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Periodic structures with linear defects have been traditionally analyzed with the w(l_c') methods with the supercell
approximation. The presence of the linear defect introduces guided modes at frequencies in the band gap of the
complete structure. This methodology only considers the propagating properties of the periodic system. In this
work we report both theoretical predictions and experimental results considering both the evanescent and propa-
gating waves. We obtain the evanescent properties from the complex band structures solving the inverse problem
k(w) with the Extended Plane Wave Expansion (EPWE). From the Fourier transform of the complex eigenvectors
we obtain the acoustic field profile inside the system showing both the evanescent and the propagating properties.
A good agreement between both the Multiple Scattering predictions and data with the EPWE simulations is ob-
tained. The presence of evanescent waves is of fundamental interest for the design of devices based on periodicity
providing a complete picture of the physical properties of the system.

1 Introduction

The control of evanescent waves in periodic systems has
been revealed of fundamental interest in last years. On one
hand, fundamental questions related to the band gap (BG)
properties of periodic structures have been theoretically [1,
2, 3] and experimentally [4] reported. In this sense, the com-
plex band structures, which are the dispersion relation tak-
ing into account both the propagating and evanescent modes,
reveal the BGs as ranges of frequencies where only evanes-
cent modes can be excited in the system. A particular kind
of bands in periodic systems are known as deaf bands [5,
6]. The analysis of the evanescent properties of the peri-
odic systems has shown the correct interpretation of these
deaf bands as ranges of frequencies where evanescent waves
with the correct symmetry are excited in the system [7]. Pe-
riodic structures with point defects have been also analyzed
in terms of evanescent waves, accurately characterizing the
evanescent coupling between the localized modes [8]. On the
other hand, more applied phenomena related with evanescent
waves has been observed [9, 10]. In these works the control
of evanescent properties enables the imaging with super res-
olution, i.e., overcoming the diffraction limit. This can be ob-
tained by restoring all the evanescent components of a near-
field image. The mechanism used in these works was based
on the coupling of the evanescent modes with other mecha-
nism leading to their amplification in order to successfully
transport the information carried by the evanescent waves
through the system. Recently, the possibility to control the
evanescent properties in periodic composites has shown sev-
eral interesting possibilities in both photonic [11, 12] and
phononic [13, 14, 15] crystals. In this way, the evanescent
properties of the periodic systems have been revealed nec-
essary for the design of new acoustic and electromagnetic
applications.

The extended plane wave expansion (EPWE) with su-
percell approximation [8] represents one of the possibilities
to evaluate the excited evanescent modes in periodic struc-
tures with defects. This methodology is more general than
the classical ones, w(l?), revealing a complete picture of the
physics of the systems. Recent works [16, 17] show the ac-
curate results obtained in two dimensional (2D) sonic crys-
tal waveguides (SCW), revealing novel properties never ob-
served in the classical methods. The SCW is created by re-
moving one row scatterers of the periodic structure. In this
work we review the theoretical and experimental results of in
SCW, showing the experimental setup, the Multiple Scatter-
ing results and the comparison with the EPWE.

Using the classical w(l?) methods one can find two kinds
of bands, the propagating and the deaf ones [5] and no in-
formation can be obtained about the evanescent modes. We
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show here that the complex band structure reveals additional
bands related with evanescent modes, never predicted by the
w(l?) methods, that drastically change the propagation prop-
erties of the system. Figure 2a shows the complex band
structure for a SCW in the I'X direction (through the work
reduced magnitudes have been used, ¥ = va/cjos, K =
ka/(2m)). Left and right (respectively, middle) panels rep-
resent the imaginary (respectively, real) part of the complex
band structures. The classification shown in this work, in-
spired by the works of Bavencoffe [21] helps to a better un-
derstanding of the complex band structures. The conver-
gence of all the calculations has been carefully analyzed se-
lecting the adequate number of plane waves for each case.
The modes are classified following the next restrictions: (i)
The classical band structures correspond to modes character-
ized by values of Re(K) in the Brillouin zone and Im(K) = 0.
Modes with these properties are shown in this work with
black filled circles. (ii) The modes characterized by Im(K) >
0 and Re(K) = 0 are shown with red filled triangles. These
modes represent connections between propagating bands at
the T" point. (iii) The modes characterized by Im(K) > 0
and Re(K) = 1/2 (respectively, Re(K) = 1/ V2) are shown
with green filled squares. These modes represents connec-
tions between propagating bands at the X (respectively, M)
point. (iv) The modes with Re(K) in the first Brillouin zone
but with Im(K) # 0 are in this Section in blue filled dia-
monds. These modes belong to evanescent connecting bands
between bands with the same symmetry crossing the Bril-
louin zone.

2 Experimental setup

The experiments showed in this work have been performed
in an echo-free chamber sized 8 x 6 x 3 m3. To obtain the ex-
perimental dependence of the pressure all along the SCW, we
measured the pressure field inside the guide. We build a finite
SC hunging the rigid scatterers on a periodic frame (Figure
1) and the SCW is generated removing the central row of
the complete structure. We notice that this system avoids the
excess attenuation effect [19]. The finite 2D SC is made of
7x7 rigid cylinders arranged as a square array of lattice con-
stant a. The radius of the cylinders used in the experiments
is r = 9 cm, and the lattice constant of the SC is a = 19 cm.
With these parameters, the filling fraction of the finite SC is
ff = ’LL; =~ (0.71. The dimensions of the system are large
enough for the microphone to be placed inside the waveg-
uide. The microphone used is a prepolarized free-field 1/2”
Type 4189 B&K. The diameter of the microphone is 1.32
cm, which is approximately 0.07a, therefore a low level of
influence over the pressure field measured is expected. The
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source is placed 1 m away from the SCW launching white

noise.

Figure 1: Experimental setup.
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3 Evanescent waves in Sonic Crystal
Waveguides

This Section shows the analysis of the complex band struc-
tures of SCW using the EPWE method. First of all we pay
attention to the bands excited in the range of frequencies of
the BG of the perfect SC (Figure 2a). Among the classi-
cal propagating and deaf bands [20], we can observe evanes-
cent connections (blue diamonds and green square lines). To
analyze their properties, we analyze three different modes
marked in the Figure with red squares. The mode 1 (¥
0.484, K; = 1/2 + 0.0491) belongs to a connecting evanes-
cent band (green squared line) between two symmetric prop-
agating bands. Notice that at the same frequency in the real
part there is a deaf band (antisymmetric) that does not con-
tribute to the propagation properties. The absolute value of
the acoustic field obtained from the Fourier transform of the
eigenvectors, shown in Figure 2d1 is in agreement with the
predictions of the scattering problem shown in Figure 2b
which are also experimentally measured using our experi-
mental set up (Figure 2e). One can also observe the decay
rate of the mode as it penetrates in the waveguide. This de-
cay is related with the imaginary part of the Bloch vector
predicted by EPWE, Im(K;) = 0.049. Fitting this decay to
an exponential, ae™P* [4, 3], we obtain b = 0.053 = 0.004
with fairly good agreement with EPWE. On the other hand,
the mode 2 (¥, = 0.619, K, = 0.346) belongs to a guiding
(symmetric) band. Notice that for this frequency, the evanes-
cent connection (green squared line) appears between two
antisymmetric (deaf) bands therefore the evanescent mode
cannot be excited. The MST predictions for this propagating
mode is shown in Figure 2¢ and the experimental evidence is
shown in Figure 2f.

We would like to pay special attention to mode 3 (V3 =
0.731, K3 = 0.3 + 0.21¢) in Figure 2a. This mode belongs to
a complex band with real part inside the first Brillouin zone
(blue diamond line). Notice that this evanescent symmet-
ric band connects two symmetric (guided) bands. The max-
imum value of the lower band appears in the I point (open
black circle) whereas the minimum value of the upper band
appears at the X point (open black circle), as a consequence
the real part of the evanescent connection crosses the Bril-
louin zone. This kind of bands is not observed by the classi-
cal a)(l_c’) methods and it could considerably contribute to the
propagation properties as we will see later. The acoustic field
predicted by the Fourier transform of the eigenvectors again
coincides with the predicted field using MST shown in Fig-
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Figure 2: Theoretical and experimental analysis of the SCW.
(a) Complex band structures for the SCW. 1681 plane waves
have been used in the calculation. The supercell used in the
calculations is shown in the inset. Reduced magnitudes have
been plotted. (b1-b3) Absolute value of the acoustic field
predicted using MST for frequencies (left panel)

Y = 0.484, (middle panel) ¥, = 0.619 and (right panel)
Y3 = 0.731. (red squares in (a)). (c1-c3) show the
experimental results of the absolute value of the acoustic
field for frequencies Wy, ¥, and ¥3. (d1-d3) show the
experimental results of the absolute value of the acoustic
field for frequencies ¥y, ¥, and V3.

ure 2d. Notice the good agreement between the theoretical
prediction and the experimental results in Figure 2g. On the
other hand, for this case EPWE predicts a decay rate equal
to Im(K3) = 0.21 which coincides with the fit from the MST
prediction, » = 0.21 + 0.03.

4 Evanescent waves in Sonic Crystal
Stubbed Waveguides

The presence of the stub or a defect in a SCW alters dras-
tically the transmission spectrum. Although the general char-
acteristics of the transmission properties of the SCW are pre-
served once the stub or the defect is created in the waveguide,
narrow attenuation peaks appear in the guided bands occur-
ring at the resonance modes of the stub. The stub modes are
evanescent and strongly localized by the surrounding peri-
odic structure.

Stubs are generated in this work by removing a scatterer
in the side-wall of the waveguide. In this Section, we investi-
gate both theoretically and experimentally the occurrence of
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Figure 3: Theoretical and experimental analysis of the stubbed waveguide using EPWE and MST. (a) IL spectrum evaluated at
the end of the waveguide. In the central panel blue continuous line (red dashed line) represent the MST predictions and in the
left panel blue dots (open red circles) represent the experimental results of the SCW (stubbed SCW). Peaks labelled as R (LR)
represent the effect of the resonances of the stub (effect of the level repulsion between bands with different symmetry). The right
panel represents the real part of the complex band structure for the SCW. (b)-(f) show the details of both the hybridization of the
resonances and the guide or evanescent modes and the repulsion between bands (see text).

the effects produced by a stub in a SCW. We observe two dif-
ferent effects due to the stub. On one hand, EPWE predicts
attenuation dips due to the interaction of both the guided and
the evanescent modes with the resonances of the stub. This
result constitutes a proof of the importance of the k(w) meth-
ods because they predict the evanescent bands and, as a con-
sequence, the interaction between the evanescent modes and
the resonances of the stub. The attenuation peaks in Figure
3a marked with R (resonance) correspond to this first effect
and they will be discussed in detail Section 2?.

Chen et al. showed that depending on the symmetry of
the system with respect to the incident direction of the inci-
dent wave, shear-horizontal modes either couple or not with
the Lamb wave modes which are polarized in the sagittal
plane. The coupling can be observed by a splitting between
bands in the band structure and by a transfer of the symmetry
from one band to the other. In the case in which no coupling
occurs, the symmetric Lamb waves band simply crosses of
the shear-horizontal band. Similar results have been recently
observed in 1D phononic crystals [18, 21], and anisotropic
phononic crystals [6]. Some similar results are shown in this
work. We observe that the repelled bands are connected by
an evanescent mode which is the responsible of the transfer
of the symmetry from one band to another. The attenuation
peaks in Figure 3a marked with LR (level repulsion) corre-
spond to this second effect and they will be discussed in detail
in Section ??.

The real part of complex band structures of the stubbed
waveguide are also shown in the right panel of the Figure 3a.
One can observe the correspondence between the attenuation
peaks, R and LR, predicted by MST (central panel of Figure
3a) and the singular points of the band structure. Left panel
of Figure 3a shows the experimental data, in good agreement
with the theoretical predictions. Let us study the nature of
each of these attenuation peaks.
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4.1 Resonances

The stub acts as a resonant cavity in the waveguide pro-
ducing flat bands due to the localized mode in the stub. If
this resonance occurs at the same frequency as a guiding or
evanescent bands, then the hybridization of the two bands
produces an attenuation peak in the spectrum. Resonances
of the stub, calculated using EPWE at point X, can be ob-
served in Figure ??. It is worth noting that the frequencies of
these resonances coincide with two symmetric guiding bands
and one evanescent band of the waveguide.

Points R1 (¥ = 0.3812) and R2 (¥ = 0.605) in Figure
3a coincide with the hybridization of the guiding bands and
the resonance bands of the stub (flat band). A detailed image
of the hybridization effect at these frequencies can be seen
in Figures 3b and 3e. These hybridizations explain the at-
tenuation peaks in the IL spectrum labelled as R1 and R2 in
Figure 3a in good agreement with both the analytical predic-
tions and the experimental results. The slight disagreements
between the experimental data and the theoretical predictions
can be due to the sensitivity of the experimental data to the
size of the stub.

Point R3 (¥ =0.72) corresponds to the interaction of an
evanescent mode with the resonance of the stub at this fre-
quency. The detailed band structure for this frequency is
shown in Figure 3f. Note that for this case no hybridization
is produced and two bands can be excited. Once the wave
penetrates in the SCW the evanescent mode is excited and, if
the stub is as close as the evanescent mode can travel through
the SCW, the stub mode should be excited. These results are
not predicted by the classical methods, therefore they can-
not be explained with the PWE, but EPWE gives the correct
understanding of the phenomenon.
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Figure 4: Analysis of the symmetry transfer between the repelled bands in stubbed waveguides. (a) The analysis corresponds to
the repulsion state shown in Figure 3f and 3e respectively. The acoustic fields are represented using the absolute value of the
pressure obtained from the Fourier transform of the eigenvectors for the eigenvalues marked with red squares. (b) Experimental
results (right panel) and MST simulations (left panel) of the mode shown in (a) as H.

4.2 Level Repulsion States

Very recent works [6] have shown several kinds of cross-
ing points in anisotropic phononic crystals. As a general rule
for these systems, the bands involved in the crossing point, or
level repulsion state, exchange their polarization, so that the
polarization remains a continuous function of the wave vec-
tor k. For the case of SC in which only longitudinal polariza-
tion is allowed, one can observe symmetric and antisymmet-
ric acoustic fields. In our case, if the SCW is symmetric with
respect to the incident acoustic field, only symmetric acoustic
fields will be supported. However, if the system is non sym-
metric, then both symmetric and antisymmetric fields can be
supported. The stubbed SCW is an example of a non sym-
metric system.

As a consequence of the presence of the stub in the SCW,
the IL spectrum (Figure 3a) predicts two additional attenua-

tion peaks referred to as LR1 (¥ =0.429) and LR2 (¥ =0.544).

These peaks have different phenomenology than R1, R2 or
R3 peaks which are due to the interaction between the guided
or evanescent modes with the stub resonances (see previous
Section). Oppositely, the LR1 and LR2 peaks correspond
to crossing points in the band structure shown in Figure 3b.
The presence of the stub changes the symmetry of the sys-
tem, therefore antisymmetric modes can be excited even by
symmetric longitudinal incident waves. This produces the
appearance of repulsion states between symmetric and anti-
symmetric bands. In this work we observe that due to the lo-
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cal breaking of the symmetry because of the presence of the
stub, a repelling state appears between symmetric and anti-
symmetric bands accompanied by a transfer of the symmetry
of the modes from one band to the other.

In our case, the points LR1 and LR2 correspond to level
repulsion states in the band structures that introduce a lo-
cal band gap. The level repulsion state for these cases ap-
pears due to the crossing between an antisymmetric and a
symmetric bands in a similar way as in phononic crystals
thin plates [22, 18, 21]. Figures 3c and 3d represent detailed
views of the band structures calculated using EPWE for the
points LR1 and LR2 respectively. One can see that, in both
cases, the repelled bands are connected by means of an ad-
ditional band, which is evanescent. Thus, EPWE does not
predict a repulsion level state but an evanescent connection
between bands.

In order to analyze in more details the phenomenology
involved in these level repulsion states, we have analyzed
several modes for different frequencies all along the bands
involved in the repulsion. Figure 4a shows the acoustic fields
obtained from the Fourier transform of the eigenvectors for
several modes in the repelled bands. The analyzed modes are
marked with red squares which are connected using red ar-
rows with their corresponding acoustic fields obtained usign
EPWE.

One can observe that the modes in the repelled bands
present a completely real eigenvalue whereas the connection
bands have complex eigenvalue. The repelled bands are pre-
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dicted by EPWE and they are exactly the same as the ones
predicted by the PWE, however the difference appears in the
evanescent connection between the repelled bands.

First, we fix our attention on the acoustic fields in the
repelled bands. One can observe in Figure 4 that for each
band, depending on the position with respect to the evanes-
cent connection, different symmetries of the field can be ex-
cited. For example points F and G that belong to the same
band have different symmetries. F is on the left of the evanes-
cent connection and G is on the right of the evanescent con-
nection. The acoustic field corresponding to the point G is
mainly symmetric. However the acoustic field for the point
F is completely antisymmetric. Then, inside the band (point
H), there is an exchange of the symmetry, so that the sym-
metry remains a continuous function of the wave vector for
each band. For the points I-J the situation is the same as in
F-G.

The repelled bands are connected by an evanescent band
which is the responsible of the exchange of symmetry be-
tween bands. The acoustic fields of the modes inside the
evanescent connection have a mixed symmetry. We have
studied the mode H in the evanescent connection. First of all
one can see the mixed symmetry of the acoustic field of the
mode. Moreover, one can observe the evanescent behaviour
of the acoustic field inside the guide with a low decay rate
indicating the small value of the imaginary part of the eigen-
value. Figure 4b shows the experimental data in comparison
with the MST simulations. One can observe the good agree-
ment between the two theoretical methods (EPWE and MST)
and the experimental results.

5 Conclusions

The relevance of the evanescent modes in sonic crystals is
theoretically and experimentally reported in this work. The
complex bands structure, k(w), calculated using the Extended
Plane Wave Expansion reveals the presence of evanescent
modes in these systems, never predicted by the traditional

usual numerical w(l?) methods. The interpretation of the evanes-

cent modes introduces novel explanations of the deaf bands
as well as of the level repulsion states in antisymmetric pe-
riodic systems. In this work we observe that in the ranges
of frequencies where a deaf band is traditionally predicted
an evanescent mode with the excitable symmetry appears
changing drastically the transmission properties. On the other
hand, the simplicity of the sonic crystals in which only the
longitudinal polarization can be excited, is used here to inter-
pret, without loss of generality, the level repulsion between
symmetric and antisymmetric bands in sonic crystals as the
presence of an evanescent mode connecting both repelled
bands. These evanescent modes explain both the attenua-
tion produced in this range of frequencies and the transfer of
symmetry from one band to the other. The experimental evi-
dence of the level repulsion and the evanescent coupling are
in very good agreement with the theoretical predictions.
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