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Abstract In the present paper we investigate the problem of the existence of a value for differential games
without Isaacs condition. For this we introduce a suitable concept of mixed strategies along a partition of
the time interval, which are associated with classical nonanticipative strategies (with delay). Imposing on
the underlying controls for both players a conditional independence property, we obtain the existence of the
value in mixed strategies as the limit of the lower as well as of the upper value functions along a sequence of
partitions which mesh tends to zero. Moreover, we characterize this value in mixed strategies as the unique
viscosity solution of the corresponding Hamilton-Jacobi-Isaacs equation.

1 Introduction

In the present work we consider 2-person zero-sum differential games which dynamics is defined through the
doubly controlled differential equation

a
ds
and which pay-off functional is described by

XS = f(S;stusv’US)v ERS [th]a (1]‘)

J = g(XT). (12)
The initial data (¢,z) are in [0, 7] x R%. Given two compact metric control state spaces U and V, the both
players use control processes u = (us) and v = (vs) with values in U and V|, respectively. They control the
state space process X = (X,) which takes its values in R%; its dynamics is driven by a bounded, continuous
function f = (f(t,z,u,v)) : [0,T] x R x U x V. — R? which is Lipschitz in , uniformly with respect
to (u,v), and the terminal pay-off function g : R? — R is supposed to be bounded and Lipschitz. Under
these assumptions on f the above equation has a unique solution X = (X;)s¢[s, 1], denoted by X tzu,o gy
order to indicate the dependence on the initial data (¢,2) and the control processes u = (us) and v = (vy)
chosen by player 1 and 2, respectively; and for the associated pay-off functional we write J (¢, z; u,v). While
the objective of the first player consists in maximizing the pay-off at terminal time 7', the second player’s
objective is to minimize it.
One important issue in the theory of 2-person zero-sum differential games is the study of conditions
under which the wvalue of the game exists, i.e., under which the lower and the upper value functions of the
game coincide. Indeed, with an appropriate concept of strategies, which will be introduced in Section 2, two
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value functions can be introduced, the lower and the upper one. For the case of a deterministic differential
game with dynamics (II) and pay-off (L2) the lower value function V : [0,7] x R? and the upper one
U :[0,T] x R? are defined as follows:

V(t,z) = sup,infsJ(t,z,, B), U(t,x) = infgsup,J(t,z,a, ), (t,x) € [0,T] x R, (1.3)

where « runs the set of admissible strategies for the first player, and g those for the second one. Given such
a couple of admissible strategies («, 8), we define the associated pay-off functional J(¢t, z, «, §) through the
unique couple of controls (u,v) such that a(v) =w and f(u) =v: J(t, z,a, B) := J(t, z,u,v).

In the literature, since the pioneering works of Isaacs, there have been many works showing the
existence of the value of the game, this means the equality between the lower and the upper value functions,
under the so-called Isaacs condition saying that, for all (¢,z,p) € [0,T] x R? x R,

sup,cyinfyey f (¢, , u,v)p = infy,cvsup, ey f (¢, z, u, v)p. (1.4)

Moreover, under this condition (4] the value function V(= U) solves a partial differential equation, the
so-called Hamilton-Jacobi-Isaacs equation. Such an existence result for the value was obtained in [13] in the
context of nonanticipative Varaiya-Roxin-Elliot-Kalton strategies, see [12], [19] and [21], and also in [2], [7]
and [I8], but here for differential games with constraints. As concerns the context of positional strategies,
we refer to [16] for similar results.

For 2-person zero-sum stochastic differential games the existence of a value was obtained in [I4] and
later revisited and generalized in [6]. We also refer the reader to [5] and the references therein for an overview
and a more complete description of these approaches.

Our main goal in the present paper is to investigate the problem of the existence of a value without
Isaacs condition. Having other approaches in the classical theory of differential games in mind, it is not
surprising that we need a proper, suitable notion of mixed strategies. This proper notion of mixed strategies
related with a suitable randomization allows to show that the lower and the upper value functions defined
in mized strategies coincide. Moreover, we prove that the value in mixed strategies V = (V(¢,2) = U(¢t, x))
solves in viscosity sense the Hamilton-Jacobi-Isaacs equation

%V(f,x) + H(t,V(t,z),V,V(t,x)) = 0, (t,z) € [0,T] x R?, (1.5)
V(T,z) = g(z), =€ R,
which Hamiltonian is given by
H(ta Iap) = infUGAVsup,uGAV/ / f(t,x,u, U);L(dll,)V(d’U)p, (t,x,p) S [OvT] X Rd X Rd' (16)
vJu

Here AU and AV denote the set of probability measures on the set U and V' (equipped with the Borel
o-field), respectively. It is worth pointing out that the supremum and the infimum in () commute due
to the classical minmax theorem. This commutation between the supremum and the infimum in (L6
constitutes also the key in the proof of the existence of the value in mixed strategies; it can be regarded
as an automatically satisfied Isaacs condition concerning AU and AV interpreted as control state spaces.
Having this in mind one could immediately define mixed strategies as nonanticipative strategies with delay
for controls taking their values in AU and AV, respectively. This would lead to the same value of the game,
given by (LA).

But proceeding like that would mean to use relaxed controls. However, being interested in strong
controls, i.e., controls taking their values in the given control state space U and V, respectively, we define
controls and strategies, where the randomness—necessary for defining the concept of mixed strategies—appears
in the choices of the players and not in the values of the controls. In this sense our work can be considered
as an extension of the famous Kuhn Theorem for repeated games ( cf [I7] and also [I]) to the context of
deterministic differential games.



To the best of our knowledge, the existence of the value for differential games without Isaacs condition
was only investigated in the case of positional strategies in [16], but with different techniques. Moreover, the
nonanticipative strategies used in [2] [7, [I8] do not allow to write the game in a normal form (i.e., to play a
strategy of one player against a strategy of the other one) and, consequently, they are not appropriate for
the definition of mixed strategies. Here in our work we use the concept of nonanticipativity with delays (see
[4, 5] and [8]) and we define a corresponding notion of mixed strategies.

Let us explain the organization of the paper and link it with some explanation concerning our approach:
Section 2is devoted to some preliminaries. We introduce there, in particular, the underlying filtered probabil-
ity space (Q, F,F = (F;);>1, P) which we use for the randomization of the controls and the strategies. Given
an arbitrary partition IT of the interval [0,7], we introduce the admissible controls for both players along
this partition IT and the corresponding nonanticipative strategies with delay (for short NAD-strategies). The
specificity of the choice of our admissible controls along the partition IT = {0 =ty < --- < t,, = T'} consists
in the fact that, given the available information F; at time ¢;, the admissible control processes for player 1
restricted to the time interval [t;, ¢;41) are independent of those for player 2. This conditional independence
of the control processes on subintervals defined by the partition IT turns out to be the crucial element in
our approach. We show that, along the partition II, for every couple of NAD strategies «, 3, there exists a
unique couple of admissible controls u, v of player 1 and 2, respectively, such that a(v) = u and B(u) = v.
This allows to give a sense to the pay-off functional J(¢,x; a, 8). Since the admissible controls are random,
also the pay-off functionals are random, and so are, a priori, V1T and U™, the lower and the upper value
functions along the partition II. In Section & we show that V' and U satisfy along the partition II the
dynamic programming principle. This principle allows to prove with the help of a backward iteration that
VI and UM are deterministic. For this a key result is that VT and U™ are invariant with respect to a
certain class of bijective transformations 7 : & — Q which law is equivalent to the underlying probability
measure P, combined with a statement saying that any random variable with such an invariance property
has to coincide P-almost surely with a constant. The proof extends an idea coming from [6], where it was
developed for a Brownian framework. Furthermore, the fact that V' and U™ are deterministic, allows to
prove that

VH(t,:v) = sup, infg E[J (¢, z, o, B)], UH(t,:v) = infgsup, E[J (¢, z,a, B)], (t,z) € [0,T] x R%, (1.7)

where « runs the set of NAD-strategies along II for the first player, and § those for the second player. This
combined with standard estimates yields that VI and U™ are jointly Lipschitz in (t,z), with a Lipschitz
constant which does not depend on the partition II. From there we deduce in Section 4 that the lower
and the upper value functions V' and U™ converge uniformly on compacts to the unique solution of the
Hamilton-Jacobi-Isaacs equation ([H]), as the maximal distance |II| between two neighbouring points of the
partition II tends to zero. Consequently, the limits of V! and U, V := lim 0 VIland U := lim 0 U
exist and coincide: V = U is the value in mixed strategies of the game.

2 Preliminaries

Let A\2(dz) = dz denote the two-dimensional Borel measure defined on the quadrate [0,1]> C R? endowed
with the Borel field B([0,1]?). Denoting by N the set of all positive integers we introduce our underlying
probability space (2, F, P) as product space
(Q, F, P) = (([0,1%)", B([0, 1], A1) ,
ie, Q@ = {w = (wj)j>1|w; €[0,1]%, 7 > 1} is the space of all [0, 1]*valued sequences, endowed with the
product Borel-field F = B([0,1]?)®N and the product probability measure P = )\?N. Moreover, letting
¢ = (¢1,¢2) — [0,1)2 denote the coordinate mapping on {2 :
Gw) = (Ga(w), Ga(w)) = (Wi, wj2), w = ((wj1,wj2))>1 € X,

we have that F is the smallest o-field over 2, with respect to which all coordinate mappings ¢;, j > 1, are
measurable. In what follows we will also need the o-fields G; := gll (B([0,1])) = {{¢;,1 € T}|T € B([0,1])}
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and H; := J—21 (B([0,1])) generated by ;1 and (;2, respectively, j > 1, as well as the o-field
Fj=0{Uig;(Gi UH:)} = o{G, 1 < i < j},

generated by the coordinate mappings (i, ..., (j, for j > 1. We remark that, for all j > 1, the o-fields G;, H;

and F;_, are independent. Moreover, F = (F;);>1 forms a time-discrete filtration, and F = V;>1.F; (:=

o{U;>1F;}). We also recall that a random time 7 : @ — {0,1,2,...} is an F-stopping time, if {7 = j} €

Fi, g =>0.

Let U and V be compact metric spaces; by AU and AV we denote the space of probability measures
on (U,B(U)) and on (V,B(V)), respectively. The fact that all probability measure p € AU (v € AV, resp.)
coincides with the law of a suitable U-valued random variable (V-valued random variable, resp.) defined over
the space ([0, 7], B([0,T])) endowed with the one-dimensional Borel measure (it’s an elementary consequence
of Skorohod’s Representation Theorem, refer to pp 70 in [3]), implies, in particular, that

AU = {PE|§ € LO(Qvgj’P;U)}ﬁa AV = {Pf 1§ € LO(Qijvp;U)}a Jj=>1

In order to introduce the dynamics of the controlled system we want to investigate, we shall begin
with defining the admissible controls for the both players. We define them along a partition II of the time
interval [0, T.

Definition 2.1. (admissible control) A process u € L%(0,T; U)H is said to be an admissible control for
Player 1 along a partition IT1 = {0 =tg < t; < --- < t,, = T} of the interval [0,T], if, for any j (1 < j <mn),
its restriction uj,_, ;) to the interval [t;_1,t;) is of the form wy,_, ;) = Zk21 ijykuj*k, where (T x)k>1 C
Fj-1 1s a partition of Q and (uPF)>1 C ng (tj—1,t;;U). If this is the case, we write u € L{ST.

Similarly, we say thatv € L%(0,T;V) is an admissible control along the partition 1 for Player 2, if, for
any j (1 < j < n), its restriction vjj,_, 1,y to the interval [tj_1,t;) is of the form v, _, ¢,y = D > ij’kvj’k,
where (Tjx)k>1 C Fj—1 is a partition of Q and (vV"F)>1 C L%j (tj—1,t;; V). If this is the case, we write
v € V(ET.

Finally, for 0 <t <t; e Il, we put

Uy, = {(s)sefe,ulu € U(I)T,T} and Vi, = {(vs)sefr,u|v € V(l)_{T}'

Let us describe now the dynamics of our differential game along a partition IT of the interval [0, T].
For this we consider a bounded continuous function f = (f(t,x,u,v)) : [0,T] x R* x U x V. — R which
is supposed to be Lipschitz in x, uniformly with respect to (¢, u,v). Given initial data (¢,z) € [0,T] x R?
and two controls u € UET and v € VET, we define the continuous process X*®*? = (XL*"V) o, 1) as the
unique solution of the following pathwise differential equation:

XhEuwr — g —|—/ flr, X55w? ay v)dr, s € [t,T], (u,v) € UET X VET. (2.1)
t

We remark that standard estimates show

Lemma 2.1. For a suitable real constant C independent of the partition IT we have, for all (u,v) € UET thrfT,
for all (t,z),(t',2") € [0,T] x RY and all s € [tV ', T,

(i) [Xgmmr —a| < CT,

7 2.2
(i) | Xt — XP 50| < Ot — ¢] + |2 — o). (2.2)

Let g : R? — R be a bounded Lipschitz function. For a game over the time interval [t, 7] along the
partition II = {0 =ty < t1 < -+ < t,, = T}, with 0 < i < n — 1 such that ¢; < ¢t < t;41, we consider
the payoff functional E[g(X5""")|F;] which Player 1 tries to maximize through the control u € Uy, and
Player 2 tries to minimize through his choice of v € V{IT. However, in order to guarantee the existence of
a value of the game, we consider a game in which both players use non-anticipative strategies with delay
(NAD-strategies).

T As usual, LO(Q, Gj, P;U)} denotes the space of all U-valued random variables defined on (2, G;, P).

2LO]_-(O7 T;U) denotes the space of all measurable U-valued processus u = (ut)te[O,T] such that u: is F-measurable, for all
te[0,7T].




Definition 2.2. (NAD-strategies) Let I1={0=1tg < t1 < --- <ty =T} be a partition of the interval [0, T
and 0 <t < t; € II. We say that B : M{Itl — VET is an NAD-strategy for Player 2 over the time interval
[t,t1] along the partition 11, if for all F-stopping time 7 : Q — {0,1,...,n — 1} and all controls u,u’ € U}l
withw = ', dsdP-a.s. on [[t, tT]]H, it holds B(u) = B(u'), dsdP-a.s. on [[t,t;41]]. The set of all NAD-strategy
for Player 2 over [t,t;] along I is denoted by BEtl.

In an obvious symmetric way we also introduce for Player 1 the set of all NAD-strategies over the
interval [t,t;] along I1, and we denote it by Af, .

The following result is crucial; it permits to associate couples of NAD-strategies with couples of admissible
controls.

Lemma 2.2. For all couple of NAD strategies («, 3) € Agtl X Bgtl, there exists unique couple of admissible
controls (u,v) € Uy, x VI, such that a(v) = u, B(u) = v, dsdP-a.s. on [t,t;] X Q.

Although such a result is well-known for deterministic and stochastic differential games (see, for
instance, [4] and [5]), we want to sketch here the proof for the convenience of the reader, because the context
we study differs a bit from that of [4] and [5].

Proof. Let I ={0=ty <t; <--- <t, =T} be a partition of the interval [0,T], 0 < ¢; <t < t;41 < t; €1,
and (o, 8) € All;, x Bf', . Then, due to the definition of NAD strategies, a(v), B(u) restricted to the interval
[t,ti41] depend only on the restrictions of the controls v € Vfl, and u € U}, to the interval [t,;]. But since
this interval is empty or at most a singleton (and, hence, of Lebesgue measure zero), a(v), 5(u) restricted
to the interval [t,#;11] don’t depend on v and u. Consequently, given arbitrary u® € MtI,Itz 00 € VEtl, we put
ul == a(v?),v! := B(u’), and we have
a(l) =ul, Bul) =vl, on [t ti1].

Supposing that we have constructed (u/ !, v7~1) € U}, x V1, such that a(vI ') = w/~! and B(u/ ') =
vI7t dsdP-a.s. on [t,tij_1], we put v/ := B(v771), v/ := a(u/~!). Then, obviously, (u/,v7) € Uy, x Vi% ,
(w,v7) = (wI=1 0771, dsdP-a.s. on [t,t;+;—1], and because of the NAD property of the strategies a, 3 we
have v/ = B(v7), v/ = a(u’), dsdP-a.s. on [t,t;;;]. By iterating the argument up to j = — i we obtain the
assertion of the lemma. ]

Remark 2.1. Given a couple of NAD strategies (o, ) € Aj'y, x B, the above LemmalZ2 allows to define
the dynamics X»F = (Xb®B) (1 along the partition IT over the interval [t,t;] (t; € I1) through that
of the couple of admissible controls (u,v) € L{Etl X th?tl associated with by the relation a(v) = u, B(u) = v,
dsdP-a.s. on [t,t;] x §.

After the above preliminary discussion we can now introduce the value functions of the game along a
partition IT = {0 = to < --- < t,, = T'} of the interval [0, 7. For the initial data (t,z) € [0, 7] x R we define
the lower value function V' and the upper value function U along a partition I = {0 =ty < --- < t, =T}

as follows: ,
VIt z) = esssUPaeay, essjnfBeBEtl E[g(XT’m’a’ﬁ)U'—i],
Ul(t,z) = essinfﬂelggtl esssUPac.ay, E[g(X%ac,a,ﬁ)|]:i]7 (2.3)

for ti§t<ti+1<T (nggn—l)

We emphasize that, since the lower and the upper value functions are defined as a combination of
essential supremum and essential infimum over an indexed family of uniformly bounded, JF;-measurable
random variables, also they themselves are a priori bounded, F;-measurable random variables (Recall the
definition of the essential supremum and infimum, e.g., in Dunford and Schwartz [11], Dellacherie [I0] or
in the appendix of Karatzas and Shreve [I5], where a detailed discussion is made.). However, in the next
section we will show that the lower and the upper value functions are deterministic (The interested reader

3The stochastic interval [[t,t,]] is defined as {(s,w) € [t,T] x Q|t < s < tr(w)}
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is also referred to [0], where a comparable approach, but in a completely different framework is done for
stochastic differential games with Isaacs condition.)

We also remark that we have the following statement as an immediate consequence of Lemma 2.1l and
the fact the the function g is bounded and Lipschitz:

Lemma 2.3. Under our standard assumptions on the coefficients f and g we have that there is some constant

L such that, for all (t,x),(t',2") € [0,T] x R* and for all partition TI,
D)V 2) < L,

3 IT I / ’ (2'4)

i)|VE(t,z) = VE(t,2')| < Lz — 2’|, P-a.s.

3 Lower and upper value functions along a partition

The objective of this section is to study the properties of the above introduced lower and upper value
functions along a partition II = {0 =ty < t; < --- < t, = T} of the interval [0, T]. More precisely, we first
establish a dynamic programming principle (DPP) which on its part will allow to prove that the both value
functions are deterministic.
Theorem 3.1. (Dynamic Programming Principle) Let 1 = {0 = tg < --- < t, = T} be an arbitrary
partition of the interval [0,T] and (t,z) € [0,T] x R, Then, for i,l such that t; <t <t;4q <1y,
Vit z) = esssup, ¢ 4n, essinfgepn E[VI (tl,Xt nesBy | F, (3.1)
>t oty
. t, .
Ull(t,z) = essmfﬁeggtlesssupaeAEtlE[U (tr, Xy, =8 | F, P-a.s.

For the proof which will be split in two lemmas, we will restrict to the lower value function along a
partition; the proof for the upper value function along a partition uses a symmetric argument. Keeping the
notations introduced in the above theorem we put

VI(t, x) = esssup,c 4m essinfge n E[Vn(tl,Xfl’x’a’ﬁ) | Fi]- (3.2)
t,t t,t

We remark that YN/IH(t, x) is an F;-measurable random variable.
Lemma 3.1. Under our standard assumptions we have YN/ln(t,x) <Vt x), P-a.s.

Proof. Step 1. Let us fix arbitrarily € > 0. Then, there exists af € Agtl such that
VI (t,z) < essinfz cpn E[VI(t, Xttl’x’ai’ﬁl) | ;] + ¢, P-as. (3.3)
t,t;

Indeed, setting I1(a) = essinfy ¢pn, E[vH (tl,Xfl’m’a’ﬂl) | Fi], we know from the properties of the essential
bity

supremum over a family of random variables that there is a countable sequence (ay)r>1 C Agtl such that
VI (t,z) = eSSSUP,, e A, I (1) = supy> L1 (o), P-ass. (3.4)

Then, obviously, Ay := {V;(t,2) < I (ay) + e} € Fi, k> 1, and putting Ty := A \ (Uicr A4), K> 1, we
define an (Q, F;)-partition, i.e., a partition of 2, composed of elements of the o-field F;. Let us now introduce
the mapping of := Ekzllpkozk( )+ Vik, — UL . It can be easily checked that such defined mapping belongs
to A}, and standard arguments (see, e.g., [6]) allow to show that

[Vn(tl, tmal"@l ZIF tl, tma]’ﬁl) |]:] for all [‘31 EBEtz'
j>1
Therefore, again for all g1 € Bgtl,
‘Zn(t,fﬂ) < Ek21 Ir Iy (ak) +e

< ZIFkE[VH(tle;)I)ak)Bl) | ]:l] te= E[Vn(tle:;w)aiBl) | ]:i] +e
E>1

6



Given now an arbitrary 8 € BET and any ug € L{triT we make the following particular choice of (;:

Bi(ur)(s) = B(u)(s), s € [t,ti], ur € U,

where
. seEtt
wo i { W) el
us(s), s € (t,T].
Abbreviating, in what follows we will write for such a process composed over different intervals:
u=mu; ®uy, fi(ur) = Bur @ ua)|,-

We observe that 51 € Bgtl, and as consequence of its nonanticipativity property, it is independent of the
particular choice of uy. Consequently,

Vit 2) < e+ EVT(t;, X" | F), P-as., (3.5)
for our particular choice of 31, since we have seen that this relation holds true for all 5; € Bgtl.
Step 2. Let us now continue by discussing the expression V(¢ X;’I’ai’ﬂ ') inside the above conditional

expectation in ([3.5). For this end we consider a partition (O;);>1 of RY, composed of nonempty Borel sets,
such that, for all j > 1, the maximal distance between two elements of O; is less than or equal to €. Let us
fix in all O; an arbitrary element ;.

In analogy to Step 1 we see also here that, for every j > 1, there exists a;’j € AE,T such that

. t,y,02,8
VIt y;) = esssupOQGAgyTessmezeBgyTE[g(XTl A v
. t1,y5,057 8
< 6—|—eSSlnf52€BEYTE[g(X75 PR | F, P-as.
In dependence of our g8 € BET already chosen in the preceding Step 1 we want to make now a particular
choice of s € BE,T- For this end we notice that, since (a5, 51) € Agtl X Bgtl, due to Lemma there
exists a unique couple (uf,v§) € Uy, x VI, such that of(v§) = uf, and fB1(uf) = vf. With the notations

introduced in Step 1 we define now

Ba(uz) := B(us ® u2)|i,, 1), uz € Uy -
It is straight-forward to check that ; € BgT, and, consequently,

VIt y;) < e+ Elg(X3" ) | F], Pas. (3.6)
Thus, from the Lipschitz continuity of V(#;,.) (see Lemma 23] we obtain

VH(tl, X:;Iﬂlivﬂl) S OE + Z Vn(tl, yJ>I

i>1 {X:l’z’aiﬂleoj}
= thyjﬂz’j,ﬁz (3'7)
S (C+1)€+ZI{Xt’m’a?BlEO'}E[g(XT ) |]:l]
= t j
Let us introduce now of := ZI{Xt,z,ai,Bleol}agﬁj. It is easy to verify that a§ belongs to AE)T. On the
t J

jz1
other hand, for every (a57, B2) € A}l 7 x B}l 1, there exists a unique couple (u5?,v57) e Ul x Vi, such
a;d (USJ) = u;’], B2 (u;’]) = Ug)]v
and with its help we define
(u5,08) 1= D I grmaioon o, (057, 057) € Upir X Vil
i>1 ’
Then, according to the definition of ojg_and the nonanticipativity of the elements of AE)T (see Definition [2.2]

L . . j ta,a5,
for nonanticipative strategies), since v5 = v5” on {X;*'"! bre 0,} x [t1,T], we also have

a5(v5) = 057 (v) = 57 (v57) = u5? = u5 on {X;;" V" € O;} x [, T, j = 1.
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Consequently, since (0;);>1 forms a partition of R, it holds a§(v§) = u§. Analogously, we obtain S2(u§) =
v§. Moreover, recalling that (u§,vf) € All;, x BjY, has been introduced such that of (vf) = u§, Bi(uf) = o5,
we define a couple of controls (u®,v¥) € U’y x Vi, by putting u® := u§ @ us and v° := vf ®v5. Furthermore,
we introduce

o (v) == a5 (v1) ® a5 (va), for vy = V|, V2 = V,17, v E Vi

Then of € Ay, and of(v°) = af(vf) @ a5(v5) = u§ @ us = u®, and, on the other hand, recalling the
definition of 81 and 2, we have

B(u) = B(u5 ® u5) |y BB(S © u5) |, 7y= Fu(u5) © Ba(uf) = vf @ vf = v°.

This shows that (u®,v°) € U{" x V{1 is the unique couple of controls which is associated with (of, ) €
Aj'p x B}l Hence,
t,m,a‘i,ﬁl t,m,u?,vi

1> 1= £ £
tl;th yUg, Vg tl;th sUg, Vg

Xop = Xp = Xpo = Xt (3.8)

and, taking into account in addition the Lipschitz property of g , we get

Z I . ( tzyypa;’j,ﬁz)
j=>1 {Xz‘m‘o‘l‘ﬁleoj}g T
!

€,j ,.&,7
t,Yj,uy’ 0y )

= 2321 I{Xttl‘m‘o‘i‘ﬁl er}g(XT

o S (3.9)
= EjZl I{thl’f’af’ﬁleoj}g( T )
8,0 T g g t2,0%,8
<g(X,; " )+ Ce = g(X3"" ") + Ce.
Consequently, from 1) and 39),
VI (1, X5 0P < Ce + Blg(XE™"P) | F], P-as. (3.10)
Furthermore, from (33]),
Vi(t,2) < e+ EVT(t, Xp70P) | F) < Ce+ E[g(XE™"%) | Fi], P-as. (3.11)

This relation holds true for our arbitrarily chosen and, hence, for all g € BET. It follows that

Vi (t,2) < Ce+essinfgepn Elg(Xp™F) | F
t,t;
< Cc+esssupgen essinfzepn Elg(Xp50) | F] (3.12)
t,t; t,t;
= Ce+ VUt z), P-as.,
and the statement follows by letting ¢ tend to zero. 1

Let us now come the converse statement to Lemma 3.1.
Lemma 3.2. Under our standard assumptions we have YN/ln(t,x) > VIt x), P-a.s.

Proof. Because of the symmetry of some arguments to those in the proof of Lemma 3.1, this proof here will
be kept shorter.

Let us fix any o € .AET and, for some arbitrarily chosen va € Vi, 7, we put ai(v1) := a(vi ®v2) ||j,4,)
v1 € V4 r,. Obviously, such defined mapping o; belongs to Agtl and, as a consequence of its nonanticipativity,
it doesn’t depend on the choice of vs. Thus, from the definition of YN/ln(t, x) it follows that

Vi (t,x) > essinfy cpn B[V (4, X700 | F], P-as., (3.13)
t,t;
8



and, similarly to (3.5, we can show that, for any given e > 0, there exists some 8§ € B, such that

Vi(t,2) > E[VT(t,, X; 5| F] — ¢, P-as. (3.14)

In analogy to the proof of Lemma 3.1 we discuss now the expression V(¢ X;’I’al”g i) inside the above
conditional expectation in ([3I4). For this we let (uf,v§) € Z/{gl X VEtl denote the unique couple of admissible
controls associated with (ay, 55) € A}Yy, x BfY, by Lemma 22, i.e., such that oy (v§) = uf, B{(uf) = 5,
and we introduce the NAD-strategy aj € Ajl ; by putting a5(v2) := a(v§ @ v2) |i, 17, v2 € V! 7. In order
to construct an appropriate NAD-strategy (55 € BgﬁT, we use the Borel partition (O;);>1 and the sequence
y; € Oy, j > 1, introduced in the second step of the proof of Lemma 3.1. Choosing ﬁg’j € BET such that

VIt y;) > essinfy,epn  Elg(X7 """ 7

tys,05,057 . (3'15)
Z E[g(XT )|]:l] -5 P—a.s., J 2 17
we define 5 € l’j’trlI o and ¢ € B - by putting
ﬂ2 ZI t,z,aq,B7 ﬂ ( 2)7 ’U’QEZ’{P,Tv
J>1 X €05 l (3.16)

B () := B5 (u1) @ B5 (u2), ur := ), U2 := U, 1), U € Up'p.
Consequently, taking into account the Lipschitz property of V(#;,.) and using ([B.15), we have similarly to
Step 2 of the proof of the preceding Lemma 3.1

Vi(ta) > EVI(L X0 F] e

> ZE[I{Xt,z,a1,ﬁf60_}vn(tl7yj)lj:i]_

> " ’

tl,y',as,ﬁa’j

> e . J 2 2 il —
> ;E[Ix; o5 o 9(X7 )IFi] = Ce (3.17)
— ZE Xt g, }g(th,u],agﬁz)p-'] Ce

j>1

tz,X:’“"l‘Bl,aws

> Elg(X,; " )|Fi] — Ce, P-a.s.

Let (u§,v5) € L{triT X VE)T be the unique couple of controls associated with (a§, 55) € AE,T X BE,T by
Lemma Then, it is straight-forward to show that the couple (u®,v®) = (u§ ® u§, v§ B v§) € Z/{ET X VET
verifies a(v®) = uf, Bu®) = v°. Consequently,

~ tho‘l BT s, B
Vite) = Elg(Xp IF -
Xt x, ul 1;1 ug,’U;
> By )71~ a1s)
Bly(Xy )| F) - |
Elg(X3™"")|F] ~
> essinfgepn, E[g(X%x’a’ﬁﬂ]:i] — Ce, P-as.
Taking into account the arbitrariness of a € Ajl and of € > 0, we conclude
Vit z) > VI(t,z), P-as., (3.19)
and the proof is complete. 1

Obviously, the proof of the DPP for V! is an immediate consequence of the both preceding lemmas,
and the proof for U is analogous.

After having established the DPP for the lower and the upper value functions along a partition VI
and U™, we can now show that these a priori random fields are deterministic. More precisely, we have the
following



Theorem 3.2. For all partition I of the interval [0,T), the lower value function along a partition V'l as
well as the upper one U is deterministic, i.e., for all (t,x) € [0,T] x R,

Vit z)=E [Vn(t,:zr)] and UN(t,x) = E [Un(t,:zr)] , P-a.s.

Remark 3.1. The above theorem allows to identify the lower and the upper value functions along a partition
with their deterministic versions: V(t,x) := E [VI(t,2)] and U (t,z) := E [U(t,2)] , (t,x) € [0,T] x R™.

In view of the symmetry of the arguments we will restrict the proof to the case of the lower value
function along a partition V. We consider a partition of the interval [0,7] of the form II = {0 = t; <
o+ <tp_1 <t, =T} and prove by backward iteration that the lower value function along a partition V1 is
deterministic. For this we note that, for the first step of the backward iteration, we have the following

Lemma 3.3. For the above introduced partition 11 and with the above notations we have that

Vit 1, x) = e85SUPgeAl essinfﬂeggk E[g(X::ﬂ’m’a’ﬂﬂfn—l]

1:tn
is deterministic, i.e., VY(t,_1,7) = E [Vn(tn,l,x)} , P-a.s., for all x € R%.

Proof. A crucial role will be played by the following auxiliary statement:

Let 7: Q = Q, w— 7(w) = (7(w)k)r>1, be an arbitrary measurable bijection which law P o [7]7! is

equivalent to the underlying probability measure P, such that 7/(w) := (7(w)1,...,7(W)n-1), w € £, is
Fn—1 — B(([0,1]?)"~1)-measurable, and 7(w)x = wi, k > n,w € Q. Then

V3(t, 1, x)or = V(t,_1,2), P-as.

Let us prove this assertion. For this we notice first that, using the equivalence between P o [r]~! and P

as well as the bijectivity of 7, we can change the order between esssUPaean - essmeGB?ﬂ,l,tn and the

transformation 7 (The reader interested in details is referred to the corresponding proof in [6].), i.e., we have

Vit 1,x)or = esssuPaean - essinfgcpn (E[g(X::ﬂ,w,a,B”fn_l] o T) . P-as.

1:tn

Let us study now the expression E[g(Xf:’l’z’O"B) | Fn—1](7), occurring in the above formula. For this we recall

first that, due to the definition, for any couple of admissible control processes (u,v) € Uit , xV[' | there
exists an (€, F,—1)-partition (I';),;>1 and an associated sequence of couples of control processes (uj,v;) €
LE (tn-1,tn;U) X LY, (tn_1,tn; V), j > 1, such that (u,v) = > Ir, (u?,v7). Since I'; € F,,_1, we can

find a Borel function f; with f;(Ci,...,¢u—1) = Ir;, j > 1. Then the relation
Loy (W) = fi(T'(w)), w € Q,

proves that 771(I';) € F,,_1, j > 1. Hence, taking into account that the mapping 7 : 2 — Q is bijective and
7(W)n = wn, w € €, we see that also (171(T;));>1 forms an (Q, F,,—1)-partition, and

(u(r),v(r)) = lej (1) - (uj,vj) = ZITA(FJ,) . (uj,vj) € nglﬁtn X thz[zflytn- (3.20)
j>1 ji>1

(Recall that u/ is G,-measurable and, hence, a measurable function of Cn,1, while v’ is is H,-measurable
and, thus, a measurable function of (, 2.)
On the other hand, a straight-forward application of the transformation 7 : Q — Q to equation (Z1]) yields

th,z,u,v (7’) o th,:E,U(T),’U(T)'

to - ta
Indeed, the only random processes in the equation (2.I]) of the dynamics are the control processes u and v.
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Let us now consider an arbitrary couple of nonanticipative strategies (o, 8) € AL, x B!  with

which we associate the mappings o : Vi1 = U and B- U]t = V[T defined as follows:

ar(v) = alo(r™h)(7), Br(u) = Blu(r™))(7),

for u € L{gﬁ Lt U E Vtrfl .t It can be easily checked that such defined mappings are themselves again
nonanticipative strategies: a, € Aglfl,tm B e Bgﬁhtn. Moreover, from the bijectivity of 7 it can be easily
deduced that

{orlac Al 1 =A] {B1peBr ,}=nB1

tn—1,tn? tn—1,tn tn—1,tn"

Given an arbitrary couple of nonanticipative strategies («, 3) € AEL it X BEL _,.t, We consider the
couple of admissible controls (u,v) € Uit x VI | associated with by the relations a(v) = u, f(u) = v.
Since 7’ is F,,—1-measurable and 7(w), = w,, w € , we obtain

Elg(X,;» ") Fasi] o 7 = Blg(X," ") Fasa] o 7 = Elg(X[" """ 0 7)| Foi]
tn—1,z,u(7T),v(T
= Elg(x{m o OO F, ).

On the other hand, we observe that, due to the definition of the strategies ., and 3, we have
u=a() =a(r)or 1), ie., u(t) = a(v(t) o 771 (1) = a,(v(1)),

and the symmetric argument yields v(7) = 8, (u(7)). Consequently, the unique couple of admissible controls
associated with (a,, 8;) is (u(7),v(7)), and we can conclude that

Elg(X;» " Fua](7) = Elg(Xim 2™ )| F]

Using this together with the fact that

{arlae AL y=AL . {BBEB]_ =Bl ..,

tn—1,tn tn—1,tn

we obtain

VI (t,_1,3) o1 = esssup, e qn  essinfgepn (E[g(Xtt:’l’z’a’Bﬂ}"n,l] o 7')
n—1.tn ‘n
Blg(X5 )| Fua]

Blg(X/m ") F ]

—1>tn

= esssu ot essinfg - so
po‘eAtn,l,tn BEBtn,l,tn

= esssUPgean essmeeB?ni
i}
=V (tn,1,$).

1:tn

Hence, V™ (t1,z) o7 = V™(t1,x), P-a.s., and the proof of Lemma 3.3 will be completed by the following
result. 1

Lemma 3.4. Let £ € LY(Q, F,_1, P) be a random variable which is invariant with respect to all measurable
bijection T : Q — Q which law P o [7]71 is equivalent to the underlying probability measure P, such that
(W) == (T(W)1, -+, T(W)n—1), w € Q, is Fu—1 — B(([0,1]2)"~1)-measurable, and 7(w) = wi, k > n,w € Q.
Then & is almost surely constant, i.e., £ = E[£].

Proof. We begin with noting that it suffices to prove this lemma under the additional assumption that ¢
is nonnegative. Otherwise, we can always decompose £ as a difference of its positive and its negative part,
and observing that both parts are invariant with respect to 7 on their turn we can make the proof for them
separately.

Given 1 <i<n—1, j=1,2, let us denote by 6; ; the vector of all coordinate mappings ({i.1,¢1,2,C2,1,
(2,2,-..) but without the component ¢; ;. Then, putting {(w) = w, w € Q, we can identify ¢ = (6;;,G ;).
and with this identification we can write £(w) = £(6; ;(w), G,;(w)), w € Q.

11



Recalling that £ > 0, let us now introduce the following J,,_1-measurable mapping ¢ : Q — [0,1] :

Ci,j(w) w +
N (5(9”‘( )7‘9) 1)d8

= 9” w), @] : 7(4] 7
p(w) = ¢(0i;(w), G (w)) f01§(9i,j( );s)ds + 1

Obviously, ¢(8; j(w),.) : [0,1] — [0, 1] is a continuous, strictly increasing bijection which derivative is

w e .

0 5(9ij(w),s)+1
. 97,,_] w),s)= : )
5 /\%ia):9) 3 €005 5(w), r)dr + 1

s€[0,1], we .

We now put

T(w) := (0i5(w), p(0i;(w), Gij(w))), w € Q.
Such defined mapping 7 : 0 — (2 satisfies the assumptions of the lemma. Indeed, due to the definition 7 is a
bijection, 7(w)x = wk, k >n, w € Q, and 7’ is F,,_i-measurable. Moreover, the law P o [r]~!
to the underlying probability measure P. Indeed, for any nonnegative random variable n over (Q, F, P) we

is equivalent

have

E n(T)gw(@‘,jaCi,j) =E 177(9i,ja90(9i,j78))£<ﬁ(9i,j=8)d8
gt ] =5 ey
=FE [/01 1(0s.5, S)dS] = E[n],

0
where a—gp(@-,j,s) > 0, for all s € [0,1]. Consequently, we know from our assumption that the random
s

1
variable ¢ is invariant under the transformation 7, and, thus, observing that / £(6; j(w),s)ds does not
0

depend on ¢; ;(w), we have

Bl + Bl¢) = Ele(¢ + 1) 1
= BlE(r) €+ 0] = B 60) 5000056 ([ 665,905 +1))]

—E [5 (/Olg(ei)j,S)dS‘f' 1)} =E [5/015(901',;‘75)‘15} + E[¢]

_p [( 6. s)ds)2 1 Bl

Consequently,

B[ [ 900 = mict =

([ 0 0s) ] ,
/0 1 (s(m,s) - /0 15(9i,j,s)ds)2 ds] o

1
5:/ £(6;5,s)ds, P-as,1<i<n-—1, j=1,2.
0

from where we see that

E

It follows that

Therefore, taking into account that £ is F,,_j-measurable and iterating the above result, we get

1 1 1
52 / 5(91,1751,1)6151,1 :/ (/ 5(91,2,81,2)6181,2) (91,1751,1)6151,1
0 0 0

= &(s1, (<2,1, (2,25 Cn—1,15 <n71,2)d51 == &(s)ds, P-aus.
[0,1]2 [0,1]2(n—1)

The proof of the lemma is complete now. 1

12



By iterating the argument developed in the both preceding lemmas, we can prove now Theorem

Proof. From the both preceding lemmas we see that together with VI(¢,,.) := g(.) also the function
VH(t,_1,.) is deterministic. On the other hand, from the DPP satisfied by V! we obtain
BV (t,_1, X, 2"%P) | Fos), P-as,,

VI(t, o, x) = eSSSUP, 4T ) essinfg, g0

2:tp — 2:tpn—1

for all z € R%. Hence, applying the argument of the both preceding lemmas again, but now for the determin-
istic function V1 (¢,_1,.) instead of g (recall that due to Lemma 2.1l also the function V(¢,_1,.) is bounded
and Lipschitz), we conclude that also the function V'I(t, _»,.) is deterministic. Iterating this argument, we
see that all VI1(#;,.) (0 <1 < n) are deterministic. This implies that V! is a deterministic function. Indeed,
let t; <t < t;41. For the conclusion that the non-randomness of VH(tiH, .) involves that of v (t,.), it
suffices to replace the driving coefficient f(s,z,u,v) of the controlled dynamics by f(s,x,u,v)Ij r)(s). This
substitution doesn’t change the values of V(#,,z), (i +1 <1 < n) and VI(¢,2), 2 € R, but now V(¢ z)
coincides with the deterministic function V1 (;,.) associated with the driver f(s,x,u, v)I1,71(s). The proof
of Theorem is complete. ]

The both preceding major results, the DPP as well as the statement of non-randomness yield the
following important characterization of the lower and the upper value functions along a partiton.

Theorem 3.3. For all partition 11 of the time interval [0,T], and all (t,z) € [0,T] x R?, we have

VIi(t2) = supacap, infaenn, Elg(Xp"")), (3.2)
UM(t,2) = infaepp, suPacan, Elg(X5" 7).

Proof Let U ={0 =ty < - - <t, =T} t; <t <ty1(0<i<n-1)and x € R Moreover, fix an
arbitrary € > 0. Then, due to (3II) from the the proof of the DPP we know that there exists o € Ajlp
such that, for all 8 € BET,

VIt 2) (= Vi (t,2)) < Blg(X5™P) | Fi] +¢, P-as., (3.22)
and from (BI8) we get for all o € A}, the existence of f¢ € B} such that

VIt 2)(= Vi (t,2)) > Blg(X5"F )| F] — ¢, P-as. (3.23)

Consequently, considering that the function VT is deterministic and taking the expectation on both sides of

B22) and B23), we get
Elg(X5mP" ) — e <VI(t,2) < Blg(XE""P) | Fi] +e,

for all (o, ) € AET X BET. Thus, taking into account the arbitrariness of ¢ > 0, the statement for VI
follows directly, and that for U™ can be verified analogously. The proof is complete. ]

We observe that the latter Theorem3.3 combined with (2.2) provides directly the following statement:

Lemma 3.5. There is some real constant L, only depending on the bound of f and the Lipschitz constants
of f(s,.,u,v) and of g, such that, for all partition 11 of the interval [0,T] and (t,x),(t',2') € [0,T] x R,

VIt 2) = VI, 2")| + Ut 2) = U, 2')| < L(lt = '] + |2 — 2]). (3.24)
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4 Value in mixed strategies and associated Hamilton-Jacobi-Isaacs
equation

The objective of this section is to show that the lower and the upper value functions along a partition VI,
U converge, as the maximal distance |II,,| between two neighbouring points of I1,, tends to zero as n — +oo0,
and that their common limit function V' is the viscosity solution of the Hamilton-Jacobi-Isaacs equation

0 .
EW@, :E) + SupﬂeAUlanEAV (f(tu Z, W, I/)VW(ta LL’))
W(Tv ‘T) = g(x),

|
L

(4.1)

where

faoamw)i= [ [ feuoutdamdn, ue AU, ve av.
vJv
More precisely, our main result of this section is the following

Theorem 4.1. Under our standard assumptions on the coefficients f and g, the above Hamilton-Jacobi-
Isaacs equation (4.1) possesses in the class of bounded continuous functions a unique viscosity solution V.
Moreover, for any sequence of partitions I, n > 1, of the interval [0, T] with |II,,| = 0 as n — +o0, both
the sequence of the lower value functions along a partition V1 as well as that of the upper value functions
along a partition U, n > 1, converge uniformly on compacts to the function V.

The definition of a continuous viscosity solution is by now standard, and the reader interested can
find many literatures, e.g., refer to [9].

Definition 4.1. A real-valued continuous function W € C(]0,T] x R?) is called
(i) a wviscosity subsolution of equation (Z.1) if W(T,z) < ®(z), for all x € R, and if for all functions
0 € CY[0,T] x RY) and (t,z) € [0,T) x R? such that W — ¢ attains its local mazimum at (t,z),

3] ) -
—(p(t, z) + supeapinfreav (f(t, x, W, u)Vgo(t,x)) >0;

ot
(ii) a wviscosity supersolution of equation ([F-1) if W(T,x) > ®(z), for all x € R?, and if for all functions
0 € CY[0,T] x RY) and (t,z) € [0,T) x R? such that W — ¢ attains its local minimum at (t,z),

dp

E(tu :E) + SupueAUianEAV (.]T(tu T, [, I/)Vg@(t7 LL’)) S 0;

(ili) a wiscosity solution of equation ([{-1)) if it is both a viscosity sub- and a supersolution of equation ([{.1)).

The whole section is devoted to the proof of the above theorem. The proof will be split in a sequel of
auxiliary statements. Let us begin with observing that the equi-Lipschitz continuity of the families of lower
and upper value functions along a partition, indexed with the help of the partitions II of the interval [0, T},
stated in Lemma [3.5] is crucial for the application of the Arzela-Ascoli Theorem. Let us arbitrarily fix a
sequence of partitions (II,),>1 of the interval [0, 7], such that for the mesh of the partition II,, it holds:
ITT,,| — 0 as n — 4o00. Then we have

Lemma 4.1. There exists a subsequence of partitions, again denoted by (IL,)n>1, and there are bounded
Lipschitz functions V,U : [0,T] x R — R such that (VT U"n) — (V,U), uniformly on compacts in
[0,T] x R%.

Later we will see that the function (V,U) defined by this Lemma 4.1 coincide and are independent of
the choice of the sequence of partitions.
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Proof. Indeed, from the Arzela-Ascoli Theorem we know that, for any compact subset K of [0,7] x R? and
for any subsequence of partitions of [0,T], there exist a subsequence (II)) and functions U, V' : K — R
such that (V™ U) — (V/,U’) uniformly on K, as n — +oo. By combining this result with a standard
diagonalisation argument we can easily prove the stated assertion. 1

Let us fix the subsequence (II,,),>1 related with U,V by Lemma 1l From Lemma B3 we have
Corollary 4.1. For the real constant L introduced in Lemmal33 we have, for all (t,x), (t',z") € [0,T] x R,
[V(t,x) = V(' 2"+ |U(t,z) = U, 2")| < L(|t = '] + |[x — 2'|). (4.2)

By taking into account the uniform boundedness of the functions VI, UY, parameterized by II-
partition of the interval [0, T] (Indeed, they are bounded by the bound of g.), this shows, in particular, that
V, U € Cy([0,T] x R?) are bounded continuous functions. We are able to prove that V and U are viscosity
solutions of equation ([@I). For this let us begin with

Proposition 4.1. The function V is a viscosity solution of the Hamilton-Jacobi-Isaacs equation (4.1)).
In order to prove this statement, we show in a first step that
Lemma 4.2. The function V is a viscosity subsolution of the Hamilton-Jacobi-Isaacs equation (4.1)).

Proof. Since we know that, by definition (Z3) of VI, VI{(T,z) = g(z), € R?, for all partition II, we also
have V(T,z) = g(z), * € R%. Let (¢t,z) € [0,T) x R% and ¢ € C*([0,7] x R?) be an arbitrary test function
such that (t,z) — V(t,z) = 0 < ¢(s,y) — V(s,y), (s,y) € [0,T] x R%. Since V € Cp([0,T]; R?) is bounded,
we can assume without loss of generality that ¢ € CL([0,T] x R?), i.e., that ¢ itself as well as its first order
derivatives are bounded. Recall that verifying that V is a viscosity subsolution is equivalent with showing
that

0 .
Eg@(t,x) +sup,eapinfueav f(t, z, p, v)Vo(t,x) > 0. (4.3)
For proving the above relation we note that for any p > 0 and M > 0 we can find a positive integer
np,m such that, for all n > n, ar,

p(t,z) = VI (t,2)| < p, and V' (s,y) < o(s,y) + p, for all s € [0, 7], [y| < M.

Indeed, recall that V" — V' converges uniformly on compacts, V (¢, z) = ¢(t,x) and V < ¢ on [0,T] x R<.

Let n > npn, I, = {0 =1t <--- <t} =T}, and let i = i,, be such that ¢} <t <t} ; <t;'. Then,
from the DPP (Theorem [B.1)) with respect to the partition II,, and since V" is bounded by some constant
C, uniformly with respect to n > 1, we have

ot,x)—p < V()
= esSSUPLe M essinfﬁegtn?nE[VH" (t?,XttiLx’a’ﬁﬂfi]
T L taa 4.4
S esssupLe essmfﬁer[gTLE[‘P(tl ,Xttz’l B F) (44)
't B
+CP{|X};"°| > M|Fi} + p, P-as.
However,
PUXG™ > MIF} < — B[ X5 |F) < —(al + TCy)
tr vy = M ty ] = M s
where we have used that |sz’lz’°"5| < |z| + TCy, with Cy denoting the bound of f. Thus, by choosing

M = M, large enough, such that %(|$| +TCY) < p, and recalling the equation for the dynamics of XtzaB
we have for n > n, (:=n, n,)

. t,x,o,
—3p < esssupaeAE?ln essmfﬁeBEZE{ga(t?, thm a ﬁ) — o(t,2)|Fi

n

t,tn

t; o
/ <—<P(7”7 X OB f (r, X020 (a, B), ) Vip(r, X£7m7a)6))dT|fi]-

= esssupaeAE;l?essmfﬁeBnnlE o
(4.5)
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Here we have denoted by («, 8), the unique couple of control processes (u,v) € Z/I A X V £ at time 7,

associated with (a, ) € AtH HIBS Bt in by Lemma 222l Let us introduce the continuity modulus

m(8) 1= SUP|p_ 4|4 |y—a|<SucUveV

() + 10000 Tptr)) = ((ro(ta) + St ) Vite)) |

d > 0. Recalling that the function f(.,.,u,v) is bounded and uniformly continuous, uniformly with respect
to (u,v) € U x V, and that the first order derivatives of ¢ are bounded continuous functions, we see
that m : Ry — Ry is an increasing function with m(é) — 0, as § | 0. Thus, taking into account that
| XEmeh — | < Cplr —t| < Cp|th —t|, r € [t, 1], we obtain

0
(50) (s X ) o f(r, Xpm 0 g, 0p) Vep(r, XEWM0)) = (op(t @) + (b @, ur, ve) Vp(t @)
<m(C|tp —t]), r et}
(4.6)
(The constant C' depends on z, fixed in this proof.) Consequently, thanks to (1),
n 6 n
—3p— (&' — 1) a@(fa x) +m(Clt} —t[)
&7 (4.7

f(t, z, (o, B)r)Veo(t, z)dr|F; | , P-as.

< n essinf,_.n, E
< esssupaeAzt? essin ﬂEBEtf t
Similarly to the argument of (83]) in Step 1 of the proof of LemmaBIl we can show there is an NAD strategy
af € Atrft"f such that

gt — >(;<mw+MQW—m)

i

f(tv Zz, (ap, ﬂ)T)V@(tv {E)dT|]:l

(4.8)

< essmfﬂeB:I?nE
Ul

Thus, since V 1 C Bt i (Indeed, the controls v € Vth’% are identified with 5Y € Bgt"r, where 8¥(u) :==v, u €
Mgt?.), we obtain from ([L8) that, for all v € VE[L;L,

iy’

—4p— (1] —t) (%cp(t, z) +m(C|t] — t|)) <FE

t

ft,z, (a”,v))Vo(t, ;v)dr|]-'] (4.9)

Let v € Vnt% be now of the special form v := Zé:iﬂ gjj[t\/tyfl,tvt?)a & € L°(Q,H;, P;V). Then,

ZE

E /l ft,z, (o, v))Ve(t, x)dr|F;
t Jj=i+1

tvt"
/ ft,z,af(v),, &) Ve(t, x)dr|.7:i] . (4.10)
th71

Let us put u” := a”(v) € Z/{Egl, and let 1 + 1 < j <. Then, due to the definition of the controls from Z/{Egl,
there exist an partition (I'y)r>1 C Fj—1 of Q and a sequence (u*);>1 C Lg (tVvit]_1,t Vi) U) such that, for
the restriction of u” to [t V7 | ¢V t7),

14 _ k
Ut m ny = g Ir, u
[[even_, evem) Lk

E>1
Consequently, recalling that &; € LY(Q, H;, P; V) and that the three o-fields G;, H; and F;_; are mutually
independent, we have
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t\/t?
E / f(tﬂi,a”(v)mﬁj)vw(t,I)dTU’i]
Ve
t\/t?
= F prk/ E [f(t,z,ul, &)Vep(t,x)|Fj_1] dr|F;
e (4.11)
tvey
= F Zka/ </ f(t,x,u,v)Vga(t,x)Puk(du)®P§j(dv)) dr|F;
k>1 tver_ \JUxVv "

< (EVE =tV ) sup,enp (/ [tz u,0)Ve(t, z)p(du) ® P, (dv)

UxV

Recall that f(t,z, p,v) ::/ f(t, z,u, v)pu(du)v(dv). Hence, from ([@9), (ZI0) and (1T,
UxV

—dp— (7 — 1) (%cp(t, z) +m(C|t} — tI))

24

IN

E

\ f(ta €L, (o‘pvv)T)vw(tvx)dﬂ]:i] (412)
l

< Z (t \ t;l —tV t?;l) ’ sup,uGAUf(tv €T, [y Pﬁy)vw(tv .I),
j=it1
and from the arbitrariness of the random variables &; € LO(Q2,H;, P;V), i+ 1 < j < [ and the fact that
AV ={P ¢ € L°(Q,H;, P; V), we conclude

n 8 n
—ap= (i ~ 1) (grettn) + miCly — 1) )
!
< Z (vt —tvil ) -infeavsup,eay f(t, @, 1, v)Vo(t, z)
j=it1 -
= (' —t)-infyeavsup,eap f(t, @, 1, v)Vip(t, ).

(4.13)

We choose now ¢ > 0 arbitrarily small and we put p = 2. For n > n, large enough we can find some
l(i+1 <1 <n),such that ¢ < tl(") — t < 2e. Indeed, recall that the mesh of II,, converges to zero, as
n — +00. Then it follows from (AI3) that

—4(tr —t)? = (17 — 1) (%@(fa z) +m(Clt" — t|)> (4.14)

S (t? - t) . infl/EAvsupyEAUf(ta X, L, V)VQp(tu :E)
Consequently, dividing both sides of this latter relation by ¢}' — ¢ and taking the limit as ¢ — 0, we obtain

0 .
&@(tv .I) + lanGAVsupyeAUf(tv Ty by V)V<P(ta I) 2 O (415)

In order to conclude, we remark that, for all (t,z,p) € [0,7] x R x R%, the function H(t,z,u,v,p) :=

f(t, x, w,v)pis bilinear in (u,v) € AU x AV. The spaces AU and AV are compact and convex. Consequently,
inquAVSupHeAUf(ta T, H, V)p = SupHeAUinfveAVf(ta T, [, V)pa (ta Iap) € [Oa T] X Rd X Rd7 (416)
and relation ([@3)) follows from (IH). The proof is complete. 1

In order to complete the proof of Proposition [4.1] we also have to prove the following

Lemma 4.3. The function V is the viscosity supersolution of the Hamilton-Jacobi-Isaacs equation ({.1)).

17



Proof. In the proof of Lemma we have already noticed that V(T,z) = g(z), * € R Let us fix again
(t,x) €[0,T) x R? and consider a test function ¢ € C}([0,7] x R?) which is bounded together with its first
order derivatives, such that V (t,z) — p(t,z) = 0 <V —p on [0,T] x R% In order to prove the statement we
have to show that

0 . x
ag@(t, r) +sup e apinfueav f(t, z, 1, v)Vo(t, x) < 0. (4.17)

Let us suppose that this latter relation doesn’t hold true. Then, there exist § > 0, and p* € AU such that

0<d < Ew(t, x) +sup,capinfueav f(t, z, p, V) Vp(t, r)
po ~
= g(p(t,:’ﬂ) +iIlerAvf(t,J;,/L*,U)VsD(t,.’IJ) (418)
;] -
< elta) + [t o, 0, v)Ve(t, o),

ot
for all v € AV. On the other hand, given an arbitrarily small p > 0 and M > Cp~*(|z| + C¢T), there exists
n, > 1, such that for all n > n,,

|90(t7'r) - VH" (t7$)| < P VH" (Say) > <P(57y) —p,SE [OvT]a |y| < M.

Let n > n,. Adapting the argument of the proof of the preceding Lemma 4.2 and using the notations
introduced there, we first deduce from the DPP (Theorem [B1)) with respect to the partition IT,, that

ot,z)+p > Vin(t )
= esssupaeAE?ln essmfﬁerffln E[VI (i, ijlr,aﬁ”]-}]
> eSSSUpaeAEyIn eSSinfﬁGBE:‘? Elp(t}, Xf;f’o"ﬁﬂfi] (4.19)
~OP{IXEE) > MIF) — p
esssupaeAE%l essinfﬁGBH%E[ga(t?, Xfifﬂﬁﬁ”]-"i] —2p, P-as.

v

Consequently,

tl" 6
3p > esssupaeAS?? eSSinf,BEBE;‘?E /t (—go(r, X}f’w’o"ﬁ)—i—f(r, Xﬁ’””’o‘”@, (a, B)r)Veo(r, Xﬁ’w’a’ﬁ)) dr|]-'i1 ,

or
(4.20)
and using the continuity modulus m(.) introduced in the proof of Lemma we obtain
0
39— (81 = 0)(yett.a) = m(Cly ~ 1))
(4.21)

"
/ ft,z, (o, 8))Ve(t,z)dr|F; | , P-as.
¢

> esssup,, o Az, essinf BeBmn, E
Ul Ul

In the next step, observing that we can identify Z/{tngl; as a subset of ?2‘7, and choosing u € Z/{tngl; of the form

u = Zi‘:i“ @Ihvt?“tvt;), with & € L°(Q,G;, P;U) such that Pe, =p* (i+1<5<1), we get

0 (17 1) (pelt.o) ~ m(Clet 1))

f(t7 €T, (uv B(U)T))v@(tv ,T)d’l“|]:i

(4.22)
, P-a.s.

> essmfﬂeBE??E t

In analogy to the argument of (3.3]) in Step 1 of the proof of Lemma[3.Ilwe now can construct some 3° € BEW
(depending on the control process u) such that
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dp— (67 — 1 (%s@(t,w) —m(Cly - t|>)

> F /tl f(t7x,(u,ﬁp(u)r))Vgo(t,x)dﬂfi] (4.23)
l vy
> B> [ 7 fn 68w, VeltadriF,
j=ip1 TtV

We put now v := f”(u), and we observe that, for any ¢ + 1 < j < n, the restriction of v to the interval

[tV th_;,t7) belongs to ,F\],‘fgtl)t;l. Consequently, by definition, v|[tvt§Ll,t\/t;‘) is of the form v|[tvt;lil)tvt;l) =
lekvk, where (I'y)k>1 C Fj—1 is a partition of Q and vy € L%j (7 1,t7; V), k > 1 (For simplicity of

E>1
notations we have suppressed in this representation the dependence on j). Thus, the independence of the
three o-fields H;, G; and F;_yields

I tVED?
E/ F(t 2,65, 7 (u)) Vot 2)dr| FT
Jever
tVt;-l
= B|X 0 [ Bl g ol Vet F] ariF,
E>1 15\/15"71
Ve 4.24
e / "Rt a P ) Vil 2)dr| F (424
[k>1 (A% )

> (v =tV ) - B Y Indnfeav (F(t @, p%,v)Velt, 2))|
k>1

= (vt —tVvit] ) -infoeavf(x,p*,v)Ve(t ).
Therefore, summing up ([@24]) with respect to j and substituting the result in (Z.23])) we obtain
dp+ (1" — ym(Ct}" — 1)

(tr —t)- <%<p(t, ) + inf eay fa, 1", v)Vol(t, x)) (4.25)
> oty —t).

Y

Let now e > 0, p= €2 and [TT,| > 0 be small enough, such that i} can be chosen such that % <t —-t<e.
Then, from (£28]) we have

4% + em(Ce) > %5. (4.26)
Thus, first dividing this latter relation by € and after letting ¢ — 0, we get § < 0, which contradicts § > 0
in ([@I8)). Therefore, our hypothesis is wrong and we have [@IT). The proof is complete. |

In analogy to Proposition [£1] we can prove the following

Proposition 4.2. Also the function U € Cy([0,T] x R?) is a viscosity solution of the Hamilton-Jacobi-Isaacs
equation (4.1).

Finally, we are able to prove Theorem 411

Proof. Due to relation (£I0) we know that the bounded continuous functions V' and U are viscosity solutions
of the same Hamilton-Jacobi-Isaacs equation. On the other hand, since the Hamiltonian of this equation

H(t,z,p) = infl,eAVsupueAU(f(t,x,u, v)p), (t,z,p) € [0,T] x RY x RY,

is bounded and continuous, Lipschitz in z, uniformly with respect to (¢,z) € [0,7] € R?, and
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|H(t,$,p) - H(tv'r/vp” < O|p||$ - Il|a Iaxl S Rda (tvp) € [O5T] X Rd’

it is by now well-known, that the viscosity solution of the Hamilton-Jacobi-Isaacs equation (1)) is unique
in the class of continuous functions with at most polynomial growth. Consequently, V = U. On the
other hand, recall that we have got V and U as limit over a converging subsequence of the sequence V=
and U™, respectively, where (II,,),>1 is an arbitrarily chosen sequence of partitions of [0,7] such that
ITT,,] = 0 (n — +00). Therefore, since the limit of the converging subsequence doesn’t depend on the choice
of the sequence, it follows that VI and U™ converge along all sequence of partitions IT with |[ITI| — 0, and
the limit is V' = U. The proof of Theorem [£.1]is complete. 1
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