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Abstract

A non-linear one-dimensional model of inextensional, shear undeformable, thin-walled beam with an open cross-section
is developed. Non-linear in-plane and out-of-plane warping and torsional elongation effects are included in the model. By
using the Vlasov kinematical hypotheses, together with the assumption that the cross-section is undeformable in its own
plane, the non-linear warping is described in terms of the flexural and torsional curvatures. Due to the internal constraints,
the displacement field depends on three components only, two transversal translations of the shear center and the torsional
rotation. Three non-linear differential equations of motion up to the third order are derived using the Hamilton principle.
Taking into account the order of magnitude of the various terms, the equations are simplified and the importance of each
contribution is discussed. The effect of symmetry properties is also outlined. Finally, a discrete form of the equations is

given, which is used in Part II to study dynamic coupling phenomena in conditions of internal resonance.

Keywords: Beams; Open cross-section; Flexural-torsional dynamics; Non-linear resonances; Warping non-linear effects

1. Introduction

Many papers have been devoted to non-linear dy-
namics of beams and recently interest has been mainly
focused on non-linear motions in three dimensions. A
one-dimensional polar model of a compact beam was
initially studied in [1]. Since the torsional frequency
of the beam is much higher than the bending ones, the
torsional component was statically condensed; more-
over, warping was neglected. A three-dimensional
beam model was developed in [2] for a compact
cross-section beam by also taking into account the
warping. However, the equations of motion were
truncated at the second order and only linear warping
was considered.

* Corresponding author.

When the beam cross-section has a high aspect ra-
tio, bending and torsional frequencies are of the same
order and several internal resonance conditions can oc-
cur, involving two or three displacement components.
In [3] a non-linear shear-undeformable beam model
with a compact cross-section is developed, capable of
studying the flexural-flexural-torsional-extensional
dynamic of beam-like structures. The strain energy
of the three-dimensional model is written directly in
terms of the generalized deformation quantities of
the polar beam model. In the energy expression, only
the linear warping contribution is considered and a
coupling term between torsion and axial extension is
introduced. In [4—06] shear and axially undeformable
beams are analyzed. In [4] flexural-torsional free mo-
tions are studied for a cantilever beam, having close
bending and torsional frequencies; although beams



with non-compact cross-section are considered, the
warping effects are neglected. In [5,6] a non-linear
one-dimensional polar model of compact beam is
derived, capable of studying interactions between
flexural and torsional motions occurring in beam-like
structures in several internal resonance conditions.
Even if the linear warping contribution is consid-
ered, attention is again paid to the case of compact
cross-sections.

In this paper, a non-linear beam model is devel-
oped as an internally constrained three-dimensional
continuum, suitable to study three dimensional large
amplitude oscillations. By focusing attention on open
cross-sections without any assumption of its symme-
try, the effects of the torsional curvature on the elon-
gation of the longitudinal fibers and the non-linear
torsional warping of the section are considered. The
warping is expressed in terms of the displacements of
the shear center of the section by extending the Vlasov
theory [7] to the non-linear field. This is similar to the
approach found in some papers devoted to non-linear
theory of a thin-walled beam [8—10]. In particular, in
[10], where a moderate rotation theory of thin-walled
composite beams is proposed, the series expansion of
the rotation tensor has been truncated at the second
order only. The beam considered here is shear and ax-
ially undeformable; these internal constraints lead to
a model whose deformed configuration is described
by two displacements only plus the torsional rotation.
The equations of motion are derived by the Hamilton
principle; they simplify remarkably if the cross-section
has one or two symmetry axes. By estimating the or-
der of magnitude of the various terms and retaining
only the leading ones, simpler reduced equations are
drawn. This is an extension of the model proposed in
[11] for the study of the interaction between torsional
and axial motions with comparable frequencies. Fi-
nally, by applying the Galerkin procedure, a discrete
form of the equations of motion is obtained, in view
of studying non-linear dynamic coupling phenomena
dealt with in Part II [12].

2. Kinematics
2.1. Displacement field

An initially straight thin-walled beam with an
open cross-section, arbitrary restrained at the ends, is

considered (Fig. 1). The following hypotheses are
assumed:

(H.1): the beam cross-section is rigid and remains or-
thogonal to the centroid axis in the deformed
configuration (shear indeformable beam);

(H.2): anon-rigid displacement field is superimposed
to the previous one, having components both
normal and tangential to the cross-section in
the deformed configuration (non-linear warp-
ing);

(H.3): (a) the shear strains on the middle surface
of the thin-walled beam identically vanish
(Vlasov condition); moreover, (b) the exten-
sional and shear strains of the cross-section
plane also vanish (indeformability of the sec-
tion in its own plane);

(H.4): the beam is axially inextensible.

A reference frame Oxx,x3 is introduced, where x; and
X, are section principal axes, x3 contains the centroid
axis and O is the centroid of an end cross-section
(Fig. 1). A unit base vector b= {51 ,bs, by }, solid with
the (not warped) section in the deformed configuration
is considered, with b5 tangent to the centroid axis. Let
us denote b = {51,52,53} as the triad solid with the
section in the undeformed configuration, oriented like
the x;-axes. The displacement vector iip = oP — 5B
of the generic point P = (x1,x»,x3) can be expressed
as the sum of a rigid and a non-rigid displacement
namely:

iip = iic + (R — D01 — x1.)b1 + (2 — x20)b3]

3
LY B, (1)
i=1

In Eq. (1) 9 is the rotation tensor (b; = 9Rb,),J the
identity tensor, C = (x1.,x2.) the shear center and
$: Z?:l (,‘bl-g,- the warping vector, whose components
are measured in the deformed configuration. In matrix
form Eq. (1) reads as

up =uc + (R —I)(x —x¢) + R¢, (2)
where u = {u; u; u3}7, x = {x; x, 0}7 and
¢ = {1 d2 ¢3}T. To make the kinematical de-
scription unique, the warping vector must describe

neither a translation nor a rotation. This requirement
is satisfied if the following orthogonality conditions



hold:
/¢3d14:0, /¢>3x1dA:0, /¢3x2dA:O,
y y 4

$1d4 =0, $2d4 =0,
4 y

74 (a1 —x1,) — 162 — x2,)]dA = 0, 3)

Egs. (3)1, (3)4 and (3)s ensure ¢ is not a transla-
tion, Egs. (3), and (3); assure ¢ is not a rotation for
any ¢3 #0, Eq. (3)s prevents ¢ from being a purely
torsional rotation. Egs. (3);—(3); coincide with the
Vlasov linear conditions, even though ¢ will be found
here to be a non-linear function of the displacement
components.

The orthogonal rotation matrix R describes the po-
sition of the base b with respect to the base b (b=Rb).
The matrix R is obtained through three successive el-
ementary finite rotations around three different axes
and is expressed as R = RjR;R;. As illustrated in
Fig. 2, R; describes the first rotation 1J; around the axis
El, R, describes the second rotation ¥, around the
axis b and Ry describes the third rotation 3 around
the axis 5y = b3. The terms of the ith column of R
are the components of the unit vector b; with respect
to the base b (b = RTb).

b,

Fig. 2. Rotational sequences used to describe the orientation of
the cross-section axes.

The displacements field (2) is described by six func-
tions of the abscissa z:=x3 and of the time 7, i.e. u;(z, )
and ¥;(z,t) (i=1,2,3), and by the three warping func-
tions ¢;(x1,x2,2,¢). However, the shear indeformabil-
ity condition (hypothesis H.1) makes it possible to
express the flexural rotations 1J; and ¥, in terms of the
spatial derivatives of the displacements u;, thus reduc-
ing the number of independent displacement variables.



Fig. 3. Shear indeformability: geometrical interpretation.

From Fig. 3 the following relationships are drawn:

4)

u
7
1 +uy

!
U

Vulr+ (1 + uy)?

Hypotheses H.3 and H.4 will be used in the sequel.
It will be shown that they permit to eliminate the warp-
ing components ¢; and the longitudinal displacement
us, respectively, thus reducing to three (uy,uy,v3) the
number of independent variables.

2.2. Curvature and angular velocity

Before analyzing the strain field, the curvatures of
the beam are first defined. The curvature matrix C,
referred to the undeformed base b is

C=R"R/, (5)

where (-)'=0/0z. The result is an antisymmetric matrix
whose independent components are

U = cos Y, cos 939 + sin 93195,
U = —sin 3 cos 909 + cos 93195,
Uz = sin 192’!9/1 + 19/3 (6)

w1 and p, will be referred to as flexural curvatures and
13 as torsional curvature.

The angular velocity matrix W, referred to the un-
deformed base b, is also an antisymmetric matrix and
it is given by a similar relation

W =R'R, (7)

where the dot denotes time differentiation. Its scalar
components are

w] = cos ¥, cos 193191 + sin 193192,
wy = —sin Y3 cos 192191 + cos 193192,

w3 = sin 9219, + ;. (8)
2.3. Strain field

The Green—Lagrange strain matrix E = [¢;] is as-
sumed as the deformation measure. It is defined by

ds? —ds? =2dx"du+du' du=:2dx"Edx, (9)

where ds and ds are the deformed and undeformed
length of a material segment, respectively. By dif-
ferentiating Eq. (2) and substituting it into Eq. (9),
the strain components ¢; are drawn in terms of
the derivatives of the displacements u;(z,t),9:(z,t)
and ¢;(x1,xz,z,t). However, taking into account the
shear-indeformability and after considerable algebra,
it is possible to show (see Appendix A) that the
strains ¢;; can be expressed as a function of the curva-
tures y; and of the elongation ec = (ds/ds — 1) of the
shear-center axis, i.e. of the generalized strain mea-
sures of the one-dimensional polar beam model, in
addition to the derivatives of the warping functions.
The strains assume the following expressions:

[811 812} _ [ d1.1 1/2(P1,2 + ¢2,1)}
&1 €2 1/2(¢2,1 + ¢1.2) 2,2

P31 b33
b32051 3,

713\ [ —Ha(x2 —x20) $3.1
(sz) B ( w(x1 — x1..) ) +(1+ec) <¢3,2>

+<mﬂ+mwrm»
23

1

2
+5 + 04},

—a(x1 — x1.) + ¢3.3] < fa >
$3,2

+¢3 (_#;1 ) + O(¢7, 13 9),

(10)



e33 =[ec + i(x2 —x2.) — a1 — x1.) + ¢3.3]
+ 3lec + w2 = x20) = pa(xy = x1.) + 331
+ 315801 — X100 + (2 — x2,.)7]
=3[ (1 —=x10 )+ 12 (x2—x2. )3 +O0(; i),

where i = 1,2, ec = uy + 1/2(u? + uf) and y;; =
2¢;;. Terms of higher order, depending on the in-plane
warping ¢;, have not been made explicit in Egs. (10)
since they will be found to be unessential for further
analysis; indeed ¢; = O(¢3) (i = 1,2), follows from
Eq. (10); and hypothesis H.3b. If the warping effects
are neglected, Egs. (10) becomes formally equal to the
strain displacement relationships of the linear beam
theory; however, here the curvatures y; and the elonga-
tion ec are non-linear functions of the displacements.
Moreover, a new term proportional to the squared tor-
sional curvature uz appears in the longitudinal strain
&33; it represents the non-linear elongation of the lon-
gitudinal fibers of the beam due to the torsional rota-
tion of the section. Finally, the in-plane strains only
depend on warping, since the cross-section is rigid in
bending and torsion.

Some approximations are introduced to simplify re-
lations (10). Since the second square bracketed term
in the longitudinal strain ¢33 is the square of the first
term, it is neglected. Moreover, cubic terms of the
kind w;u3¢3, (i = 1,2) are neglected too since they
are of the same order of u3¢;. Finally, the elonga-
tion ec in the y3,723 components is also neglected
with respect to unity. Therefore, the approximated
Green—Lagrangian strains read as

e =11+ 1/2¢3 1,
en = o+ 1/2¢3 ,,
Y12=¢12+ 21 + P31032,
P13 =—u3(x2 —x20) + P31 + P13+ [ —x2)
— t2(x1 —x1.) + 331931 + P340,
723 = pi3(xX1 — X10) + @32 + P23 + [p(x2 — x20)
— (X1 — x1.) + h33]1P32 — 3,
&3 =ec + (X2 — x20) — pa(x1 — x1.) + P33
+ 3l —xie )+ (2 —x )l (11)

r(c)

Fig. 4. Local abscissa ¢ and shear center position C.

2.4. Non-linear warping functions

In order to obtain a one-dimensional model, the de-
pendence of the warping functions ¢;(x1,x;,2,¢) on
the transversal coordinates x; and x,, should be de-
termined in advance by enforcing suitable kinemati-
cal conditions. In the Vlasov linear theory the unique
warping component ¢s(x1,x2,2,¢) is approximated by
a function ¢3(c,z,t) (Fig. 4) where c is a curvilinear
abscissa along the middle line of the section, under
the hypothesis that ¢5 is constant along the (small)
thickness. Moreover, the dependence of ¢3 on c is
determined by requiring that the shear strain along
the middle line of the section vanishes. Here, in the
non-linear problem, the same Vlasov assumption is
considered (hypothesis H.3a). In addition, in order to
evaluate the in-plane warping components ¢; and ¢,
the in-plane strains &1, &, and y;, are required to van-
ish on the whole section (hypothesis H.3b). In general
no function having this property exists, since the plane
strain problem is overdetermined; however, as shown
in Appendix B, such functions ¢; do exist if ¢3 = ¢5
is constant along the thickness (i.e. if the beam is thin
walled) and can themselves be considered constant
along the thickness, i.c. ¢; = ¢] and ¢y = ;.

To evaluate the warping functions ¢ (k =1,2,3)
(stars are omitted), the strains Y3, &cc, &um, Yen are first
evaluated, where 7 is the (inward) normal to the mid-
dle line at P. By using the known rules y3.=713 cos {+
P23 SIN Y Eee = €11 COSZ Y + €2 sin’ W+ y12 cos Y sin iy
(and similar ones), where  is the slope of the tan-
gent to the middle line at P (Fig. 4), and enforcing the



kinematical conditions H.3, the following equations
are derived:

Ve = % — 3 ¥+ (¢13c08Y + P 3siny)

+ ¢3(pz cos Yy — puy sin )

0
+ %[ﬂl@@ —X20) — Ma(x1 — X1.) + P3.3]

:0,

smz%cosd/ 64) ny + - (iff) =0,

¢1

Yen = — sin lﬁ—‘r ¢

2 - cosy=0. (12)

In Eq. (12)1 X1 =Xx] (c) and x; =x,(c) are the paramet-
ric equations of middle line and »=r(c) is the distance
from the shear center C of the tangent to the middle
line at P (Fig. 4). In Eq. (12)3 0¢3/0n = 0 has been
accounted for; finally, the condition ¢,, = 0 is identi-
cally satisfied, since 0¢p1/0n = d¢p,/0n = 0. It is worth
noting that Eqs. (12), and (12); are formally similar
to that governing the linear kinematic problem of the
solid line undergoing an extensional distorsion (e.g.
termal variation) e.. = —1/2(0¢3/dc)?; in this context,
the emergence of the in-plane warping is recognized
as a consequence of the occurrence of the out-of-plane
warping. Most importantly, Eqs. (12) show that ¢,
and ¢, are second-order variables with respect to ¢s,
thus justifying the omission of their square in Egs.
(11)4=(11)s.

Previous remarks suggest a perturbation approach
to the solution of Eqs.(12). Since the curvature p;
are small, a perturbation parameter ¢ is introduced
through the ordering u; = ¢fi;, fi;, = O(1). Then, the
warping functions are expanded as ¢3 =&ed3; +&2 3o+
O(&*) and, consequently ¢;=&>d,+0(&*), (j=1,2).
The following pertubation equations up to &>-order are
obtained (tilde omitted):

Order &: O3 = Uz,
dc
3 2
Order & %cosvw— 0?22 siny = _1 % ,
dc oc 2\ dc
5¢22 ¢12

Oc

% = (P12,3c08 Y + P 38iny)

— ¢31(uz cosyy — py siny),
5¢31

[t (2 — x2)

*,uz(xl —X10) + ¢31.3]- (13)

By integrating in sequence the previous equations,
¢31,¢2 (j=1,2) and ¢3, are evaluated; then, by ab-
sorbing the parameter ¢, the following perturbation
solution is drawn:

b1 =095 + & — O(x, — x30),

b2 = g5 + 11— OCx1 —x1.),

¢z =onpz + (0 — o3 ps + (o — o5 ) i3
+ogpapty — 09O + {i[1 4 pi(x2 — x2,,)

— o(xy — x1,)] — w3l

+ 0+ & —x1y,) + 00 — x2,). (14)

In Egs. (14);, a rigid rotation has been added to
the solution of Eqgs. (13);5, that otherwise would be
lost because of the approximations introduced (see
Appendix B). In Egs. (14) o; = ai(c) (i = 1,...,9)
are warping functions, depending on the cross-section
shape; they are not all independent and are defined
to within a constant (see Appendix C). Moreover, M
is the principal origin of the sectorial area (Fig. 4)
[7] and é = é(Z,f), n= ’7(291)’ él(z7t)3 gz(Z,[) and
O(z,t) are integration arbitrary functions of z and ¢.
Since «; coincides with the sectorial area, the linear
part of ¢ is formally identical to that of the linear
theory; however, here u3(z,t) represents a non-linear
torsional curvature.

As shown in Appendix C, warping is described by
o and six independent warping functions, namely f§;=
pi(c) (i=1,...,6), so that Eq. (14) is rewritten as

¢1 = Pats + E(2) — O(x2 — x2,.),
b2 = PBsp3 + n(z) + O(x; —x1.),
4ptlds = arpz(1 — §) + Prpps + Papaps + P3psis
—B6O" + E'x1 4+ 1'x,

+ 4 (xy — woxy) + &, (15)



where {=—&'x1,, —n'x3,, — (1 X2, +pox1, +01 4+
By imposing the conditions given by Egs. (3)1, (3)s
and (3)s, 52, £, n are obtained together with the arbi-
trary constants; Eqs. (3), and (3); allows determina-
tion of {yp; and {;uy; Eq. (3)¢ determines @. By ne-
glecting (| with respect to unity, the following final
form of the warping is obtained:

o1 = /34#%,
¢y = .35/155
b3 = oupts + Bynpts + Paptapts + Ppthpis,s (16)

where the new functions f3 ; are defined in Appendix C.
By replacing Eqgs. (16) in Eq. (11)s, the only
non-vanishing strain &33 is determined

— (X1 + [y + %ﬂ%sz
+(ps) By + (o) By + (s By, (17)

where eg = ec — pxz. + pox1,. is the longitudinal
strain of the centroid axis and s? is the square of the
distance between the shear center of the section and
the generic point P. The first four terms of Eq. (17)
are formally equal to those of the Vlasov linear theory,
with non-linear flexural and torsional curvatures. The
fifth term describes the elongation due to torsion, and
the remaining terms account for non-linear warping.
When the beam undergoes no torsional curvature, all
the linear and non-linear warping terms vanish.

&3 =eg + Ui1x2

2.5. Inextensibility condition

The beam is assumed to be inextensible (hypothe-
sis H.4). In compact beam theory, such a property is
modeled by requiring the generic element of the cen-
troid axis to maintain its initial length. However, this
condition seems to be inadequate to describe the be-
havior of a thin-walled beam, due to the presence of
warping and torsional elongation, which in principle
both induce longitudinal deformation of the centroid
axis. Therefore, the inextensibility condition is intro-
duced by requiring the mean value on the cross-section
of the longitudinal strain (17) to vanish, i.e.

/833 d4 =0. (18)
A

By taking into account that the warping functions
oy and f; satisfy Eq. (3);, from Eq. (18) it follows that

ec = —113p%, (19)

where pc is the cross-section polar radius of inertia
with respect to the shear center C.

Eq. (19) shows that the strain of the centroid axis
is not zero, but it is a second-order quantity. It is not
affected by warping, but only by the torsional strains,
and represents the so-called non-linear torsional short-
ening of the beam. With Eq. (19), Eq. (17) reads as

&3 =265+ &+ 85;) + FE;), (20)
where

& = X2 — Xy, = %M%(Sz - P%),

1
Ep)—#s“la

sE;) = (up3) By + (parz) By + (s i)' B @h

are the flexural, torsional, first- and second-order
warping longitudinal strains, respectively. The use of
Eq. (19) permits the elimination of the us-variable;
by recalling the definition of eg, Eq. (19) is written as

uh + L +uf) — pxae + poxy. + 1308 =0,
(22)

where w; = w;(uy,us,u3,9;3,t), after having used the
shear indeformability conditions (4). Eq. (22) is a
non-linear algebraic equation in the unknown uj,
which is solved by a perturbation method. By intro-
ducing the ordering u; =¢ii |, uy =¢ii,, 93 =&, and

. oD 2.2 3.0)
expanding the unknown as uz =euy ’ +¢e°u3y +&uy ),
the following perturbation equations are obtained up

to the ¢2-order (by omitting the tilde):
i — e + 5w = 0,

D + 3+ uf?) — 1P + i x

1
+ 3 e =0,
3 3 3 1, 2
Uy — i + 1+ Vot =0, (23)
where ,ui ) is the &*-order part of y;. By solving the

sequence of Egs. (23), the terms of the series expan-
sion of u} are calculated. Finally, by absorbing the
perturbation parameter ¢, a solution of the type

uy = f(ur,u2,93,1) (24)

is obtained, not shown here for purpose of brevity [13].
This internal constraint, valid for thin-walled beams,
is more complicated than that for compact beams.



However, it reduces to the simplest one if the
cross-section has two symmetry axes and the torsional
elongation effects are neglected.

3. Equations of motion
3.1. Order-three equations

The equations of motion of the thin-walled beam
are obtained via the generalized Hamilton principle.
Since approximated order-three equations are sought,
order-three expansions of the kinematic relationships
are directly used in the functional. It reads as

15) l
5H:/ / {0L(u1, uz, u3,93,1) + 010U
I3 0

+ Or0uy + Qydvs
+ 5[/1(}”(”],”2,'[93,[) - ug]} dzdt

\V/(éul,éuz; 5”375193)7 (25)

where [ is the length of the beam, L=T — U is the La-
grangian for unit length, 7 is the kinetic energy and U
is the elastic potential energy; moreover, Q’s are gen-
eralized distributed non-conservative forces spending
work on the associated virtual displacements and 4 is
a Lagrangian multiplier associated with the inextensi-
bility constraint (24). This latter has to be taken into
account in the variational principle since the velocity
3, which appears in the kinetic energy 7, cannot be
directly eliminated by means of Eq. (24). On the con-
trary, the constraints (4) and (24), as previously said,
have already been employed to eliminate 1;,, and
u3 in the elastic potential energy U.

By neglecting the warping inertia effects, the kinetic
energy reads as

1l
TZE/ Z(md%n—&—lw,-z)dz
0 =1
Nl/f 3
~3 )

+ % 3C19§> dz, (26)

) A Lo
mu; + mxy 11V — mx; 103
1

i=

where u;, is the ith velocity component of the cen-
troid O, m the mass per unit length of the beam, J;

the cross-section mass-moment with respect to the
x;-axis and J¢ the polar mass-moment with respect to
the shear center. In Eq. (26) use has been made of
Eq. (2) (with ¢ =0) and Egs. (8). The rotation matrix
R and the angular velocities (8) have been linearized
and, as is usual in slender beams, flexural rotatory in-
ertia terms have been neglected. It can be shown (see
Section 3.2) that the order of magnitude of the terms
neglected is small with respect to the retained terms.
By restricting the analysis to isotropic beams and
neglecting the contribution of the Poisson ratio, the
elastic potential energy per unit length reads as

1
V=3 /A (G731 + 732) + Eezs] dA

1 1 1 1
= EGJ;@ + 3£ 0+ EEIM% - 5Erugz

1 2
+ EE/A [8,2 + sg) +2(ere + efsg) + sfsgf)

+ey) +eey))]dd, (27)

where G and E are elastic moduli, GJ is the St. Venant
torsional stiffness, EI; are flexural stiffness and EI’
the warping torsional stiffness of the linear theory. In
Eq. (27), y31 and ys3;, (which are not zero out of the
section middle line) are assumed to contribute to the
St. Venant torsional elastic term only; i.e. they are
approximated by the linear part of Eqgs. (11)s, in
which ¢; is taken equal to the more refined solution
of the Neumann problem, which takes account of the
variation along the thickness. In addition, use has been
made of Egs. (20) and (21).

By substituting Egs. (26) and (27) in the Hamilton
principle and making the variations, Eq. (25) assumes
the following form:

th 1 2
/ / {Z(Qiéui + H;,0u,; + Hy du!
I3t 0 i=1

+ Hpou!! + Hiou!" + Higdu]"") + Hy, 905
+ Hyo803 + Hyy 895 + Hyp9y + Hy3 695 =0,

miyous — Louy + [ f(ur,up,93) — “3)5/1}

xdzdt =0,
V(5u1,5u2,5u3,5193,5/1), (28)



where the functions H, = H,(u1,u;,us, s, 4,t) have
complicated expressions, reported in [13]. By per-
forming integrations by parts, the following four equa-
tions are obtained from Eq. (28), in addition to Eq.
(24)

miiz — 2 =0 (29)
and

miiy + mx2(1§3 - Q1

=~ Hiy + HY — HY 4 HE=G,

motiy + mxlc1§3 — Q2

_ ’ " " mr.__
=—H,y + Hy, — Hy; + Hyy :=Gy,

Jcbs + mxyiiy — mxyiiy — Oy

190 — H1/91 + 1/9/2 - 7;,3/: 1 Gy (30)
with the relevant boundary conditions:
(Wit du; + Wi duj + Wisdu + Wiadu]")[g = 0,
(Wa0803 + Wy 895 + Wya095)]g =0, 3D

where VV,'[ = H,'[ — Hllz + Hl/3/ — Hiql’ VVQ = Hi —
Hj5+ Hjy, Wiz =Hpz — H),, Wu=Hjs (i=1,2) and
Wyo=Hy —Hj,+H3,, Woi=Hgp—Hj;, Wy =Hys.

From Eq. (29) the physical meaning of 4 emerges,
which represents the inertial longitudinal forces due
to the assumption of the inextensibility of the beam.
By integrating Eq. (29) and using Eq. (24), the La-
grangian multiplier is first evaluated in terms of the
displacements:

1= /, m /0 Lf Gtz 93) dz + us(0))] dz

+G(I) (32)

then it is substituted in Eqs. (30) and (31). A set
of three integro-differential equations in the un-
known wuy,uy,v; is finally drawn. They constitute
order-three equations of motion suitable to study
flexural—torsional motions of thin-walled beams with
open cross-section.

3.2. Discussion of the equations
When the equations of motion (30) and the relevant

boundary conditions (31) are expressed in terms of
the independent displacement components uy, uy, s,

Table 1
Coupling terms in the elastic potential energy

No symmetries One symmetry Two symmetries

erer Yes Yes No
€ fssz) Yes Yes No
8[85;) Yes No No
& sf/)z) Yes Yes Yes

the equations contain some hundreds of terms, such
that they can be handled only by an algebraic manip-
ulator. These equations simplify if the cross-section
has one or two symmetry axes. Referring to the com-
pact form of the elastic potential energy, Eq. (27), it
is easy to check that, if symmetries are present, some
coupling terms between longitudinal strains of differ-
ent nature vanish. From Table 1 it is seen that, for
mono-symmetric cross-sections, coupling between
torsional elongation and linear warping disappears.
For double symmetric cross-sections, coupling be-
tween flexure and torsional elongation and flexure
and non-linear warping also vanish. However, tor-
sional elongation and non-linear warping are always
coupled.

Another type of analysis which has been performed
on the equations of motion (30) and (31) consists of
evaluating the order of magnitude of the various terms.
The analysis is conducted with the aim to simplify the
equations, by retaining only the most important terms.
To this end, the equations of motion and the relevant
boundary conditions are first put in non-dimensional
form by introducing the following quantities:

U3

. uw oz _h
;o W= U3= 0 >

=2, i=ot (33)

In Eq. (33) w is a linear frequency of the beam and
h is a characteristic dimension of the cross-section,
introduced to render the torsion 53 of the same order
of the displacements #; when u; = O(J3h). The tilde
will be omitted in the sequel.

No ordering scheme is introduced on the three con-
figuration variables, which still remain of the same or-
der, namely O(u;) = O(uy) = O(¥3h) = ¢, where ¢ is
a small quantity. The order of magnitude of the spa-
tial and time derivatives of the generic configuration



Table 2
Order of magnitude of the terms of the potential energy

Linear terms

Quadratic terms

Cubic terms

&2/ O(1)e
& —
efpl ? + 8(4)2)2 O(l)e
&y —
s,sf;) —
8,82)2) —

oyt + 575 -

0(1)&2, O(h? | Pn? )&
oW |Pm?)e

0(1)e?

0(1)e?

O(h? | 1P72)e?

O()&3, O/ P2 )
O(1)é*, O(h? [ 1>r?)e?
O(h?/Pn?)e3
o(1)é3, O(h?/Pn?)e’
O(W?/1Pn*)e3
O(h?/Pn?)e3
O(h?/Pn?)e3

variable u(z, t) is evaluated according to the following
rules:
n n

0"u — o). 0"u
ot 0z"
by assuming u to be a bi-periodic function of time fre-
quency 1 and spatial frequency 7. The order of magni-
tude of the various contributions to the elastic poten-
tial energy (27), thus obtained, is showed in Table 2.

It is found that, among the quadratic terms, the lead-
ing order contributions are of purely flexural nature
and of torsional-flexural and torsional-linear warping
nature; among the cubic terms, the first two types of
terms and the purely torsional elongation terms are im-
portant. Therefore, the torsional elongation and linear
warping play an important role in the description of
the mechanical behavior of thin-walled beams with an
open cross-section, while the non-linear warping con-
tribution is less important with respect to the previous
ones. Terms depending on the Lagrangian multiplier
are found to be negligible; longitudinal inertia forces
and non-linear inertia contributions produce higher or-
der effects and the relevant terms can be omitted in the
kinetic energy (26). This is in accordance with [3,6]
where only the linear rotational inertia contribution
are considered.

After having retained only the leading order terms,
the reduced equations of motion contain about 50
terms yet, if no symmetries exist.

= O0(n"¢) (34)

3.3. Discrete model

The reduced equations of motion are discretized ac-
cording to the Galerkin procedure. The independent
displacements vector u={u,u,, 93} is expressed as a

linear combination of given z-function vectors f;(z) =
{f11(2), f12(2), f13(2)}T and unknown ¢-function co-
efficients g4 (¢):

u@z ) = qDi(z). (35)
k=1

The functions f;(z) are chosen as eigenfunctions
of the linearized equations and boundary conditions.
Since for a generic cross-section even the linear equa-
tions are coupled, all the components of f;(z) are dif-
ferent from zero.

From the equations of motion (30) and boundary
conditions (31) the following variational dimension-
less equation is drawn, where the tilde is omitted for
simplicity:

1
/ (=G1ou, + (—piiy — pyis s + 01wy
0

— Goduly + (—puiis + ppy D3 + 02)0uy

+(Gy — p*vUs — s iiy + puky i

+ Q)03 } dz + {(W120u + Wi30u) + Wigdu)”
+ (Waduh + Wy duy + Wasouy'

+ (Waodls + Wy 695 + Wyadd5)} g =0,  (36)

where
m 24 ijZIZ - Xle
= 2] — _ e
K= "= YT
- X
Fpe= ¢ (37)

are non-dimensional quantities describing transla-
tional and rotational masses and the coordinates of



the shear center, respectively. By substituting Egs.
(35) into Eq. (36) and vanishing separately terms
in dqx, 3n ordinary differential equations of motion
follow. By limiting the expansion (35) to n =3 terms
(e.g. by assuming a group of three modes with sim-
ilar wave-length), three non-linear equations of the
following type are obtained:

33 L
RCTEDIDILTTED NI

i=1 j=I i=1 j=1 k=1

XchzjjkCIi‘ZiQk + fh (h = l>2’3)5 (38)

where wy, is the Ath linear frequency, f the ~th modal
force, and cp;; and ¢y are coefficients depending on
eigenfunctions. In the general case all quadratic and
cubic terms appear in each equation of motion.

If the cross-section has a symmetry axis, e.g. xi,
Eq. (35) becomes

S1(z) 0
u(z,t) = 0 qi(t) + | f22(2) | q2(2)
0 f3(2)
0
+ | f23(2) | q3(8) (39)
f33(2)

and the discretized equations of motion (38) read as
. 2. 2 2 2
q) + wiq1 = c1q; + 2q5 + €39293 + caq19;
+ 059165 + 619295 + f1
G, + 03q2 = €191G2 + c3q143 + Coq + C1043
2 2 2
+ 119192 + 129193 + 139295
+cugrqs + f2
g + w%% =C159192 + C16q193 + 017(13 + clSQ%
+ CI9Q%C]2 + Czo(ﬁ% + szzq%

+engaqs + £ (40)

If the cross-section has two symmetry axes, Eq. (35)
is written as

S1(2)q1(8)
S2(2)q2(t) (41)
f3(2)q3(t)

u(z,t) =

and the discretized equations of motion (38) become

G + oiq1 = c1q2q3 + 29143 + f1,
4y + W3gr = 39193 + caq2q3 + £,
Gy + 033 = csq192 + Coq3 + €1q13
+esq3q3 + [ (42)

In Eqgs. (40); and (42), the g3-term is not present,
since it is of higher order, as discussed previously.
Although the case of two symmetry axes is the most
similar to the case of compact cross-section beams
studied in [1], in Eq. (42); the ¢3 term is also present
and this is due to the purely torsional elongation effect.
Terms in Egs. (38) and (40) involve many different
internal resonance conditions, which will be discussed
in Part II of this paper. However, it must be stressed
here that the kind of non-linear terms in Egs. (38) and
(39) remains unchanged if the warping and the tor-
sional elongation effects are omitted, so that such de-
formations do not introduce new internal resonances.
On the contrary, they strongly affect the coefficients of
Egs. (38) and (40) and therefore are important to cor-
rectly describe the non-linear behavior of the beam.

4. Conclusion

A non-linear one-dimensional model of a thin-
walled beam with open cross-section and shear
and axially undeformable has been developed. The
Green—Lagrange tensor has been adopted as a strain
measure; its components depend only upon the strain
quantities of the one-dimensional polar beam model,
in addition to the warping. The Vlasov kinemati-
cal hypothesis, which was formulated in the linear
framework, has been extended to the non-linear field;
in particular, the in-plane displacements, which arise
as a second-order effect of the out-of-plane classical
warping, have been accounted for. The constraint of
in-plane indeformability of the cross-section makes
it possible to express warping in terms of the cur-
vatures of the beam. Consequently, the independent
displacement components necessary to describe the
beam deformed configuration reduce to three, two
transversal translations of the shear-center axis and
one torsional rotation.



Three differential equations of motion, containing
quadratic and cubic non-linearities, have been ob-
tained via the Hamilton principle. These equations
are rather complex and can be handled only by an
algebraic manipulator. Symmetries produce great
simplifications. An analysis has been conducted to es-
timate the order of magnitude of the terms appearing
in the equations, which made it possible to discuss
the relative importance of the different contributions
and to omit several terms. In particular, non-linear
warping does not significantly affect the behavior of
the beam, since its magnitude is small with respect to
the other non-linear terms.

Finally, discrete equations have been obtained for
a three-mode approximation able to describe cou-
pling phenomena in three-dimensional motion. It has
been found that even in the most general case of
no-symmetry axis, warping and torsional elongation
do not add any new kind of terms to the discrete equa-
tions but they affect the values of the coefficients. In
particular torsional elongation produces a remarkable
modification of the coefficients. Therefore, it is ex-
pected that torsional elongation, more than non-linear
warping, would play an important role in the descrip-
tion of the responce of the thin-walled beam. The
matter will be discussed in Part IT [12].
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Appendix A. Strain—displacement relationships

With the aim to obtain the deformation field ex-
pressed in terms of the torsional and flexural curva-
tures, a suitable partitioning of the displacement field

(2) is developed as follows:
Vy_|( Ye + R,y =1 R, Yy—Yc
w we R;, R.-1I 0
¢ (A1)

Ryy R,VZ
Rzy Rzz

where v.= {u; uy}T and w = {u3} are the displace-
ment components of the point P in the plane of the
section and out-of-plane, respectively, y = {x; x3}T
and z = {x3} are the in-plane and out-of-plane co-
ordinates of P, ¢, = {¢1 ¢»}" and ¢, = {3} are
the in-plane and out-of-plane warping functions, yc =
{x1. x2.}" are the coordinates of the shear center, R;;
are sub-matrices of matrix R.

From Eq. (A.1), after differentiation, it follows that

dv\ [ DVetR, (y=yo)ldz+(Ry,~T)dy
dw [we + R.,(y — yo)ldz + R.,, dy

(Ryydy.y + Ry29: ) dy
Jr(Ryy‘ri’y + Ryz¢z ),z dz
(Rzyd)y,y + Rzz(;bz,y) dy

+(Rzy¢)y + Rzzd)z),z dz
(A.2)
By substituting du = {dv dw}" and dx = {dy dz}T
in Eq. (9) the strain matrix E is obtained. Taking into
account the orthogonality property of R (i.e. RTR =
RR" = 1) and definition (5) of the curvature matrix
C, and using the following identities proved in [13]:

(R,, — R},) =skew[R,,] =0,
(v —yo)"(RIR,, + RIR. (Y — o)

=(y —¥0)'(C},Cyy + CLCy)(y — ¥o),
(RIR), + RIR. (Y — yo) = C.C,\(y — yo),
(REZR). + RZR.) = CJ.C,: (A3)

the components of the matrix E become
Eyy = %((l”},y + ¢y,y) + ¢2T,y¢z,y + 0((]-')?,)’
2E,. = [C),(y — o)l + [R},ve + R, (1 +we)]
+ 2, [RL(1 = we) + Ryve
+C . + d)zyczy(y —Yc)+ d)Zyd)Z,z

+ ¢y + O($3.Capdy). (A4)



E.. = (ec+1/2¢2 )+ V¢ R, +(1+we) 'RL (Y —ye)
+1/2(y — yc)'(C},Cyy + CLC.y )y — yo)
+[(1+we)'RL + Ve R 1) + CJ.C,,

x(y = yo)¢: + 1/2C).C,. ¢?
+[(1 4+ we) 'Rz + ViR 1.

+C (Y = YO) b2z + 1/2¢2. + O(Copdy ),

where (o, f = y,z) and the following relation (ec +
1/2e2)=wi+1/2(vZ+w?) has been used, with ec the
elongation of the shear-center axis. Terms of higher
order have not been reported for sake of simplicity.

The shear indeformability condition, in matrix form,
reads as

t = (1 + ec)Rbs, (A.5)

where t = {v{. 1 + w,}" is a vector tangent to the
shear-center axis in the actual configuration and by =
{0 1}7 is the unit vector aligned with the axis in the
undeformed configuration. From (A.5) it follows that

Vo= (14 e)R,..
1+ we = (1 +ec)Re.. (A.6)

By using Egs. (A.6), the strains (A.4) further sim-
plify into

E, =3¢y, + ¢y)) + Lo, + O(¢),
2E,. = Cyy(y — yo) + &2, [(1 +ec)
+Coy(y —¥o) + ¢::]
+Cyzh: + ¢z + O(P2, Cupy).

E.. = (ec +1/2¢) + (1 + ec)Cz,(y — ¥c)
+1/2(y = ye)'(C},Cyy + CLC))(y — ¥o)
+C.Cyy(y — yo)¢- + 1/2C},C, ¢
+(1+ec)p.: +C.o(y — Yo )o-.-
+1/2¢2, + O(Cophy). (A7)

Egs. (A.7) show that the strains depend only on
the curvatures C;;, on the elongation ec, and on the

warping ¢. By posing

Exx &x Vxz
Eyy: l: y:|7 2Eyz:{ }7 E.=¢.

Eyx Eyy Vyz
(A.8)
and recalling the definition of the curvatures p;:

C=R™R = {CW CW} _

zy 2z

expressions (10) are finally obtained.

Appendix B. The cross-section in-plane strain
problem

The cross-section in-plane indeformability condi-
tion (hypothesis H.3b), requires the strains &1, &, and
712 (Egs. (11);—(11)3) identically vanish on the sec-
tion, i.e. the following equations are satisfied:

¢1,1 = _%(b%,l:
4)2,2 = _%d)g,Za

d12+ P21 = —P31032. (B.1)

Egs. (B.1) are a set of three linear differential equa-
tions in the two unknowns ¢ = ¢1(x1,x2,2,¢) and
d)z = d)z(xl,XQ,Z,t) in which (,153 = (]53()(1,)(2,2,1) can
be considered as a ‘known’ term. It constitutes the
classical plane strain problem of the linear continuum
mechanics. Since the problem is overdetermined, it
generally does not admit solution, unless the compat-
ibility equation (¢1,1).22 + (¢2.2).11 = (P12 + P2.1).12
is satisfied. For problem (B.1) it reads as

d3.11 3,12
3,12 P32

i.e., it requires that the Hessian of the out-of-plane
warping ¢3 identically vanishes in the section. There-
fore, from a geometrical point of view, condition (B.2)
demands one of the two principal curvature of the
warped section is everywhere zero. It is worth notic-
ing that such a condition is not satisfied by the solu-
tion of the Neuman problem V2 ¢35 =0, since it entails
@3.11¢3.220 < 0. In contrast, it is satisfied if, according
to Vlasov, ¢s is assumed constant along the (small)

=0 (B.2)




thickness of section, since one of its principal curva-
tures vanishes in each point.

To solve Egs. (B.1) it is convenient to resort to
curvilinear coordinates (c, ), with ¢ a curvilinear ab-
scissa along the cross-section middle line and » the
(inward) normal distance along the chord. The change
of coordinates reads as

x1(c,n) = x?(c) — nsiny(c),

x2(c,n) =x3(c) + ncosy(c), (B.3)

where (x)(c),x3(c)) are the coordinates of a point P°
on the middle line and y/(c) the slope of the tangent
at P°. By rotating the strain tensor in the new base
and expressing its components (&, &;; and y.,) in the
new coordinates (¢, n), the undeformability conditions
(B.1) transform as follows:

1

Eee 1= m(cbl,c cosy(c) + o siny(c))

1 2
N c *O’
+ 2(<l53, )

Epn = _¢1,n sin l//(C) + ¢2,n cos lp(c) + %(qsln)z
=0,

o= T (2 GOS(E) = pcsin )

+(Prncosy(c) — o nsiny(c)) + ¢3 e 3,
=0, (B.4)

where R:=(dy/dc)~! is the curvature radius of the
middle line of the section at P°. If ¢; is constant along
the thickness, then ¢3 , = 0 and Eqs. (B.4),,3 become
homogeneous; at the same order of approximation,
even ¢ and ¢, can be assumed constant, so that &,,=0
is identically satisfied. Finally, by neglecting n/R with
respect to the unity, Eqs. (12), and (12); are obtained,
from which ¢1(c,z,t) and ¢, (c, z, t) are drawn as func-
tions of the ‘known’ component ¢3(c,z,¢). It can be
observed that ¢ and ¢, are found to within a rigid
motion (see Eqs. (14), and (14)3); this latter is an ex-
act solution for the complete Egs. (B.4), but not for
the approximated Eqs. (12); and (12);.

Appendix C. Non-linear warping functions

Warping functions in Eq. (14) are

o (c)= /OC r(c)de,

2(c) = /0 wi(c)siny(c)de + @,
n(o)= [ " (€)ua(e) — o) de +
ta(c) = /O d ) m(e) - mo)de + @,
os(c) = /0 o1 (¢) cos () de + ds,

26(c) = /0 [o1(e)r(e) + 205(c) cos (c)
+2ag(c) siny(c)] de + dg,

oar(c) = —% /00 r*(c)cosy(c)de + a7,
ag(c) = —% /0 r*(c)siny(c)de + s,

25(c) = /0 [ea(e) cos (<)

—x1(c)siny(c)]de + do. (C.1)

The independent non-linear shape warping func-
tions in Eq. (15) are

Bi(c) = ax(c) — a3(c)

= —2a3(c) + wm(e)xn(e) = x2) + By
Pa(c) = aa(c) — as(c)

= 204(c) — a(e)xi(e) = x1c) + Bas
Bs(e)=a6(c) + Py, Pale) =ou(e) + Bus
Bs(e)=us(c) + Bs,  Po(c)=as(c)+ s (C2)

where ¢, are integration constants and f;, = oy —
023, ﬁz = 0_64 — 075, ﬂ3,4,5,6 = &6,7,8,9' The warping



functions in Eq. (16) are defined as

Bi=B =B~ knxi — ko, i=(1,2,6),

By = B3 — By — ksix1 — kapxa — 2fgkas,

By = B; — By — kasxa,

Bs = B3 = Bs + kasx, (C3)
where 7 are functions (C.2) in which the constants

B;=0. The quantities ., ki1, kin, kas, (j=1,...,6) (i=
1,2,3,6) are

B:M ki = fA BixidA4 k'zzfA pixydA
J A s i 12 5 i ]1 ,
J,(Bix1 — fixy)d4A
has = = ; C.4
® (I + D) (C4)
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