(S)]=E | Y e V@ rv(a)], (A.2)

|lz|=1

for any measurable function f : R — [0,4+00). A proof can be found in [5], see also [18].
We have the following identities

E[Sle(lft)sl]

(t) = log Ble( %), /() = ~ =i

In particular, E[N] = ¢¥(®) = E[¢"1] and the hypothesis ¢/(1) = 0 equates to E[S;] = 0.

Remark A.1 Let o := |logeg|, we have P(|S1]| < o) = 1. Indeed taking f(x) = Liz/<a
and using Biggins-Kiprianou, P(|S;| < a) = E[f(S1)] = ¥V = 1.

A.2 Left tail of Z,,

Recall that the positive martingale (W,)n>0 = (%n/e?(©n),>¢ converges a.s. to a non
degenerate limit W (see for instance [18]). Moreover W has a positive continuous density
function denoted w. Bingham [6] shows that for the Schroder case (go + ¢1 > 0), there
exists 0 < v < 1 such that for small , w(z) ~ 2*~! and for the Bottcher case (qo+q1 = 0)

8
there exists 8 € (0,1) such that when  — 0, logw(x) ~ —z~ 1=3. The results of [1] and
then [10] (Theorems 4 and 5) and [11] (Theorem 7) lead to

Theorem A.2 Let 0 < k < 1 then P(Z, < Oy ~ e=v(O0)A=r)n in the Schrider case,
and log P(Z, < ") ~ logw (e¢(0)(“_1)") in the Bdittcher case.

B Results for sums of i.i.d. random variables

In this section we recall basic facts for sum of i.i.d. random variables applied to (.Sy,),>0 of
Section A. Recall that forallz € R, 7, = inf{n > 1,5, > 2} and 7, = inf{n > 1,5, <z}.
The following results are standard and can be found in [1] and [19].
Lemma B.1 For all z € [0,y] and m large enough

1
E[Ty+ ATy | =y and Py(1y >m) =< i

LD

vx—i—l

+ _
P:B(Ty <7'0)/\m,
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Recalling that for all n > 1, Y~ (n) = 3.7, e~ we have
Lemma B.2 There exists a constant Cy > 1 such that for alla >0 and M >0
P(Y~(r}f)> M, 7} <75) < C+/m.

Proof.
According to [2] p.19, there exists C';. > 1 such that for all 0 < a < L <1,

E[Y ™ (g A7)] < Cratifa.

As P(Y~(rf)> M, 7 <75) < P (Y (ry A7) > M), we conclude using the Markov
inequality:. |

Lemma B.3 For any m > 1,

E[eSm]lTO_>m] = (m+1)7%2, (B.1)
Proof.
The upper bound can be found in [13] p.44, the lower bound can be obtained as fol-
lows: E[eSm1 ] < 33" e " P(Sy € [k, —k + 1],y < 0) = Y37 ke Fm =32 =
(m 4 1)73/2, L

Recalling that for all n > 1, Y~ (n) = > e, we have
Lemma B.4 There exists a constant Cy > 1 such that for alla >0 and M >0
P(Y () > M, 7} <75) < C+/m.

The following Lemma may be found in the literature, however as we can prove it easily
for our case we present a short proof.

Lemma B.5 Let m > 1, assume that b = b(m) > o?y/mlogm, with lim,, . b/m = 0,
and a = a(m) > 0 is such that lim,, 1 a/y/m = 0, then for all m large enough

Py (Sp > 0,8, >0) < c+%eb'9<b/m>, (B.2)
with g(z) = f(z) — 1 = —5% + &*\(x). For alle > 0 and r > em.
a
P > < O ——esrmi(i=s), B.
a(Sm_r,§m>0)_C+\/me (B.3)

Proof.

For (B.2), let w a positive function of b and m, such that w < 2y/m/b and that we choose
later, write P, (S, > b,S,, > 0) as

P, (Sm >0,8,, > O,T\—;m < wm) + P, (Sm >0b,8,, > O,T\—;m > wm) =: Py + Py.

Strong Markov property and homogeneity give:

Pa (Sm > baﬁm >0’T\J;m:j) SPa (7’6 >ij:j> Sup P\/m‘f‘a“ (Smfj > b’ﬁm_j >0)

0<z<a

§Pa(7'0_>7%:j>P(5m,j>b—\/E—a)
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implying with Lemma B.1:

< Y P <T* >7%:j)P(Sm,j >b—/m—a)
j=wm-+1

SPQ(T(;>T:;%) sup P(Sm_j>b—\/ﬁ—a)

wm<j<m

SC’JF\/L_ sup P(Sm,j>b—\/ﬁ—a),

M wm<j<m

A classical result of moderate deviations (see for instance [17], Chapter VIII, Theorem 1)
implies

P (Smi1—w) > b— Vil — ) < Cavmll = W) (b in—a)g((b—v/m—a)/(m(1-w))

e

~ (b=vm=—a)

N %ewmm«bmw(m(mm

We now choose w in such a way that (b—+/m)g((b—+/m)/(m(1 —w))) —bg(b/m) = O(1),
w is actually a sum which first two terms are w = 2m'/2/b— \(b/m)//m + .... So for any
n large enough

P (Sm(lfw) >b— \/ﬁ — Oé) < %eb'g(b/m).

With similar computations this upper bound is still true for P (S,,—; > b —/m — «a) for
m(l—¢e) <j<m,so Py < C+%eb9(b/m). In the same way

wm
p< Y P (TO— > T :j) sup P iig (Smey > 0,5, > 0)
. 0<z<a
j=vm/a
wm

< Z P(sz\/r_n—a)P(Sm_j>b—\/ﬁ—a),

' _o1/2 '
p<c, Y »776m/(zom%e(bma)g«bmaw(mm

1/2 b-g(b/m
o +%e—b/(wmw>eb-g(b/m> _, (#) _

which finish the proof. (B.3) can be proved in a similar way with classical large deviation
estimates. |

The following Lemma states the local behavior of sums of i.i.d. random variables, recall
that S; is non-lattice.

22



Lemma B.6 Let € > 0 small and A > 0 large. For all m large enough, for all 1 < r <

Aym

P(Sy, € (r,r+1],8,, >0) = 373 e/ m) 4 o(m™3/2). (B.4)
m
For all Ay/m <r <em
1
P (Sp € (r,r 4+ 1],8,, > 0) < —e9r/m), (B.5)
m
see Lemma B.5 for the definition of g.
Proof.
(B.4) is F. Caravenna [7] result and (B.5) can be obtained with [17] Chapter VIII, Theorem
2 and 10 and similar arguments than in the proof of Lemma B.5. |

C Probability of hitting time

Lemma C.1 For 2’ € [¢,z]:

Pt (T, < T eVte=) C.1

(T <Typ) = ——————, :

LT <To) = s (€.)
V()

PE(Ty<T) = == (C.2)

Zzé]x’,x] eV (@
where x!, is the only children of ' in [2/,z].

The result is classical (see for instance [3]) and a useful direct consequence of this latter
is the following

Corollary C.1 Let A C {z € T,|z| = ¢} and k > 0, there exists a positive constant cy
such that

]P’i(TgN <T,) <exp <—C7n“ev(z)/€> ,Vz € A, (C.3)

o <U {(L(z,T)") = o}) < |Alexp (—@n“e—maXZEAV(Z) /e) (C.4)

z€EA

Proof.
Obviously (C.4) is a consequence of (C.3). Thanks to formula (C.1), for z € A, Pi (T, < Ty)

> C_e V() /¢. Then using the strong Markov property and the recurrence of X, for n
large enough IP)‘; (Tgn < Tz) =(1- IP"; (T, < Ty))™" < exp <e_c7nﬁv(z)/€> . [
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