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Abstract

In this study, we address the DDFV implementation
and theory for solving linear elasticity problem in 3d.

Let us recall that the principle of the DDFV discretiza-
tion consists in integrating the system both over a
given primal mesh and a dual mesh built from the pri-
mal one and in computing discrete operators that are
in duality in a discrete sense.

Why FV for Linear Elasticity ?

The finite volume method is extensively used in CFD
and the finite element method for solid mechanics
problem. Howeverer there is a multitude of physical
problems combining fluid and solid mechanics where
finite volume methods appear to be a pertinent al-
ternative : fluid-structure interactions, deformation of
geomechanical reservoir, frost heave problems.

Continuous problem

Find the displacement u € R’

—divo(u)=fonQ, u=gonl'p, o(u)yn=hon 'y

Hooke relation
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Discrete Green formula

For any u” = (ug, uk+) and any £* = (fDKS)Keﬂﬁ,seaK /
PNy = €N,
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where the trace operator 7" is defined by:
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Discrete Korn inequality

For any u™ € (R%)" such that ux = 0, VK € 991 and
ug- = 0, VK* € 991", there is a constant C'(€2) such
that
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Theoretical results

Under mesh regularity assumptions

- Existence :
The DDFV scheme yields to a sym. pos. def. system
of linear equations and admits exactly one solution.

- Stability :
Let u” € (R”)" be the solution of the discrete pb (1),

then there exists a constant C'(€2) such that
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- Convergence :
There exists a constant C'({2) such that

lu—u" ||+ || Vu— V?u" |[,< C(Q) size(IN)

We have to construct a discrete stress tensor which
satisfies transmission conditions on each interface.
One idea is to compute it on diamond cells [2]. How-
ever, in case of non orthogonal meshes, vertices un-

knowns are eliminated using a suitable interpolation
on cell-center unknowns, breaking symmetry. DDFV
scheme introduces a dual mesh which leads to con-
sider vertex values as unknowns, so that symmetry is
guaranteed.
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Primal, Dual, Diamond meshes : Q = UkcmK = 5 Ukrean- K¥ = UpeoD.

Discrete divergence
on dual and primal cells
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Discrete stress tensor 0® = (UDKS)Keim,sE@K
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Discrete gradient
on half diamond cell Dg.
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Flux continuity for stress tensor

u, are eliminated by writing the continuity of the flux and
by boundary conditions:

oP%(u")Nks = —oP=(u" )N, Vs=KnNL D!
oP%s(u" )Nk, = h(x,) Vs € Db
U; = g(Xs) Vs € @bD

DDFV formulation

The scheme for the numerical resolution consists in finding u™ € (R”)” such that:

—div*(c®(u")) = fX YK e M
—divf (0@ (u7)) = £K YK* € o U by

Example 1: 3D cube

We impose an embedding condition on left, front and bot-
tom faces (I') and a given traction otherwise such that
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Initial mesh DDFV solution

Exact solution

O DDFV Linf 1.81
O DDFVL1 2.16
* DDFV L2 2.29

Homogeneous
material
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mesh size

uk = g(xk), VK € oMo
ae = glxic), VK € M

O'@(HT)IIKS = h(XK), VK € ooty

Example 2 : 3D two materials structure

Left embedding (I'1) and imposed displacement on the
right (I's) : u = (1,0,0). Free traction otherwise.
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FE solution
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O DDFV Linf 0.97
o DDFVL1 1.38
DDFV L2 1.43
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Conclusion / Open questions / References

The DDFV discretization method has been introduced for linear elasticity using both cell and vertex centers values as
unknowns. This method satisfies compatibility with discontinuities at the interfaces of the mesh : discrete gradients are
definied on half diamond cells and stress flux continuities are imposed to eliminate auxiliary unknowns on faces.
However, there are still open problems : proof of discrete Korn inequality in case of mixed boundary conditions, proof
of convergence in case of Lamé coefficients constant on half diamond cells.
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