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HOMOGENIZATION OF UNBOUNDED SINGULAR INTEGRALS
IN wWhee

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

ABSTRACT. We study homogenization by I'-convergence, with respect to the
L'-strong convergence, of periodic multiple integrals in W1 when the inte-
grand can take infinite values outside of a convex bounded open set of matrices.

1. INTRODUCTION

In this paper we are concerned with homogenization by I'-convergence of multiple
integrals of type

(1.1) /QW (? Vu(m)) dx,

where £ > 0 is a (small) parameter, 2 C R? is a bounded open set with Lipschitz
boundary, u € W (Q;R™) and W : RY x M™*4 — [0,00] is a Borel measur-
able function which is p-coercive, 1-periodic with respect to its first variable, not
necessarily convex with respect to its second variable and infinite outside a convex
bounded open set C' C M™*? such that 0 € C.

In the scalar case, i.e., min{d, m} = 1, a wide literature exists on homogenization
problems with constraints on the gradient, whose techniques cannot be generalized
to the vector case, i.e., min{d,m} > 1, (see the book [CDA02] and the reference
therein). Thus, constraints on the gradient relating to problems of hyperelasticity
cannot be treated with methods from the scalar framework. It is then of interest to
develop techniques in the vector case for the homogenization of multiple integrals
like (1.1) when the integrand can take infinite values: this is the general purpose
of the present paper. For a recent work in the same spirit, we refer the reader to
[AHLM] (see also [BB00, Syc05, AHMO07, AHMO08, AH10, Syc10] for the relaxation
case).

In this paper, our main contribution (see Theorem 2.1 and Corollaries 2.2 and 2.4)
is to prove that under certain assumptions, i.e., (2.3), (2.4) and (2.5), which are
related to hyperelasticity but not consistent with the material frame indifference
axiom (see §2.2 for more details), (1.1) I'-converges, as the parameter ¢ tends to
zero, to the homogeneous multiple integral

/ Whom(Vu(z))dz,
Q

Key words and phrases. Homogenization, nonconvex singular integrands, constraints on the
gradient, determinant type constraints, hyperelasticity.
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where u € W12 (Q;R™) and When, : M™*? — [0, 00] is given by the formula (see
also Remark 2.3)

ZHW(£) = inf 144 dy iféecC
M= int [ WW(e Yoy ifee
Whom(§) = Lim ZHW (t€) if ¢ € 0C
t—1
00 otherwise

with HW : M™*? — [0, o] defined by

HW () := inf inf W(z, &+ Vo(x))dx
k21 gew > (kY;R™)) Ky

and Affy(Y; R™) denoting the space of continuous piecewise affine functions ¢ from
Y :=]0,1[% to R™ such that ¢ = 0 on the boundary 9Y of Y.

The paper is organized as follows. In Section 2 we state the main results of the
paper, i.e., Theorem 2.1 and Corollaries 2.2 and 2.4, and, although our assumptions
are not compatible with the material frame indifference axiom, indicate how these
results could be related to the framework of hyperelasticity (see Proposition 2.5).
Section 3 is devoted to the statements and proofs of auxiliary results needed in the
proof of Theorem 2.1. Finally, Theorem 2.1 is proved in Section 4.

2. MAIN RESULTS

2.1. General results. Let d,m > 1 be two integers, let C C M™*¢ be a convex
bounded open set such that 0 € C' and let W : R? x M™*4 — [0, 00| be a Borel
measurable function which is 1-periodic with respect to its first variable, i.e.,

(2.1) Wiz + 2,6) = W(x,&) for all z € RY, all z € R? and all £ € M™*?,
and infinite outside of C|, i.e.,
(2.2) domW (z,-) = C for all z € R?

with domW (x,-) denoting the effective domain of W (z,-). We define My, dw :
[0,1] — [0, 00] and Ay : [0,1] —] — 00, o0] by:

¢ My (t) := sup sup W(z,§);
zeR? ¢etC

¢ Gw(t):= inf inf W(z):
z€R ¢cC\tC

¢ Aw(t) == sup sup W(z,t§) — W(z,¢)
rzeRd £eC

and we consider the following three assertions:

¢ W is locally bounded in C| i.e.,
(2.3) My (t) < oo for all t € [0, 1];
¢ W is singular on the boundary 0C of C| i.e.,
(2.4) }gr{ ow (t) = oo
¢ W is radially uniformly upper semicontinuous (ru-usc), i.e.,

(2.5) lim Ay (t) < 0.
t—1
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Note that, under (2.3) and (2.4), it is easy to see that if domW (z,-) C C for all
r € R?, then domW (z,-) = C for all x € R% RZ. Let Q C RY be a bounded open set

with Lipschitz boundary and let I., HI, ZHI: Wt 2 (Q;R™) — [0, 00] be defined

by:
o L(u) = /QW (g,Vu(J:)) da;
o () = / A (Vu(x))da
o ZHI(u /ZHW Vu(z))dz,

where € > 0 is a (small) parameter and HW, ’gV\V,Z’HVV, ZHW - M™<d [0, o0]
are given by:

¢ HW () = ér>1f1 inf{ Wz, &+ Vo(z))dr: ¢ € WOI’OC(kJY;]Rm)};

- kY
¢ HW(E) = tlijﬂiHW(t&);

¢ ZHW(E) ;= inf {/Y HW(E+Vo(y))dy : ¢ € AHO(Y;Rm)};
o ZHW () := lim ZHW (t€)

t—1
with V' :=]0,1[* and Affo(Y;R™) := {¢ € Aff(Y;R™) : ¢ = 0on 0Y} where
Aff(Y;R™) denotes the space of continuous piecewise affine functions from Y to
R™. The main result of the paper is the following.
Theorem 2.1. Let W : R% x M™*4 — [0,00] be a Borel measurable function
satisfying (2.1), (2.2), (2.3), (2.4) and (2.5) and let u € WH°(Q; R™).
(1) If {ucte € WH(QR™) is such that ||ue — ul| L2 (rm) — 0, then
lim I, (ue) > HI(u).
e—0

(ii) There exists {uc}. C WH(QR™) such that ||ue — ul| 1 (qrm) — 0 and
EJIE(UE) < ZHI(u).

Let Inom : WHo(Q;R™) — [0, o] be defined by

Ihom / Whom vu )
with Whom : M™*? — [0, oo] given by
ZHW (§) if¢eC
Whom (€) := 7}1_%23"[1/1/@5) if € € 0C
00 otherwise.

The following homogenization result is a consequence of Theorem 2.1.

Corollary 2.2. Let W : R4 x M™*4 — [0,00] be a Borel measurable function
satisfying (2.1), (2.2), (2.3), (2.4) and (2.5). Then

F(Ll)-g}% I. = Liom.
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Proof. As ZHI < ’;l\l, from Theorem 2.1 we deduce that
(L) tim 1) (u) = ZHT(w) = / ZHW (Vu(x))da
E—r [¢)
for all u € WH2°(Q;R™), and the result follows from Corollary 3.8. B

Remark 2.3. Under the assumption of Corollary 2.2 we have Wiom = HW with HW
denoting the lower semicontinuous envelope (Isc) of HW. Indeed, as ZHI < I,
from Theorem 2.1 we see that I'(L!)-lim. o I. = 7fl\I, and consequently HI = Thom
by Corollary 2.2. Thus Wyom = HW. On the other, by Remark 3.10, tHW C
int(HW) for all ¢ €]0,1[, where HW denotes the effective domain of HW. As W
satisfies (2.5), from Proposition 3.7 we can assert that HW is ru-usc (see Definition
3.1) and so HW = HW by Theorem 3.5(iii).
To be complete, let us give the Dirichlet version of Corollary 2.2. For each € > 0,
let J. : Wy (4 R™) — [0,00] be defined by
L(u) if ue Wy (QR™
Jelu) = { oz( ) otherwisg. ( )

Using the Dirichlet version of Theorem 2.1 and arguing as in the proof of Corollary
2.2 we can establish the following result.

Corollary 2.4. Let W : RY x M™*4 — [0,00] be a Borel measurable function
satisfying (2.1), (2.2), (2.3), (2.4) and (2.5). Then

N p _
P(LY)- T J. = Jrom
with Jhom : WH(Q; R™) — [0, 00] given by
. 1,00 .Tm
Tnom (1) = { Ihom(w) if u € Wy (Q; R™)

00 otherwise.
To reduce technicalities and emphasize the essential difficulties, in the present paper
we have restricted our attention on Theorem 2.1 and Corollary 2.2. The details of
the proof of Corollary 2.4 are left to the reader.

2.2. Towards applications in hyperelasticity. Let d > 1 be an integer and let
B be the unit open ball in M?*¢. Given a continuous function g : M%*? — [0, oo
and a convex function h : [0, 1[— [0, co[ such that

P

(2.6) h(t) >

e for all t € [0,1] and some ¢ > 0 and p > 0,

we consider f: M?*4 — [0, 0o] given by

£6) = { g(I+&) +h(gl) ifécB

o0 otherwise,

where I denotes the identity matrix in M%*¢. Given a 1-periodic function a €
L>(R?) such that a < a(z) < B for all x € R? and some 3 > o > 0, we define
W R? x M4*? — [0, o0] by

W(z,&) = a(z) f(§).
The following proposition makes clear the fact that such a W is consistent with the

assumptions of Corollaries 2.2 and 2.4 as well as with some (but not all) conditions of
hyperelasticity, i.e., the non-interpenetration of the matter, see Proposition 2.5(iv),
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and the necessity of an infinite amount of energy to compress a finite volume of
matter into zero volume, see Proposition 2.5(v). However, since the effective domain
of W is convex, it does not satisfy the material frame indifference axiom. Thus, we
are still far from a result on homogenization that can be compared to Ball’s lower
semicontinuity theorem (see [Bal77]).

Proposition 2.5. Let W : R? x M?*9 — [0, 00] be defined as above. Then:

(i) W is 1-periodic with respect to the first variable;
(il) W satisfies (2.2) with C =B,
(i) W satisfies (2.3), (2.4) and (2.5);
(iv) for every (x,€&) € R x B, W(x,€) < oo if and only if det(I + &) > 0
(v) for every x € R, W(z,£) — 0o as det(I + &) — 0.

Proof. (i) and (ii) are obvious, and (iv) follows from the classical fact that I +B C
{€ e M4%4 : det(I + &) > 0}.
(iii) Since B is compact and g is continuous, g is bounded on B, i.e., there exists
C > 0 such that g(§) < C for all £ € B. Given any t € [0, 1], as a(z) < 3 for all
x € R? it follows that

sup sup W(z,§) < BC + 8 sup h([¢]).

z€RI ¢ctB |g1<t
But, h is convex and finite, hence supj¢<, h(|¢]) < oo, and (2.3) follows.
As a(x) > a for all x € RY, using (2.6) we see that

P
inf inf W(x > a inf h
. g (z,€) nf (I€) = ac—

for all £ € [0, 1], which gives (2.4) because 2 — 00 as t — 1.

For each r > 0, set w(r) := sup{|g(C1) — 9(¢2)| : C1,¢2 € 1 + B and |(; — G| <7}
As g is uniformly continuous on I + B we have w(r) — 0 as r — 0. Given any
t €10,1], as a(z) < 3 for each x € R? and h is convex, we see that

Wiz, t§) = W(z,§) = ()( (I +1t&) — g(I + &) + h([t&]) — h([¢])
Pw(l —t) + Bt — 1A(IE]) + B(L —t)h(0)
Bw(l —1t)+ B(1 —t)h(0)

IN A

for all x € R? and all £ € B, hence

sup SupW(x,tf) - W(I7§) < ﬂw(l - t) + 6(1 - t)h(())

x€R4 £€B
for all t € [0,1], and (2.5) follows because w(l —t) — 0 as t — 1.
(v) Let € R? and let {&,},, € M™*9 be such that lim,, ., det(I +&,) = 0. Since
domW (z,-) = B, without loss of generality we can assume that {£,}, C B and
there exists ¢ € B such that lim,, o |£, —&| = 0. By continuity of the determinant
we obtain det(I +£) = 0, and so |¢| = 1. Thus

(2.7) lim e = 1.

On the other hand, using (2.6) we see that W (z,&,) > ac 1|§T€‘:| for all n > 1, and

consequently lim, ., W(z,&,) = oo because lim,, 1|5’|”§‘ [ =00 by (2.7). &
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3. AUXILIARY RESULTS

3.1. Ru-usc functions. Let U C R? be an open set and let L : U x M™*¢ — [0, o0
be a Borel measurable function. For each x € U, we denote the effective domain of
L(z,-) by L, and we define Ay, : [0,1] =] — 00, 0] by

AL(t) ‘= Sup sup L(%,tf) - L(IL’,S)
€U €l,

Definition 3.1. We say that L is radially uniformly upper semicontinuous (ru-usc)
if
lim Ap(t) 0.

t—1

Remark 3.2. If L is ru-usc then

(31) i L. 16) < L(.)

for all x € U and all £ € L. Indeed, given x € U and £ € L, we have
L(z,t8) < AL(t) + L(x,€) for all ¢t € [0, 1],

which gives (3.1) since lim;_,; Az (¢) < 0.

Remark 3.3. If there exist x € U and § € L, such that L(z,-) is Isc at £ then

(3-2) lim Ap(t) = 0.

t—1

Indeed, given such x € U and & € L,, we have

Ap(t) > L(z,t€) — L(z,€) for all ¢ € [0,1],
which gives (3.2) since lim, ., (L(x,t¢) — L(x,&)) > 0.
The following lemma is essentially due to Wagner (see [Wag09]).
Lemma 3.4. Assume that L is ru-usc and consider x € U such that
(3.3) tL, C L, for all t €]0,1],
where L, denotes the closure of L. Then

lim L(z, ) = lim L(z, t€)

t—1
for all £ € L.
Proof. Fix ¢ € L,. It suffices to prove that
(3.4) @L(w,tﬁ) < %L(m,t§).

Without loss of generality we can assume that lim, ,; L(z,t£) < oo and there exist
{tn}ns {sn}tn CJO,1[ such that:

¢ tn—>1,3n—>1&nd§—"—>1;

¢ lim L(z,1€) = lim L(z,1,8);

¢ lim L(z,t&) = lim L(x, s,§).
n—roo

t—1
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From (3.3) we see that for every n > 1, s,& € L,, and so we can assert that for
every n > 1,

(3.5) Lz, t,8) < AL (z) + L(x, 5n).

n

On the other hand, as L is ru-usc we have lim, oo A, (i—") <1, and (3.4) follows
from (3.5) by letting n — co. W

Define L : U x M™*d —; [0, 0] by
E(m,f) = lim L(x, t§).
t—1
The interest of Definition 3.1 comes from the following theorem.

Theorem 3.5. If L is ru-usc and if for every x € U,
(3.6) tL, C int(LL,) for all t €]0,1]
(in particular (3.3) holds) and L(x,-) is lsc on int(IL;), where int(L,) denotes the
interior of L., then:
Lw§) i€ cint(Ly)
(i) L(z,&) = lm Lz, 1€) i €Ly
0 otherwise;
(ii) L is ru-usc;
(iii) for every x € U, L(x,-) is the lsc envelope of L(zx,-).

Proof. (i) Lemma 3.4 shows that, for z € U and £ € L, L(z,&) = limy_yy L(z, t€).
From remark 3.2 we see that if & € int(L,) then lims,; L(z,t€) < L(z,£). On
the other hand, from (3.6) it follows that if £ € int(IL;) then t£ € int(LL,) for all
t €]0,1[. Thus, lim, ,; L(z,t£) > L(z,£) whenever ¢ € int(L;) since L(z,-) is Isc
on int(L,), and (i) follows.
(ii) Fix any ¢t €]0,1[ any « € U and any £ € L,, where L, denotes the effective
domain of L(z,-). As L, C L, we have ¢ € L, and t¢ € L, since (3.3) holds. From
Lemma 3.4 we can assert that:

v Lo €) = lim Lz, )

¢ L(z,t§) = lim L(z, 5(t£)),

s—1
and consequently
(3.7) L(a,t¢) - L(z,€) = lim L(z, (s£)) — L(x, 5€).
5—
On the other hand, by (3.3) we have s¢ € L, for all s €]0, 1], and so
L(z,t(s€)) — Lz, s§) < Ap(t) for all s €]0,1].

Letting s — 1 and using (3.7) we deduce that Az (t) < Ap(t) for all ¢ €]0, 1[, which
gives (ii) since L is ru-usc.
(iii) Given = € U, we only need to prove that if |, — &| — 0 then
(3.8) lim L(z,&,) > L(x,¢).

n—oQ

Without loss of generality we can assume that

lim L(z,&,) = lim L(z,&,) < oo, and so sup L(z,§,) < co.
n—oo

n— oo n>1
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Thus &, € L, for all n > 1, hence ¢ € L., and so
L(x,€) = lim L(, 1€)
by Lemma 3.4. Moreover, using (3.3) we see that, for any ¢ €]0, 1[, t£ € L, and
t€, € L, for all n > 1, and consequently
lim L(z,t&,) > Lz, t€) for all ¢ €]0,1]

n— oo
because L(z,-) is Isc on L, and |t§, — t&| — 0. It follows that
(3.9) lim lim L(z,t&,) > L(z,).
t=1n oo

On the other hand, for every n > 1 and every t € [0, 1], we have
L(z,t&,) < L(w,8,) + AL(?).
As L is ru-usc, letting n — oo and ¢ — 1 we obtain

lim lim L(z,t&,) < lim L(z,§,),
n—oo

t=1p 500

which gives (3.8) when combined with (3.9). B

In what follows, given any bounded open set A C R¢, we denote the space of con-
tinuous piecewise affine functions from A to R™ by Aff(A;R™), i.e., u € Aff(A;R™)
if and only if u € C(A4;R™) and there exists a finite family {A;};c; of open dis-
joint subsets of A such that |A\ U;cr4;] = 0 and, for each i € I, |0A;] = 0 and
Vu(z) = & in A; with & € M™*4. Define ZL : U x M™*4 — [0, c0] by

ZL(x,€) := inf {/Y L(z, 6 +V(y))dy : ¢ € AHO(Y;R’”)}

with ¥ :=]0,1[* and Affo(Y;R™) := {¢ € Aff(Y;R™) : ¢ = 0 on 9Y}. Roughly,
Proposition 3.6 shows that ru-usc functions have a nice behavior with respect to
relaxation.

Proposition 3.6. If L is ru-usc then ZL is ru-usc.

Proof. Fix any ¢t € [0,1], any € U and any ¢ € ZL,, where ZL, denotes the
effective domain of ZL(x,-). By definition, there exists {¢,}, C Affo(Y;R™) such
that:

¢ 21§ = lim [ L(n.6+Vo,(0) dy
n o Y
¢ 4+ Von(y) €L, foralln >1and aa. y €Y.

Moreover, for every n > 1,

ZL(e,16) < [ L(wte+ Von(u)) dy
%
since t¢,, € Affo(Y;R™), and so

ZL(x,t6) — ZL(z,€) < lim | (L(z,t(§ + Von(y))) — L(z, & + Von(y)))dy.

n—oo JY

As L is ru-usc it follows that
which implies that Azp(¢) < Ap(¢) for all ¢ € [0,1], and the proof is complete. B
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Assume that U = R? and define HL : R? x M™*4 — [0, o] by

HL(E) = égfl inf {][kyL(x,f—l- Vo(z))dz : ¢ € Wol’oo(kY;Rm)} .

Roughly, Proposition 3.7 shows that ru-usc functions have a nice behavior with
respect to homogenization.

Proposition 3.7. If L is ru-usc then HL is ru-usc.

Proof. Fix any ¢ € [0, 1] and any £ € HL, where HL denotes the effective domain
of HL. By definition, there exists {k;; @n }, such that:

¢ ¢p € WP (k,Y;R™) for all n > 1;
¢ HL(E) = lim f L6+ Von(o)do
n—o00 knY
¢ £+ Vop(z)el, foralln>1and a.a. z € k,Y.

Moreover, for every n > 1,

HL(t€) < ][ Lz, (€ + Vo (2)))dz

knY

since t¢, € Wy ™ (k,Y;R™), and so

HL(t) —HL(E) < lim (L, t(€ + Vén(2))) — L(z, & + Vo (z)))da.

n—ooJ k,Y

As L is ru-usc it follows that

HL(tE) —HL(E) < AL(t),
which implies that Ay (t) < Ap(t) for all ¢ € [0, 1], and the proof is complete.
As a consequence of Theorem 3.5 and Propositions 3.6 and 3.7 we have

Corollary 3.8. Let W : RY x M™*4 — [0,00] be a Borel measurable function
satisfying (2.2) and (2.4). If W is ru-usc then

ZHW (€) if¢éeC
ZHW(¢) ={ ImZHW(t6) if & € oC
00 otherwise.

Proof. Denote the effective domain of ZHW by ZHW.

Step 1: we prove that ZHW is ru-usc. First of all, we can assert that ZHW
is continuous on int(ZHW) because of the following lemma due to Fonseca (see
[Fon88)).

Lemma 3.9. ZL is continuous on int(ZL).

On the other hand, from Proposition 3.7 we see that HW is ru-usc, hence ZHW
is ru-usc by Proposition 3.6.
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Step 2: we prove that C C ZHW C C. As ZHW < W and W satisfies (2.2)
we have C C ZHW. Fix any t € [0, 1]. Using (2.2) we see that

W (z, &) > ow(t)dist(&, C) =: G4(€) for all (z,&) € RT x M™*4,

where dist(¢,C) := inf {|¢ — (| : ( € C'}. But G; : M™*¢ — [0, 00] is convex, hence
ZHG; = Gy, and consequently

ZHW (€) > dw (t)dist(&, C) for all € € M™*? and all ¢ € [0, 1].

As W satisfies (2.4) we deduce that ZHW > oo whenever ¢ € C, which shows that
ZHW c C.

Step 3: we prove that tZHW C int(ZHW) for all ¢ €]0,1[. Let ¢t €]0,1|.
As ZHW C C (by Step 2) we have ZHW C C, and so tZHW C tC. But tC C C
because C' is open and convex and 0 € C, hence tZHW C C. On the other hand,
as C C ZHW (by Step 2) and C'is open we have C' C int(ZHW), and consequently
tZHW C int(ZHW).

Step 4: application of Theorem 3.5. By Step 2 we deduce that int(ZHW) = C
(because C is open) and 9(ZHW) = 9C, and, taking Step 3 into account, the result
follows from Theorem 3.5. B

Remark 3.10. Under (2.2) and (2.4) we have tHW C int(HW) for all ¢ €]0,1],
where HW denotes the effective domain of HW. Indeed, as HW < W and, for
every t € [0,1], Gy is both Isc and convex, arguing as in Step 2, it is easy to see
that if (2.2) and (2.4) hold then C C HW C C, and the result follows by the same
method as in Step 3.

3.2. Approximation of ru-usc functions with respect to homogenization.
Let C C M™% be a convex bounded open set and let L : R? x M™*4 — [0, o0]
be a Borel measurable function such that domL(z,:) C C for all x € R, where
domL(z,-) denotes the effective domain of L(x,-). We also assume that L is locally
bounded in C, i.e.,

(3.10) M (t) < oo for all t € [0, 1] with My (t) := sup sup L(z,§),
z€R ¢etC

and singular on the boundary 9C of C, i.e.,

(3.11) lim 07, (t) = oo with 0.,(¢) := inf inf L(z,¢) for all ¢t € [0, 1].
t—1 z€R? ¢cC\tC

Under (3.10) and (3.11) we have domL(z,-) = C for all z € R%. For each t € [0, 1],
we define L; : R? x M™*? — [0, cc] by

| L(=x,¢) if ¢ etC
(3.12) L@, &) = { 6p(t) (L+dist(¢,0)) if¢ ¢ tC.
As 0 € C we have dist(¢,C) < [¢] for all £ € M™*4, and so for every t € [0, 1], L;
is of 1-polynomial growth, i.e.,

Li(z,6) < ay(1+ [€]) for all (z,€) € RY x M™*4

with oy := max {0r(t), M (¢)}. On the other hand, under (3.10) and (3.11), it is

easy to see that {L;}c(o,1[ is increasing to L, i.e.,

L(z,€) = lim Ly(z,€) = sup Ly(x,€) for all (x,&) € RY x M™*4,
11 te[0,1]
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Moreover, we have
Proposition 3.11. Under (3.10), (3.11), if L is ru-usc then

limHL; = sup HL; > HL,
11 tel0,1]

where HLy, HL : Mde,ﬁ — [0, 00] are given by
¢ HL(E) = jnf inf {][ Li(z, € + Vo(z))da : ¢ € W&’C’O(kY;Rm)} :
2 kY

¢ HL(E) = jnf inf {][WL(x,g +Vé(z))dr: ¢ € W(}’Oo(kY;Rm)} ;

o HL(E) == lim HL(sE).

s—1

Proof. Set £ = Supyeo,1f HLlt, fix £ € M™*? and, without loss of generality,
assume that £(§) < oo. Noticing that (by a change of variable)

(313)  HL(©) = inf inf{ / Lt<ky,f+v¢<y>>dy:¢eW&’°°<Y;RT">},

k>1

given any t € [0, 1], there exist k; > 1 and ¢, € W, >°(Y; R™) such that

1 1
/YLt(kty@ + Vos(y))dy < HL:(§) + 5.0 <L) + op(t)’

Setting A; := {y eY : £+ Vaou(y) € t@} and taking (3.12) into account, we see
that:

(3.14) /A Lkey, € + Vi (y))dy < £(E) +

5.(t)’

3.15 dist \Y% Cd Y\A L L 1
1) [ il o). O+ AL < ps (204 55 )
As L(§) < oo, from (3.15) we deduce that:

(3.16) fimy [ dists -+ Vo). Oy = 0

(3.17) lim [¥\ A¢| = 0.

Recall, in our context, the following lemma due to Miiller (see [Miil99, Theorem 4]
for a proof, see also [Zha92]).

Lemma 3.12. Given & € M™% and {¢;},cj011 € Wo (Y3 R™), if (3.16) holds
then one can find another sequence {V¢}ief0,17 C Wy (Y;R™) such that:

(3.18) lim sup dist(§ + Vi (y), C) = 0;
t—1 yeY
(3.19) lim [By| = 0 with By := {yeY : Viu(y) # Ver(y) }
Let {t¢}iejo) C Wy ™ (Y;R™) be given by Lemma 3.12. Fix any s €]0,1[. Using

(3.18) (and the fact that C is convex and 0 € C') we can assert that there exists
ts € [0, 1] such that for every ¢ € [ts, 1] and every y € Y,

(3.20) £+ Vau(y) € %6, e, V(€ + Vi(y)) € C.
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Using (3.20) we see that for any t € [tg, 1],

/ L (ke €+ Viiu(9))) dy = / L (key, 1€ + V() dy
Y (Y\B¢)NA;

+/ L (kyy, V/5v/5(€ + Vi ())) dy
(Y\A:)UB;

IN

/ L (e, 1€ + Von(y)) dy

t

+ML(Vs) (Y \ Al +[Bil)

As £+ Voy(y) € tC for all y € A; and tC C C (because C' is open and convex and
0 € O) it follows that

/ L (key, 56+ V(s00) () dy < / L (key, € + V() dy + Ap(s)
Y Ay

+Mp(Vs) (Y \ A¢| + [Be])
with Az (s) := sup,ega supcec L, s¢)—L(z, (). Noticing that sy € Wy ™ (Y;R™)
and taking (3.13) and (3.14) into account, we deduce that

HL(sE) < L(E) + %(t) +AL(s) + Mp(Vs) ([Y \ Al + [ Bi])

for all t € [ts,1]. As Mp(y/s) < oo by (3.10), letting ¢ — 1 and using (3.11), (3.17)
and (3.19), we obtain HL(s§) < L(&) + AL(s) for all s €]0,1[, hence

lim ML(s€) < £(6),
s—1
because L is ru-usc, i.e., lim,_,; Ar(s) < 0, and the result follows from Theorem
3.5(iii). W

3.3. Weak star I'-liminf of periodic integrals of 1-polynomial growth. For
the convenience of the reader, in what follows we recall classical techniques on sub-
additivity, localization and blow up (see for instance [LM02, AMO04]). In particular,
Proposition 3.16 below will be used in the proof of Theorem 2.1(i).

3.3.1. A subadditive theorem. Let Op(R?) be the class of all bounded open subsets
of R4, We begin with the following definition.

Definition 3.13. Let S : Op(R%) — [0, 00] be a set function.
(i) We say that S is subadditive if
S(A) <S8(B)+S(0)

for all A, B,C € Oy(R?) with B,C C A, BNC =0 and |[A\ BUC| =0.
(i) We say that S is Z%-invariant if

S(A+2)=8(4)
for all A € Oy(R?) and all z € Z<.

Let Cub(R9) be the class of all open cubes in R? and let Y :=]0, 1[¢. The following
theorem is due to Akcoglu and Krengel (see [AK81], see also [LMO02] and [AMO02,
§B.1]).
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Theorem 3.14. Let S : Oy(RY) — [0,00] be a subadditive and Z%-invariant set
function for which there exists ¢ > 0 such that

(3.21) S(A) < c|A|
for all A € Oy(R?). Then, for every Q € Cub(R9),
S(tQ) . ¢ S(kY)

=0 [1Q| k> K4

Proof. Fix Q € Cub(RY). First of all, it is easy to see that, for each & > 1 and
each ¢ > 0, there exist k. > 1 and z. € Z¢ such that lim._,o k. = oo and

1
(3.22) (ke —2)kKY + k(zc+€) C gQ C k kY + kz.

with é := (1,1,---,1). Fix any ¥ > 1 and any ¢ > 0. As the set function § is
subadditive and Z?-invariant, using the left inclusion in (3.22) we obtain

s (iQ) < (b — 2)9S(kY) + 8 ( Q\ (ke — KT + k(z. + e)))
Moreover, it is clear that

EQ \ ((ks — 2)kY + k(z + é))} \iLGJI(Ai +aq)| =0

where ¢; € Z? and {A;};cs is a finite family of disjoint open subsets of kY with
card(I) = k? — (k. — 2)4, and so
1
5 (2] = (he = 20 + 0t~ (k. — 27K
by (3.21). It follows that
S (L S(kY kd — (k. —2)4

(Q) _ stv) | K2

11Q| k (ke —2)
because |1Q| > (k. — 2)?k? by the left inequality in (3.22). Letting ¢ — 0 and
passing to the infimum on k, we obtain

— S(LQ) S(kY)
e—0 |Q| <k2€ kd

On the other hand, using the right inequality in (3.22) with k = 1, by subadditivity
and Z%invariance we have

S(kY) < S (i@) L ((kEY T\ iQ) |

As previously, since, up to a set of zero Lebesgue measure, the set (k.Y + z¢) \ %@
can be written as the disjoint union of kg — (k. — 2)? integer translations of open
subsets of Y, by using (3.21), we deduce that

S(¥) <5 (1) +olht - (ke - 2,
and consequently

kg — (k. —2)4
+c k'g

g

. . S(kY)
inf kg < ’éQ|

S(k.Y) < S(lQ)
k>1 k4

<
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because |1Q| < k¢ by the right inequality in (3.22) with k = 1. Letting ¢ — 0 we
obtain

1
inf S(kY) < lim 5 (fQ),
k1 k —o [2Q|

and the proof is complete. B

Given a Borel measurable function L : R x M™*? — [0, cc], for each £ € M™*4,
we define S¢ : Op(R?) — [0, 00] by

(3.23) Se(A) = inf {/A Lz, & + Vo(x))dx : ¢ € Wy (4; Rm)} :

It is easy that the set function S¢ is subbadditive. If we assume that L is 1-periodic
with respect to the first variable,i.e.,

(3.24) L(z + 2,€) = L(x,¢) for all z € R, all z € R? and all £ € M™*4,

then S¢ is Z%-invariant. Moreover, if L is of 1-polynomial growth, i.e.,

(3.25) L(x,&) < a1+ |¢]) for all ¢ € M™ ¢ and some a > 0,

then S¢(A) < a1 + [€])|A] for all A € Oy(R?). From the above, we see that the
following result is a direct consequence of Theorem 3.14.

Corollary 3.15. If L satisfies (3.24) and (3.25), then for every & € M™*? and
every Q € Cub(R9),

lim
e—0

S (2Q) . Sk)
lo] TE W

3.3.2. Localization and blow up techniques. In what follows, “~” denotes the weak
star convergence in W1 (Q; R™).

Proposition 3.16. Let L : RY x M™*4 — [0,00] be a Borel measurable func-
tion, let u € WL (QR™) and let {u.}. € WH2(Q;R™) be such that u. = u in
Whoo(Q;R™). If L satisfies (3.24) and (3.25), then

(3.26) lim [ L (f,vus(x)) dz > / HL(Vu(z))dz
e—=0JQ 3 Q
with HL : M™% — [0, 00] defined by
L Se(kY)
HL(E) = mf =5,

where S¢ : Op(R?) — [0, 00] is given by (3.23).

Proof. Without loss of generality we can assume that:

. X . T
(3.27) iljn(l) A L (g, Vug(x)) dx = ggr%) A L <g, Vue(x)) dx < oo;
(3.28) sup || Ve || oo (qumxay < 00;

€

(3.29) lim [lue — ul oo (;rm) = 0.
e—0



HOMOGENIZATION OF UNBOUNDED SINGULAR INTEGRALS IN W1 15

Step 1: localization. For each ¢ > 0, we define f. € L'(;[0, 00]) by
foi= L (2. Vu0)).

By (3.27) we have sup, || fe||1(0:[0,00)) < 00, and so there exist f € L'(£;[0, o0])
and a finite positive Radon measure p; with [supp(us)| = 0 such that

fedx — fdx + ps in the sense of measures,

where for a.e. zg € §,

f(xo) = lim lim fe(z)dr = lim lim L (g, Vus(x)) dx
)

p—>0 e—0 Qp((EO) p—)O e—0 Qp(wo
with Q,(z0) := zo + pY. By Alexandrov’s theorem we have
lim [ (%, Vu.)de = lim | fode> / fdv + p1(Q) > / fdz
e—0JQ € e—=0JQ Q Q
and so, to prove (4.1) it suffices to show that for a.e. zg € ,

N x
(3.30) f(xzo) = ,l;lg%) glg% Qp(mo)L (g, Vua(x)) dx > HL(Vu(xy)).

Step 2: cut-off method. Fix any 0 €]0,1[. Let ¢ € C(Q,(x0); [0, 1]) be a cut-
off function between Q,s5(w0) and Q,(zo) such that [[Vo| L (q,(z)re) < ﬁ.
Setting

Ve 1= Qu. + (1 - (b)qu(zo)
With Iy (z0) (%) := u(z0) + Vu(zo)(® — 20), it follows that

Vu, on Qpé(xO)
(3.31) V. =< ¢Vu. + (1 —¢)Vu(zo) +¥., onS,
qu(fcg) on an(xO)v

with S, := Q,(x0) \ @ps(xo) and ¥, , := Vo ® (u6 — qu(:r:o))7 which, in particular,
means that

(3.32) Ve = Ivu(ze) € Wo P (Qp(z0); R™).

As L is of 1-polynomial growth, i.e., L satisfies (3.25), we have

][QP(%)L (§7V115> dv < ][Qp(mo)L (;VUE> dr
+%/S L (g’vve> dx
][Qﬂ(%)L (g’ Vu8> dx + o1 - 6%

o
+7d/ |VU5|d$L‘.
p=Js,

IN
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On the other hand, for every x € S,, we have

[Voe(z)| < [Vue(2)] + [Vu(zo)| + [We p(2)|

< sup ”quHL‘X’(Q;Mde) + [Vu(zo)| + H\Ijs,p||ioo(Qp(xo);med)
g
2
< et [ Vu(eo)l + ————= llue — ull L @pm
p(1—9) (R
2 1
gl bl

with ¢ := sup, [|Vue|| o (@uumxa) < oo by (3.28), and so

« d 2@(1—6d)
— 13 < 1_ v E————— e — oo RMm
5 [ ekt < a0 =g e+ 1Dutan)) + 2= e~ ey

2a(1 — 6% 1
S e Ll MEOL AR CREREOR

Thus, for every € > 0 and every p > 0,

(3.33) ][Qp@:o)L (g,vug) dr < ][quo)L (E,vug) dz

+a(l = 6N (1 + ¢+ |Vu(zo)|)

MH — ul
p(l — 5) Ue Ul Loo (;R™)
20(1 — 5d) 1

T 5 ;Hu — Ivu(ao) 22 (@ (@0)imm) -

Step 3: passing to the limit. Taking (3.32) into account we see that for every
e >0,

T 1 1
L(—,Vv:)de > ——Svuz) | —Q@p(x0) |,
/ ooy (5 70) 42 Sou >(5Q”( 0))

where, for any ¢ € M™*? and any open set A C R, S¢(A) is defined by (3.23).
From Corollary 3.15 we deduce that

(3.34) Tim L (f ws) dz > HL(Vu(zo)) for all p > 0.
e—0 Qp(x0) £

On the other hand, as u € W1>°(Q; R™) we can assert that u is differentiable at

To, hence

1
(335) ;1)11)1%) ;“U - qu(:co) ||L°0(Qp(:1:0);]Rm) =0.

Taking (3.33) into account, from (3.34), (3.29) and (3.35) we deduce that

p—0e—0 g

lim lim L (f, Vug) dx > HL(Vu(zg)) + ¢ (62 — 1)
Qp (o)

with ¢ := a(1 4 ¢+ |Vu(zo)|), and (3.30) follows by letting 6 — 1. W
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3.4. Approximation of integrals which are locally bounded. Let C ¢ M™*?
be a convex bounded open set such that 0 € C' and let L : M™*¢ — [0, 00] be a
Borel measurable function which is locally bounded in C, i.e.,

(3.36) Mp(t) < oo for all ¢ € [0,1] with M, (¢) := sup L(§).
et

To prove Proposition 3.18 below, we need the following lemma whose proof can be
found in [DM99, Theorem 10.16 and Corollary 10.21] (see also [AH10, Proposition
5.1]). (Recall that, given any bounded open set A C RY, Aff(A;R™) denotes the
space of continuous piecewise affine functions from A to R™.)

Lemma 3.17. Let Q C R be a bounded open set with Lipschitz boundary and let
v € Whee(Q;R™). Given t €]0,1[, if Vo(x) € tC for a.a. x € ) then there exists
{Qn; vp}n such that:

(3.37
3.38 hm |2\ Q.| = 0;

n 18 an open subset of Q and |0Q,| =0 for alln > 1;

)
)
39) v, € WH(Q;R™), v, |q, € AF(Q,;R™) and v, = v on 9 for all n > 1,
1\ —
3.40) Vu,(x) € (t—|— ) C for a.a. x € Q and alln > 1;
)

(
(3.
(
(

3.41 hm ||’Un—’U||W1 L(QR™) =0.

Proposition 3.18. Let Q C R be a bounded open set with Lipschitz boundary
and let v € WH(Q;R™). Given t €]0,1[, if Vo(x) € tC for a.a. x € Q and if
L is continuous on C, then there exists {Q,; v, }n satisfying (3.37), (3.38), (3.39),
(3.40), (3.41) and

(3.42) lim L(an(x))dx:/L(Vv(x))dx

Proof. Let {v,}, C WH°(;R™) be given by Lemma 3.17. Taking (3.41) into
account we can assert that, up to a subsequence,

(3.43) Vo, (z) = Vo(z) for a.a. z € Q.

Given «y €]t, 1], there exists n; > 1 such that ¢ + % < ay for all n > ny, hence
(3.44) Vo, (1) € oyC for a.a. € Q and all n > ny

by (3.40). Using (3.43) it follows that

(3.45) Vo(z) € auC for a.a. x € Q.

As o,C C C (because C is open and convex and 0 € C') and L is continuous on C,
from (3.43), (3.44) and (3.45) we deduce that

L(Vuv,(z)) = L(Vu(x)) for a.a. x € Q.

Moreover, from (3.44) we see that L(Vv,(z)) < Mp(ay) for a.a. x € Q and all
n > ng, where M (o) < oo because L is locally bounded in C, i.e., L satisfies
(3.36), and (3.42) follows from Lebesgue’s dominated convergence theorem. W
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3.5. Approximation of the relaxation formula. Given a Borel measurable
function L : M™*? — [0, 0o] we consider ZL : M™*? — [0, oo] defined by

ZL(§) :=inf {/Y L+ Vo(y))dy: ¢ € AHO(Y;Rm)}

with Y :=]0,1[? and Affo(Y;R™) := {qb € Aff(Y;R™) : ¢ = Oon 8Y} where
Aff(Y; R™) is the space of continuous piecewise affine functions from Y to R™. The
following proposition is adapted from [AHMO0S8, Lemma 3.1] (see also [AHMO07]).

Proposition 3.19. Given £ € M™*? and a bounded open set A C R? there exists
{odr}r C Affo(A;R™) such that:
k—o0

¢ Jim ][ L(€ + Ve (a))dz = ZL(€).

— 00 A

Proof. Given & € M™*4 there exists {¢,}n C Affo(Y;R™) such that

n—oo

(3.46) fim | L(€ + Vou(u)dy = ZL(E).

Fix any n > 1 and & > 1. By Vitali’s covering theorem there exists a finite
or countable family {a; + ;Y }ier of disjoint subsets of A, where a; € R¢ and
0 < a; < ¢, such that |4\ Uier(a; + o;Y)| = 0 (and so Y, ; af = |A]). Define
Ok € Affg(A;R™) by

b (2) = it (

T — a;

) ifo:Eai+aiY.

a;
Clearly ||¢n7k,HLoo(A;Rm) < %H(ZSHHLOO(Y;]RM,)’ hence limy_, o ‘|¢n7k||Lao(A;Rm) = 0 for
all £ > 1, and consequently

(347) lim lim H¢n7k||Lac(A’an) =0.

n—o00 k—o0o

On the other hand, we have

L n de = /L Zy))dy = |A| | L W (1)) d
[ 16+ Vo ala)da > [ B+ Voutnds =141 | L+ Vout)iy
for all n > 1 and all k¥ > 1. Using (3.46) we deduce that

(3.48) lim lim L&+ Vo i(x))de = ZL(E),

n—00 k—o00 A

and the result follows from (3.47) and (3.48) by diagonalization. B

3.6. Approximation of the homogenization formula. Given a convex boun-
ded open set C € M™*? such that 0 € C' and a Borel measurable function L :
R? x M™*4 — [0,00] which is 1-periodic with respect to its first variable and
locally bounded in C, i.e.,

(3.49) M (t) < oo for all ¢t € [0, 1] with My (¢) := sup sup L(z,¢),
z€R? ectC

we consider HL : M™*¢ — [0, o] defined by

HL(E) == inf inf {][ L(z,6 + Vé(x))da: ¢ € W&’Oo(kY;Rm)} .
kY

k>1

The following proposition is adapted from [Miil87, Lemma 2.1(a)].
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Proposition 3.20. Lett €]0,1[, let £ € M™*? and let A C R? be a bounded open
set. If € € tC then there exists {¢.}. C Wy ™°(A;R™) such that:

¢ lim |fellr ammy = 0;

e limf L (gg n V(bg(m)) dz = HL(¢).

e=0/) 4
Proof. Consider {ky; ¢ }n such that:
bn € W™ (k,Y;R™) for all n > 1;

(3.50) lim L(z, & + Vo (x))dz = HL(E).
n—oo Y
For each n > 1 and € > 0, denote the k,, Y-periodic extension of én by ¢, consider
Ap.e C A given by
Apne = U e(z4+kY)

z€l, e
with I, = {z € Z% : e(z + k,Y) C A}, where card(l,.) < oo because A is
bounded, and define ¢,, . € Wy ™ (4;R™) by
¢n,s($) = edy, (g) ifeeA,..
Fix any n > 1. It is easy to see that

”an,sHLl(A;Rm) = A |¢n,s(x)|dx

n,e

= e X [ 2 (B

Zeln,s

|A]

= Ek*d||an||L1(l'cnY;1R"L)
n

N

for all ¢ > 0, and consequently lim. ¢ ||¢n c|lz1(a;rm) = 0 for all n > 1. Tt follows
that
(3'51) nh_{go 313% ||¢n,€||L1(A;]R"") =0.

On the other hand, for every n > 1 and every € > 0, we have
x

/AL (?5 + qun,s(l’)) dr = /AM L (g,g + V(;Sn’g(x)) dx + /A\AM L (g,f) dx.
But

/AHYELCC,S—FV%,E(x))dx . /E(Z+kny)L(j7§+v¢n (£)) da

z€1, e
— Muelf L&+ Vo),
k,Y
and consequently
e HL©) < [ L(264 Vone@)) da <Al Lo €+ Vdn(a))da
4 \e knY

+|A \ An,s‘ML(t)

because £ € tC. As lim._,o|A\ A, | =0 for any n > 1, M (t) < oo by (3.49) and
using (3.50) we see that:
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¢ lim [A\ A, |HL(E) = 0;
e—0

¢ lim lim <][ L(xz, &+ ngn)dx —HL() + A\A"‘EML(t)> =0.
n—o00 e—0 k.Y |A|
Hence
(3.52) lim_ Tim ][AL (Z.6+ Vonela)) do - 'HL(&)‘ =0,

and the result follows from (3.51) and (3.52) by diagonalization. B

4. PROOF OF THE HOMOGENIZATION THEOREM
In this section we prove Theorem 2.1.

4.1. Proof of Theorem 2.1(i). Fixu € WH>°(Q; R™) and {u.}. C WH(Q;R™)
such that [|ue — u| z1(rm) — 0. We have to prove that

(4.1) lim I, (u.) > HI(u).

e—0

Without loss of generality we can assume that

lim I (ue) = lim I (u:) < oo, and so sup I (u:) < oo.
e—0 e—0 €

Then, Vuc(z) € C for all e > 0 and a.a. x € Q because domW (z,-) = C for all z €
R?, and s0 sup, || Vuel| o @mmxay < 0o. On the other hand, sup, [ue| 1 (g;rm) < 00
(since ||uc — ul|p1(@mrm) — 0) and by Poincaré-Wirtinger’s inequality, there exists
¢ > 0 such that sup, [|uc|| L (@rm) < c(sup, [[ue|lL1(@rm)+5up, Vel Lo (pamxay).
It follows that, up to a subsequence,

(4.2) ue = u in WhHoo(Q;R™),
where “” denotes the weak star convergence in W1 (€; R™).

Step 1: approximation of W by periodic functions of 1-polynomial growth.
For each t € [0, 1], we define W; : R x M™*? — [0, oo] by

[ W(,6) if ¢ etC
Wi(2,§) = { Sw(t) (1 +dist(¢,C)) if & ¢ tC

with dw (1) := inf,era infe 5 W(,£). As W is 1-periodic with respect to the
first variable, also is W; for each t € [0, 1], i.e.,

(4.3) Wiz + 2,6) = Wi(z,€) for all z € R, all z € R? and all £ € M™*¢,

As 0 € C we have dist(¢,C) < |¢] for all € € M™*? and so for every ¢ € [0, 1], W
is of 1-polynomial growth, i.e.,

(4.4) Wi(z,€) < ay(1 +€]) for all (x,&) € RY x M™*4

with oy := max {dw (t), Mw ()} where My (t) := sup,cra supg¢,z Wiz, §) < 0o by
(2.3). On the other hand, under (2.4), it is easy to see that

(4.5) W > W, > W, for all s,t € [0,1] with s > ¢

and W = sup;e(o 1| Wi, i.e., {Wi}ie(o,1 is increasing to W.
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Step 2: passing to the limit. First of all, using (4.5) we see that
(4.6) HW, > HW; for all s,t € [0,1] with s > ¢,

ie., {HWi}ieo,1] is increasing, with HW; : M™*4 — [0, oo] given by

HW(E) := ét;fl inf{ Wi(x, &+ Vo(x))dx : ¢ € Wol’oo(kY;Rm)} )

kY
On the other hand, given any t € [0, 1], by (4.5) we have

lim L. (u) > lim | W, (2, Vue(2)) do.

e—0 e—=0JQ

Taking (4.2), (4.3) and (4.4) into account, from Proposition 3.16 we deduce that

lim 1. (1) > /Q HW,(Vu(z))da

e—0

for all ¢ € [0, 1], hence

lim 7. (ue) 2/ sup HW(Vu(z))dx
e—0 Q te0,1]

by using (4.6), and (4.1) follows from Proposition 3.11. W

4.2. Proof of Theorem 2.1(ii). Let u € W1 (Q;R™). We have to prove that
there exists {u.}. € WH*(Q;R™) such that |luc — ul| 11 (rm) — 0 and

—_— < —_—
Eh_r>r(1)]5(u8) < ZHI(u).

Without loss of generality we can assume that ZHI (u) < o0, and so
(4.7) Vu(z) € ZHW for a.a. z € Q,

where m denotes the effective domain of W .

Step 1: characterization of ZHW. As W is ru-usc, from Propositions 3.7
and 3.6 we can assert that ZHW is ru-usc. Moreover, ZHW is continuous on
int(ZHW) by Lemma 3.9, and from Step 3 of Corollary 3.8 we see that tZHW C
int(ZHW) for all ¢t €]0,1] (where ZHW denotes the effective domain of ZHW).
Hence

(4.8) ZHW is ru-usc, i.e., }gr% Am(t) <0,

by Theorem 3.5(ii). On the other hand, using Corollary 3.8 we deduce that

ZHW(€) if¢eC
(4.9) ZHW () = { lm ZHW(t) if ¢ €aC

00 otherwise.
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Step 2: approximation of ZHW. First of all, it is clear that

(4.10) }EI% ||tu - u||W1,1(Q;Rm) =0.

On the other hand, from (4.9) we see that ZHW c C, and so tVu(z) € C for a.a.
x € Q because C' is open and convex, 0 € C and (4.7) holds. It follows that

/ ZHW (tVu(z))dz < / ZHW (Vu())de + QA g (1)
Q Q
for all ¢ €]0, 1], and consequently

(4.11) Tm [ ZHW(tVu(z))de < / ZHW (Vu(z))dx
t—1 Q Q

because (4.8) holds.

Step 3: approximation of ZHW. Fix any ¢ €]0,1[. From (4.9) we deduce that
ZHW C, and so V(tu)(x) € tC for a.a. x € Q because (4.7) holds. Moreover,
applying Lemma 3.9 with L = HW, we can assert that ZHW is continuous on
int(ZHW). But, arguing as in Step 4 of Corollary 3.8 we see that int(ZHW) = C,
and consequently ZHW is continuous on C. From Proposition 3.18 it follows that

there exists {Q,1; Un ¢ }n where for each n > 1, Q,,; is an open subset of Q and
Ut € WH(Q; R™), such that:

(4.12) lim [Q\ Q4| =0;
n—oo

(4.13) Un,tlQ, . € Aff(Qy, i R™) for all n > 1;
1\ —

(4.14) Vun () € (t + ) C for a.a. x € Q and all n > 1;
n

(415) nli}fr;o Hun’t — tu‘lwl,l(Q;Rm) = 0,

(4.16) le ZHW (Vuy (z))dr = / ZHW (tVu(z))d.

Consider ay €]t, 1] and ny > 1 such that ¢t + 1 < oy for all n > n,. From (4.14) we
see that

(4.17) Vu,i(z) € opC for a.a. z € Q and all n > n,.

Fix any n > ny. As unqlo,, € Aff(Q,;R™) by (4.13), we can assert that there
exists a finite family {U;}ier of open disjoint subsets of €, such that [Q,; \
UierUi| = 0 and, for each i € I, |0U;| = 0 and Vuy, i(z) = & in U; with & € M™*4.
Thus

(4.18) / ZHW (Vg i(z))dz = [U| ZHW (&)
Qe il
By Proposition 3.19, for each i € I, there exists {¢; x }x C Affo(U;; R™) such that:
(4.19) im ||¢i kLo wiimm) = 05
k—o0
(4.20) klim HW (& + Vi i (x))dx = ZHW ().

For each k > 1, define uy ,,» € WH>°(Q; R™) by
Ut (T) = upi(x) + ¢ () if 2 € U;.
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Then:
(4.21) U n tla,, € AE(Q, s R™);
(4.22) [t = tnll Lo @) = max (@il o i mm).

From (4.22) and (4.19) we deduce that

(423) lim ||uk:,n7t - U’n,tHLm(Q;Rm) =0.
k—o0
On the other hand, taking (4.17) into account, for each k > 1, we have

/’HW(Vuk’n,t(x))dac = / ’HW(Vuk,n,t(x))dqu/ HW (Vup i (z))dx
Q Qi t N\Qn e

SIUIf HW (6 -+ Vouu(a))da + 192\ Dol M)

iel

IN

with My (o) < oo by (2.3), and consequently

(4.24) Tm [ HW(Vugps(@))de < / ZHW (Vg (@))da+ [0\ Qe[ Moy ()
Qn ot

k—o0 Q
by (4.20) and (4.18).

Step 4: approximation of HW. Fix any k¥ > 1. As ZHI(u) < oo and
Mw (o) < oo, from (4.11), (4.16) and (4.24) we see that Vuy () € HW for
a.a. ¢ € ), where HW denotes the effective domain of HW, hence:

(4.25) tVug ni(x) € HW for a.a. z €

(4.26) tVug .1(z) € tC for a.a. z € Q

because C C HW C C (see Remark 2.3) and C is open and convex and 0 € C.
Taking (4.25) into account it follows that

(4.27) /Q HW ((V g () < /Q HW (Vatg 1 (2))d + 19| Agery (1)

with A (t) 1= supgeqw HW (1) —HW (E). From (4.21) we see that tuk |, , €
Aff(Q, +;R™), and so we can assert that there exists a finite family {V;};cs of open
disjoint subsets of €, ; such that |Q,; \ UjesV;| = 0 and, for each j € J, [0V;]| =0
and

(4.28) tVug e (z) = ¢; in Vj with ¢; € M™*%,

It follows that

(4.29) /Q HW (tV g (1)) = 37|V [HW(G))-
n,t jeJ

From (4.28) and (4.26) we see that (; € tC for all j € J. Using Proposition 3.20
we deduce that for each j € J, there exists {1; .} C Wy >°(V;;R™) such that:

(4.30) Tim fl4hj [l (v ) = 05
(4.31) li W(f + Vi ())d =HWI(G)
. 51~I>I(1) v, c ) Cj ¢J75 T T = C] '

For each € > 0, define uc  ,,+ € WH°(Q; R™) by
Ue font (T) = tug ni(x) + 5 (2) if 2 €V
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Then
et eim,t = s il o2 mmy = D [gellor vy mm),
jeJ
and so
(4.32) L {fue gn,e = kel 1 mm) = 0

by (4.30). On the other hand, Taking (4.26) into account, for each € > 0, we have

/QW (g, Vue,k,n,t) dr = /QW (g, VUE,k,n,t) dz + /Q\Qn,t w (g, tVuk,n,t> dx

STV W (264 V) o+ 2 200w (1)

jes
with Mw (t) < oo by (2.3), and consequently

IN

m w (Ev vus,k,n,t(m)> dx < / HW(tvuk,n,t(x))dI + |Q \ Qn,t|MW (t)
e—0 Q £ Qo

by (4.31) and (4.29). Using (4.27) we conclude that
(4.33) lim [ W (E, Vu57k7n7t(x)> der < / HW (Vug i (z))dz
e—0 Q g Q
HIQ Az (8) + [\ Qo o | My (2).
Step 5: passing to the limit. On one hand, it is easy to see that
e kme — vl orm)y < ekt =tk llLr @irm) + Ukt — Unge || L1 (irm)
+t||uns — tullLrrm) + (€ + D) lltu — ull L1 @rm),
and consequently

4.34 lim li lim li — Rm) =
(4.34) tiug Jin, i, B le e = ullor ) = 0

by using (4.32), (4.23), (4.15) and (4.10). On the other hand, From (4.33), (4.24),
(4.16) and (4.12) we deduce that

i [ W (2 Ve (@) do < / ZHW (EVu(z))dz + Q] A (£).
n—o0 k—ooe—0 [ e Q

But W is ru-usc, and so also is HW, i.e., lim;_,; Agw (t) < 0, by Proposition 3.7,

hence

(35) T T T T [ W (2 Ve nele) do < / ZHW (Vu(x))dz,
Q

t—=1n—o0k—ooe—0 Jo

and the result follows from (4.34) and (4.35) by diagonalization. W
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