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Dynamics of elastic bodies connected by a thin soft viscoelastic
layer

C. Licht*, A. Léger', S. Orankitjaroen ¥, and A. Ould Khaoua ?
July 24, 2012

Abstract A dynamic study was performed on a structure consisting of two three-dimensional linearly
elastic bodies connected by a thin soft nonlinear Kelvin-Voigt viscoelastic adhesive layer. The adhesive
is assumed to be viscoelastic of Kelvin-Voigt generalized type, which makes it possible to deal with
a relatively wide range of physical behavior by choosing suitable dissipation potentials. In the static
and purely elastic case, convergence results when geometrical and mechanical parameters tend to zero
have already been obtained using variational convergence methods. To obtain convergence results in
the dynamic case, the main tool, as in the quasistatic case, is a nonlinear version of Trotter’s theory of
approximation of semigroups acting on variable Hilbert spaces. The limit problem involves a mechanical
constraint imposed along the surface to which the layer shrinks. The meaning of this limit with respect to
the relative behavior of the parameters is discussed. The problem applies in particular to wave phenomena
in bonded domains.

Keywords: Approximation of semigroups, Bonding problem, Kelvin-Voigt viscoelasticity, Trotter’s the-
ory, Variational convergence, Wave propagation.
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1 Introduction

The aim of this study is to perform a mathematical analysis of the so-called bonding problem in the case
of two massive linearly elastic solids connected by a thin soft nonlinear Kelvin-Voigt viscoelastic adhesive
layer. The two solids are the adherents, and the thin layer is the adhesive consisting of glue or a weld,
for example. In the static case, models of this kind, which are classically referred to as the junction
problem, describe how this bonded structure behaves when the thickness of the adhesive is smaller and
smaller. The key point addressed here in order to obtain a simplified but sufficiently accurate model is
determining the conditions under which the thickness of the adhesive, which is very small in the physical
problem, can be “approximated” by zero, the model itself and its accuracy being given by a convergence
result. From this point of view, these bonding problems are very similar to the problem of justifying
models for plates or shells. In the dynamic case, bonding problems mostly deal with vibrations or wave
phenomena concerning in particular the transmission of acoustic waves through the thin layer. The field
of applications is very wide, ranging from seismology to nondestructive testing. The results obtained can
usually be applied to detect the damage or delamination of the thin layer.

The first models for thin adhesive layers were developed in the fifties by physicists (see for example [0]),
and in the first rheological models in the field of seismology, the adhesive layer was replaced by an areal
distribution of springs. Although these models were widely used, their range of applicability was not
established, which was not an easy task in dynamics, nor was the physical behavior of the layer, even when
the values of the parameters were improved by making comparisons with experimental data. Although
the use of finite element calculations recently made it possible to take complex behavior of the adhesive
into account [?], it was still difficult to interpret the adhesive as an interface constraint, and the thinness
of the mesh required in the adhesive made the problem increasingly unwieldy, so that dynamic studies
on large time intervals were practically impossible, or led to more and more ill-conditioned numerical
problems as the adhesive became increasingly thin.

Models for bonding problems supported by mathematical justifications are always based nowadays
on asymptotic analysis. Up to very recently, only the static case has been dealt with in this way. The
basic tools used for this purpose were the same as those used to justify structural models. In the linearly
elastic case, asymptotic expansions were inserted into the equilibrium equations, which led to families
of problems depending on the thinness. Based on studies on these families, convergence results were
obtained by making the thinness parameter tend to zero. This approach has yielded a large number of
results relating to the theory of structures, homogenization and bonding problems. But the mathematical
foundations of the analysis have gradually changed. Even when the results had already been obtained,
as in the proof of the equilibrium equations for thin linearly elastic structures, the use of asymptotic
expansions has gradually been replaced by that of variational convergence methods [3]. These methods
consist basically in establishing the convergence of a sequence (F,,) of energy functionals towards a
functional F,, in such a way that the minima and the minimizers of the F,, are also converging towards
those of F,. As a basic tool, this convergence requires the proof that some lower and upper bounds of
sequences of bounded energy do coincide. Now the use of variational convergence has yielded new results
for bonding problems, first in the framework of general nonlinear elasticity with superlinear growth of the
energy density [d], which was previously only obtained formally using asymptotic expansions, and then
for the case of linear growth of the energy density, which includes some models of cracks or plasticity [5].

But since variational convergence is closely related to minimization problems, it can give convergence
results only in the case of equilibrium problems, and other theoretical tools are required for analyzing
quasistatic and dynamic problems. These tools have been given by Trotter’s theory of convergence of
semigroups of operators acting on variable Hilbert spaces [G]. In short, Trotter’s theorem states that if
the equilibrium problems converge, then the corresponding evolution problems will also converge, which
seemed to be particularly relevant in the case of the dynamic analysis of bonding problems since the
static case has already been dealt with using variational convergence methods. This approach was first
presented in [[@] in the case of a linearly elastic adhesive. The main qualitative result was not only that
the thin layer can be replaced by a mechanical constraint, but also that this constraint is the same as
that obtained for the limit of stationary bonding problems. Since we were strongly motivated by physical
considerations as regards the behavior of the adhesive, it was proposed to deal with the dissipative case,



focusing in a first step for the sake of clarity on the case of thin soft viscoelastic layer of the nonlinear
Kelvin-Voigt type. The more general case of a generalized standard material [8], [d] will be treated in a
forthcoming study.

This paper consists of the following main sections:

e The elastodynamic problem is stated in section 2. The geometry of the domain, the behavior of its
various constituents, and the set of parameters of interest are presented. The dynamic equations
are then given in the classical local and weak forms.

e In section 3, the problem is rewritten in the form of a nonlinear evolution equation posed in a
parametrized Hilbert space of possible states with finite energy. Since this equation is governed by
a maximal monotone operator, existence and uniqueness follow.

e The next section deals with the asymptotic analysis, which is the main part of this study. It is
performed in several steps, starting with some assumptions about the parameters, and arriving
at the convergence in the sense of Trotter of the solutions to the sequence of nonlinear evolution
equations.

e Lastly, the limit problem is given. In particular, the mechanical constraint, which can be used
instead of the thin adhesive layer, is given explicitly, and discussed in terms of the relative asymptotic
behavior of the geometrical and mechanical parameters.

2 Setting the problem

As usual, we make no difference between R3 and the physical Euclidean space, the orthonormal basis of
which is denoted by {e!,e?,e?}, and for all £ = (£1,&2,&3) in R®, € stands for (£1,&). We will study
the dynamic response of a structure consisting of two adherents connected by a thin adhesive layer,
which is subjected to a given load. More specifically, the reference configuration of the structure is a
bounded connected open subset 2 of R? with a Lipschitz-continuous boundary 9. Its intersection S with
{23 =0} is assumed to have a positive two-dimensional Hausdorff measure #2(S), and it is also assumed
that there exists g9 > 0 such that B, := {z € Q; |z3] < ¢ } is equal to S x (—¢p, ). Let € < g, then the
adhesive occupies the layer B, while each of the two adherents occupies Qsi ={z€Q; +z3>¢}, andlet
Q. = QX UQ7. Adherents and adhesive are assumed to be perfectly stuck together along S. = ST U ST,
S* = {x € Q; 23 = +e}. The structure is clamped on a part Ty of 99, with H?(Iy) > 0, and is
subjected to body forces in 2 and surface forces on I'y = 99 \ T’y having densities f and g, respectively,
during the time interval [0, T]; let T = Ty N { £23 > 0}. The adherents are modeled as linearly elastic
materials with a strain energy density W such that

{W(x,e) = %a(x)e e ae x€Q Veec §3 (2.1)
ia e L™ (Q;Lin(53)); Ja, B> 0s.t. ale]* <a(z)e-e < Ble]* VYee S? .

where S® is the space of (3 x 3) symmetric matrices with the usual inner product and norm denoted by
-and | | (as for R?), and Lin(S%) denotes the space of linear mappings from S into S3. The adhesive
is assumed to be homogeneous, isotropic and “viscoelastic of Kelvin-Voigt generalized type”. Its strain
energy density reads as:

A
Wiu(e) = §(tre)2 +ple)?, tre=ej +ean +ez3, Vee S (2.2)

while its dissipation potential is denoted by bD, where A, u, b are positive real numbers and D is a convex
function satisfying

Ipe(1,2,30,8 > 0; oleff <D(e) < (1+]e]’) Vee s (2.3)



Let p > 0 and p,; > p,, > 0. If p is a measurable function such that p,, < p(z) < p;; a.e. = in Q, the
density v of the structure is

o(x) a.e. zin .
1) = {p( ) | (2.4
p a.e. x in B..

Hence, the problem of determining the dynamic evolution of the structure involves a quintuplet s :=
(e, A\, i, b, p) of data and the equations satisfied by the fields of displacement us and stress oy are:

2
irvﬁa;s = divo, + f in Q x (0,7
i os = ae(us) in Q. x (0,7]
: os € )\tr(e(us))l + 2pe(us) + b8’D(e<aus)> in Be x (0,7]
) A ot 7
1 us =0 on Ty x (0,7
o =g on I'y x (0,T]
1 a s
'L(us(-,O),a—ut(-,O)) = (0,00 := U? in Q
where t naturally denotes the time and U? := (u?,9?) is the initial state, I is the identity matrix of

S3, e(u) is the linearized strain tensor associated with the vector field u (the symmetric part of Vu, the
gradient of u) and, from now on, 9.J(v) will systematically denote the subdifferential at v of any lower
semicontinuous convex function J, while DJ(v) denotes the differential at v of any Fréchet-differentiable
function J. A “formally equivalent” formulation of (Ps) will clearly be

(Find u, sufficiently smooth in Q x [0, 7] such that us = 0 on I'y x (0, 7],

Ous o _ . Ou, e
. <u5(-, 0), E(’ 0)) = U? and there exists £ in 0D (e(ﬁ)> satisfying:

0%u,
(Ps) J Jov 55 vda Jr/Q ae(us) - e(v) dx + /BS DWy,, <e(us)> ce(v)dx +b 5. &-e(v)de

ot
_ 2
. —fowdx—l—fFlg'vd’H
 for all v sufficiently smooth in 2 and vanishing on T'y.

We will use this formulation which results directly from the principle of virtual power to show in the
next section that (Ps) has a unique solution in a suitable sense and, in section 4, to study the asymptotic
behavior of ugs when s, which is regarded as a parameter, tends to its natural limit. In what follows, C
denotes various constants which can differ from one line to another.

3 Existence and uniqueness

Assuming
(f.9) € BV(0,T; L*(R?)) x BV® (0,T; L*(I'y; R?)) (H1)

where, for any Banach space X, BV (0,T; X) is the subspace of L'(0,7;X) consisting of all the ele-
ments whose time derivative in the sense of distributions is a bounded X-valued measure on (0,7"), and
BV®)(0,T; X) is the subspace of BV (0,T; X) consisting of all elements whose time derivative in the
sense of distributions belongs to BV (0,T; X).
We seek us having the form
us = ug + uy, (3.1)

where u$ is the unique solution to
ug(t) € Hpy (0 R%); - pu(ug(t),v) = L(t)(v) Vv € Hy (%R vt € 0,7, (3.2)

where

os(v,0) = /Q ae(v) - e(v') dx —l—/B DWy,, (e(v)) e(v')dx Vv,v' € Hf, (;R?),

€

D (v) := ps(v,v),

(3.3)



L(t)(v) ;:/F g(z,t) - v(z)dH® Vv € HE (4 R?) vt € [0, 7], (3.4)

and where H} (Q;R?) is the closed subspace of H'(Q;R?) consisting of the elements with vanishing
traces on I'y. Note that this notation qu’q(G;R") will be systematically used for any G C R", g C 0G
and Sobolev space Wh4(G;R"), 1 < ¢ < oco. Since g — u¢ is linear continuous from L?(I';;R3) into
H}, (Q;R?), we have

ug € BV®(0,T; HY, (4 R?)). (3.5)
The remaining part u, of us will therefore satisfy an evolution equation governed by a maximal monotone
operator A, defined in a Hilbert space H, of possible states with finite total mechanical (kinetic + strain)
energy. The space of velocities, L2(2; R3), is equipped with the following inner product ks and the square
of norm K associated with the true kinetic energy:

ks(v,v') == / y(z)v(x) v (z)de, K(v):=ks(v,v), Yu,v' € L*(R?) (3.6)
Q
while the space of displacements, H%O(Q;Rg), is equipped with the inner product ¢, defined in (B33),
which is equivalent to the usual one by Korn inequality. Hence
H, := H} (S R?) x L*(Q;R?) (3.7)
where, for all U = (u,v) and U’ = (v/,v’) in Hj, the inner product and norm are
(U, U = ps(u,u) + ks(v,0"),  |U)? = (U,U)s, (3.8)
while Ay is defined by

o € HE (O R?)

(
§ D(4s) = { U=(wv)e iy {ﬁ)a(w,g) e L2 (2 R%) x 9D(e(v)) with

{ ks (w,v') + @s(u,v') + b [z €-e(v')de =0 Vo' € H%O(Q;R?’)}
ILASU = (—v,0) + { (0, —w); w satisfies ii) of definition of D(Ay) }.

Proposition 3.1.
The operator A, is a maximal monotone operator and, for all ¢ = (Y*,4?) in Hy,

(J,(w) < Jy(v) Vo e Hb (QR?),

DT e QU(0) = K(0) = k($2,0) + 584(v) + (¥, 0) + b [ D(e(v)) da
(Ts = TUs + Pl

Proof. Let U = (u,v) and U’ = (v/,v') in D(As), —(v,w) in A,U and —(v',w’) in A U’, then the
definition of D(A;) shows that there exists (£,&’) in D (e(v)) X 81)(6(11’)) such that

os(—v+ v u—u)+ ks(—w+w,v—0") = b/ (& =& e —v)dz >0,
B.

and hence the monotonicity of A, stems from that of 9D.
If U, + AU, 2 4, the very definition of A, means that 7, — 7, = 1! and that there exists & in
oD (e(ﬁs)> such that

ks(Ts — %, 0) + @s(Ts + 1 0) +b [ E-e(v)dr =0 VYve HE (QR?) (3.10)
Be

that is to say, v, is the unique minimizer on H}O (€2;R3) of the strictly convex, continuous and coercive
function Js. Conversely, if U5 is the minimizer of J, then there exists £ in 9D (e(@)) satisfying (B10) so

that vy — wisatisﬁeithe point ii) in the definition of D(A). Thus U, := (Us := s + 11, V) belongs to
D(A;) and Ug + AU 2 4. O



Then, taking into account (HT), (8), (82), (BH), (BH), it can be checked straightforwardly that (Ps)
is “ formally equivalent” to

(dUT i,
a AU L (3.11)
Uz (0) = U2 - (ug(0),0)
where e
uS
Fo= (=52 1), (3.12)

A result of [1] therefore yields

Theorem 3.1.
If (f, g) satisfies (HD) and U? € (u$(0),0)+D(Ay), then (BIM) has a unique solution such that UL belongs

to Who(0,T; Hy) and the first line of (B) is satisfied almost everywhere in [0, T]. Hence, there exists
a unique ug in WhH> (O,T; H%O(Q;Rg)) N W2 <0, T; LQ(Q;R3)> which does satisfy

( (di )
i € dD (6 o ) such that

2
Ja ’Y%U dx + / ae(us) - e(v) dr + / DWy, (e(us)> ce(v)dz+b [ &-e(v)dx
ﬁ t Qe B B. (313)
= / f~vdm+/ g-vdH?, Vv e HE (GR?) ae. te(0,T]
Q r,
 ua(0) =, %(0) =0,
We set

U&{@@,m=w+w. (3.14)

4 Asymptotic behavior

We will now present a simplified but accurate enough model for the initial physical situation by deter-
mining the asymptotic behavior when the quintuplet s of geometrical and mechanical data is regarded
as a quintuplet of parameters taking values in a countable subset of [0, +00]®> with a unique cluster point
5. Moreover, taking into account the low thickness and stiffness of the layer and the fact that its density
may be low, we assume:

(i) s€{0}x [0, +00)? X [0, +00] % [0, +00)

1) 3OL7) € [0, 400 st (M2e,/22) = (L)

i) lim be = 0,3b € [0, +00] s.t. b/(26)P"L = b

S—S

*w 7i € (0, +oc] if min{ H2(TE) } = 0 (H2)

tv)  Time?/p < +o0

1 S—S8

1 . T r <

(vi) Irel0,1)s.t. ll_)rr}ga /p<C.
Note that A, g, p may remain bounded. Assumptions (HZ), iv)-vi) say that the stiffness and density
are not “too low”, and in addition (HZ), v)-vi) are appropriate from the mathematical point of view for
stating some convergence results in standard functional spaces.
4.1 A candidate for the limit behavior

From a previous study [I0] on the quasistatic evolution of a thin dissipative layer, it is easy to guess what
the limit behavior may be, and we therefore introduce the following concepts. We will bring out three
cases indexed by 1: 1= 1if (\,71) € [0, +00)%; I =2 if (\, 1) € {+00} x [0,4+00); I = 3 if & = +0c0. Let

"H' = HY (Q\ S;R?),  *H' ={we H} (Q\S;R%); [uls =0}, °*H'= H} (R?), (4.1)



where, since any element in Hf (Q\ S ;R3) has restrictions u* to QF in H'(Q*;R3), we denote the

difference between the traces on S of u™ and u~ by [u] which belongs to L?(S;R3). Let us introduce the

following bilinear form and the associated quadratic form which, from (H3Z), is continuous and coercive
Tyl

on H:

Yo(u,v) == /Q\S ae(u) - e(v) dx +/SDWXE([U]) vl dz,  B(u) = p(u,u) (4.2)

where for all u in Hp (€2\ S;R?) we still keep e(u) to denote the symmetric part of the gradient of u in
the sense of the dlstrlbutlons of D'(Q\ S) and W+, 7 is the quadratic form on L?(S;R3) defined by

oel=1 Wxﬁ(u) = Wiz (u®s e3),
{ o1=2 Wy, (u) =Wy, ((4,0) 05, (4.3)
L® I=3 W,ﬁ(u) =0,

where (£ ®3 Qij = 3(&¢ +&G) Vi j € {1,2,3}, V€, € R%. For all Lin {1,2,3}, there obviously exists
a unique 'u€ in BV (0,T; "H') such that

'o(tu(t),v) = L(t)(v) Vve 'H, Vte0,T]. (4.4)

I

As in the previous section, the expected limit of u, will be the sum of 'u® and some u" solution to an

evolution equation set in the following framework.
The space of velocities, L?(;R3), is equipped with the following inner product k& and square of norm
K equivalent to the usual ones and associated with the “limit” kinetic energy:

k(u,v) := /Qﬁ(x)u(x) cv(x)dr, K(u):=k(u,u) Yu,v € L*(;R?) (4.5)

while, the space of displacement, 'H', is equipped with the inner product 5 so that the Hilbert space of
possible states with finite mechanical energy is
"H="H' xL?(;R?) (4.6)
where, for all U = (u,v) and U’ = («/,v') in 'H, the inner product and norm are
(U U= "p(u,u') + k(v, o) ||U]|F = (U, U)r. (4.7)

Denoting the limit dissipative function in L?(S;R?) by

Blo) — {bDOO’P(q ®ge?) if b < +oo
I{O}(q) if b =

where I is the indicator function of any convex set C' and
0O,D (o — Tivm / D
D (e)—tliglol)(te )/tP,
where it is assumed that:
36 >0and 0 € (0,p); |D(e) —D®P(e)| <61+ le|?) Vee S3, (H3)
we can define the evolution operator A by:

i) veH' and [v] =0if b= o0

(
j D4) = { U=y et {ii) 3(w,€) € LA E?) x 0D (o)) s

k(w,v") +1o(u,v') + [¢ € [v']dE =0 Vo' satisfying i)

’_____/\_

TAU = (—v,0) + { (0, —w); w satisfying ii) }.



Arguing as in the case of A,, it can easily be checked that 14 is maximal monotone in 'H and especially,
that for all ¢» = (¢!,¢?) in 'H:

{IU =(n) {IJM <) = LK) — k(W) + 10(0) + p(6',0) + [y D(]) di Vo e 'H!
T+ 140 = 4 =5+ ¢!

(4.9)
We are now in a position to introduce an evolution equation in 'H which will describe the asymptotic
behavior of wug:

(d'U™ (e o1
e + AU > F (4.10)
IUT(O) — IUro
where 'UJ will be specified later on and
d'u®
Ir_ _
F= (== 1/p). (4.11)

As with (B) (BI2), a classical result of [[1] gives

Proposition 4.1.
If'U" belongs to D(*A) and if (f, g) satisfies (HI), then (EI0) has a unique solution such that U belongs
to WL2°(0,T; TH) N W2° (O,T; LQ(Q;R?’)) and the first line of (EI0) holds almost everywhere.

We set:
e = (we,0), 'w="uc+1Un, (4.12)

4.2 Convergence

To prove the convergence of u, toward 'u = "u® 4 'u”, we will use the framework of a nonlinear version
of Trotter’s theory of approximation of semigroups acting on variable spaces (see the Appendix of [I7])
because u”. and 'u" do not live in the same space. First, we introduce 'P;, which is linear continuous from
'H to H,, in order to “compare” the elements in 'H and H,. For this purpose, we take a smoothing
operator, which is also linear continuous from 'H' to H%O(Q; R3) and defined by

Reu(a) = u*(w) + Min{lzs|/e, 1}u(z) Vo in Be (4.13)
u(z) Vz in Q.
where u*(x) = %(U(i‘,m) + u(z, —3?3))7 u(z) = %(“(i"xiﬁ) —uld, —x;;))- It
Plu:= Reu, Plu:=Re(a,0)+ (0,uz), °Plu=u Yue 'H, (4.14)

P2y :=v WYoe L?(QR%) VIe {1,2,3},
then P, = (P!,'P?) has the fundamental properties:
Proposition 4.2. i) There ezists a strictly positive constant C such that |'P,U|, < C||U||;, YU € 'H.

ii) When s tends to 5, 'P, satisfies lim |'P,U|, = |U]|;.
S—S

Proof. Let U = (u,v) be arbitrary in "H. The boundedness of p obviously means that K,('"P?v) < CK(v)
and lim K, ('P?v) = K (v). Tt still remains to deal with 'P}, where
S—S

&, ('Plu) =2 (/Q W (e(u)) dac—l—/

W (e(IPslu)) dm) .
B,
In fact, recalling that B. = S x (—¢,¢), Ve € (0,ep), we have the following estimate:

€



Lemma 4.1.

J.

Proof. Obviously

q
dx < C |[Vul!dz Vu € W#(’Jq(Q \ S;R?), Vg € [1,+00).
B:A\S

[u] ®s €

e(Reu) — 5

e(Rsu) = e(u’) + Min{|z3|/¢e, 1}e(u®) + sgn g

)
/ le(u®) + Min{|xs| /e, 1}e(u®)|? dx < C’/ |Vul? de,
B\S

(@)
2

ey~ 1)

®ge?| <

sgn x3 (ua(x) Rs 63) —

Since % is the trace on S of +(u®)* = sgnz3 u?, simply integrating with respect to a3 therefore gives

the result required. O

Hence, when I = 1, the convexity of W, and Lemma B yield

o, (Plu) < 2/ W (e(u)) do + 4 [/EWM(“‘]%@S) dx+/€ WM(e(Rgu) - @) dz}

oS
< 2/@\Sw(e(u)) de +C </SWM([U])dfc+/BE\S|vu| dx)
< C'd(u)

which proves 1). To establish ii), it suffices to note that

/E Wi (e(Rew) ) do — /B W,\M(W) d:z:‘

[u] ®s € ‘ [u] ®s €
2e L2(B.;53) 2¢e
1/2

[u] ®s €

< CMax{)\,u}‘e(Rgu) — + ‘e(REu) B Y

L2(BE;S3)>

L2(Bc;S%)
< C\Vu\Lz(BE\S;Ss) (IQS(U))

When I = 3, 1) and ii) stem immediately from the boundedness of A, i, so that in the intermediate case
I =2, it suffices to combine the previous arguments. O

Next, we will say that:

U, in H, converges in the sense of Trotter toward U in TH if lim 'P,U — U,|s = 0. (4.15)
S—S

Even if this notion is the “right one” from the mechanical point of view, it is useful to relate this
convergence to some classical ones as stated in the following Proposition B33. First, let us recall that for
all sets GG contained in €2, 14 denotes the characteristic function of G and that

LD(Q) := {v e L' (4 R?); e(v) € L(Q;8%) 1,
BD(Q) := {v e LY(;R?); e(v) is a bounded measure on Q }

are Banach spaces. We shall also say that:

( (us) T-converges toward u if (us) converges toward u
1
in L*(Q; R?) when Tim (/1) = 0, (4.16)
( orin LY R3) Vg < 2 when lim (2 /1) € (0, +00).
S—S

Then we have the following properties of Trotter convergence.



Proposition 4.3. For all U = (u,v) in "H, if U, = (us,vs) in Hy converges in the sense of Trotter
toward U, then:

i) for all positive n, the sequence (us) converges strongly in H%U(Q,,; R3) toward u;
ii) 1o_e(us) converges strongly in L*(Q\ S; S3) toward e(u);

iii) (us) converges weakly in BD(SY) toward u when lim (g/u) < 4o00; (us) converges strongly in LD(Q)
5—S

toward u when i = oo; (us) converges strongly in WH9(Q;R3) toward u when i = oo and if there
exists q in [1,2) such that Tim (£>7%/p) < +o0;
S§—S

iv) lg.us converges strongly in L*(Q;R3) toward u;

v) the traces on SE of (uy), regarded as elements of L?(S;R?), converge strongly in L?(S;R®) toward
the traces on S of u™;

vi) (us) is bounded in L?(£;R?) and T-converges toward u;

vid) lim £ |u, =P} —0;

2
u
s—5 £2 |L2(BE;R3)

viil) 1g.vs converges strongly in L?(Q;R3) toward v and v, converges strongly in L* (17 (Q; R3) toward
u.

Proof. Tt is divided into two main steps.

Step 1: proof of points i) - iii).
The coercivity of W and W), entails that

lim le(us —u)|*dx =0 (4.17)
=5 Jo,
limu/ le(us — 'Plu)|? dz = 0, (4.18)
S—S B

€

Point ii) is therefore obvious.

When Min{ H?(I'F)} > 0, i) stems from Korn’s inequality.

If one of H2(I'T) vanishes, say H2(I'y), then taking (E2)-ii), (BI7), (E18) and the Cauchy-Schwarz
inequality into account yields that u, —'Plu converges strongly toward 0 in LD(€2) so that also converges
strongly toward 0 in L?(£;R3) Vq € [1,3/2] by the standard Sobolev-like embedding (see [3]).

As Plu obviously converges strongly toward u in L%(Q;R3), then u, converges strongly in L7(£;R3)
toward u. On the other hand, since (E-Id) means that (u,) converges strongly in L*(Q; ;R?)/R for all
positive 1, where R is the (finite dimensional) set of rigid displacements, we deduce that us converges
strongly in L?(Q,; R?) for all positive n which consequently complete the proof of point i).

Next, point iii) results from (E17), (EI8) and Holder inequality, and Lemma E-1 when I < 3 or Plu = w.

Step 2: proof of points iv) - viii).

To establish the other convergences we take into account the special geometry of B, : Bey, = S X (—¢€0,€0)
by splitting us into two parts @s and @s. Let £ in C°(R) be such that £(t) = 1if [t] < e0/3,0 < &(t) <1
if e0/3 < |t| < 2e0/3, &(t) =0 if [t] > 2¢¢/3 and G defined by

ia(z) = &(z3)us(z) if x € B,
= 0 if x € Q.

i clearly belongs to Hp (€;R?) and the restriction of u#, to B, belongs to Hésa (B.,;R?). Then,
Ug := Ug — Ug belongs to H%O (Q;R3) and has a support included in Q.,/3. Moreover

lets)|r2(0:59) < le(us)lL2 (., ji59) + Cltts| 2By, i\ By s29) < C

10



by duly taking (EI2) into account, as well as the previous convergence in H} (Q.,/3; R?). Hence, arguing
as in the case of (us), we deduce that (i) is strongly relatively compact in L2 (;R?).

To prove that (@) also 7-converges, we introduce a kind of translation operator T. for ¢ € (0,¢0)
which is linear continuous on Héi (BZ;R?) and defined by:
€0

w(fc,gcg + sgn(xg)s) if x| <eg—¢

(Tew)(x) = {

0 if |zg| > €9 — €.

Then, equation (214) and the weak convergence of (u,) in H' (9., /3; R?) imply

le(Teiis)|* do = le(is))? de < C le(us)|? d + lus|?dx | < C,
+ + +
Bz, B:y\B: Bsey/3\Be Bacy/3\Beg/s

so that (T.i) is strongly relatively compact in L?(Bc,;R3). In addition, since I IBEO\BE|125|2dm =
€0
sto |T. 11| dor and

Vo € CF(Be,) lim 1p. \B. s dz = lim T.ispdx, (4.19)
S—S BEO 5—S BEO

we deduce that 1p. \B.Us is relatively compact in L?(B.,;R3).
Since (is) is strongly relatively compact in L2?(Q;R3), point i) above and equation (EI9) on the one
hand imply point iv), and on the other hand also imply that (7.i,)* converges weakly in H 1(BEjE /3} R3)
toward u* . In addition, since the traces on ST of u, are the traces on S of (T.i,)*, we deduce that,
considered as elements of L?(S;RR?), they converge strongly in L2(S;R?) toward the traces on S of u®,
which establishes point v).
We can improve the convergence result of is and consequently obtain the 7-convergence result given at
point vi) by duly accounting for (H2)-iv). For all w in H}, (©;R?) we classically have

1
2/ |w\2dx<€/ |w\2dq:+5/ |Vwl|? d
<€/ |w|? di + & /|Vw|2dw

< 5/ |w|? dz + 052/ le(w)|* dz (by Korn inequality in Hp (€;R?))
5. Q

2
—5/ |w\2d:i:+05—~u/ |e(w)|2dx+C’52/ le(w)|? da.
S. K . Qe

Hence (8147), (B18), Lemma B, the previously established convergence of traces and Hélder inequality
mean that s 7-converges toward 0 and consequently, that us 7-converges toward u. Then taking in-
equality (220) with w = Plu — u gives point vii).

(4.20)

Lastly, point viii) stems from lim / lvs —v[*dz = 0, lim /p|vs —v[*dz = 0 and assumption (HZ)-
s=5 Jo. 5—3

V). O

We will now conclude by using a suitable nonlinear version (see Appendix of [I2]) of Trotter’s theory
of approximation of semigroups of linear operators acting on variable spaces [6]:

Theorem 4.1. Let H,,, H be Hilbert spaces and let A,,: Hy, — 297, A: H — 28 be mazimal monotone
multivalued operators. Let Pp: (H,| |) — (Hn,| |n) such that P, € L(H, Hy,) and

i) |Pnx|n < Clx| Vo € H, where C is a constant independent of n,

it) |Pyx|, — |x| Vo € H.

11



Let f, € LY0,T;H,) and f € L*(0,T;H), v2 € D(A,) and u® € D(A). Let u, and u be the weak
solutions to the equations:

( du, (du
W"—Anunafn) , E+Auafa
un(0) = u? u(0) = uP.

If |Pou® — 8|, — 0, fOT |Pof(t) = fa®)|ndt =0, |[(I+ Ay) 1Pz — Py(I+ A)712], — 0 when n — oo,
Vz € H, then |Pyu(t) — un(t)|n — 0 when n — oo, uniformly on [0,T].

Thus, to prove the convergence in the sense of Trotter of U, toward 'U uniformly on [0, T}, it suffices
to make a suitable additional assumption about the initial state and to establish the following two
propositions:

Proposition 4.4.
Vo e TH, lim ['Po(1+"4) " — (T + A,) " Pl = 0.
S—S

Proposition 4.5.
T
i) lim ['P.F(t) — Fy(t)|sdt =0

s—=3 Jo
i) lim ["PUC(t) — US(t)|s = 0 uniformly on [0,T).
S§—S

Actually, to establish Proposition B3, which takes into account the external loading (f,g), we need
an additional assumption:

i) fe BV(07T; LQ/(l_T')(BEO;R3)) where r was defined in (HZ)-vi).
ii) supp(g) N B., =9 Vt € [0,T] and (H4)
if Min{ H%(I'T)} = 0, say H*(I'y) = 0, then supp g N (09,) = 2.

Assumption (HA)-i) says that if p tends to zero then f has to be a little more smooth than L?(;R3).
Note that in most previous studies on static and quasistatic cases, the support of f is assumed to be
located outside B, so that (H4)-i) is satisfied. On the other hand, in practice, the body forces reduce
to the weight where f = —C7%e? so that F2 = F? = —(Ce® and fOTK(IPS2 IF2(t) — Ff(t)) dt = 0.
Assumption (HZ)-ii) says that the support of g is outside B., and that if the lower adherent is not
clamped, there are no surface forces imposed on its boundary. This will mean that u¢ converges toward

u.

proof of proposition -4: The proof is obtained in four steps. The main idea is to take advantage of
Proposition B and of (B79) and to establish the variational convergence of Js = %Ks — k(2 )+ %Q)S +
e (Pt )+ b [, D(e(-)) dz toward 1J.

First step (Compactness properties of any sequence such that js(ws) <C):

Lemma 4.2. Let (ws) be a sequence such that js(ws) < C, then there exists w in "H' and a
non-relabeled subsequence such that:

i) for all positive n, (ws) converges weakly in H}O(Qn; R3) toward w,

(1Q€e(ws)) converges weakly in L*(Q\ S;5%) toward e(w),

11

iii) (1o ws) converges strongly in L?($;R3) toward w,

v

)

)

) the traces on ST of ws, which are taken to be elements of L*(S;R3), converge strongly in
L%(S;R3) toward the traces on S of w¥,

v) (ws) is bounded in L*(Q;R3) and 7-converges toward w.

12



Proof. This proof is similar to that of Proposition B=3, except that weak convergences take place
due to the initial assumption:

Ko(ws) + Ds(ws) + b|e(ws)|’£p(BE;Sg) <C (4.21)

deduced from Proposition B2 and the coercivity of W, Wy,,, D. The Korn inequality, (E221) and a
standard diagonalization argument show that there exists w in U,7>0H%O(Q,7; R3) such that a non-
relabeled subsequence (ws) converges weakly toward w in H'(£2,; 5%), Vi > 0. In addition, (2=21)
implies that there exist some e* in L?({);S%) such that e* is the weak limit in L%(Q; S®) of a non-

relabeled subsequence (of the previous one) of (1956(’(1}5)). But the restriction to each Q, of e* is

necessarily the restriction to each Q,, of e(w), where e(w) denotes the symmetric part of the gradient
in the sense of distributions of D'(2\ S) of w. Hence e(w) belongs to L*(Q\ S; $%), as, in the same
way, w appears to be the weak limit in L?(Q¢; R?) of 1o, ws, then w belongs to Hf, (Q\ S;R?). The
rest of the proof is exactly as in Proposition B33, but it remains to be established that w belongs to
"H' when I > 1. If p is arbitrary in C§°(S) and ¢ = ! ®g ¢, i € {1,2,3}, then it suffices to let s
tend to 5 (with ¢ =3 for I =2, 4 =1,2,3 for I = 3) in the identity

/ p(2)o" - e(ws) do = —/ div(p(#)o®) - ws dx + /i p(2)(o'e?) - (£ws) di, (4.22)
B. B. 52
by accounting duly for € [ le(ws)[?dz < £C, ¢ [ [tre(ws)|*dz < $C, [ |ws|* dz < C and the
convergence of the traces on S* of ws. O
Second step (Upper bound for J,(w,))
Lemma 4.3. For allw in "H', there exists a sequence (ws) in HY (4 R?) which T-converges toward

w such that each term of js(ws) converges to the corresponding term of \J(w).

Proof. As J is continuous on 'H', it suffices to prove the result on a dense subset, namely
Whe(Q\ S;R?*) N 'H', and to conclude by adding a diagonalization argument [3]. Let us prove
that w, = 'Plw works well. As obviously,

'"Plwlpz(p. re) < Clw|r2(p.r3)s (4.23)

the convergence of the kinetic terms K (IPslw> and k; (Ipfwz, ws) stems from the boundedness of

p. The convergence of &, (IPslw) was proved from Proposition B2 ii), while this same Proposition
also means that

tim (5 [2, (P + w)) — 2, (P! - 2, (Plw)] )
= 2 [few! +w) - o) - 2w)] = "e(u!,w)

lim o, ('Pl4", 'Plw)

If b = oo, then [w] = 0, and consequently, 'Plw = w, and b/ D<e<1P1w>> dz is less than Cbe,
B.
which tends to zero from (H2)-iii). In the other case, the convexity and growth of order p of D, the

Holder inequality and Lemma B give

3
lim b/ D(e("P'w)) da b/ D(M) dx‘
5—5 . B. 2e
3 3 p—1 3 p—1
< lim ble(1ptw) - A Es e+ |o(tPt) - [wl@s e’ i |[uBse 0
55 2e LP(B.;53) 2e LP(B.;53) 2e LP(B.;53)
and we conclude with assumption (H3) and the Holder inequality. O
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Third step (Lower bound for J,(w;)):

Lemma 4.4. For all w in L?(Q;R3) and for all sequences (ws) which T-converge toward w, each

term of L (w) is less than or equal to the lim of the corresponding term of J,(ws).
S—S§

Proof. Of course, we can restrict ourselves to the case where all the lim are finite, so that (w;)

s—3
has the compactness properties of Lemma B73, especially iii) and v), which suffices to prove the
desired inequality for the kinetic terms (we recall that p is bounded). With the terms @,(w,) and
os("PIp wy), we take only the two cases I = 1 and I = 3, and the other case can be handled
by combining some appropriate arguments from those used in these two basic cases. Point ii) of
Lemma I3 gives

iijnl- 0. ae(ws) - e(ws) de > /Qae(w) ce(w) dx. (4.24)

For all positive h, there exists wy, such that wif € C=°(QF;R3) N Hlli (QF;R3) and
9

|e(w) - e(wh)|L2(Q;S3) <h
while the subdifferential inequality yields:
/ Wi <e(w5)> dx > / W)\,L(B(sth)) dxr + DWy,, (e(REwh)) ce(Rewyp, — wy) de.
e B. B.

Since

/ W (e(Rawy) ) do < C, / Wi (e(ws)) dz < C, (4.25)

€ BE

Lemma BT implies that

. [w] ®s €| _
l1_>m§ (/BE DWy,, (e(REwh)) ce(Rewp, — ws) dx — /BE DW}‘“(T) ce(Rewp, — ws)dx } =0
thus

lim DWW, (e(R wh)) -e(R.wp, — wy) dz = lim DWW, (M) -e(Rewp, — wy) dx

55 Jp, H € € s s—s |, ® 2¢e ¢ s

= 11_>m§ 5. DWXﬁ([wh]) ce(Rewyp, — wyg) dx
o . . 77 . _ 77 3 . _ A
= 21315 {/B —dlvDWm([whD (Rewp, — wg) dx + /SSE DW)\ﬁ<[wh}>e <:|:(wh w9)> dz}

_ /S DWi (fwn]) e - fwn — w] di + o(h)

by taking Lemma B2 and (B=23) duly into account. Hence the desired result is obtained when I =1
by using Lemma B3 and letting A tend to zero. When I = 3, due to (B=23), it suffices to establish
[w] = 0, which stems from Lemma B. Next, Lemma I3 gives

lim o, (1P81¢17w5) ~ lim g, (Ipslwl’lpslw> + lim (Ipsll/;’ w, — ijw)
="o(v" w) + lim ¢, (Pl w, — 'Plw)
=l w)
by arguing as previously for il_}rr% s (Rewp, ws — Rewp,) in the case I = 1. When I = 3, we have
lim o, (Pt w) = T [ o) Tnetw)dot [ DWs, (e(w")) -e(us) da

$—S Q

= [ ew)-etwy o

14



by taking Lemma B2 and (E=25) duly into account because

/BE DW)\H(G(’Q/JI)> ce(ws) dr < 2 {/}35 Wku(e(wl))}lﬂ . {/ WM(e(ws))}T/Q

Lastly, when b is finite, the boundedness of ble(w)|?, (B.:5%) (H3) and the Hoélder inequality give

b/ D(e(ws)) dx — b/ Doo’p(e(ws)> dx

€ €

=

lim =0
5—S8

and we conclude by using the same argument as for || 5. Wau (e(ws)) dr. If b = oo, it suffices to
prove [w] = 0, which can be done based on (E=23). O

Fourth step (Convergence in the sense of Trotter)
By combining Lemmas B2, B3 and B3, we establish classically (see [B], [i4]) that the unique
minimizer U, of .J, T-converges toward the unique minimizer ' of .J and

(%) = lim J,(7s), (4.26)
Actually, we have more:
lim &,('"PM% —7,) = 0. (4.27)
S—S

Indeed, Proposition B2 says '®(15) = lim &,('P}'7), while the following three points can be deduced
S§—S
from Lemma B=3 and B4 :

i) I@(@) < lim &,(v;),

§—38
ii)

T 1 — T T o= ]- — — —
hnlg EQS(US) = llin <Js(vs) - iKs(Us) — ks (IPEQ/)Q:Us) — Ps (Ipslwl’vs) - b/BE

D(e(s)) dx)

~ 1
< lim J, (v,) — lim K (0,) — lim b, (P02, ) — lim o, ('Plyt0,) — lm b [ D(e(v,)) de
s—s s—35 2 5—3 5—3 5—3 B.

< 1y(7) - %K(lﬁ) kR (62,17) = (', 17) - B/Sﬁ([lm) di

1
- §I¢(IE)
iit) lim o, (‘P! '0) = '3 (7).
Therefore

lim &,('P!% — 7,) = lim | @, (‘P %) — 20,('P! 5,5,) + &,(v,)

s—8 5—38
='9('5) — 2'9('v) + 'o('v) = 0.
Since u, = v, — Pt T = 1o — !, we have

lim &,('"P} 7 — @) = 0.

5—5§

Proceeding as previously we obtain

K(7) = lim K,(7,), K('7)=lim K,('"P*'5), K%)= lim k,(*P?'7,7,)

5—5 5—5 5—5

which gives
lim K,('"P?'5 —5,) = 0

S—S

and the proof of Proposition B is complete.
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O

Proof of Proposition g-J:

Assumption (H4)-ii) means that L(¢) is either a sum of two linear continuous forms on H%i (QE:R?) or
0

a linear continuous form on Hll + (4 ;R?), so that Korn’s inequality in Hlfoi (QF ; R?) yields

P (ug) = L(t)(ug) < Clg(t) L2, le(us) |2 q.,;

o\ 1/2
< Clg(t)|z2(r,r3)Ps (e(us)) Vvt € [0,T]

S3)

hence g — u¢ is a linear mapping with
B.(u) < Clg(®)l sy VE € (0.7 (12)
On the other hand, K(F7) = [, %|f|2dx + 5 Jp. |f|? dz. Hence, based on assumptions (), (Hd),

'P,F,(t) —F(t)|s < C. Since w® and u¢ are minimizers of 1/2¢, — L(¢)(-) and %I@ — L(t)(-), the
arguments in Proposition B4 and (HI) give

d'Ue due
Ip 1) — —=(¢
S (t) 7 (t)

lim 'P'U¢(t) — US(t)|s = lim =0 ae. tin (0,7).
S—S

5—5

S

But (H1) shows that ¢ € [0,7] — ['P,lU¢(t) — US(t)|s is equicontinuous, so that the second part of
Proposition B3 is established. In addition, (H4) gives

tim K. (P2(£/p) = 5/2) = i [ 17 (5 =2) de=0 ae.telo

and the first part of Proposition B3 results from the Lebesgue dominated convergence theorem. O

Now we have to make an additional assumption about the initial states to be able to state our
convergence result:

JUe € 'ue(0) + D('A); U € UL(0) + D(A,) and lim I'plUe —U?|, = 0. (H5)
S S

The first condition is a compatibility condition between the initial state and the initial loading conditions;
and the second is a convergence condition which, because of Proposition B4, is satisfied by

U =UL(0) + (I + A~ "P(I +'4)~ (U2 = 'U*(0)).

Hence, from the nonlinear Trotter theorem B0, we deduce that the solution to (811) converges uniformly
on [0, 7] in the sense of Trotter toward the solution to (EM) with U™ = U° —1U¢(0).
Based on all these propositions, the convergence can be expressed more explicitly as follows

Theorem 4.2. The solution to

(dU

g AU =U9) 30, f/7) (4.29)
Us(0) =U?
converges toward the solution to
(dU 141 Irre ~
& T ACU="U°) > (0, f/p) (4.30)
IU(O) — IUO

in the sense li_>m|IPSIU(t) — Us(t)|s = 0 uniformly on [0,T], where in addition 1i_>m|US(t)|S = 'U®)|):
s s S S
uniformly on [0,T].
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5 Concluding result
A more explicit way of writing (E=30) is:

- ifb< +o0, I € 8@([%]) such that

2
/thzt?godx—l—/msae(lu)-e(gp)da:—&-/SDWM([Iu]) -] d:%—i—/sf' ([‘P] ®s 63) di
:/f-apdx+/ g-pdH?> Vee 'H'.
Q r

- if b= oo, [%

] =0 and
/ L [ oet)-eleyo+ [ Dy () - (e)as
Norre o o AL
:/f-<pd:z:+/ g-pdH® Vg€ Hi (%R
Q IS

Hence, the limit behavior describes the dynamic response to the real loads (f, g) of a structure consisting
of two linearly elastic adherents occupying QF, which are linked along S by a dissipative mechanical
constraint which can be written as follows:

— __(rdu
1_3 1
oe’ € DWXH([U]) —l—@D([E]) (5.1)
where loe? is the stress vector along S. It is nothing but the relation obtained in [I0] in the quasistatic

case. Based on the present study, (61) appears to be the actual constitutive equation given by the thin
adhesive because it is obtained whatever the pattern of the evolution of the assembly. This constitutive
equation is of the same form as that for the layer (nonlinear viscoelastic of the Kelvin-Voigt type), which
may degenerate when the values of one of the coefficients A, 77, b is in {0, 400 }.

e b=0

o
0 finite and positive | 400
0 oe? =0 or = flulr [u] =0
on = 20i[uln
N : e or =0 or = filu]r _
A | finite and positive on = Noln | on = 5+ 20)[ulw [u] =0
or =0 or = ﬁ[u}T _
+00 ]y = 0 ]y = 0 [u] =0
with [u]ly = [u]s, [u]lr = [u] — [u]lye?, on = o€ - €3, or = ge® — oned. These are the standard

elastic constraints which occur when the layer is isotropically and linearly elastic [7].

e b € (0,4+00): In the previous left upper 2 x 2 block, we have to add £y and &7, where € is some
du

element of 8@([5}) The other boxes on the right are not changed whereas we have to add &p
to the left bottom boxes. Thus, as seen in [IT], the case (\,7i) = (400, 0) corresponds to Norton
Hoff (1 < p < 2) or Tresca friction (p = 1) with bilateral contact.

e b = oo: The jump in the displacement along S is always equal to its initial value (which is of course
zero if I = oo and has a vanishing third component if A = co). Whatever the values of A, i may
be, the relative motion along S is frozen!

Since, in practice, the geometrical and mechanical data obviously “do not go to some limits”, the
simplified but accurate enough model proposed for the behavior of the structure is that obtained
with I = 1 by replacing A, 7i, b by the real values \/2e, u/2¢ and b/(2¢)P~!!
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To illustrate our intention, keeping nevertheless the discussion within reasonable limits, we considered
the case of a layer with an isotropic Hooke-like strain energy and a potential of dissipation involving only
one viscosity coefficient which, in the purely elastic case, yield a decoupling of the tangential and normal
effects in the limit constraint. It would be straightforward to deal with the general case where the density
of the strain energy and that of the potential of dissipation are a quadratic convex function W and a
convex function D with growth of order p, respectively. The limit constraint will then involves terms

_ — /rd _ _
stemming from W([u] ®g 63) and D <[d—1ﬂ ®g 63), where W and D describe the asymptotic behavior

of the functions 2eW(-/2¢) and 2eD>P(-/2¢).

We recalled in the introduction that more general behavior of the adhesive including models of cracks
and plasticity have been taken into account in the case of equilibrium problems, but this remains to be
tackled in the dynamic case. Our method can be applied to the case of a generalized standard material
with a coercive quadratic energy density. This will be the subject of a subsequent paper.
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