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ERROR ESTIMATE FOR TIME-EXPLICIT FINITE VOLUME
APPROXIMATION OF STRONG SOLUTIONS TO SYSTEMS OF
CONSERVATION LAWS*

CLEMENT CANCES'#, HELENE MATHIS!, AND NICOLAS SEGUIN'?

Abstract. We study the finite volume approximation of strong solutions to nonlinear systems
of conservation laws. We focus on time-explicit schemes on unstructured meshes, with entropy
satisfying numerical fluxes. The numerical entropy dissipation is quantified at each interface of
the mesh, which enables to prove a weak—BV estimate for the numerical approximation under a
strengthen CFL condition. Then we derive error estimates in the multidimensional case, using the
relative entropy between the strong solution and its finite volume approximation. The error terms
are carefully studied, leading to a classical h'/4 estimate in L? under this strengthen CFL condition.
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1. Introduction. This paper deals with error estimates of the finite volume ap-
proximation of hyperbolic systems of conservation laws. The solutions to such systems
may develop discontinuities in finite time and, since the pioneering work of Lax [32],
entropy conditions are added to select physical/admissible solutions. However, it has
been shown by De Lellis and Székelyhidi Jr in [12, 13] that such a criterion is not
sufficient in the multidimensional case. Nonetheless, it is known since several decades
(see in particular [15, 10]) that if a strong solution exists, then there exists a unique
entropy solution corresponding to the same initial data, and that it coincides with
this strong solution. Moreover, it can be shown that entropy solutions are stable with
respect to strong solutions. Since error estimates of any approximation is based on
the stability properties of the model, we restrict this study to strong solutions which
are known to exist, in finite time, and to be unique.

The well-posedness of the scalar case has been proved by Kruzhkov in [29], in
several dimensions. The first error estimate for finite volume methods on cartesian
grids has been obtained by Kuznetsov [30], who provides an estimate in h'/? (h
being the characteristic size of the grid) for initial data of bounded variations. The
multidimensional case for scalar conservation laws is much more tricky as soon as
unstructured meshes are considered [8, 9, 40, 18, 7]. These works use the DiPerna’s
uniqueness theorem [17] and lead to an h'/4 error estimate.

In the case of nonlinear systems, only few results exist (the linear case, or more
precisely the case of Friedrichs systems, are been studied in [41] and [25]). In one
space dimension, the first convergence study is due to DiPerna in [16]. In the mul-
tidimensional case, if arbitrary times are considered, the convergence can be reached
only towards measure-valued solutions (due to the lack of uniqueness of entropy weak
solutions mentioned above), see [24] where space-time discontinuous Galerkin meth-

*This work was supported by the LRC Manon (Modélisation et approximation numérique ori-
entées pour ’énergie nucléaire — CEA/DM2S-LJLL) and by the Nuclear System and Scenarios fed-
erative project of the NEEDS program (CNRS — CEA — AREVA - EDF — IRSN)

TUPMC Univ Paris 06, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005, Paris, France

fCNRS, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005, Paris, France (can-
ces@ljll.math.upme.fr, nicolas.seguin@upmec.fr)

8Université de Nantes, Laboratoire de Mathématiques Jean Leray, 2, Rue de la Houssiniere,
44322 Nantes Cedex 03, France (helene.mathis@univ-nantes.fr)

1


mailto:cances@ljll.math.upmc.fr
mailto:cances@ljll.math.upmc.fr
mailto:nicolas.seguin@upmc.fr
mailto:helene.mathis@univ-nantes.fr

2 C. CANCES, H. MATHIS, AND N. SEGUIN

ods are analyzed. On the other hand, an h'/* error estimate between approximate
and strong solution has been proved in [26] for time-implicit finite volume schemes.

The key-point in all the multidimensional studies is the control of the BV semi-
norm. For unstructured meshes, one can only proves that it grows as h=1/2 (even in
the scalar case, cf. [14]), which actually is the main barrier to obtain expected rate of
convergence. Here, we prove for first-order time-explicit finite volume schemes such
an estimate, under classical assumptions on the numerical flux (see for instance [5]
and [38]). As in the scalar case, this so-called weak—BV estimate requires a slightly
reduced CFL condition, in order to ensure a sufficient amount of numerical entropy
dissipation (see for instance [19]). We also simplify the framework of [26] and prove
an error estimate in h'/4.

REMARK 1.1. Let us also stress that, in the one-dimensional case, more accurate
results may exist. In [4], the authors prove the optimal rate of convergence in the case
of strong solutions. On the other hand, Laforest in [31] is able to obtain a posteriori
estimates for front-tracking methods.

1.1. Hyperbolic systems of conservation laws.

1.1.1. Strong, weak, and entropy weak solutions. We consider a system of
m conservation laws

d
(1.1) Opu(z,t) + Z Oafo(u)(z,t) = 0.
a=1

System (1.1) is set on the whole space x € R?, and for any time t € [0,T], T > 0. We
assume that there exists a convex bounded subset of R, denoted by € and called set
of the admissible states such that

(1.2) u(z,t) €Q, V(zx,t) € R x[0,T).
System (1.1) is complemented with the initial condition
(1.3) u(z,0) = ug(z) € Q, Vo eR™L

We assume for all o € {1,...,d} the functions f, : R — R™ to belong to
C?(;R™), and be such that Df, are diagonalizable with real eigenvalues, where D
denotes the differential with respect to the variables .

System (1.1) is endowed with a uniformly convex entropy n € C%(Q; R) such that
there exists $1 > [y > 0 so that

(1.4) spec (D*n(u)) C [Bo; A1), Vu € Q,
and the corresponding entropy flux ¢ € C2(Q;R?) satisfies for all a € {1,...,d}
(1.5) D¢y (u) = Dn(u)D fo(u), Yu € Q.

Without loss of generality, we assume that n(u) > 0 for all u € Q. The existence of
the entropy flux £ amounts to assume the integrability condition (see e.g. [22])

(1.6) D*n(u)D fo(u) = D fo(u)? D?n(u), Yu € Q.

Let us introduce the quantity L by

Tp2 D
(1.7) Ly= sup sup sup L ;)(UQ) Ja(ww
a€{l,...,d} (u,w)EQ? weRm\ {0} wT D?n(v)w
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REMARK 1.2. Notice that, in view of (1.6), the matriz D f,(u) is self-adjoint for
the scalar product (w,v), = w? D*n(u)v. Therefore, the Rayleigh quotient

(1.8) sup wT D?n(u) D fo(u)w — swp (w, D fo(uw)w),
weR™\{0} wT D2n(u)w weR™\{0} (w, W),

provides exactly the largest eigenvalue in absolute value of D f,(u). The situation
in (1.7) is more intricate than in (1.8) since u might be different of v, but the quantity
Ly is bounded in view of the boundedness of Q and of the regularity of fo and 1.
Despite it is well-known that even for smooth initial data wug, the solutions
of (1.1)-(1.3) may develop discontinuities after a finite time, our study is restricted
to the approximation of smooth solutions u € W% (R4 x R, ; Q) to (1.1)—(1.3). Such
solutions are called strong solutions, and they satisfy the conservation of the entropy

d
(1.9) Om(u) + ) 0aba(u) =0 in R xRy,
a=1

We refer for instance to [27, 34, 11] for specific results on strong solutions of systems
of conservation laws.

Assuming that uy € L=(R%; ), a function v € L>®(R? x R ;) is said to be a
weak solution to (1.1)—(1.3) if, for all ¢ € C}(R? x Ry ;R"™), one has

(1.10) //R o dmdtJr/Rd ué(-,0) der//Rd ) zd:fa(u)aagb dwdt = 0.
xRy xRy o=1

Moreover, u is said to be an entropy weak solution to (1.1)—(1.3) if u is a weak solution,
i.e., u satisfies (1.10), and if, for all ¢» € C}(R? x R );R,), it satisfies

d

(1.11) //]Rd'xR+ n(u)@twdxdtnL/Rd 77(uo)z/1(-7O)alaﬂ—k//WX]R+ ;fa(u)aawdxdt > 0.

1.1.2. Relative entropy. In the scalar case, the comparison of two entropy
weak solutions lies on the Kruzhkov’s paper [29], which has been extended to the
comparison of an entropy weak solution with an approximate solution by Kuznetsov
[30]. In the case of systems of conservation laws, these techniques no longer work.
Basically, the family of entropy—entropy flux pairs (n,£) is not sufficiently rich to
control the difference between two solutions. Nevertheless, let us assume that one of
these solutions is a strong solution, u in the sequel, and introduce:

DEFINITION 1.1 (Relative entropy). Let u,v € Q. The relative entropy of v w.r.t.
u s defined by

H(v,u) = n(v) = n(u) = Dn(u)(v - u),

and the corresponding relative entropy fluzes Q : R™ x R® — R? qare

Qo(v,u) =&, (v) — () — Dn(u)(fo(v) — fa(w), Vae{l,...,d}.

The notion of relative entropy for systems of conservation laws goes back to the
early works of DiPerna and Dafermos (see [15], [10] and the condensed presentation in
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[11]). It has also been extensively used for the study of hydrodynamic limits of kinetic
equations (see the first works [42] and [1], but also [36] for more recent results). For
systems of conservation laws, one can check that, given a strong solution u and an
entropy weak solution v with respective initial data ug and vy, one has

d
(1.12) O H (v, u) +Z(’9Qavu§ Z Zo(v,u)

a=1 a=1

in the weak sense, where

(1.13) Za(,0) = D20(u) (fa (0) — fulu) = Dfulw)(v - u)).
On the other hand, it follows from the definition of H that

(1.14) (v,u) / / w)TD*n(u + (v — u)) (v — u) dvyde,
which, together with (1.4), leads to

(1.15) %U—U\Q < H(v,u) < %|v—u|27 Yu,v € Q.

If uw is assumed to be a strong solution, its first derivative is bounded and by a
classical localization procedure a la Kruzhkov and a Gronwall lemma, one obtains a

L2 _ stability estimate for any r > 0

loc

(1.16) / |o(z, T) — u(z, T)|*dx < C(T, u)/ lvo () — uo(x)|*dz,

lz|<r le|<r+L;T
where the dependence of C on u reflect the needs of smoothness on u (C blows up when
u becomes discontinuous). This inequality, rigorously proved in [11], provides a weak—
strong uniqueness result. Similar (but more sophisticated) ideas have been applied to
other fluid systems, see for instance [35] and [20] for more recent developments.

REMARK 1.3. In [89], Tzavaras studies the comparison of solutions of a hy-
perbolic system with relaxation with solutions of the associated equilibrium system of
conservation laws. He also makes use of the relative entropy for strong solutions. Very
similar questions have been addressed in [3, 2] for the convergence of kinetic equations
towards the system of gas dynamics. Here again, only strong solutions of the Euler
equations are considered. To finish the bibliographical review, let us mention the work
by Leger and Vasseur [33] where the reference solution may include some particular
discontinuities.

REMARK 1.4. For general conservation laws, the relative entropy is not sym-
metric, i.e, H(u,v) # H(v,u) and Q(u,v) # Q(v,u). In the very particular case
of Friedrichs systems, i.e. when there exist symmetric matrices A, € R™*™ (a €
{1,...,d}) such that f,(u) = Aqu, then u s |u|? is an entropy and the corresponding
entropy fluz € is 4(u) = uT Aqu, (o € {1,...,d}). It is then easy to check that

H(v,u) = H(v,u) = |u—v|? Qu(v,u) = Qulu,v) = (v —u)T Ag(v — u),
and Z,(v,u) =0 for all (u,v) € R™. As a consequence, inequality (1.12) becomes

d
O H (v, u) + Z 0aQa(v,u) <0,

a=1
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even if u is only a weak solution. This allows to make use of the doubling variable tech-
nique [29] to compare u to v, recovering the classical uniqueness result for Friedrichs
systems [21].

Our aim is to replace the entropy weak solution v in (1.12) by an approximate
solution provided by finite volume schemes on unstructured meshes. Following the
formalism introduced in [18], this makes appear in (1.12) bounded Radon measures
which can be controlled, leading to error estimates in h'/# between a strong solution
and its finite volume approximation, h being the characteristic size of the cells of the
mesh. The purpose of the following section is to define the finite volume scheme and
to recall some classical properties required on the numerical fluxes.

1.2. Definition of the time-explicit finite volume scheme.

1.2.1. Space and time discretizations. Let 7 be a mesh of R? such that R¢
is the union of the closure of the elements of 7. We denote h = sup{diam(K), K €
T} < 0o, and assume without loss of generality that h < 1. For all K € T, we denote
by | K| its d-dimensional Lebesgue measure, and by N (K) the set of its neighboring
cells. For L € N(K), the common interface (called edge) between K and L is denoted
by ok and |0k ] is its (d — 1)-Lebesgue measure. We denote by £ the set of all the
edges and assume that there exists a > 0 such that

hd—l
(1.17) K| >ah® and |0K|:= Y l|ogi| < , VKeT.
LeN(K) a

The unit normal vector to i, from K to L is denoted nxr. Let At > 0 be the
time step and we set t" = nAt, Vn € N. Let T > 0 be a given time, we introduce
Np = max{n € Nyn < T/At+ 1}. Since we consider time-explicit methods, the time
step At will be subject to a CFL condition which will be given later.

REMARK 1.5. In order to avoid some additional heavy notations, we have chosen
to deal with an uniform time discretization and a space discretization that does not
depend on time. Nevertheless, it is possible, following the path described in [28],
to adapt our study to the case of time depending space discretizations and to non-
uniform time discretizations. This would be mandatory for considering a dynamic
mesh adaptation procedure based on the a posteriori numerical error estimators that
can be derived from our study.

Since we will consider weak formulations and compact supported test functions in
the next sections, we introduce local sets of cells and interfaces: let r > 0, we denote

T.={KeT|KcCB(0,n)},
(1.18) & ={okL € €| (K,L) e (T:)? LeN(K)},
T, ={okL €| KeT,, LeN(K), LT}
In particular, {ox € £ | K € T,, L e N(K)} = &, U 9T, and &N 0T, = 0.

1.2.2. Numerical flux and finite volume schemes. For all (K,L) € T2, L €
N(K), we consider numerical fluxes Gk, which are Lipschitz continuous functions
from 2 to R™. We assume that these numerical fluxes are conservative, i.e.,

(1.19) GKL(U,U) = *GLK(U,U), V(u,v) € Qz,
We also assume that the numerical fluxes fulfill the following consistency condition:

(1.20) Grr(u,u) = f(u) -ngr, Yu€eQ,
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which implies

(1.21) > lokelGrr(u,u) =0, VueR™ VK €T,
LeN(K)

Following [5], we also assume that they preserve the admissible states by interface.
More precisely, we assume that there exists A* > 0 such that, for all A > \*, for all
K €T, and for all L € N(K),

(1.22) w— % (Crer(w,v) — F(u) -nxr) €9, V(u,v) € Q2.

In order to ensure the nonlinear stability of the scheme, we also require the existence
of a numerical entropy flur. More precisely, we assume that for all (K, L) € &, there
exist Lipschitz continuous functions £k, : 2 X 2 — R which are conservative, i.e.,

(123) SKL(’LL,’U) = —fLK(v,u), V(U,’U) S QQ,

and satisfy the interfacial entropy inequalities: for all A > \* > 0, for all (u,v) € Q2,

(1.24)  &xrp(u,v) —&(u) -ngr < —)\(n(u - %(GKL(U,U) — f(u) nKL)) - n(u))

In what follows, and before strengthening it in (2.9), we assume that the following
CFL condition is fulfilled:

At
(1.25) =N Y okn| <1, VKET.

|K| LeN(K)

Note that the regularity of the mesh (1.17) implies that (1.25) holds if

2
(1.26) At < %h.

We have now introduced all the necessary material to define the time-explicit
numerical scheme we will consider.

DEFINITION 1.2 (Finite volume scheme). The finite volume scheme is defined by
the discrete unknowns u%, K € T and n € {0, ..., Nr}, which satisfy

ut —
(1.27) L~ Z loxL|Grr(uf,ur) =0
At
LeN(K)

together with the initial condition

1
(1.28) uly = —/ uo(x)dz, VK €T,

K] Jx

under assumptions (1.19)—(1.24) on the numerical flur Gk and under the CFL con-
dition (1.26). The approzimate solution u” : RY x Ry — R™ provided by the finite
volume scheme (1.27)—(1.28) is defined by

(1.29) ul(z,t) =ul, forze K, t"<t<t""' KeT, ne{0,...,Nr}.
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1.3. Error estimate and organization of the paper. Our aim is to provide
an error estimate of the the form

lu — "l r2ry < CRM2,

for all compact subset T' of R? x R, where u stands for the unique strong solution
to (1.1), (1.3) and uy, for the numerical solution (1.27)—(1.29). The rigorous statement
is given in Theorem 2.7. This estimate extends to the system case the contributions
of [9, 40, 18, 7] on the scalar case. In [26], which also deals with strong solutions of
nonlinear systems, the assumptions are less classical than ours, in particular we do
not need any ’inverse’ CFL condition of the form C' < A¢/h (see also [18] for a similar
comment in the scalar case).
The proof of this estimate relies on a so-called weak-BV estimate, that is

Nt

S At S lokalGraluieon) = i) mic| <
n=0  (K,L)EE,
where &, is defined in (1.18). The rigorous statement of this estimate and its proof
are gathered in §2.2. Up to the authors’ knowledge, this estimate is new for time-
explicit finite volume schemes: in [26], only time-implicit methods are considered (see
also [24]).

Let us now present the outline of the paper. In Section 2 we first briefly recall
some classical properties of the finite volume scheme. Then we address the proof of
the weak—BV property by introducing a new flux which depicts the entropy dissi-
pation through the edges. Straightforward consequences are then derived. The next
two sections address the proof of the error estimate. In order to compare the dis-
crete solution u” with the strong solution u, we write continuous weak and entropy
formulations for 4" in Section 3, so that we can adapt the uniqueness proof proposed
n [11]. Nevertheless, the discrete solution u” is obviously not a weak entropy solu-
tion. Therefore, some error terms coming from the discretization have to be taken into
account in the formulation, which take the form of positive locally bounded Radon
measures, following [18]. A large part of Section 3 consists in making these measures
explicit and in bounding them with quantities which tend to 0 with the discretiza-
tion size. In Section 4, we make use of the weak and entropy weak formulations for
the discrete solution (and of their corresponding error measures) to derive the error
estimate. The distance between the strong solution u and the discrete solution u” is
quantified thanks to the relative entropy H(u",u) introduced in Definition 1.1.

2. Nonlinear stability.

2.1. Preservation of admissible states and discrete entropy inequality.
We first give two classical properties of the numerical scheme (1.27) which are di-
rect consequences of the assumptions we made in §1.2.2: preservation of the set of
admissible states and discrete cell-entropy inequalities. We refer to [5] for the proofs.

LEMMA 2.1. Assume that the initial condition satisfies (1.3) and that the as-
sumption of preservation of the admissible states by interface (1.22) and the CFL
condition (1.25) hold, then, for all K € T, for alln € {0,..., Np}, u}% belong to Q.

Following once again the procedure detailed in [5], we can derive entropy proper-
ties on the numerical scheme from (1.24).

PROPOSITION 2.2. The numerical entropy flurz £k, is consistent with £, i.e.

(2.1) xp(u,u) =&(u) - ngr, Yue.
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Moreover, under the CFL condition (1.26), the discrete solution u" satisfies the dis-
crete entropy inequalities: VK € T, Vn > 0,

K n n n n
(22 B uge) —mw) + Y lowenlénn g ug) <0
LeN(K)

Note that the consistency (2.1) of the entropy fluxes £k ensures that

(2.3) > lokiléxr(u,u) =0,  VueQ
LeN(K)

2.2. Weak—BYV inequality for systems of conservation laws. Forall (K, L) €
T2, L € N(K), we introduce the flux

(24)  Xgp(u,v) = &) -ngp + Dn(u)(Grr(u,v) — flu) -ngr), Y(u,v) € Q>

Let us remark that it is neither symmetric nor conservative. Such a quantity may
provide the connection between fully discrete and semi-discrete entropy satisfying
schemes, but also between entropy-conservative and entropy-stable schemes. It is in
particular shown in [5] (see also [37, 38]) that the fluxes Xy, for (K, L) € & verify

(2.5) —Xrr(v,u) < €xp(u,v) < Xgrp(u,v), V(u,v) € Q2

Actually, inequalities (2.5) can be specified by quantifying the entropy dissipation
across the edges.
PROPOSITION 2.3. For all oy, € € and all (u,v) € Q2, one has

Bo
20*

where By is defined in (1.4) and X* has to be such that (1.22) and (1.24) hold.
Proof. We rewrite the left-hand side of Ineq. (1.24) for A = A* using the defini-
tion (2.4) of the flux Xk, in order to obtain

(2.6) Xrr(u,v) = Exr(u,v) > IGrr(u,v) — f(u) - nirl

(2.7) Xrr(u,v) = Err(u,v) — Dn(u)(Grr(u,v) — f(u) - nkr)

> ol = 5 Gen o) = ) ma) =t

The uniform convexity (1.4) of n ensures that

28) A |t 5 (G lune) = ) e = )

> —Dn(u)(Grr(u,v) — f(u) -nkr) + %%WKL(U, v) = fu) - ngl*.
Combining (2.7) and (2.8) leads to (2.6). O
Thanks to the specified version (2.6) of the classical inequalities (2.5), we are
now in position for proving a new stability estimate for time-explicit finite volume
scheme, namely the weak-BV inequality. This inequality is obtained by quantifying
the numerical diffusion of the numerical scheme. As in the scalar case (see [8, 9, 40,
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18, 7]), such an equality requires a strengthen CFL condition. In our system case, we
require the existence of some ¢ € (0,1) such that
50 a’

(2.9) At < ﬁ )\*(1 CO)h
holds, where 8y and 8 are defined by (1.4), a and h are the mesh parameters (1.17),
and where \* appears in the condition (1.22) and (1.24). Note that the strengthen
CFL condition (2.9) implies the classical CFL condition (1.26). We are now able to
obtain the following local estimate, using the notations (1.18).

PROPOSITION 2.4. Assume that the strengthen CFL condition (2.9) holds, then
there exists C' depending only on T,r,a,n,&,Q and ¢ (but neither on h nor on At)
such that

Nt
(2.10) YAt Y Jokil [Grro(ufe,up) = fluf) -nknl® < C.
n=0 (K,L)EE,

Proof. Multiplying the numerical scheme (1.27) by AtDn(u’) and summing over
n € {0,... Ny} and K € 7, provides

(2.11) A+ B=0,

where

A= Z Y Dluf)(ui™ — ui)| K],

n=0KeT,
B = ZAt Z Dn(u Z lox |G rr(uf,ur).
n=0 KeT, LeN(K)

The concavity of u — n(u) — %|u — u?|? together with the definition (1.27) of the
numerical scheme and property (1.21) provide that

A>T pufm K = Y p(ul)| K|

KeT, KeT:

ZNZ > @

KeT,

2

> lokol (Grr(ufe,up) — flul) - nkr)
LeEN(K)

Using the Jensen inequality, we get

Z n(ug)|K| < / N(ug(x))dx =: Ci.

KeT. || <B(0,R+h)

The positivity of the entropy 7 yields Z n(u NTH)\K | > 0. Moreover, Cauchy—

KeT,
Schwarz inequality ensures that for all K € 7. and all n € {0,..., N7}, one has

2

> lowel (Grr(uf,uf) = f(ufk) - nir)

LeN(K)
<( > |UKL|)< > |UKL||GKL(U?<7U7£)—f(u}?)'nKLF)

LeN (K) LeN(K)
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Then it follows from the regularity assumption (1.17) on the mesh that

(212) A>-C - ﬁlAtZ £y Y okl |Groluf, uf) = f(uf) - nxel*.

n=0 KeT, LeEN(K)

Concerning the term B, we use the definition (2.4) of the entropy flux Xk, to get

Nt
B=> At Y > l|oxol(Xep(ufk, up) — (i) - nxr + Dnufe) f(uf) - nkr).

n=0 KeT. LEN(K)

Using the property ZLe/\/’(K) loxr|nkr, = 0 for all K € T, we can reorganize the
term B into

(2.13) B =B + By,

where

ZAtZ Z loxL|(Xrro(uf,ul) — Exrn(ug, ul)),

n=0 KeT, LeEN(K)

B2 :ZAt Z |0'KL|€KL(U?(7’U'%)'

n=0 (K,L)edT,

Since k1, is a continuous function of bounded quantities, By can be bounded using
the regularity of the mesh (1.17). More precisely, one gets

(2.14) \B2|< o \|§KL||L°°(Q2 ZAt > JokLl <Co
n=0  (K,L)edT,

for some Cy > 0 depending only on T, r, a, £ and 2. On the other hand, it follows
from Proposition 2.3 that

(2.15) > 2)\* ZN Yoo Y okl IGrrolup,uf) = flul) nkLl® .

n=0 KeT, LeEN(K)

Combining (2.12)7(2.15) into (2.11) leads to

< BO BlAt) ZAt Z Z |0'KLHGKL(U]€7UL) f( ) TLKL‘ < (Cq + Os.

* 2
2A 2a%h = KeT, LEN(K)
The CFL condition (2.9) has been strengthen so that

< Bo 51At> S ¢Bo

20*  2a2h ) T 2\*

remains uniformly bounded away from 0. Estimate (2.10) follows. O

We state now a straightforward consequence of Proposition 2.4. Its proof relies
on Cauchy—Schwarz inequality and is left to the reader.

COROLLARY 2.5. Assume that (2.9) holds, then there exists Cpy depending only
onT, r,a, &, n, ug, Q and ¢ such that

N

e C
(2.16) Soar Y |m||GKL<u;z,uz>—f<u%>.m|s%-

n=0 (K,L)€EE, L
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2.3. Consequences of the weak—BV estimate. The weak-BV estimate (2.16)
implies a similar control on entropy fluxes and the time variations of u”.
LEMMA 2.6. Assume that the strengthen CFL condition (2.9) holds, then

Nt
C
(2.17) doar M |m||5KL<u}z7uz>—s<uK>-m|snDnHm%,
n=0 (K,L)eE, h

N~
Cev
2.18 K|t — | < ==,
(2.18) > > K] Kl < Th

n=0KeT,

Nt
n n C
(2.19) >0 Kt = nufk)] < ||D,7||007\}3EV.
n=0KeT,

Proof. Inequality (2.19) is a direct consequence of (1.24) in which the Lipschitz
continuity of 1 has been taken into account. Thanks to definition (1.27) of the scheme
and thanks to the divergence free property (1.21), one has for all K € T and alln € N

it —uk K| <At Y Jokol |Grr(ufk,uf) — fuf) - nkrl -
LeN(K)

Summing over K € 7, and n € {0,..., Ny} and using (2.16) provides (2.18). Inequal-
ity (2.19) then follows from the Lipschitz continuity of 7. O

We now state our main result, that consists in an a priori error estimate between
a strong solution u and a discrete solution u”.

THEOREM 2.7. Assume that ug € WH°(R?) and that the solution u of the
Cauchy problem (1.1)—(1.3) belongs to WH>°([0, T|xR%). Let u" defined by the numer-
ical scheme (1.27)—(1.29) and assume that the strengthen CFL condition (2.9) holds.
Then, for allr > 0 and T > 0 there exist C' depending only on T, r,Q, a, \*,ug, Ggr,n

and f, such that

T
/ / lu —u"*dzdt < CVh.
0 JB(Or+Ly(T-1))

3. Continuous weak and entropy formulations for the discrete solution.
In order to obtain the error estimate of Theorem 2.7, we aim at using the relative
entropy of u" w.r.t. u. Since u” is only an approximate solution, it neither sat-
isfies exactly the weak formulation (1.10) nor the entropy weak formulation (1.11).
Some numerical error terms appear in these formulations, and thus also appear the
inequality of the relative entropy

d

d
OH (" u) + ) 0aQa(u u) < = (Oau)” Za(u",u)
a=1 a=1

(3.1)

+ numerical error terms.

As usual, these terms may be described by Radon measures, see for instance [6, 18,
7, 28, 25, 26]. Note that for nonlinear systems of conservation laws, a function which
satisfies the entropy inequality (1.11) is not necessarily a weak solution (1.10). This
leads us to introduce error measures for both the entropy inequality (1.11) and the
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weak formulation (1.10) of u”. Let us first begin with the entropy formulation and
the related measures.

For X = R? or X = R% x R*, we denote M(X) the set of locally bounded Radon
measures on X, i.e., M(X) = (C+(X)) where C.(X) is the set of continuous compact
supported functions on X. If € M(X) we set (i, ) = [ pdp for all ¢ € Co(X).

DEFINITION 3.1. For ¢ € C.(R%), ¢ € C.(R? x RT), we define uy € M(R?) and
1€ M(R? x R) by

(110, / (o (2)) — 1w (z, 0)) |4 (x)dac

(s o) =(ur, 0 +ZAt > okl €xn(uf,ul) — Exr(ufe, ui)| (prr, @)
n=0 (K,L)EE,

+Y A Y okl [€xn(ui,ul) = Exn(ulup )] (e, #),

(K,L)€E&,
where
gntt
(i, @ Z > ) )l / (x, t)dadt,
n=0 K€T, L
(o) = :
UKL, P) = m O'KL)(At)2
tn tn+
/ / / / / (h+ At)p(y 4+ 0(x —7),s + 0(t — s))dOdxdtdyds,
tm OKL
<NLK7§0> = m O'KL)(At 2

gl

)
/ h + At)p(y +6(x —),s+ 0(t — s))dbdzdtdyds.

J. //

As it will be highlighted by Proposition 3.3 later on, the measures p and pg
describe the approximation error in the entropy formulation satisfied by u”. Let us
first estimate them on compact sets.

LEMMA 3.2. Assume that the strengthen CFL condition (2.9) holds, then, for all
r >0 and T > 0 there exist Cy, > 0, depending only on ug, ||Dn|,, and r, and

Cyu > 0, depending only on T',r,a, \*,uo, Gk, and n such that, for all h <,

(3.2) po(B(0,7)) < Cyuphand  p(B(0,7) x [0,T]) <

5o

Proof. The regularity of 1y : R — R™ yields
po(BO.) < 0Dl [ |Vuolda.
B(0,r+h)

For r > 0 and T' > 0 the measure p satisfies

1 (B(0,7) % / /B ZZm B ()| Lo gt izt

(0,7) n=0 KT,
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Then, using the time-BV estimate (2.19),

n n C
pr(B(0,) x [0,T]) <AtZ ST K (i) = nlug)] SAtIIDnHm%-
n=0KeT,

Since At satisfies the CFL condition (2.9), one has

(3.3) ur(B(0,r) % [0,T)) < Cpr v,

where C),; := %C’BV. The measures g and pr g satisfy:
prr(RTXRY) <h+At,  prx(R?T xRY) < h+ At.

Therefore,

p(B(0,r) < [0,T1)

Nt
< Cu Vh+ (h+ At) Z At Z lorr||Err (U, ul) — Err (ug, uk)]
n=0  (K.L)EE,

Nr
+h+A0)Y At > okl [€xn(uf,ut) — Ekn(uf,up)|-
n=0  (K,L)EE,
Hence, using Lemma 2.6, the CFL condition (1.26) and the bound (3.3) provides
u(B(0,7) x [0,T]) < CuVh,

where €, = C),, +2 (1 + ;L) 1Dyl Cpy . O
ProPOSITION 3.3. Let p and po be the measures introduced in Definition 3.1,
then, for all ¢ € CH(R? x R*;R*), one has

(3.4) //Rdx]R+ Moy p(,t) +Z / (uo(2))@(z, 0)dzt o (u") D (2, t)dadt
> | / o, (A0 dnGet) = [ ol 0ot

Proof. Let ¢ € CYH(R? x RT;R*). Let T > 0 and r > 0 such that supp ¢ C

tn+1

B(0,r) x [0,T). Let us multiply (2.2) by / / (z,t)dzdt and sum over the
t"l
control volumes K € 7, and n < Np. It yields

(3.5) T +1T5, <0,
where
gt

(3.6) Z Z uith) / (2, t)dxdt,

n= OKeT t

t1t,+1

(3.7) Z > |K| / v t)ydedt > |ognl€rr(uh,ul).

n=0 KeT, t LEN(K)



14 C. CANCES, H. MATHIS, AND N. SEGUIN
The term T} corresponds to the discrete time derivative of n(u") and T5 to the discrete
space derivative of £(u"). The proof relies on the comparison firstly between T} and

T1o and secondly between T5 and Thy, where T7¢ and Tog denote respectively the
temporal and spatial term in (3.4):

To-- [[ s, Ml Dt | w0,

Too = —/ Z Ea(u")0np(x, t)dadt.

RdXR+ a=1

Let us first focus on Tyg. Following its definition (1.29), the approximate solution
u” is piecewise constant, then so does n(u”). Therefore, we can rewrite

71+1
T = Z Z "H At/ / (z, ") dxdt

n=0 K€ET,

= [ () =t .0 (. O}

It is now easy to verify that

1=l <35 S ) - niu) Drpldadt

n=0KeT, t K

+ [ Intuola) =t (@, 0)lo(e. 0.
Then, accounting from Definition 3.1, the inequality reads
(3.8) 1Tl < [[ lowpldur(e.)+ [ ol 0)duofo)
R4 xR Rd

We now consider the terms 75 and T5g. Performing a discrete integration by parts
by reorganizing the sum, and using the properties (2.3) and (1.23) lead to

(39) TQ = T271 + T272,

with

Z 2 |t|7]]§|L|/tn /K@(x’t)(gKL(“?(vurLl)—SKL(U%,U?())dxdt,

n=0 (K,L)€&,

|JKL| o n n n n
Z Z |L| Lw(x’t)(éLK(uL’uK)*fLK(UL,uL))dxdt,
n=0 (K,L)€E, tn

Gathering terms of T5y by edges yields

Too = Too,1 + T20,2,
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where, thanks to (1.23), we have set

gntl

To,1 = Z Z / / (Err(ug,ur) — &(uk) - nxr) p(y,t)dydt,

(K,L)eé&,

gl

T2 = Z Z / / (Err(uf,uf) —&(ul) - nok) (v, t)dydt.

(K,L)EE,
It is easy to verify
Nt
Ton—Tooq =) At Y lowe| (Exr(uf,up) — Exr(uf, uk))

n=0 (K,L)eé&,
tn+1 tn+1

|KHUKL\ (a2 / //t o(7, 8))dydsdzdt.

Then using the definition of g in Definition 3.1, we obtain the following estimate:

(3.10) |T2,1 — T20,1]

T
< Z At Z lokr| [€xn(u, ur) — Exr(ufe, wic)| (kL. [Vl +[0vpl).
n=0  (K.L)e&,

Similarly, one obtains

(3.11) |T2’2 — T20’2|

Nt
<Y A > okl ok (ul i) = Enr (uf, ul)| (e, [Vl + |0ipl),
n=0 (K,L)EE.

the measure purx € M(R? x R*) being given by Definition 3.1. Bearing in mind the
definition of u € M(R? x R*) given in Definition 3.1, inequalities (3.5), (3.8), (3.9),
(3.10) and (3.11), one has

T~ Tho > — // (Vo + el du(z, £) / o(, 0)djuo ),
Re xR Rd

which concludes the proof of Proposition 3.3. O

Similar calculations can be used to estimate how close u” is to a weak solution.
For that purpose we define the following measures.

DEFINITION 3.4. For ¢ € C.(R?) and p € C.(R? x RY), we set

(Fio. ) = / luo(z) — " (z, )|z da

() = (1,0 +ZAt > lokrllGrr(ufe, ul) — Grer(uhe, wio) | (Fxc )
(K,L)€E,

+ZN > lokllGrr(ule,up) = Grr(uf, uf) [Tk, ©),
n=0  (K,L)EE
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where
gl
(Hg, ¢ Z Z |l —uK|/ / (z,t)dxdt,
n=0 K€ET,
(i) = mor——Trg
tn+1
/ / / / / (h+ At)p(y+ 0(z — ), s + 0(t — s))dOdzdtdyds,
tn tn
QLLI(7¢» |14|07{L|th2

gt !
/ / / / / (h+ At)p(y + 0(x — ), s + 0(t — s))dOdxdtdyds.
t'ﬂ

REMARK 3.1. It follows from the definitions of the measures p and @ that they
can be extended (in a unique way) into continuous linear forms defined on the set

E = {so € LR x R*;R) | supp(y) is compact, and Vi € L (R? x R+>d} _

Indeed, any ¢ € E admit a unique trace on oky, so that the quantities (LK1, ),
(urk,e), (Brr,e) and (Gpx,e) are well defined. Moreover, one has

o)l < llellen{e #0}),  Kme)l < lloll~m{e #0}),  Veoek.

We now state a lemma and a proposition whose proofs are left to the reader, since
they are similar to the proofs of Lemma 3.2 and Proposition 3.3 respectively as one
uses the estimates (2.16) and (2.18) instead of (2.17) and (2.19).

LEMMA 3.5. Let ul defined by (1.27)~(1.29). Assume that (2.9) holds, then, for
all >0 and T > 0 there exist Cy, > 0, depending only on ug and r, and Cz > 0,
depending only on T,r,a, \*, ug, Gk such that, for all h < r,

(3.12) Tio(B(0,7)) < Cu b and T(B(0,7) x [0,T]) < CpV/h,

where Cp, = Cpuy /||1D1|loe and Cz = C,/||Dn||lso (see the proof of Lemma 3.2).

We are now in position to provide the approximate weak formulation satisfied
by u”. In the statement below, ¢ is a vector-valued function, and we adopted the
notation |Vo| = maxaeqi,....a) [Oatp|- The proof of Proposition 3.6 follows the same
guidelines as the proof of Proposition 3.3 and is left to the reader.

PROPOSITION 3.6. Let u and ug be the measures introduced in Definition 3.1,
then, for all ¢ € C}(RY x RY;R™), one has

VEowp(z, t) + Zfa Loz, t) | dedt + | uo(x)T p(x,0)dx
S [ Jos |

< / / .o (7l it + [ lote. 0l (o).
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4. Error estimate using the relative entropy. With the error measures p,
to, I, and T, at hand, we are now in position to precise inequality (3.1) satisfied by
the relative entropy H(u”,u) and then to conclude the proof of Theorem 2.7.

4.1. Relative entropy for approximate solutions. PROPOSITION 4.1. Let p
and o be the measures introduced in Definition 3.1, and let @ and iy be the measures
introduced in Definition 3.4, then, for all p € C}(R? x RT;R™), one has

d
(4.1) //}Rd . (H(uh,u)atga(x,t) + Z Qa(uh,u)aacp(x,t)> dxdt >

a=1

_// (|V<P|+\3t<p|)du(:z:,t)—/ (2, 0)dpo(x)
RE xR R
- //]Rde (IV [eDn(w)] | + [0 [ Dn(w)] |) dri(z, t)

d
T h
_ /]Rd [eDn(w)](z, 0)diy(x) + //WXDh @Z@au Zo (U, u)dzdt,

a=1

where Zo(u", u) = D*n(u)(fa(u") = fa(u) — (D fa(u)) (u* —u)).
Proof. Let ¢ be any nonnegative Lipschitz continuous test function with compact
support in R? x [0, T]. Since u is a classical solution of (1.1)—(1.3), it satisfies

d
//Rdx]}h n(u)Orp(x,t) + ; €a(U)Onp(x, t)dzdt + /Rd n(uo)p(z,0)dz = 0.

Subtracting this identity to (3.4) yields

d

(4.2) //R . (n(u") = n(u))dpp(x,t) + Z Eolu))dup(x, t)drdt

-z //RdeJr(lvﬂ + |6t90|)d,u(at,t) — /Rd @(xao)duo(x).

We now exhibit the relative entropy-relative entropy flux pair in the inequality (4.2)
and obtain

(4.3) // < ul u@tngrZQau u)@a<p>dzdt>
RdX]R+

a=1

L el glinte )~ [ 0

d
- //}Rd " (DU(U»T ((Uh —u)Opp + Z(fa(uh) — fa(u))3a¢> dadt.

a=1

Since w is a strong solution of (1.1)—(1.3), it satisfies the following weak identity,
Vi € Co(RY x RY;R™)

d
(4.4) //Rdx]R+ [u@tzb(x,t) + az_:lfa(u)aaw(x,t)} dxdt + /Rd uo(x)Y(x,0)dz = 0.
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Then we combine Proposition 3.6 with (4.4), so that using the Lipschitz continuous
vector field [pDn(u)] as test function leads to

-/ o, (D)

- / / IV eDn(w)] + 10el Dn(u)]|dfi(z, £) — / [0 D1 ()], 0)dfio ()
RIXRy

—|—// (uh — u)pd, (Dn(u
RdXR+

Moreover identity (1.6) together with (1.1) gives

d
(uh - U)ath + Z(fa(uh) - fa(u))aa@] dzdt >

a=1

(1)) @0a (D (u))dwdt.

‘.M&

d
(4.6)  8,(Dn(u)) = du” D*n(u Z T D?(u)

d
Z w) T D?n( Za u" D?*n(u)D fo(u).

Injecting (4.5) and (4.6) into (4.3) leads to conclusion. O
LEMMA 4.2. There exists Cz depending only on f,n and 2 such that, for all
a€e{l,...,d},

(4.7) | Zo(u",u)| < Crlu” —ul?.
Proof. For M : Q — R™*™ and Y : Q — L(R™; R™*™) we set

1M oo 00 = suB M ()log s [T llog o = sUP < sup  |T(u) -v|2> :

uw€Q \veR™ |v|=1

where |- |2 and |- |- denote the usual matrix 2- and co-norms respectively. Using the
Taylor expansion of f, around u, we get that

1
) = fal) = (Dfalw)) (" — )| < 5 || Dfu |y l* — u,
then, estimate (4.7) holds for Cz = 1§ || D*p ||Oo - | D? fa ||Oo ,- 0

We now prove the following lemma on the finite speed of propagation.
LEMMA 4.3. Let Ly be defined by (1.7), then, for all s > Ly, one has

(4.8) H(u" u—&—Z"Qau u) > 0.

Proof. Denote by w" := u” — u, then it follows from the characterization (1.14)

of the relative entropy H that

(4.9) H= / / D2n(u + yw")w"dvde.
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Denoting by A, the symmetric definite positive matrix D2n(u+~yw"), and by (-, )4,
the scalar product on R™ defined by (v1,v2)a, = v{ Ajvg, the relation (4.9) can be
rewritten

140
(4.10) H= / / (W', why . dydo.
0o Jo

On the other hand, it follows from the definition (1.5) of the entropy flux £ that
1
Qa —/ (Dn(u + o ) — Dn(u)) (Dfa(u + Gwh))Twth

/ / (D falu+0u") " wh), dydo

for all & € {1,...,d}. The quantity Ly introduced in (1.7) has been designed so that
’(wh, (D folu+ Gwh))TthW’ < Ly(wh, wh) s . Therefore, we obtain

1 0
(4.11) |Qal < Lf/ / (W, whyy dydd = Ly H.
0 0

The fact that (4.8) holds is a straightforward consequence of (4.11). O

4.2. End of the proof of Theorem 2.7. We now have at hand all the tools
needed for comparing u” to u via the relative entropy H (u”",u).

Let § € (0,T) be a parameter to be fixed later on, and, for k € N, we define the
nonincreasing Lipschitz continuous function 6y, : RT — [0, 1] by

0 (t) = min <1,max (O, (k:—l—l;é—t)) , Vi>0.

Let us also introduce the Lipschitz continuous function ¢ : R xR, — [0, 1] defined by
Y(z,t) =1 —min (1, max (0, |z| —r — Ly(T —t) + 1)), where L is defined by (1.7).
The function ¢y, : (z,t) € R? x RY s 0 (t)y(x,t) € [0,1] can be considered as a test
function in (4.1). Indeed, denoting by

Ip = [k, (k +1)8], Cor(t)={(z,t) | |z| € [r+ Ly(T —t),r + Ly(T —t) + 1]},

one has
1
Ospr(z,t) = — glzg (O)(x,t) — LeOp(t)1e, o) (),
T
Vo(z,t) = — m@c(t)lcm(t) (z),

so that both d;¢k and |Vpg| belong to the set E defined in Remark 3.1. Then taking
@k as test function in (4.1) yields

1
s [ [ Hudedt+ / 05 (t / Za u” Zo (ul, ) pdadt
75 JR4

T
gf/ Qk(t)/ (LfH+ZQa |>dxdt+R1+R2+R3+R4,
0 cr,T(t)
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where
f= //uwx[o,:r](WW(QJ’t)| +0epre(z, )] )dp(z, ),
fr2 = ./Rd (@, 0)duo(2),
R3 ://]Rdx[o,T] | Dn(u)|(|Vor(z,t)| + [0 on (z, 1)) di(z, t)
+ //Rd o or(x, )| D*n(u)(z,1)| (|0u| + |Vul) di(z, t),
Ra= [ 00,0 Dotuo) (o).
Rd

Thanks to Lemma 4.3, one has

(4.12)
1 T d
= Hvpdzdt + / 0 (1) / > Oat" Zo(uP, u) pdadt < Ry + Ry + Rs + Ry
0 ) JRE 0 "

The definition of ¢y ensure that ||kl =1, |Vrllo < 1, 10i0k]l < 3 + Ly and

supp(pk) C U B(0,r + Ly (T —t)+1) x {t},
te(0,(k+1)4)

This leads to
1
R; < <5 +Ly+ 1) p(supp(Vey) U supp(drpr))-

Thanks to Lemma 3.2, we obtain that there exists C’l’f (depending on k, v, T', §, Ly,
a, \*, ug, Gk, and 1) such that

(4.13) Ry < Ch ((15 + L+ 1) Vh.

It follows from similar arguments that there exists C’Zjo (depending on k n, ug, 7, Ly,
T and §) such that

k
(4.14) Ry < Cj b,

and, thanks to Lemma 3.5, we obtain that there exists Cgo (depending on k, v, ug, Ly, T
and §) such that

(4.15) Ry < CF ||Dn(uo)|| 1 P-

Similarly, there exists C’g (depending on k, T, 7, L, a, \*, uo, Gxr and §) such that

1
(410) Ra < Ch (1010 (54 Ls 1) + 1020l (B0l + [9]c) ) VE
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By using Lemma 4.2 and 0 < 0;(t) < 1, we obtain

T d
(4.17) / Gk(t)/ Z@auTZa(uh,u) Pdadt
0 Rd a=1
> ~Cz|vull,, [ [, £) — (e, )P, ).
R4 x [0, (k+1)d]
Since the entropy 7 is supposed to be [y-convex, we have
(4.18) H(x,t) > Z|u(x,t) — u(x, 1)

Putting (4.13)—(4.18) together with (4.12) provides

(4.19) (ﬁo—czwuuoo)/ / ! — a4 dadt
25 Ig Rd

= CZIIWHOO// [u" — uf*y dadt + CyVh,
R4 x[0,kd]
where (recall that A < 1)

1

1
+05 (D10 (5 +20+1) + 100l c000]e + V)

Choose now § = # with p* = min {p e N* | p% < MW} (note that nei-
ther ¢ nor p* depend on h), so that (4.19) becomes
k—1

(4.20) er < w Z e; + Ck\/ﬁ,

i=0
where ep = [15 [ga [u" — ul*y dadt and w = Cz||Vul| . Hence, few algebraic calcula-
k
tions allow us to claim that
P P X
(4.21) Y e <VaY Gy ((1 )Ptk —w).
k=0 k

=0

Noticing that ¢(z,t) = 1 if & € B(0,7 + Ly(T — t)), and that ¢(z,t) > 0 for all
(z,t) € R x (0,T), one finally has

T T P
(4.22) / / lu — u"Pdadt < / / lu — u o (x, t)dxdt = Z €h-
0 B(0,r—st) 0 JR4

k=0

We conclude the proof using (4.21) in (4.22).
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5. Conclusion. We analyzed the convergence of first order finite volume schemes
entering the framework detailed in [5] and summarized in §1.2.2. In §2.2, we derived
a so-called weak-BV estimate based on the quantification of the numerical entropy
dissipation. This estimate is new in the case of time-explicit finite volume schemes.
It allows to prove some error estimate between a numerical solution and a strong
solution of order h'/* in the space-time L?mnorm. Let us also mention that one
could use the weak-BV estimate to prove to convergence to entropy measure-valued
solutions, following [17] (see also [24]). On the other hand, strong solutions are global
if one adds some suitable entropy-dissipating relaxation term [23, 43]), and our work
could be extended to this situation without any major difficulty by mixing our result
with the one proposed in [26].
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