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RELATIVE ENTROPY FOR THE FINITE VOLUME
APPROXIMATION OF STRONG SOLUTIONS
TO SYSTEMS OF CONSERVATION LAWS

CLEMENT CANCES, HELENE MATHIS, NICOLAS SEGUIN

ABSTRACT. We study in this paper the finite volume approximation of strong
solutions to systems of conservation laws. We derive error estimates in the
multidimensional case, using the relative entropy between the strong solution
and its finite volume approximation. The error terms are carefully studied,
leading to a classical h'/2 estimate under a BV assumption on the numerical
approximation.
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1. SYSTEMS OF CONSERVATION LAWS

1.1. Strong, weak, and entropy weak solutions. We consider a system of m
conservation laws

d
(1) Opu(x,t) + Z Oafo(u)(z,t) =0.

The system (1) is set on the whole space x € R?, and for any time t € [0,T], T > 0.
We assume that there exists a convex bounded subset of R™, denoted by 2 and
called set of the admissible states such that

(2) u(z,t) € Q, V(z,t) € R x [0,T).
The system (1) is complemented with the initial condition
(3) u(z,0) = up(x) € Q, VreR™L

We assume for all o € {1,...,d} the functions f, : R™ — R™ to belong to
C?(2;R™), and be such that V, f, are diagonalizable with real eigenvalues, where
1
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V¢ denotes the matrix of the differential of ¢ : u — ¢(u). Moreover, we assume
that there exists Ly > 0 such that

(4)  spec <;(Vufa(u) + Vufa(u)T)> C =Ly, Ly], Yae{l,...,d}, YueQ.

The system (1) is endowed with a uniformly convex entropy n € C?(Q;R) such
that there exists M > [ > 0 so that

(5) spec (Van(u)) C [B; M], Vu € Q,

and the corresponding entropy flux ¢ € C2(Q;R?) satisfies for all a € {1,...,d}
(6) Viba = (Vun)' Vi fa

The existence of the entropy flux £ amounts to assume the integrability condition
(7 VirlVula = (Vufa)" Vin

Despite it is well-known that even for smooth initial data ug, the solutions of (1)—
(3) may develop discontinuities after a finite time, our study is restricted to the
approximation of smooth solutions u € C1(R? x Ry ;Q) of (1)-(3). Such solutions
are called strong solutions and they automatically satisfy the conservation of the
entropy

d
(8) Om(u) + > Oaba(u) =0 inR? xR,
a=1

We refer for example to [Dafl0] for more details.
Assuming that uy € L>(R%; ), a function u € L=(R? x Ry; Q) is said to be a
weak solution to (1)—(3) if, for all ¢ € CL(R? x R, ;R™), one has

d
(9) // udy b dxdt—i—/ o (-, 0) da:+/ > falw)da¢ dzdt = 0.
RIXRy R4 RIXRy
Moreover, u is said to be an entropy weak solution to (1)—(3) if u is a weak solution,
i.e., u satisfies (9), and if, for all » € C}(R? x R, );R,), it satisfies
(10)

//]RdeJr n(u)0 dadt + /Rd n(uo)Y(-,0) dx + //}Rdxﬂh az:fa(u)ﬁaqj; dxdt > 0.

1.2. Relative entropy. In the scalar case, the comparison of two entropy weak
solutions lies on the Kruzhkov’s paper [Kru70] which has been extended to the com-
parison of an entropy weak solution with an approximate solution by Kuznetsov
[Kuz76]. Several improvements can be found in [CCL94, Vil94, EGGH98, BP9S,
CH99, EGHO00]. In the case of systems of conservation laws, these techniques no
longer work. Basically, the family of entropy-entropy flux pair (n,£) is not suf-
ficiently rich to control the difference between two solutions. Nevertheless, let us
assume that one of these solutions is a strong solution (u in the following definition)
and introduce:

Definition 1.1 (Relative entropy). Let u,v € Q, we define the relative entropy of
v w.r.t. u by

H(v,u) = n(v) = n(u) = (Van(u)" (v - u),
while the corresponding relative entropy flur Q : R™ x R™ — R% is defined by

Qa(v,u) = &a(v) = &alw) = (Vun(u)" (fa(v) = fa(w)), Va € {1,....d}.
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The notion of relative entropy for systems of conservation laws goes back to
the early works of DiPerna and Dafermos (see [DiP79], [Daf79] and the condensed
presentation in [Daf10]). It is also a powerful tool which has been extensively used
for the study of hydrodynamic limits of kinetic equations (see the first works [Yau91]
and [BGL93], but also [SR09] for more recent results). In the context of systems of
conservation laws, it is easy to check that, given a strong solution v and an entropy
weak solution v with respective initial data ug and vg, one has

(11) O H (v, u) + Zd: 0aQu(v,u) < — zd:(&lu)TZa(v, u)
a=1 a=1

in the weak sense, where

(12) Za(v,u) = Vin(w) (fa(v) = fa(w) = (Vufa(u)” (v ).

On the other hand, it follows from the definition of H that

(13) H(v,u) = /01 /00(“ —u)"Van(u+ (v —w))(v - u) dydo,

which, together with (5), leads to

(14) %(v—u)QzH(v,u)z g(v—u)Q, Yu,v € Q.

If u is assumed to be a strong solution, its first and second derivatives are bounded
and by a classical localization procedure a la Kruzhkov and a Gronwall lemma, one
obtains a L? _ stability estimate for any r > 0

loc

1) [ D) - un D <o | [00(2) — uo(@)
|z|<r |z|<r+LsT

where the dependence of C on w reflect the needs of smoothness on u (C blows

up when u becomes discontinuous). This inequality, rigorously proved in [Dafl0],

provides a weak—strong uniqueness result and similar (but more sophisticated) ideas

have been recently applied to other fluid systems [FN12].

Remark 1.1. For general conservation laws, the relative entropy is not symmet-
ric, i.e, H(u,v) # H(v,u) and Q(u,v) # Q(v,u). In the very particular case
of Friedrichs systems, i.e. when there exist symmetric matrices A, € R"™*™
(a € {1,...,d}) such that fo(u) = Ayu, then u ~ |u|® is an entropy and the
corresponding entropy fluz € is £, (u) = uT Aqu, (o € {1,...,d}). It is then easy to
check that

H(v,u) = v —ul® = H(u,v),

Quo(v,u) = (v— u)TAa(v —u) = Qu(v,u),
Zo(v,u) =0,

for all (u,v) € R™. As a consequence, inequality (11) becomes

d
8tH(U7 U) =+ Z 8(1Qo¢(vv u) S 0
a=1

even if u is a weak solution since H and Q are symmetric functions. This allows to
make use of the doubling variable technique [Kru70] to compare u to v, recovering
the classical uniqueness result for Friedrichs systems [Frib4].

Our aim is to replace the entropy weak solution v in (11) by an approximate
solution provided by finite volume schemes on unstructured meshes. Following
the formalism introduced in [EGGH98], this makes appear in (11) bounded Radon
measures which can be controlled, leading to error estimates in h'/? between a
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strong solution and its finite volume approximation, h being the characteristic size
of the cells of the mesh.

Remark 1.2. In the context of Friedrichs systems, such error estimates can be ob-
tained, even in the weak setting, for the sames reasons as those given in Remark 1.1,
see [VV03, RJ05].

Remark 1.3. In [Tza05], Tzavaras studies the comparison of solutions of a hy-
perbolic system with relaxation with solutions of the associated equilibrium system
of conservation laws. He also makes use of the relative entropy but, since he only
focus on strong solutions (for both systems), he does not need to place himself in
a weak setting with measure terms. Very similar questions have been adressed in
[BV05, BTV09] for the convergence of kinetic equations towards the system of gas
dynamics. Here again, only strong solutions of the Fuler equations are considered.
To finish the bibliographical review, let us mention the work by Leger and Vasseur
[LV11] where the reference solution may include some particular discontinuities.

1.3. Organization of the paper. We first introduce in Section 2 the family of
numerical schemes we consider for approximating the solution to the problem (1)-
(3). Some natural assumptions are made on the scheme, but also on the numerical
solution on which we assume some reasonable stability property.

In order to compare the discrete solution (denoted by u" in the sequel of the
paper) with the strong solution u, we write continuous weak and entropy formula-
tions in Section 3, so that we can adapt the uniqueness proof proposed in [Daf10].
Nevertheless, the discrete solution u” is obviously not a weak entropy solution.
Therefore, some error terms coming from the discretization have to be taken into
account in the formulation, which take the form of positive locally bounded Radon
measures, following [EGGH98]. A large part of Section 3 consists in making these
measures explicit and to bound them with quantities tending towards 0 with the
discretization size.

In Section 4, we make use of the weak and entropy weak formulations for the
discrete solution (and of their corresponding error measures) to derive an error
estimate. The distance between the strong solution u and the discrete solution u”
is quantified thanks to the relative entropy H (u”,u) introduced in Definition 1.1.

2. ENTROPY SATISFYING FINITE VOLUME SCHEMES

2.1. Definition of the numerical scheme. Let 7 be a mesh of R? such that R¢
is the union of the closure of the elements of 7. We denote

h = sup{diam(K), K € T} < cc.

For all K € T, we denote by | K| its d-dimensional Lebesgue measure, and by N'(K)
the set of its neighboring cells. For L € N(K), the common interface between K
and L is denoted by ok and |okr| is its (d — 1)-Lebesgue measure. We assume
that there exists a > 0 such that
d—1
(16) |K| <ah? and |0K|:= Z lokr] < h , VKeT.
LeN(K) a

The unit normal vector to oxr from K to L is denoted ngyr. Let At > 0 be the
time step and we set t" = nAt, Vn € N.

Remark 2.1. In order to avoid some additional heavy notations, we have chosen
to deal with an uniform time discretization and a space discretization that does
not depend on time. Nevertheless, it is possible, by following the path described
in [KOOO0], to adapt our study to the case of time depending space discretizations
and to mon-uniform time discretizations. This would be mandatory for considering
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a dynamic mesh adaptation procedure based on the a posteriori numerical error
estimators that can be derived from our study.

For all (K,L) € T2, L € N(K), we consider the numerical flux Gx € C?(2 x
Q;R™) : (u,v) = Ggr(u,v) which satisfies the following conditions:
(17) Grr(u,v) = —Gri(v,u), Y(u,v) € Q2
(18) GKL(U,U):f(u)~TLKL, Yu € Q.

We assume that there exists A* > 0 such that, for all A > A\*, for all K € T, and
for all L € N(K),

1
(19) u—X[GKL(u,U)—f(u)-nKL] €, Y(u,v) € Q>
We also assume there exists a numerical entropy flux £k which is conservative
(20) gKL (U, U) = 7§LK ('Ua u); V(’UJ, ’U) € sz

and such that, for all A > A* > 0, the following entropy inequality by interface is
satisfied:

(21)  €xr(u,v) —&(u) -nkp < —A(n(u— %[GKL(U, v) = f(u) - nkr]) —n(w)).

We additionally assume that the following CFL condition holds

At
(22) N> ok <1, VK ET.

|K| LEN(K)
In particular, the regularity of the mesh (16) implies that (22) holds if
a2
(23) At < Fh'
We have now introduced all the necessary material to define the numerical scheme
we will consider in what follows.

Definition 2.1 (Finite volume scheme). Let us introduce Ny = max{n € N,n <
T/At+ 1} and define the discrete unknowns u%, K € T andn € {0,...,Np}, by

Wl —oyn
(24) KTtK\fﬂ + > loknlGrr(ul,uf) =0
LeN(K)
together with the initial condition
1
(25) uf = —/ ug(x)dz, VK €T,
K| Jk

under assumptions (17)—~(21) on the numerical flur Gir, and under the CFL con-
dition (23). The approzimate solution u" € L>®(R¢ x R, provided by the finite
volume scheme (24)—(25) is defined by

(26)  ul(z,t)=ul, forzeK, t"<t<t""' KeT, ne{0,...,Nr}.

An important property of such a numerical scheme is the preservation of the set
of admissible states.

Lemma 2.2. Assume that (3), (19) and (22) holds, then, for all K € T, for all
n€{0,...,Np}, vk belong to Q.

Proof. Recall first that for all K € T, u% is defined by (25). Since, thanks to (2),
ug takes its values in the convex set €2, then so does its spatial mean values on the
cells K € 7. This ensures that u% belongs to  for all K € T.
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Now, let us notice that assumption (18) implies
(27) > lokrlGrr(u,u)=0, YueR™ VK eT.
LeN(K)

Assume now that for all K € T, u}% € Q. Using (24) and (27), we know that for
all K € T and for all n € N, one has

" o . AtoK n n "
(28)  witt= ) ||5[;(L|| (UK - |K| | (Grrl(uf,ur) — fluk) 'nKL)> :
LeN (K)

Thanks to (19) and (22), w5 is a convex combination of elements of the convex
set ), then it also belongs to (2. O

Thanks to (21), we can derive entropy consistency properties on the numerical
scheme.

Proposition 2.3. Let u" be defined by (24)-(26) (and thus, satisfying assump-
tions (17)—(21)). Then the numerical entropy flux i1, s consistent with &, i.e.

(29) {xr(u,u) = &(u) -nkr, Yu € €
Moreover, under the CFL condition (23), u satisfies the discrete entropy inequality
m K n n n
(30) ) ey —mw) + Y Exlugoup) <00
LeN(K)

Proof. First we focus on the consistance property (29). We write the inequality
(21) for §KL(uK,uL) and fLK(uL,uK):

Exr(ug,ur) <&(uk) nkr
- A <T](UK - %[GKL(UKJLL) — fluk) -nkr]) — U(UK)) ;
ok (up,ur) <&(up) -nri

= (tun = §Gaaun. ) = Jlur) nasc) = nfu) )

Setting ux = uy, = u, then using the conservation property (20) and the consistency
relation (18) lead to the consistency of the numerical entropy flux (29).
Applying 1 to (28) and using its convexity yields

n o n At 8K n n n
(31) muf) < Z ||8I;||77 (UK TR | (Grr(uf,ur) — fluk) 'W(L)) .
LeN(K)

Now, it follows from the CFL condition (23), the interface entropy condition (21)
and

(32) > lokrlékn(u,u) =0, YueQ
LeN(K)
that (30) holds. O

2.2. Stability estimates and main result. In order to carry out an error es-
timate, we have to assume some “regularity” on the approximate solution u”. In
practice, we assume from now on that there exists Cpy > 0 (that may depend at
most on r, T, up and on Gk ) such that

Np
(33) oAt > okl Grr(up,ul) = f(uk) - nxr| < Coy.

n=0 (K,L)e&,

Remark 2.2. Assumption (33) requires several comments.
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(1) Since we consider explicit numerical schemes, the stability estimate (33)
requires a CFL condition to be satisfied in order to prevent oscillations.
One can reasonably assess that

(34) At < Cyaph

for some Cgap > 0 which may depend on the same quantities as Cpgy .
We then have to choose At small enough so that both (34) and (23) are
satisfied.

(2) Assuming (33) is weaker than assuming that u" € (BVe(Ry X Rd))m.
Indeed, consider the simple linear transport case where f(u) = u® ey for
e; = (1,0)T in R? with a grid whose edges are along e; and e; = (0,1)T,
and define Gk 1. as the upstream flur. Then (33) only requires u" to have
a bounded variation in the direction of e1. We refer to [Des04, Lemma 5]
for an example where u" is not uniformly bounded in BVi,.(Ry x R?) but
where (33) still holds.

(3) In the scalar case m = 1, it is possible to recover estimate (33) on carte-
sian grids even for nonlinear flur functions f : R — R? (cf. e.g. [CH99,
EGGH98, GRI1]). On unstructured grids, despite (33) seems to remain
true in the numerical experiments (cf. [KOO00]), only a weaker inequality
can be proved, namely

Nt

Cu
SoAt Y okl [Grr(uf,ut) — fuf) - nxr| < \/EV
n=0 (K,L)eé&, h

for some Cy,gy > 0. This estimate, called weak—BV estimate in [EGGH98,
CH99], relies on the quantification of the numerical diffusion introduced by
the scheme [Vil94, CCL94].

Using the BV assumption (33), one may derive entropy BV estimates and time—
BV estimates.

Lemma 2.4. Assume that (17)—(21) and (33) hold, then one has
Nt

(35) Y At > lowr|léxr(ui,ut) = E(uk) - nkr| < [Vunl L@ Cav-
n=0  (K,L)EE,

Proof. This is a direct consequence of (21) in which the Lipschitz continuity of 7
has been taken into account. O

Lemma 2.5 (time-BV estimates). Under Assumption (33), one has

Nt
(36) o> K[t —ukl < Cay,
n=0 KeT,
Nt
(37) D0 Kl = n(uio)] < [ Vunll L@ Cov-
n=0KeT,

Proof. Thanks to the definition (24) of the scheme and thanks to the divergence
free property (27), for all K € T and all n € N, one has

(it —uf)| K| = =At Y okl (Grro(ul,uf) — f(uf) -nkr),
LeN(K)
so that

it — il |K| < At > ok [Gro(ufe,ul) = ful) - nkel -
LeN(K)
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Summing over K € 7, and n € {0,..., Ny} and using (33) provides (36). Inequal-
ity (37) then follows from the Lipschitz continuity of 7. O

Let us now state our main result.

Theorem 2.6. Assume that ug € WH*°(R?) and that the solution u of the Cauchy
problem (1)~(3) belongs to W>°([0,T] x R?). Assume also that (3), (16), (17)-
(21), (23), and identities (6)—(7) hold. Let u” defined by (24)-(26), and assume
that the stability estimate (33) holds, then, for all v > 0 and T > 0 there exist C
depending only on T,r,Q a, \*,ug,Gxr,n and f, such that

T
/ / |u — up,|*dzdt < Ch.
0 JBOr+L(T-1)

3. CONTINUOUS WEAK AND ENTROPY FORMULATIONS FOR THE DISCRETE
SOLUTION

In order to obtain the error estimate of Theorem 2.6, we aim at using the relative
entropy of u” w.r.t. u. Since u” is only an approximate solution, it does not exactly
satisfies neither the weak formulation (9) nor the entropy weak formulation (10).
Some numerical error terms appear in these formulations, and thus also appear the
inequality of the relative entropy

d

d
O H (u, u) + Z DaQa(ul,u) < — Z(@au)TZa(uh, u)
a=1 a=1

(38)

+ numerical error terms.

As usual, these terms may be described by Radon measures — see [BP98, EGGH9S,
CH99, KOO00] in the scalar case and [RJ05] in the case of Friedrichs systems. Note
that for nonlinear systems of conservation laws, a function which satisfies the en-
tropy inequality (10) is not necessarily a weak solution (9). This leads us to con-
sider the measures not only in the entropy inequality of u” but also in the weak
formulation of u”. Let us first begin with the entropy formulation and the related
measures.

For X = R% or X = R% xR+, we denote M(X) the set of locally bounded Radon
measures on X, i.e., M(X) = (Co(X))". If p € M(X) we set

() = /Xsodu,vgo € Co(X).

Definition 3.1. For ¢ € C.(R?), ¢ € C.(R? x R*), we define py € M(R?) and
pe MR x RT) by

o) = [ Infuo(e) = n(u (a,0) o (e)da,

(0) =(ur, @)+ Y At Y okl lrxn(uh,up) — Exr(uhe, uie)| (nxL, @)
n=0  (K.L)eé&,

+ Z At Z loxr| [€xr (Wi, ur) — Exn(ul, ul)| (HLk, ¢),
n=0 (K,L)e&,
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where
tn+1
(ur, @ Z > n(uith) )l / x, t)dadt,
n=0KeT, LA
e :
MUKL,P m UKL (
n+1 71+1
/ // / /h+At (v+0(x —7),s + 0(t — s))dOdxdtdyds,
tn OKL
<MLK;<P>

m( UKL (At)

L

The measures p and pg describe the error of approximation in the entropy for-
mulation satisfied by u”. Indeed, we have:

/ /h+At) (v +6(x =), 5+ 0(¢ — s))dbdwdtdyds.

Lemma 3.2. Assume that (3), (16), (17)—(21), (23), and identities (6)—(7) hold.
Let u" defined by (24)-(26), and assume that the stability estimate (33) holds, then,
for allr >0 and T' > 0 there exist Cy, > 0, depending only on uo, |[Vunllp=(q) =
Sup,co |Vun(uw)| and r, and C, > 0, depending only on T,r,a, A\, uo, Gk and n
such that, for all h <r,

(39) Ho(B(0, 7)) < Cpgh,
(40) u(B(0,r) x [0,T]) <Cyh.

Proof. The measure jg is the measure of density |1(uo(z))—n(u"(z,0))| with respect
to the Lebesgue measure. For all 7 > 0 we have

li =0.
lim uo(B(0,7)) =0
For smooth ug : R — R™, the measure Lo satisfies
po(BO) < hIVutl ey [ [Tualda

B(0,r+h)

For r > 0 and 7" > 0 the measure p7 satisfies

T
I/LT(B(O,T) X [O,TD :/ /( Z Z ‘77 n+1 (uK)|1K><[t" t”+1 dxdt
0 B(0,r)

n=0KeT,

Then, using the time-BV estimate (37),

pr(B(0,r) x [0,T]) < Atz S AR |In(ui) = n(uf)] < At Vunl L= @) Cay-
n=0KeT,

It follows from (23) that
(41) pr(B(0,7) x [0,T]) < Curh,

where
CL2 v oo
|| u77||L (Q)O

O.“T = )\*

The measures prp and pyx satisfy:

MKL(RdXR+) Sh—‘y—At, MLK(RdXR+) Sh—f—At
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Therefore,

u(B(0,r) x [0,T1)

Nt
SCurh+(h+ A0 At > o [€xr(uh,uf) — Exr(uf, ug)]
n=0 (K,L)eé&,

Nt
—|—(h—|—At)ZAt Z loxr| [Exr(u,ul) — Exr(uf, ur)l|.

n=0 (K,L)eé&,

Hence, using Lemma 2.4, the CFL condition (23) and the bound (41) provides the
following bound:

w(B(0,r) x [0,T]) < Cyh,

where C,, = C),; + 2 (1 + i—i) IVunll o @)Chv- O

Proposition 3.3. Assume (3), (16), (17)~(21), (23) and identities (6)—(7). Let u"
defined by (24)—(26), and assume that the stability estimate (33) holds. Let p and
o be the measures introduced in Definition 5.1, then, for all p € CH(R? x R*T;RY),
one has

(42)

d
JL . noptan) + X et oupte, s

a=1

+ [ wenete. 0z 2= [ (9ol oo dute ) — [ et 0ot

Proof. Let p € CLR? x R*;R*). Let T > 0 and 7 > 0 such that supp ¢ C
tn+1
B(0,r) x [0,T). Let us multiply (30) by /

tTL
control volumes K € T, and n < Np. It yields

/ o(z,t)dzdt and sum over the
K

(43) Ih+T1><0
where
Nt 1 tn
@y T=Y Y o) i) [ [ el oded:
n=0 KeT, tn K
and
Nt 1 gt
15 1= Y W/ / o, t)dzdt S Jowrl€rn(ul,ub).
n=0 KT tn K LEN(K)

The term T corresponds to the discrete time derivative of n(u”) and Ty to the
discrete space derivative of £(u”). The proof relies on the comparison firstly between
Ty and T and secondly between T and Tsg, where T1g and T3y denote respectively
the temporal and spatial term in (42):

Ty = _//Rd . n(uh)atgp(aj,t)dxdt — /Rd n(uo(x))e(x,0)dz,
(46) iy
Too = — //Rd . Zfa(uh)aaw(x,t)dacdt.
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Let us first focus on Tg. Following its definition (26), the approximate solution

u” is piecewise constant, then so does n(uy,). This yields
NT tn+1
T == 3 i) [ [ ovpdade— [ nfuota))o(e.0)do
n=0 KT R?
N i) [ (ol ) = plot)ds = [ auala))ee.0)da
n=0 KT R?
=3 Y ) — ) [ el
n=0 KeT, K
- [ @tun(e) = n(u 2.0l 01
ot
_ n+1 n+1 di
Z Z At . / (z,t"")dx
n=0 KT,

- [ @tuo(e) = n(a . 0) ol )

Then we consider the quantity |77 — Tiol:

tn+1

N
u
Ty =Tl <> > I ic)| / lo(z,t) — p(x, ") |dadt
tn

n=0KeT,

n / In(uo(2)) — n(u (z,0))p(z, 0)dz

<3S ) - n(u) / / Brpldardt

n=0 KeT,
+ [ @) = . 0)) o, 0)d
Rd

Then, accounting from Definition 3.1, the inequality reads:
(47) 1Tl < [ lopldur(e.t)+ [ ol 0)duofo)
RAXR Rd

We now consider the terms 75 and 7. Performing a discrete integration by
parts by reorganizing the sum, and using the properties (32) and (20) lead to

(48) T, =151 + 152,

with

tntl
Z > lTﬁLl/ﬂ /I(W%t)(fKL(qu{,uz)—§KL(u’}<,u’}{))dxdt,

n=0 (K,L)€E,
tn+1

Z Z IUKLl " / (z,t)(€rr (up, ug) — S (uf, uy))dadt.

n=0 (K,L)€E,

Gathering terms of T5y by edges yields

Too = To9,1 + T20,2,
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where, thanks to (20), we have set

tn+1

N
Toi=> S [ [ (atui) - e nacr) ol Dt

n=0 (K,L)€E,

Y

n=0(K,L)€E, "

tn+1

/ (€ ) — E(ul) - ) (. E)dydt.

Let us now compare the terms 75 ; and T ;:

Nt

Ton—Tooq =) At > |owe| (Exr(uf,up) —E(uk) -nir)
n=0 (K,L)eé&,
t7L+1

1
X <|K|At t /Kgp(m,t)dxdt

1 ¢t
Joxr|At / / e(7, S)d’yds)
L OKL

In order to handle the mean value of ¢ over the cell K and its mean value over the
edge ok, we write

gt

il |
— p(z, t)dzxdt
Kl o S 7Y

n+1 n+1

sl L
=— p(z,t)dvydsdzdt,
Klioweldt S Jicho o, 757

tn+1
/ @7, t)drydt

tn+1 tn+1

ey A A
= ©(7, s)dydsdxdt.
Kllowelat S Jicho Ly, 70

N
Ton—Tooq =) At > owe| (Exr(uf,up) — Exr(uf, uk))
n=0 (K,L)e&,

1

|UKL| tn

Thus one has

tn+1 tn+1

g m/t /K/t /JKL@P(%J) — (v, s))dydsdzdt.

Writing a Taylor’s expansion of ¢ with the integral form of the remainder provides
for all (z,7,t,5) € K x oy, x [t", t"T1[?

(49) [e(z,t) = (7, 9)] S/O (h+ At)(IVe| + [0ip) (v + 0(z =), s + 0(t — s))dO.

Then using Definition 3.1 of the measure i we obtain the following estimate:
(50)

Nt
Toq—Toon| <> At Y ogrl [€xrn(ule,uf) — Exr(ufe, uio)] (nx L, |Vl +0]).
n=0 (K,L)EE.

Similarly, one obtains that
(51)

Nt
Too —Toool <Y AL > fokrl ok (ul,ul) — Eor (i, ul)| (nrx, Vel + |0ipl),
n=0 (K,L)e&,
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where the measure upx € M(R? x RT) is given by Definition 3.1.
Bearing in mind the definition of u € M(R? x R*) given in Definition 3.1,
inequalities (43), (47), (48), (50) and (51), one has

Ty Too > — // (V| + el du(z, t) — / (2, 0)dpuo(z)
RIXR, R4

that concludes the proof. O

h

The same kind of tools can be used to deduce how close is ©u” w.r.t. to a weak

solution. For that purpose we define the following measures.

Definition 3.4. For ¢ € C.(R%) and p € C.(R? x RT), we set

(Fios ¥ /|U0 (e, 0) b (z)da

() = (AT, ¢ +ZN > loknllGro(ufe, ut) — Grr (i, wie)[(figcr» )
n=0  (K,L)€&,

+Y At Y oknl|Grr(uf,ul) — Gro(uf, uf)[(fipg, @),
n=0 (K,L)e&,

where
oo gntl
(7, Z uptt — ”|/ / (z, t)dadt,
tn+1
/ / / / / (h+ At)p(y+ 0(z — ), s + 0(t — s))dOdzdtdyds,
t n
(Bri,®) :W
gntt gntt

//t / /h+At (v +0(z —7), s+ 0(t — 5))dOdadtdyds.

Remark 3.1. It follows from the definitions of the measures u and [ that they can
be extended (in a unique way) into continuous linear forms defined on the set

tn

E = {ap e L®(R? x R*;R) | supp(y) is compact, and Vo € M(R? x R+)d}.

Indeed, any ¢ € E admits traces on ok, so that the quantities (uxr, ), (LLK,¥),
(T, o) and (i, @) are well defined. Moreover, one has

(o) < el pen{e #0}), Kol < lloll~a{e #0}),  VeekE.

We now state a lemma and a proposition whose proofs are left to the reader,
since they are similar to the proofs of Lemma 3.2 and Proposition 3.3 respectively
as one uses the estimates (33) and (36) instead of (35) and (37).

Lemma 3.5. Assume that (3), (16), (17)—(21), (23), and identities (6)—(7) hold.
Let ul defined by (24)—(26), and assume that the stability estimate (33) holds,
then, for allr > 0 and T > 0 there exist Cy, > 0, depending only on ug and r, and
Cg > 0, depending only on T',r,a, A, uo, Gk such that, for all h <,

Fo(B(0,7)) < Cg,h,

(52) (B(0,7) x [0,T]) < Cyh.
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The quantities Cy, and C are related to C,, and C,, by the relations
Cuo = IVuntllL=@)Cryr - Cu = [Vauttll Lo @) G
where C,,, and C|, have been explicitly calculated during the proof of Lemma 5.2.

We are now in position to provide the approximate weak formulation satisfied
by u”.

Proposition 3.6. Assume (3), (16), (17)~(21), (23) and identities (6)—(7). Let u"
defined by (24)—(26), and assume that the stability estimate (33) holds. Let p and
o be the measures introduced in Definition 5.1, then, for all o € CL(R? x R*;R™),
one has

‘// T@WHZA T0upa tydadt + [ ua(e)T ol 0)dz

Rd

< //Rdxﬁh(lvwl + |8t90|)dﬁ(x,t)+/Rd o (2, 0)|dfi ().

Let us stress that ¢ is a vector-valued function. This means that

Vol = max [0,
Vel ae{l,...,d}U‘”'

Nevertheless, the proof of Proposition 3.6 follows the same guidelines as the proof
of Proposition 3.3 and is left to the reader.

4. ERROR ESTIMATE USING THE RELATIVE ENTROPY

Thanks to the measures defined above and Propositions 3.3 and 3.6, we are now
in position to provide the precise meaning of inequality (38) satisfied by the relative
entropy H(u",u) and conclude the proof of Theorem 2.6.

4.1. Relative entropy for approximate solutions.

Proposition 4.1. Assume (3), (16), (17)~(21), (23) and identities (6)—(7). Let u"
defined by (24)—(26), and assume that the stability estimate (33) holds. Let p and
Lo be the measures introduced in Definition 5.1, and let t and Tiy be the measures
introduced in Definition 5./ then, for all ¢ € CL(R? x RT;R™), one has

d
//Rd . (H(uh7u)5t¢(x,t) + Z Qa(uh7u)8ag0(m,t)> dxdt >

a=1

_ // (V| + 10epl) dpu(z, t) —/ @(x,0)dpo(x)
Ré xR R

d
6 = [ Va0 + [[ e 0z, wis,

a=1
where Zo(u",u) = Vin(u)(fo(u") — folu) = (Vufa(u )) (u" —u)).

Proof. Let ¢ be any nonnegative Lipschitz continuous test function with compact
support in R? x [0, T]. Since u is a classical solution of (1)—(3), it satisfies

d
//Rdx]R+ n(u)Op(x,t) + Z o (1) Onp(x, t)dzdt + /Rd n(uo)e(z, 0)dx = 0.
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Subtracting this identity to (42) yields

I, ) =g

= %uww + 100 di(z 1) - / e

We now exhibit the relative entropy-relative entropy flux pair in the inequality
(55) and obtain

d
// <H(uh’,u)8t<p + Z Qa(uh,u)8a¢> dxdt >
R xR

a=1

-/l o, [T gl )~ [, #la0)dgo(a)

d
- //RMR (Vun(u)” ((uh —u)dp + Y (falu") - fa(u))8a<p> dudt.

Since u is a strong solution of (1)—(3), it satisfies the following weak identity, Vi €
Cu(R? x R R™)

HM@-

(u)Onp(x, t)dadt
(55)

d
(57) / /R g, MO0+ S ()0t )t + /R o)y, 0)dr = 0.

a=1

Then we combine (57) and (53) using the Lipschitz continuous vector field [¢V,n(u)]
as test function to get

(58)
d

—//Rde (Vun(u)” l(u" —w)dip+ Y (falu") — fa(u))aagp] dzdt >

a=1

[ VTl + eVl - / (V)] 0) iy ()

d
+//RdXR+(“ = W0(Tun() + 3 (Fal") = fol)) 00 (Vun() o

Moreover identity (7) together with (1) gives
0:(Vun(u)) =0’ Vin(u)

d
== 0n (alw)) V()
a=1

59 d
) = Z Bt Vo fa (U)vam(u)
:—23 w2 n(u) Vo fo ().
Injecting (58) and (59) into (56) leads to conclusion. O

Lemma 4.2. There exists C'z depending only on f,n and Q such that, for all
ae{l,...,d},

(60) |Za(uh,u)\ < C’Z|uh - u|2.
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Proof. For M : Q@ — R™*™ and T : Q — L(R™;R™*™), we set

Ml 00 = sup M(u)[., | T2 = sup ( sup |1 (u) 'U|2> ;
ue) u€Q \ veR™ |v|=1

where | - |2 and | - | denote the usual matrix 2- and oco-norms respectively. Using
the Taylor expansion of f, around u, we get that

1
fala) = falw) = (Vufalu)” @" = w)| < 3 | V2fa |, lun — uf?,
then, estimate (60) holds for Cz = 1 || V2p HOO V2 fa Hoo o - U

We now prove the following lemma on the finite speed of propagation, which is
usually assumed to be true in the literature [DiP79, Tza05, Dafl0]. Actually, this
result is the reason why we makes assumption (4).

Lemma 4.3. For all s > Ly, one has

(61) H(u" U+Z Qau u) > 0.

Proof. Denote by w" := u” — u, then it follows from the characterization (13) of

the relative entropy H that

(62) H= / / (u + yw™)w"dydo.

Denoting by A, the symmetric definite positive matrix V2n(u + yw k), and by
(-, -)a, the scalar product on R™ defined by

(u,v)a, = UTA,Y’U, Yu,v € R",

the relation (62) can be rewritten

1 0
(63) H= / / (wh )y dydd.
0 0

On the other hand, it follows from the definition (6) of the entropy flux £ that, for
all « € {1,...,d},

Qo = / (Vun(u +0w") = Vun(w) " (Vufolu+ 0wh)) " whdy
/ / (VoS + ™))" w"drydd
/ / V Jalu 40w )) h>Awd’yd9.

The Rayleigh quotient
(W, (Vo fa (4 0w")) " P, = (", Y, fuu+ 0wy o,
= (wh, % ((Vufalut 00")" + Vofalu+0w")) s,

satisfies, thanks to (4),

’(whv (vufa (u + ewh))T wh>A7

(w", wh>A7.
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Therefore, we obtain that

10
Qul < [ [ [ (Fufatut 00T wh | arag
0o Jo
1 0
(64) gLf/ / (W, why s dydd = LyH.
0o Jo
The fact that (61) holds is a straightforward consequence of (64). O

4.2. End of the proof of Theorem 2.6. We now have all the preliminary tools
required for comparing u” to u via the relative entropy H (u”,u).

Let § € (0,T) be a parameter to be fixed later, and, for &k € N, we define the
nonincreasing Lipschitz continuous function 6, : RT — [0,1] by

0 (t) = min (1,max <0, (k—l—?é—t)) , Vt>0.

Let us also introduce the Lipschitz continuous function ¢ : R x R, — [0, 1] defined
by

P(z,t) =1 —min (1, max (0, |x| —r — Ly(T —t) + 1)),
where Ly is so that (4) holds. The function ¢y, : (z,t) € RY x RT = 0, (t)1)(x,t) €
[0,1] can be considered as a test function in (54). Indeed, denoting by

T} = [k6, (k +1)d], Crr(t) ={(z,t) ||z € r+Ly(T —t),r+Ly(T—1t)+1]},

one has
1
Oupr(a,t) = = Sz (O (@, 1) = Lpbk(t) e, r (1) (),
T
V@k(l‘, t) = - mek(t)lcr,T(t) (x)v

so that both Oy and |Veg| belong to the set E defined in Remark 3.1. Then
taking ¢y, as test function in (54) yields

1 T d

— H’(/}d.%'dt + / ak (t)/ Z aQUTZa(’LLh7 u) ’l/]d{l?dt

6 Jz5 Jra 0 Re 7
T d

T
gf/ Gk(t)/ LyH+Y " Qut2 | dzdt+ Ry + Ry + Rs + Ra,
0 Cror(t) =
where

i _//Rdx[o,ﬂ('v%(x’t)' + 10vpr (@, 1)) dp(z, 1),
Ry = o 1[1(93, O)d‘uo(z)7
Ro= [[ IV @I(Tute 0]+ 0t D))
" //Rd [0,7] i(@, ) Vin(u)(z, )| (10cu] + [Vul) (e, t),

Ri= [ 0(@.0)[V.n(u) di(o)
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Thanks to Lemma 4.3, one has
(65)

1

T d
7/ Hdzdt +/ Qk(t)/ Z Oqu’ Zo(u", u) Ydrdt < Ry + Ry + Rs + Ry.
(5 I‘; R4 0 Rd

In view of the definition of (y, one has

supp(or) € | B(O,r+ Ly(T —t)+1) x {t},
t€[0,(k+1)6]

This leads to

1
Ry < (5 +Ls+ 1) p(supp(Veyr) U supp(drpr)).-

Thanks to Lemma 3.2, we obtain that there exists CZf (depending on k, v, T, §, Ly,
a, \*, ug, Gk, and 1) such that

(66) R1<C’k(1+Lf+1>h

It follows from similar arguments that there exists C’/’jo (depending on k n, ug, r,
Ly, T and §) such that

(67) Ry <Cph

and, thanks to Lemma 3.5, we obtain that there exists C’go (depending on k,
r,ugp, Ly, T and ¢) such that

(68) Ry < CF [ Vun(uo)l| P
Similarly, there exists Cg (depending on k, T',r, Lt,a, \*, up, Gxr, and ) such that

1
(©9) Fo < Ch (19l (54 L +1) + 1920 1000l + 19l )

By using Lemma 4.2, and using that 0 < 0, (t) < 1, we obtain

/0 O (t /RdzauZ(u ,u) pdadt

(70) > 0|Vl // i (2, 8) — u(a, ) (e, t)dadt.
R4 x[0,(k+1)0]
Since the entropy 7 is supposed to be -convex, we have
(71) H(z,t) > §|uh(m,t) —u(z, )%
Putting (66)—(70) together with (65) provides that
B

— — Cz||Vul| / / lu — u|? dedt
25 > Ig Rd

(72) < Cy||Vull., / / i — u’ dadt + Cih,
R x [0, k5]
where

Cr =C¥ ( + L+ 1) +Chy + CF IV un(uo)lo

1
+ 08 (19l (5 Lr +1) + 1920 00l + 1900 )
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Choose now

T B

19

5:}?*7_’_1, Wherep*:min{pEN* |

<
p+17 207||Vull,
(note that neither ¢ nor p* depend on h), so that (72) turns to

k—1
(73) er <w Z e; + Cyh,
i=0

where

ek :/ lu" — u|* dadt, w = Cz[|Vul| .
78 JRra

Denoting by e = (e, ... ,ep*)T, and ¢ = (Cy, ..., C’p*)T7 we deduce fro

1 0o ... 0

Me < hc, where M =

It is easy to verify that
0 if j >4,
M), =<1 if j =1,
wl+w) ==t if § <,

and then, since (M™'), ; =0, that

k—1
(74) er < | Ck +MZ(1 + w)kijCj h.
§=0
Define v = (1,...,1)T € RP"+!, then
P r
Zek:(e|v) <h(M'c|v) :h(c| (M) V).
k=0

Since
p*—k—1
=1+w Z (1+w) =1 +w)P 1 —w,
i=0

(67)

we obtain that

k

* *

P

(75) D en = hick ((1+w)1’**’@+1 —w).

k=0 k=0

Noticing that ¢(x,t) = 1 if x € B(0,7 + L¢(T — t)), and that ¢(z, )
(x,t) € R? x (0,T), ensure that

T T
(76) / / lu — up|?dedt < / / lu — up|*2p(x, t)dedt =
0 B(0,r—st) 0 R4 —_

We conclude the proof by using using (75) in (76).

=

m (73) that

> ( for all

p*
E €.
k=0
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5. CONCLUDING REMARKS

Our goal was to derive an error estimate for the finite volume approximation
u”. As mentioned above, we use the relative entropy which is not symmetric and
we choose to use H(u” u). If one decide to choose H(u,u"), the solution u can
be an entropy weak solution instead of a strong solution. Moreover, u” can be
approximated by a continuous function %" such that @"(zf,t) = u(zk,t) for all
cell K € T where z is the center of K. However, in that case, the right hand side
of inequality (11) blows up when h — 0 because of the space derivatives of ",
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