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Casimir invariants and the Jacobi identity in Dirac’s
theory of constrained Hamiltonian systems
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Luminy, case 907, 13009 Marseille, France

E-mail: chandre@cpt.univ-mrs.fr

Abstract. We consider constrained Hamiltonian systems in the framework of Dirac’s
theory. We show that the Jacobi identity results from imposing that the constraints are
Casimir invariants, regardless of the fact that the matrix of Poisson brackets between
constraints is invertible or not. We point out that the proof we provide ensures the
validity of the Jacobi identity everywhere in phase space, and not just on the surface
defined by the constraints. Two examples are considered: A finite dimensional system
with an odd number of constraints, and the Vlasov-Poisson reduction from Vlasov-
Maxwell equations.
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1. Introduction

Imposing constraints on a Hamiltonian system is routinely done using Dirac’s theory |1,
2, 3, 4]. The key point is to compute the matrix C of the Poisson brackets between
two constraints (i.e., whose elements are C,, = {®,, ®,,} where ®,(z) = 0 are the
constraints) and to invert this matrix. Under this hypothesis, it has been shown that
the following bracket, called Dirac bracket,

{F,G},={F,G} —{F,®,}Dyn{®Pm, G}, (1)

where D = C~!, is a Poisson bracket. The technical difficulty is to prove the Jacobi
identity, and this has been done by Dirac in Ref. [1], and his proof relies heavily on the
invertibility of C (see Eq. (59) which results from Eq. (35) in Ref. [1], or Appendix B
in Ref. [5]). As a consequence of the fact that D is the inverse of C, the constraints are
Casimir invariants, i.e., {®,,G}. = 0 for any observable G.

What if the matrix C is not invertible? This could happen for instance if there is an
odd number of constraints (since C is antisymmetric) or if the constraints are reducible or
redundant [6, 9, 7, 8]. The purpose of the present article is to address this question. Our
main result is to show that the Jacobi identity is a property which results from imposing
that the constraints are Casimir invariants, regardless of the invertibility of C. This
result holds for canonical or non-canonical Hamiltonian systems (see Refs. [10, 11, 12]
for an introduction to non-canonical Hamiltonian systems). We notice that the proof
we provide shows the validity of the Jacobi identity everywhere in phase space, and not
just on the surface defined by the constraints as found in Refs. [6, 7, §].

We consider a finite dimensional Hamiltonian system whose variables are denoted

z = (21,22,...,2n). It is given by a Hamiltonian H(z), a scalar function of the variables,
and a Poisson bracket written as
or oG
FGY=2 g 2
oy =2 502" 2

where the Poisson matrix J(z) is such that the bracket (2) is antisymmetric and satisfies
the Jacobi identity [in addition to the bilinearity and the Leibnitz rule which are already
ensured by the form of the bracket (2)].

We impose a set of M < N — 2 constraints ®,,(z) = 0 for m = 1,..., M which
are scalar functions of the variables z. We consider brackets of the form (1) with an
antisymmetric matrix D which is not necessarily the inverse of C (and consequently
these brackets are not not Poisson brackets in general). The matrix associated with the
bracket (1) is given by [13]

J.,=J-30ay, (3)
where the matrix Q has elements Qm = 0®,,/0z;. The matrix D is chosen such that the
constraints are Casimir invariants. This leads to the following condition on D :

JO'(1—DpC) =0, (4)
where 1 is the M x M identity matrix and C = QJQT. A first situation is when C is
invertible, and hence a possible solution to Eq. (4) is D = C~!. This is the main case
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considered in the literature, for which the Jacobi identity is proved in order to ensure
that the Dirac bracket is a Poisson bracket [1, 5].

However in many instances, the matrix C is not invertible, and, to the best of our
knowledge, there is no proof of the Jacobi identity in these cases which holds everywhere
in phase space. There are two properties which are strongly dependent on the particular
choice of matrix D, which are (7) the Jacobi identity and (i¢) the fact that the constraints
are Casimir invariants. The purpose of this article is to show that (i7) implies (), or in
other words that imposing that the constraints are Casimir invariants, i.e., Eq. (4), is
sufficient to ensure that the Dirac bracket (1) is a Poisson bracket. The proof is done
in Sec. 2. In Sec. 3 we illustrate the computation of the Dirac bracket in cases where
C is not invertible, with two examples: a finite-dimensional Hamiltonian system with
an odd number of constraints, and the Vlasov-Poisson reduction from Vlasov-Maxwell
equations.

Before going into the proof of the Jacobi identity, we would like to address two
questions:

1) Does the Jacobi identity for the bracket (1) imply that the constraints are Casimir
invariants, i.e., does (7) implies (#4)? The answer is no, and we provide a counter example
below. Consider a Poisson matrix J written in block form as

J_co
Vo J )

where C and J satisfy individually the Jacobi identity so that the matrix J too. The
bracket (1) is characterized by a matrix

[ c(1-pC) O
(05 1),

for Q = (1,0). Assuming that C is invertible, we choose D = C~'(1 — \) so that
C = C(1 — DC) = AC which satisfies the Jacobi identity inherited from C. In order to
have the constraints as Casimir invariants, C must vanish. Therefore the bracket (1)
satisfies the Jacobi identity in this case, but does not have the constraints (z1,. .., zy)
(where M is the number of columns of C) as Casimir invariants.

2) Given that Eq. (4) might have more than one solution, does it lead to different
expressions for the Dirac bracket? The answer is no. We consider D a solution of Eq. (4).
We notice that any matrix D = D + with JQf ¢ = 0 also satisfies Eq. (4). The Dirac
bracket is obtained from the Dirac projector [13] P =1 — JOD Q, ie., J, =PJpPi. If
we consider the other projector associated with D,ie,P=P— Jof Q, then we show
that

PIPt = pIpt,

where we use the identity PJ Qf = 0. This identity ensures that the Dirac bracket is
unique, even if there might be more than one solution to Eq. (4).
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2. Proof of Jacobi identity

A proof of a weak version of the Jacobi identity, i.e., the validity of the Jacobi identity
on the surface defined by the constraints, has been detailed, e.g., in Refs. [6, 7, 8]. It is
based on showing that

{F7 {G7 H}*}* ~ {Fla {Glu Hl}}7
where F' = F — {F, ®,,} D,;,,®,, in order to deduce that

{FA{G,H}.}. +{H,{F,G}.}. +{G,{H, F}.}, ~0.

Here we show that the Jacobi identity holds everywhere in phase space, i.e., the weak
equality can be made a strong one, i.e.,

(F{G, H}.}. + {H, {F,G}.}. + {G,{H,F}.}, = 0.

As a consequence, even in the case where the matrix C is not invertible, the Dirac
bracket (1) [if it can be constructed using Eq. (4)] is a Poisson bracket.

First we perform a local change of coordinates such that the new variables are the
constraint functions. This can be done at least locally under the assumption of the
change of coordinates. In other terms, we assume that ®,(z) = z; for k € [1, M]. We
assume that J satisfies the Jacobi identity. In the variables (®,w) the Poisson matrix

J = - .
B J
The Poisson matrix associated with the bracket (1) is given by

5= ( c(1-pc) —(1-cD)Bf ) .

B(1—DC) J+BDB!

is expressed by blocks

We assume that D is chosen such that the constraints are Casimir invariants of J,. This
condition becomes:
c(1—Dc) =0, (5)
B(1—DC) = 0. (6)
The Jacobi identity for J translates into four sets of equations
CaViCik — Buio,Ci+ Opjmy=0  for i, 5,k € [1, M], (7)
CuVi By — Cy NV Byj + B10,Byj — Bij0,Bii + B V,Cj;
+ Ju0Cij =0 fori,j€[1,M]and k € [I, N — M], (8)
BjiV 1By — BV Bji + J30Bri — JudBji + CaNV1
— B0 J, =0 forie[l,M]and jke[l,N—M] (9
BuViJj, 4+ JudiJj+ Opjm=0 for i,j,k € [L,N — M], (10)
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where O;r) designates the terms obtained by circular permutations of the indices
(1,7, k), Vi = 0/0®; and 0, = 0/0w;. So when the index [ is involved with V. the
implicit sum runs from [ = 1 to M. When it is involved with 0, the implicit sum runs
froml=1to N — M.

Given Egs. (5)-(6), the Jacobi identity for J, reduces to

(T +BDBNa(T + BDB) 1+ Oum= 0. (11)

The aim is to use Egs. (7)-(10) together with Eq. (6) in order to prove Eq. (11).
Equation (11) can be decomposed into three sets of terms :

Sijk = JaOiJj, + (BDBN) a0 T+ Oy (12)
Tijr = JaOi(BDBY) ju+ Oy, (13)
Ujx = (BDB')40,(BDBY) it Oy - (14)

Here we notice that all indices i, j, k belong to [1, N — M]. Using Eq. (10), the S terms
can be rewritten as

Sijk = —BiuViJjk + Bim Diin Bin0 Jj14 Oijny -

By rewriting B;,,d;J;; using Eq. (9), a cancellation is obtained from Eq. (6), and the S
terms are rewritten as

Siik = BimDim(BjiV1 By, — BuViBjn + Jj0, By — Ju0Bin)+ Oijiy -

By noticing a cancellation in the terms BDJOB in S and T (using a circular permutation
of the indices (i, 7, k) and the antisymmetry of D), we obtain

Siik+Tijk = BimDin(BjiViBin— BV 1 Bjn)+Ja Bim BinO Dinn+ Oijry -(15)

Concerning the U terms, we decompose them into two parts :

UZ(Jlk); = BimDmnBlnquijalqu + BimDmnBlnququalij+ O(ijk)a

UZ(JQ]E = BimDmnBlnijqualeq_'_ O(z]k) .
The second term of UM is rewritten as B, D,y Don Bir BigO1 By, using a circular

permutation of the indices (i, j, k). Therefore, we have

Uz(jllz = BimDmnquij(Blnalqu o qualBlm)+ O(ijk)’

where we have used the antisymmetry of D. From Eq. (8), UV is rewritten as
Ui) = = BinDyun(BDC) iV i By + BjinDinn (BDC)a V1 B
- BimijBlemnquvlqu - BimijDmnqujklalqu+ O(z]k)<l6)

From Eq. (6) and using a circular permutation on the indices (i, j, k), the first line of the
previous equation cancels with the BDBV B terms in Eq. (15). Concerning the fourth
term in Eq. (16), we show that

_jlejprqBimDmnalqu = _jlelmB]nalen



Casimir invariants and the Jacobi identity in Dirac’s theory 6

This property results from differentiating B;; — Bip DmnCrq = 0 with respect to z
together with Eq. (6) and the antisymmetry of D. Using a circular permutation of
(i, 7, k) these terms cancel with the JBBOD terms of Eq. (15).
After these steps, the Jacobi identity is rewritten as
SZ]k+E]k+Uij = BszmnBlnijqualeq_Bsz]kalenquvlqu+ O(zgk) (17)

Next the strategy is to get rid of the 9D terms. In order to do this, we insert C'
terms through a B coefficient in the first term of the previous equation, i.e., inserting

Bj, = BjaDasCp,. From the identity

Cﬁpalequq = alBk‘ﬁ - 8lcﬁprquq - CBprqalquv
which is obtained by differentiating Eq. (6) with respect to z; (and using the
antisymmetry of D and C), the first term in Eq. (17) is rewritten as
BimDmnBlnijqualeq = _BimDmnBlnBjaDaﬁququalCﬁp
+ Bin Dinn Bin Bjo Do (0,Big — CppDpgOiBrg).  (18)
From Eq. (7) we replace C' by VC'. The first term becomes

BimDmnBjaDaﬁququBlnalCBp+ O(zgk): BimDmnBjaDaﬁququCnlvlCﬂp+ O(zgk) .

From the equation By, Dy Cri = By [see Eq. (6)] we see that the previous term cancels
with the second term in Eq. (17), still using a circular permutation of the indices (i, j, k).
In a similar way, the second term in Eq. (18) vanishes by inserting B;,DasCpp, = Bjp.
Consequently, we have proved the Jacobi identity for the bracket (1) with Egs. (5)-(6),
ie.,

Sijk + Tiji + Usjir = 0.

3. Examples

3.1. Example 1: Odd number of constraints

First we describe a rather trivial example in order to illustrate the method. We consider
the following Poisson matrix

0 —23 2z 0 0
23 0 —zx 0 O
J = —Zy 2 0O 0 O ,
0 0 0 0 —1
0 0 0O 1 0

which corresponds to the Poisson bracket

OF 9G _9F 9G  OF G
0z 0z 8w1 8w2 8w2 8w1 '

{F,G} = —z-
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We impose three constraints ®x(z, w) = z;, for k£ = 1,2,3. The associated operator o)

is given by
1 0000
O=[01000
00100

The matrix C is a 3 X 3 antisymmetric, so it is not invertible. Its expression is

0 —Z3 Z9
C = zZ3 0 —21
—Z29 21 0

The following matrix D satisfies Eq. (4) :

0
0

w)

I
o oo
o = o

—1

The solution of Eq. (4) is not unique, but all solutions lead to the same Dirac bracket
with Poisson matrix given by Eq. (11) :

Je =

o O O O O
o O O O O
o O O O O
_ o O O O

which corresponds to the Dirac bracket

OF 0G  OF 0G

_8’11]1 8w2 + 8w2 8w1 ’

{F, G}* =

3.2. Example 2: Vlasov-Poisson equation

The second example concerns the Vlasov-Poisson reduction from the Vlasov-Maxwell
equations. The field variables x(z) = (f(x,v), E(x),B(x)) where z = (x,Vv), and the
equations of motion are

f==v-Vf—(E+vxB)-d,f,

E=VxB-1J,

B=-V xE,

where J = [ d*vvf. The Poisson bracket is given by

{F,G} = /dGzFX - JGy,
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where F), is the functional derivative of the functional F' with respect to the field
variables x. The Poisson matrix is given by (see Refs. [14, 15, 13])

_[fv ] _avf 0

J=1| —fo. 0 I(v)Vx |,
0 —§(v)V x 0
where the small bracket [-, -] is given by

[f7g] :vfavg_ava9+B<avfxavg>v

where V (resp. dy) is the partial derivative operator with respect to x (resp. v).
In order to obtain the Vlasov-Poisson equations from the Vlasov-Maxwell equations
we impose the following constraints:

Qf, E, B](x) = (V x E, B — By(x)), (19)

where By is a non-uniform background magnetic field. The operators Q is given by

A 0 Vx 0
°= ( 0 0 1 ) ‘
The operator C is given by

B 0 (Vx)?
C = ( (V)2 0 ) . (20)

The operator C is not invertible; however, the Dirac procedure still applies with an
appropriate choice for D given by

0 AN
D:<_Al 0 ), (21)

so that Eq. (4) is satisfied. We notice that Q(1 —DC) # 0 but JQ(1 — DC) = 0. This
is due to the fact that V - B is a Casimir invariant of J.
As a result, the Poisson operator of the Vlasov-Poisson equations is given by

—[f,] ~VA™'V-0,f 0
J.= | =VAIV.(fd,) 0 0
0 0 0

It leads to the expression of the Poisson bracket [13],
{F,G}. = /dﬁz flFy — A7V - Fg,Gy — A™'V - Ggl.

In the case of the constraints given by Eq. (19), one of the constraints, V - B, is already
a Casimir invariant of the Vlasov-Maxwell bracket, and hence a first-class constraint.
This kind of redundancy is a source for the non-invertibility of the matrix C. In the
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present example, we eliminate this redundancy by modifying the set of constraints (19),
removing the divergence of B, i.e., we consider the following constraints :

Q[fvaB](X) = (V X EvP(B - BO(X)))a

where P is the projector on the solenoidal part given by P = 1—VA~'V.. Using similar

A 0 Vx 0
Q‘(o 0 P)’

and C remains unchanged and is given by Eq. (20). The matrix D given by Eq. (21)
satisfies QT(l — DC) = 0. We have eliminated some redundancy at the origin of the

calculations as above, we find

non-invertibility of C. As we shall see below, this kind of redundancy is not an issue in
the proposed approach to compute the Dirac bracket.

4. Concluding remarks

We consider an ensemble of M constraints ®, of which the first K ones are Casimir
invariants of the original Poisson bracket (a particular family of first-class constraints).

c_[00
“\oc )

where C is assumed to be invertible. Given that ®; for k¥ = 1,...,K are Casimir
invariants, JQ = (0, JQ;) where O, is the matrix of the derivatives of ®x.q,..., P,
with respect to the phase space variables. It is straightforward to show that any matrix

o ( Di Di )
~\ =Dl ¢t )°
12

satisfies Eq. (4). Therefore in the definition of the constraints there is no need to worry

The matrix C is written as

of the form

about possible combinations giving rise to Casimir invariants of the original Poisson
bracket. Notice that if some of the constraints are first-class but not Casimir invariants,
this might lead to some inconsistencies in Eq. (4) like the ones in Refs. [16, 6].
Another case of redundancy is when one (or several) constraints can be obtained
from the other constraints. For instance, we assume that one constraint ®; is dependent
of the other constraints, i.e., ®; = f(Ps,..., D). In this case, the usual Dirac’s
procedure cannot be carried out since the matrix C is not invertible. This matrix is

. 0 —bf
“\bv ¢ )

where b = ({®y, &1}, {®3, 1}, ..., {®);, &1 1) and the coefficients of C are {®,, ®,,}
2. In fact the vector (—1,ds,...,dy) where d,, = 0f/0P,,, belongs to the

given by

v

for n,m
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kernel of C. We assume that C in invertible. Then the following matrix D satisfies

Eq. (4)
0 —di

where d = (dy, ...,dy). Here we have used the two properties, b'd = 0 and cd =b.
As a consequence this kind of redundancy is properly handled using Eq. (4) instead of
the too stringent requirement that the matrix C is invertible.

In summary the requirement for the existence of a Dirac-like bracket (1) is obtained
by imposing Eq. (4), i.e., that the constraints are Casimir invariants. It translates into

Ker C C Ker 70, (22)

which is a necessary and sufficient condition for the existence of a solution to Eq. (4).
Indeed we denote r the rank of C and we rewrite it as

0 0
= ~ T
C O(OC>O’

where O is an orthogonal matrix and C is invertible. A possible antisymmetric solution

0O O
D=0 - of
( 0 ct ) ’

If the specific choice of constraints is such that Eq. (22) is satisfied, then the Dirac

to Eq. (4) is given by

given the condition (22).

bracket (1) can be computed from Eq. (4), and it is a Poisson bracket everywhere in
phase space, and not just on the surface defined by the constraints. Otherwise some
obstructions are present, and one should modify the set of constraints so as to reduce
the kernel of C.
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