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CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS.
I: IRROTATIONAL FLOWS.

RODRIGO LECAROS"? AND LIONEL ROSIER?

ABSTRACT. In this paper, we investigate the controllability of an underwater vehicle immersed
in an infinite volume of an inviscid fluid whose flow is assumed to be irrotational. Taking as
control input the flow of the fluid through a part of the boundary of the rigid body, we obtain a
finite-dimensional system similar to Kirchhoff laws in which the control input appears through
both linear terms (with time derivative) and bilinear terms. Applying Coron’s return method,
we establish some local controllability results for the position and velocities of the underwater
vehicle. Examples with six, four, or only three controls inputs are given for a vehicule with an
ellipsoidal shape.

1. INTRODUCTION

The control of boats or submarines has attracted the attention of the mathematical community
from a long time (see e.g. [2, 3, 4, 9, 10, 16, 17, 18, 19].) In most of the papers devoted to that
issue, the fluid is assumed to be inviscid, incompressible and irrotational, and the rigid body
(the vehicle) is supposed to have an elliptic shape. On the other hand, to simplify the model,
the control is often assumed to appear in a linear way in a finite-dimensional system describing
the dynamics of the rigid body, the so-called Kirchhoff laws.

A large vessel (e.g. a cargo ship) presents often one tunnel thruster built into the bow to
make docking easier. Some accurate model of a boat without rudder controlled by two propellers,
the one displayed in a transversal bowthruster at the bow of the ship, the other one placed at
the stern of the boat, was derived and investigated in [12]. A local controllability result for
the position and velocity (six coordinates) of a boat surrounded by an inviscid (not necessarily
irrotational) fluid was derived in [12] with only two controls inputs.

The aim of this paper is to provide some accurate model of a neutrally buoyant underwater
vehicle immersed in an infinite volume of ideal fluid, without rudder, and actuated by a few
number of propellers located into some tunnels inside the rigid body, and to give a rigorous
analysis of the control properties of such a system. We aim to control both the position, the
attitude, and the (linear and angular) velocities of the vehicle by taking as control input the
flow of the fluid through a part of the boundary of the rigid body. The inviscid incompressible
fluid is assumed here to have an irrotational (hence potential) flow, for the sake of simplicity.
The case of a fluid with vorticity will be considered elsewhere.

Our fluid-structure interaction problem can be described as follow. The underwater vehicle,
represented by a rigid body occupying a connected compact set 8(t) C R3, is surrounded by
an homogeneous incompressible perfect fluid filling the open set Q(t) := R3\ §(¢) (as e.g. for
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2 RODRIGO LECAROS!2 AND LIONEL ROSIER?

a submarine immersed in an ocean). We assume that (¢) is C°° smooth and connected. Let
8§ =38(0) and

Q= Q(0) =R3\ 8(0)
denote the initial configuration (¢ = 0). Then, the dynamics of the fluid-structure system are
governed by the following system of PDE’s

%+(u-V)u+Vp:0, te (0,7), z € Qt), (1.1)
divu =0, te (0,7), z € Qt), (1.2)
u-v=(h+wx(x—"h) v+wtmz), t€(0,7), x € 09(t), (1.3)
lim  wu(t,z) =0, te(0,7), (1.4)
|z|—=+o0

moh” = pvdo, te (0,7, (1.5)

A
%(QJOQ*U)) = / (z — h) x prdo, te(0,7), (1.6)

o90(1)

Q' = 5w)Q, te (0,7), (1.7)
u(0, ) = up(x), x €, (1.8)
(h(0),Q(0), h'(0),w(0)) = (ho, Qo, h1,wo) € R? x SO(3) x R? x R?. (1.9)

In the above equations, u (resp. p) is the velocity field (resp. the pressure) of the fluid, h
denotes the position of the center of mass of the solid, w denotes the angular velocity and @ the
3 dimensional rotation matrix giving the orientation of the solid. The positive constant my and
the matrix Jy, which denote respectively the mass and the inertia matrix of the rigid body, are
defined as

mo= [ playdz, o= [ pla)(laPrd - za)da,
S S
where p(-) represents the density of the rigid body. Finally, v is the outward unit vector to
00(t), = x y is the cross product between the vectors = and y, and S(y) is the skew-adjoint
matrix such that S(y)r =y x z, i.e.

0 —Y3s Y2
Sy)y= w3 0 —-m
—Y2 Y1 0

The neutral buoyancy condition reads
/p(a:)d:v = /1dm. (1.10)
S S

I (or f ) stands for the derivative of f respect to ¢, A* means the transpose of the matrix A,
and Id denotes the identity matrix. Finally, the term w(¢,z), which stands for the flow through
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the boundary of the rigid body, is taken as control input. Its support will be strictly included
in 0€Q(t), and actually only a finite dimensional control input will be considered here (see below
(1.17) for the precise form of the control term w(t, x)).

When no control is applied (i.e. w(t,z) = 0), then the existence and uniqueness of strong
solutions to (1.1)-(1.9) was obtained first in [20] for a ball embedded in R?, and next in [21]
for a rigid body 8 of arbitrary form (still in R?). The case of a ball in R? was investigated in
[22], and the case of a rigid body of arbitrary form in R? was studied in [25]. The detection of
the rigid body 8(t) from partial measurements of the fluid velocity has been tackled in [5] when
Qt) = 9\ 8(¢) (20 C R? being a bounded cavity) and in [6] when Q(t) = R? \ §(t).

Here, we are interested in the control properties of (1.1)-(1.9). The controllability of Euler
equations has been established in 2D (resp. in 3D) in [7] (resp. in [11]). Note, however, that
there is no hope here to control the motion of both the fluid and the rigid body. Indeed, (t) is
an exterior domain, and the vorticity is transported by the flow with a finite speed propagation,
so that it is not affected (at any given time) far from the rigid body. Therefore, we will deal
with the control of the motion of the rigid body only. As the state of the rigid body is described
by a vector in R'2, it is natural to consider a finite-dimensional control input.

Note also that since the fluid is flowing through a part of the boundary of the rigid body,
additional boundary conditions are needed to ensure the uniqueness of the solution of (1.1)-(1.9)
(see [13], [14]). In dimension three, one can specify the tangent components of the vorticity
¢(t,z) := curl v(t,x) on the inflow section; that is, one can set

C(t,z) -7 =Colt,x) -7 for w(t,z) <0, i=1,2, (1.11)

where (y(t,x) is a given function and 7;, i« = 1,2, are linearly independent vectors tangent to
08)(t). As we are concerned here with irrotational flows, we choose (p = 0.

In order to write the equations of the fluid in a fized frame, we perform a change of coordinates.
We set

r = Q(t)y+ h(t), (1.12)
o(t,y) = Q (Dult,Q(t)y + h(1)), (1.13)
q(t,y) = ( Q(t)y + h(t)), (1.14)

Ity = Q (BN(1), (1.15)
r(t) = Q*(t)w(t). (1.16)

Then x (resp. y) represents the vector of coordinates of a point in a fixed frame (respectively
in a frame linked to the rigid body). We may without loss of generality assume that

h0)=0,  Q(0)= Id.

Note that, at any given time ¢, y ranges over the fixed domain  when x ranges over €(t).
Finally, we assume that the control takes the form

w(t,x) = w(t, Q(t)y + h(t) Zw] )X (y (1.17)
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where m € N* stands for the number of independent inputs, and w;(t) € R is the control input
associated with the function x; € C*°(0f2). To ensure the conservation of the mass of the fluid,
we impose the relation

/Xj(y)da =0 for1 <j<m. (1.18)
o0
Then the functions (v, q,,r) satisfy the following system

ov

E—I—((v—l—rxy)-V)v—i—rxv—i—Vq:O, te(0,7), yeq, (1.19)
dive=0, t€(0,7),yeq, (1.20)
vev=>1+rxy) v+ Y wit)xly), te(0,T),ye o, (1.21)

1<j<m
lim o(t,y)=0, te(0,T), (1.22)

ly|—=+o00
mol = /ql/ do —mor x1, te(0,7T), (1.23)

o0
Jor = /q(y xv)do—rxJor, te(0,T), (1.24)
onN

(1(0),7(0)) = (h1,wo), v(0,y) = uo(y). (1.25)

The paper is organized as follows. In Section 2, we simplify system (1.1)-(1.9) by assuming that
the fluid is potential. We obtain a finite dimensional system (namely (2.65)) similar to Kirchhoff
laws, in which the control input w appears through both linear terms (with time derivative) and
bilinear terms. The investigation of the control properties of (2.65) is performed in Section 3.
After noticing that the controllability of the linearized system at the origin requires six control
inputs, we apply the return method due to Jean-Michel Coron to take advantage of the nonlinear
terms in (2.65). (We refer the reader to [8] for an exposition of that method for finite-dimensional
systems and for PDE’s.) We consider the linearization along a certain closed-loop trajectory
and obtain a local controllability result (Theorem 3.11) assuming that two rank conditions are
fulfilled, by using a variant of Silverman-Meadows test for the controllability of a time-varying
linear system. Some examples using symmetry properties of the rigid body are given in Section
4.

2. EQUATIONS OF THE MOTION IN THE POTENTIAL CASE

In this section we derive the equations describing the motion of the rigid body subject to flow
boundary control when the fluid is potential.

2.1. Null vorticity. Let us denote by
((t,y) = curlv(t,y) := (V x v)(t,y)
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the vorticity of the fluid. Here, we assume that
Co=curlyg=0 inQ (2.1)

and that the three components of ¢ are null at the inflow part of 92, namely

((t,y) =0, if y € Uicjcm Supp x; and Y w;(t)x;(y) < 0. (2.2)
j=1
Proposition 2.1. Under the assumptions (2.1) and (2.2), one has
(=curlv=0 n0,T] xQ, (2.3)
Proof. Let us introduce ¢ := v — [ —r x y. Then it follows from (1.20) that
div(d) = 0, (2.4)
and
curl(v) = ¢ — 2r. (2.5)
Applying the operator curl in (1.19) results in
3}
8—5 + curl((v - V)0) + curl((0 - V) +r x y)) + curl(r x v) = 0. (2.6)
We note that the following identities hold:
curl((v - V)v) = (v- V)curl(v) — (curl(v) - V)v + div(v)curl(v) (2.7)
and
(v-V)(rxy)=rxwv, curl(rxov)=div(v)r— (r V). (2.8)
Using (2.4)-(2.8), we see that ¢ satisfies
3} N -
aé +(#-V)C = (C- V)5 =0. (2.9)
Let ¢ = p(t, s,y) denote the flow associated with v, i.e.
0
S = b(t. ), with Pl = y. (2.10)

We denote by G(t,s,y) = g—‘;(t,s,y) the Jacobi matrix of ¢. Differentiating in (2.10) with
respect to y; (j = 1,2,3), we see that G(t, s,y) satisfies the following equation:

oG 00
5 = a—;(t, o(t,s,y)) - G(t,s,y), where G(s,s,y) = Id (identity matrix). (2.11)

We infer from (2.4) and (2.11) that
det G(t,s,y) = 1. (2.12)
Following Yudovich [13], we introduce the time t*(¢,y) € [0,¢] at which the fluid element
first appears in Q, and set y*(t,y) = ©(t*(t,v),t,y). Then either t* = 0, or t* > 0 and y* €
Ui<j<m supp x; C 99 with Y00, w;(t)x;(y*) < 0. Set f(s,t,y) = G~ (s,t,y)¢(s, 9(s,1,)).

From (2.9)-(2.12), we obtain that
of

a(s,t, y) = 0. (2.13)
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Finally, integrating with respect to s in (2.13) yields

C(ty) = G, L y)C(t", ), (2.14)
which, combined to (2.1) and (2.2), gives (2.3). The proof of Proposition 2.1 is complete.

Remark 2.2. The issue whether the result in Proposition 2.1 still holds with (2.2) replaced by

m
((ty)-mi=0,i=1,2, if y€Uigjcm Supp x; and »_w;(t)x;(y) <0,
i=1

seems challenging. We notice that the result in [14] was proved solely when Q was a cylinder.

2.2. Decomposition of the fluid velocity. It follows from (1.20), (1.22) and (2.3) that the
flow is potential; that is,

v=Vao, (2.15)
where ® = ®(¢t,y) solves
A® =0, in (0,T) % Q, (2.16)
0P
5, = (U+rxy) v+ > wit)x;(y) on (0,T) x (2.17)
v 1<j<m
lim V®&(t,y) =0, on (0,7). (2.18)
ly[—+oo
Actually, ® may be decomposed as
O(t,y) = > {ligi+rigi}+ > wiy (2.19)
1<i<3 1<j<m
where, for i =1,2,3 and j =1, ..., m,
99 dpi N
=V, [ = i» A = Xj Q, 2.21
v " o (> v) oy R 0 (221)
lim V¢i(y) =0, lim Vegi(y)=0, lim Vy;(y)=0. (2.22)
ly|—+o0 ly|—+oo ly|—=+o00

As the open set €2 and the functions x;, 1 < j < m, supporting the control are assumed to
be smooth, we infer that the functions V¢; (i = 1,2, 3), the functions Vi; (i = 1,2,3) and the
functions Vi; (1 < j < m) belong to H>(2).

2.3. Equations for the linear and angular velocities. For notational convenience, in what

follows [, f (resp. [y f) stands for [, f(y)dy (resp. [4, f(y)do(y)).
Let us introduce the matrices M,J, N € R3*3 CcM CJ ¢ R3*™m, L;,V[,Lg,Rg/[,Rg € R3%3,
and the matrices sz‘/[, Wi’] € R3*™ for p € {1,...,m} defined by

0;
M;; = /V¢¢-V¢j = /Vi¢j = /a(i%', (2.23)
Q o0 o0
dp;
Jij = /vaw = /(y X V)ip; = a—i@j, (2.24)
Q o0 o0N
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Nig= [ Voi- Vo= [wes= [ oty (2.25)
Q o0 o0
(CM),; = / Vi Vi = / vith; = / -~ (2.26)
Q o0 o0
(C7)ij = /V%’ -V = /(y X V) = /%’Xj, (2.27)
Q o0 o0
(Lo = /(v¢j)iXpa (L)) = /(y x V¢;)iXp, (2.28)
o2 o0
(@%JZ/W%%mv WQMZ/@XV%M@ (2.29)
o0 o0
Wi = /(VT/fj)z‘va (W))ij = /(y x V;)iXp- (2.30)
o0 o0

Note that M* = M and J* = J.
Let us now reformulate the equations for the motion of the rigid body. We define the matrix

3ER6X6by
[ mold 0 M N
H—( 0 J0>+<N* J>. (2.31)

It is easy to see that J is a (symmetric) positive definite matrix. We associate to the (linear
and angular) velocity (I,7) € R x R3 of the rigid body a momentum-like quantity, the so-called
impulse (P,11) € R? x R3, defined by

(1)-(5)

We are now in a position to give the equations governing the dynamics of the impulse.

Proposition 2.3. The dynamics of the system are governed by the following Kirchhoff equations
dP

et O = (P CMw) xr— Y wp {11+ Ry + W w}
1<p<m
LI J M J J J
E—FCw = (I+C’w)xr+(P+C"w) x1— Z wy { L1+ Ryr +Ww}
1<p<m

(2.33)
where w(t) = (wi(t), ..., wn(t)) € R™ denotes the control input.

Proof. We first express the pressure ¢ in terms of [,r,v and their derivatives. Using (2.3), we

easily obtain

2
U-VU:V’vQ| and (rxy)-Vo—rxv=V((rxy)-v) (2.34)
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Thus (1.19) gives

2
-Vq = ?;;+V<|U2l~v(r><y)-v>
=V Z {is; + Tapi } + Z u’)-w-—%%—l'v—(rx )
. iPi 2 . iy 9 )
1<i<3 1<j<m

hence we can take
) 2
A Y i+ ¥ wwa - arexmof @
1<i<3 1<j<m

Replacing ¢ by its value in (1.23) yields

mol = morxl{ < /qbll/Jrn/cpl ) Z w;j /1/JJV+/ ( — I+ (rxuy))- v> u}.
1<¢<3 1<j<m
(2.36)
Using (2.34) and (1.20)-(1.21), we obtain
2 2
[P, _ fon
00 2 2
Q
= /v -V
= /leUU+/U v)v
Q o0
= /( (l+rxy)-v)v+ Z wj(t)/xj(y)v. (2.37)
o9 I<jsm o9
Using Lagrange’s formula:
x (bxc¢)=(a-c)b—(a-b)e, VYa,b,ceR3, (2.38)
we obtain that
/((l+rxy)~1/)v—((l—l—rxy)~v)uz/(l—|—r><y) X (v x V). (2.39)
o [2}9]
Now we claim that
/ufozo, Vf € C*(Q). (2.40)
o0N

To prove the claim, we introduce a smooth cutoff function p, such that

_ iyl <a,
paly) _{ 0 if |yl > 2a.
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Pick a radius a > 0 such that 8 C B(0,a), and set

F) = FW)paly). (2.41)

Then
Vi) =Vily), Yyeo,

and using the divergence theorem, we obtain

/Vfo:/ufo:/curl(Vf):O.

o0 oN Q
Therefore, using (2.40) with f = ® where V& = v, we obtain
/l X (vxv)=0. (2.42)
onN

Another application of (2.40) with f = y;® yields

/yiv X V= /1/ x €;D, (2.43)

o0N o0

where {e1, es,e3} denotes the canonical basis in R3. It follows from (2.42), (2.43), and (2.38)
that

/(l+r><y)><(v><1/):r></¢>y

o0

=r<t>< /@ D+ rit) [eit) i /wj W) @4

o0N
Combining (2.36) with (2.37), (2.39), and (2.44) yelds

Zl /ﬁsz‘FTz/‘sz‘}'ij/@bj
—ij Zli/XjV¢i+Ti/XjV%0z pr/va%
j=1 =l 50 =1

o0
3 m
Zli/¢iV+Ti/<PiV+ij/¢jV
=1 50 Bly) =1 5
—mor X [. (2.45)

Let us turn our attention to the dynamics of r. Substituting the expression of ¢ given in
(2.35) in (1.24) yields
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1<:<3

Jor = —r x Jor — Z {ii/¢i(yXV)+fi/80i(yXV)} Z “"j/%‘(yXV)
59 RSAS

—/<|U2|2—(l+(7”><y))'v>(y><l/

o0

o0
From [15, Proof of Lemma 2.7], we know that
o)l = Vo) = Oyl ),  [Vu(y)l=0(y™*) as |yl — oo,
so that
veL*(Q), |yl [v]-|Vo| € LY(Q).

Note that, by (2.34) and (1.20),

div( 5 (& xy)) = V( 5 ) (e X y)+ 5 div(e; x y)
(v-Vv) - (ei xy)
= v-V(yxv)

= div((y x v)v),

and hence, using (2.47) and the divergence theorem,

'1)2 'U2
[0 = [ ey
oN o

= [aw (PP,
= /d1v(2(ez><y))

Q
_ /Q div ((y x v)iv)
=[x

o0

— /(l+r><y).u(y><v)i+ Z wj(t)/Xj(va)i.

a0 1<j=m a0

(2.47)

(2.48)
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Furthermore, using (2.38) we have that

/<Z+rxy)-u(yxv>z-—<1+<r><y>>-v<yxu>@-
o0

= [({+7rxy)- ((ei xy)-v)y— ((ei xy)-y)v
Jorro )
= [@rxu) (@) x @ xv), (2.49)
[2)9]
Combining the following identity
3

D (axej) x (e xb)=—(axb), VYabeR? (2.50)
j=1
with (2.43), we obtain

3

/l-((eixy) (v xv)) Z L-((ei x ej) x (v xy;v))

89 P

3

= Zl (elxej z/xij)>
7=1
3

= Zl (elxe] e]xy)<1>>
Jj=1

= l-/(eixu)q):/(le)i(P. (2.51)
[2/9] o0

For any given f € C?(Q), let

I [(rx9)- (e x) x 0 x 9.
o0

f still denoting the function defined in (2.41), we have that

I = Z/rx,y (e x y) x (engf))

7=t 50
- ji;{!(rxej)~((eixy)x(erVf }+§;{ery (i % ¢)) (ejxvf))}

—I-Z{/rxy (elxy)x(ejxaij»}.
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Using again (2.50), we obtain

3

I = Z{/elxy) ((rxe]) (GJXVf))}/(TXy)-(eiXVf)

Jj=1 [e)

Q
+ [ (rxy) ((e@ X y) X rot(Vf))
Q

— /(eiXy)'(TXVf)_/(er)‘(eiva)

o Q

_ _/r.((eixy)xvf)_/r-(yx@ixvm
P Q

- _/r-{(eixy)fo—l—yX(ez‘XVf)}
Q

_ _/r-{eix(yxvf)}=/(rx(yfo))iz/(rX(yXV)f%»
A a o0

where we used Jacobi identity
X (bxe)+bx(exa)+ex(axb)=0 Va,b,c € R3.
Letting f = ® in the above expression yields

/(7“ xy)-((e; xy) x (vxv)) = / (rx (y xv)®),. (2.52)

o0N o0
Gathering together (2.46), (2.48), (2.49), (2.51)), and (2.52) yields

Jor = i(l /(uxy)dn%—n/(yxygoz)jLZw]/yxyz/J
j=1

=l 50 a0

+ f:w{f:( /V@nyj—km/(V(pzxij) pr/v¢pxy }
N 50

J=1 = a0

— Ix {i:(li/@V—i-m/%V)+§:wp/¢py}
=1 5 59 p=l 50

- rx{i(l /(yxy)gbz—i—rZ/(yxuan)—i—Z;wp/yxyw}

=1 90 0
— rx Jor. (2.53)
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Combining (2.45) and (2.53) with the definitions of the matrices in (2.23)-(2.30), we obtain

mol = —Mi—Ni—CMir— > w, {L)1+ R)r+ WMuw}
1<p<m
—r x (M1 + N7+ CMw) —mor x 1, (2.54)
Jor = —N*—Ji—Chb— > w, {L]l+R)r+ W] w}
1<p<m
—1 x (M1 + Nr 4+ CMy)
—r x (N*L+ Jr + CTw) — r x Jor. (2.55)
This completes the proof of Proposition 2.3. U

2.4. Equations for the position and attitude. Now, we look at the dynamics of the position
and attitude of the rigid body. We shall use unit quaternions. (We refer the reader to the
Appendix for the notations and definitions used in what follows.) From (1.7) and (1.16), we
obtain
Q' =5(Qr)Q =QS(r), (2.56)

with Q(0) = Id.

Assuming that Q(t) is associated with a unit quaternion ¢(t), i.e. Q(¢) = R(gq(t)), then the
dynamics of ¢ are given by

1
(see e.g. [24]). Expanding q as ¢ = qo + ¢ = qo + q1@ + q2J + g3k, this yields
ST R S
Go+q=5(=q-7+qr+qxr) (2.58)
and
qo o —@ —g¢ —g3 0
a |_1]l e @ -4 @ | (2.59)
42 21 & @ @ -¢ T2
g3 B —92 g q T3
From (1.15), we see that the dynamics of h are given by
h(t) = Q(t) (). (2.60)
Again, if Q(t) = R(q(t)), then (2.60) may be written as
h=qx*l*q". (2.61)

Expanding g as ¢ = qo + ¢ = qo + 1% + q2J + g3k, we obtain

h=(g+@) *1%(qo—7) =ql+2qFx 1+ §)F—Fx1xq
and
hy B+ad-6 -4 2ae - ) 2(9193 + 9092) L
he | = 2(@a+awes) @-@d+d-@ 20— on) b |- (2.62)

hs 2(g3q1 — qoq2) 20302 + 0q1) @ -4 — G+ 4 I3
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For ¢ € §%, ¢ may be parameterized by ¢, and it is thus sufficient to consider the dynamics
of ¢ which read

L 1 - o
7= 5(V1=gIPr+qxr). (2.63)

The dynamics of h are then given by

h= Q=g +2v/1=IqIPgx 1+ - PF—qx1xq. (2.64)
(Alternatively, one can substitute /1 — (¢7 + ¢3 + ¢3) to go in both (2.59) and (2.62).)

2.5. Control system for the underwater vehicule. Using (2.57), (2.61), and Proposition
2.3, we arrive to

B = qxl*q*,
, 1
q = 4*T (2.65)
/
( : ) = 37NCw + F(lrw)
where (h,q,1,r,w) € R? x $3 x R? x R3 x R™,
S(r)y 0 z m LY+ R r + W w
Fl,rw) = — <5<r>—0w>—2wp ,
S() S(r) p=1 LI+ Rlr+ Wjw
(2.66)
and
M
cz—(CCJ>. (2.67)

For g € 53 (i.e. Q € ), one can replace the two first equations in (2.65) by (2.64) and (2.63),
respectively. This results in the system

K= Q=g+ 21 [ldIPax i+ - q)d—dx 1%,
¢ = s(VI-1lqIPr+qxr), (2.68)

<l>, = JHCw + F(l,r,w)).

3. CONTROL PROPERTIES OF THE UNDERWATER VEHICLE

3.1. Linearization at the equilibrium. When investigating the local controllability of a non-
linear system around an equilibrium point, it is natural to look first at its linearization at the
equilibrium point.

To linearize the system (2.65) at the equilibrium point (h, ¢, l,r,w) = (0,1,0,0,0), we use the
parameterization of S? by ¢, and consider instead the system (2.68).
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The linearization of (2.68) around (h,q,l,r,w) = (0,0,0,0,0) reads
' = 1

2 = 7

<l> = Jlcow'.
-

Proposition 3.1. The linearized system (3.1) with control w' € R™ is controllable if, and only
if, rank(C') = 6.

(3.1)

Proof. The proof follows at once from Kalman rank condition, since (h,2¢q,1,7) € R'? and
0 0 Id 0
rank((g_lc,),(() 0 > <5_IC>>—2rank(C).

Remark 3.2. [t is easy to see that the controllability of the linearized system (3.1) implies the
(local) controllability of the full system (2.68). The main drawback of Proposition 3.1 is that the
controllability of the linearized system (3.1) requires at least 6 control inputs (m > 6).

O

3.2. Simplications of the model resulting from symmetries. Now we are concerned with
the local controllability of (2.68) with less than 6 controls inputs. To derive tractable geometric
conditions, we consider rigid bodies with symmetries. Let us introduce the operators S;(y) =
y — 2y;e; for i =1,2,3, i.e.

S1(y) = (—y1,y2,93),
S2(y) = (Y1, —y2, ¥3); (3.2)
S3(y) = (Y1, 92, —y3)-

Definition 3.3. Leti € {1,2,3}. We say that ) is symmetric with respect to the plane {y; = 0}
if Si(Q) = Q. Let f:Q C R = R. If f(Si(y)) = erf(y) for any y € Q and some number

6} € {—1,1}, then f is said to be even (resp. odd) with respect to S; if sjc =1 (resp. 53} =-1).

The following proposition gather several useful properties of the symmetries S;, whose proofs
are left to the reader. d;, denotes the Kronecker symbol, i.e. ;, = 1 if i = p, d;, = 0 otherwise.

Proposition 3.4. Leti € {1,2,3}. Then
(1) S;S;(a) = a, Ya € R3;

sz(Q) = (1, then V(Sz(y)) = Sz(V(y)); Vy € aQ;
If f(Si(y)) = ef(y) with e € {£1}, then f(Si(y))v(Si(y)) = eSi(f(y)v(y)), Yy € 0
If S;(Q) = Q, then S;(y) x v(Si(y)) = —=Si(y x v(y)), Yy € 0€;
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Assume that S;(2) = Q, and assume given a function g : 9Q — R with g(S;(y)) = eg(y)

for all y € O, where ¢ € {£1}. Then the solution f to the system

Af=0, in Q

of
i g, on 051,
Vfy) =0,  aslyl — oo,

which is defined up to an additive constant C, fulfills for a convenient choice of C

f(Si(y)) = ef(y), Vye,
VFiSi(y) = eSi(Vf(y), YyeQ.

Let f and g be any functions that are even or odd with respect to Sy, for some p € {1,2,3},
and let h(y) = f(y)0vg(y). Then

h(Sp(y)) = eegh(y), (3.3)
i.e. €y, = €ty
Let f and g be as in (8), and let hi(y) = 0;f(y)0vg(y), where i € {1,2,3}. Then
hi(Sp(y)) = (1) ehebhiy), (3.4)
i.e. €5 10,9 = (—1)51'1’57}52.
Let f and g be as in (8), and let hi(y) = (y x Vf(y))i0vg(y), where i € {1,2,3}. Then

hi(Sp(y)) = —(=1)’relebhi(y), (3-5)

i.e. e —(—1)5@5?55.

(yxVf)idvg —

Applying Proposition 3.4 to the solutions ¢;, v;, i = 1,2, 3, of (2.20)-(2.22), we obtain at once
the following result.

Corollary 3.5. Assume that ) is symmetric with respect to the plane {y, = 0} (i.e. Sp() =)
for some p € {1,2,3}. Then for any j € {1,2,3}

osm = { o hare (3:6)
= (1Pe0), (5.7
i.e. EZ], = (—1)%s, and
eilsty = { S 4ary 33)
= (e, (39)
ie. gl = —(—1)%.

The following result shows how to exploit the symmetries of the rigid body and of the control
inputs to simplify the matrices in (2.23)-(2.30)
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Proposition 3.6. Assume that Q is symmetric with respect to the plane {y, = 0} for some
p € {1,2,3}. Then
(1) M;; =0 if sgisgj =—1, ie

dip+djp=1 (mod 2) ; (3.10)
(2) Jij =0 if ebel), = —1, i.e
dip+0jp =1 (mod 2); (3.11)
(3) Nij =0 ifef el = 1, i.e.
dip+0jp =0 (mod 2); (3.12)
(4) (CM)iyj=0df el ek, = -1, ie.
(—1)%r = &b ; (3.13)
(5) (C7)i; =0 if ehel, = -1, i.e.
(—1)% = &b ; (3.14)

(6) (L") =0 Z'f(—l)(sipggjgiq =1, ie.

(=1)%wH0p = —eb (3.15)
(7) (RY)ij =0 if (=1)%wel ef = —1, i.e.
(—1)%# 0w = b (3.16)
(8) (WM)y; =0 if (—1)%wel ek, = —1, i.e.
(—1)%r = —eh. Ry (3.17)
(9) (L)ij =0 if —=(— 1)° w% ek, =—1, i.e
(—1)%w o = &b . (3.18)
(10) (R))i; =0 if —(~1)%wely k. = —1, ie.
(—1)%wHp = —eb (3.19)
(11) (W))ij =0 if
(—1)% = &b &b | (3.20)

where the matrices M, J,N,CM C7, Lfl\/l, Réw, WqM, Lq‘], R;II and Wé] are defined in (2.23)-(2.30).
From now on, we assume that € is invariant under the operators S and Ss, i.e.

and that ), =1, i.e.
X105 (y)) = x1(y) Vy € 09,Vp € {2,3}. (3.22)
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In other words, the set 8 and the control x; are symmetric with respect to the two planes
{y2 = 0} and {y3 = 0}. As a consequence, several coefficients in the matrices in (2.23)-(2.30)
vanish.

More precisely, using (3.21)-(3.22) and Proposition 3.6, we see immediately that the matrices
in (2.33) can be written

My 0 0 Jii 0 0
M = 0 My O o J=| 0 Jn 0 |, (3.23)
0 0 M33 0 0 J33
0 0 0
N=[0 0 Ny |, (3.24)
0 Ngg O
(€)1 0
CMe, = 0 ., Cley=1| 0 |, (3.25)
0 0
(L)1 0 0 0 0 0
L = 0 (LM) 99 0 ., RM=1 0 0 (RM)q3 (3.26)
0 0 (L")33 0 (RY)s2 0
(Wi 0 0 0
(WMye, = 0 . Li=1{ 0 0 (L)23 |, (3.27)
0 0 (L{)s2 0
and
(R 0 0 0
R{ = 0 (Rf)» O ., Wher=10 |. (3.28)
0 (R{)33 0

3.3. Toy problem. Before investigating the full system (2.68), it is very important to look at
the simplest situation for which h; =1; =0fori=2,3,¢=0,r =0, and w; =0 for j = 2,..,m.

Lemma 3.7. Assume that (3.21)-(3.22) hold, and assume given some functions hi,li,w; €
C*([0,T)) satisfying

Ry, = L
(3.29)
I = ow)+ Blhw +y(w)?,
where
_ M o LM . M
_ @ )11, 5= (L1 )117 and = Wi |
mo + Mi1 mo + Mi1 mo + Mi1

Let h := (h1,0,0), ¢ := (0,0,0), I := ({1,0,0), r := (0,0,0), and w := (wy,0,...,0). Then
(h,q,1,r,w) solves (2.68).
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Proof. Let us set h = hie1, §=0,1=1lie;, r =0 and w = (wy,0, ...,0), where (hq,l;,w;) fulfills
(3.29). From (3.23)-(3.25), we have that

mo + M1
0
l 0
J ( , ) =lder =1 0 ) (3.30)
0
0
and
()1
0
Cw =wiCe; = —wy 8 (3.31)
0
0
This yields
S(r)y 0 I
(3( . ) Cw) =0. (3.32)
s()  S(r)
Replacing in (2.66), we obtain
m LY+ RY'r + W) w
F(l,r,w) = — > wy
= J J J
p=l Lyl + Ryr + Wy w
LM+ wWiMw
= _wl
J J
Lyl + Witw (3.33)
(L)1 (W1
0 0
0 0
= —wi <l1 0 + w1 0 )
0 0
0 0
We conclude that (h,q,1,r,w) is a solution of (2.68). O

Remark 3.8. If v+ af = 0, then it follows from [12, Lemma 2.3] that for any T > 0 we may
associate with any pair (hY,hT) in R? a control input wy € C§(0,T) such that the solution
(h1(t),11(t)) of (3.29) emanating from (hY,0) at t = 0 reaches (h1,0) att=T.
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3.4. Return method. The main result in this section (see below Theorem 3.11) is derived in
following a strategy developed in [12] and inspired in part from Coron’s return method. We first
construct a (non trivial) loop-shaped trajectory of the control system (2.68), which is based on
the computations performed in Lemma 3.7. (For this simple control system, we can require that
w1 (0) = 0, but we cannot in general require that w;(7") = 0.) Next, we compute the linearized
system along the above reference trajectory. We use a controllability test from [12] to investigate
the controllability of the linearized system, in which the control appears with its time derivative.
Finally, we derive the (local) controllability of the nonlinear system by a standard linearization
argument.

3.4.1. Construction of a loop-shaped trajectory. The construction differs slightly from those in
[12]: indeed, to simplify the computations, we impose here that all the derivatives of [; of order
larger than two vanish at ¢ = T'. For given T' > 0, let £ € C*°(RR; [0, 1]) be a function such that

o iti<T
= 1 if ¢ 2L
1 —_—.
3
Pick any A\g > 0 and let A € [—\g, A\g] with A # 0. Set
ni(t) = M@t —T), TL(t)=h(t), teR (3.34)
Note that
h1(0) = hi(T) = 11(0) = I1(T) = 0, (3.35)
(T =2x#0, 1) =0 for k>2. (3.36)

Next, define w; as the solution to the Cauchy problem

ﬁl = Oé_l(il—ﬁilwl—’yw%), (3.37)
w(0) = 0. (3.38)

By a classical result on the continuous dependence of solutions of ODE’s with respect to a
parameter, we have that the solution w; of (3.37)-(3.38) is defined on [0, T provided that Ag is
small enough. Set h = (h1,0,0), ¢ = (0,0,0), w = (wy,0,...,0), I = (11,0,0) and 7 = (0,0,0).

According to Lemma 3.7, (h,q,1,7,w) is a solution of (2.68), which satisfies
(h,q.1,7)(0) = 0 = (h, q.1.7)(T).

;!’ (3.39)

BN o~
I
S e 'QU >
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expanding in (2.68) in keeping only the first order terms in ﬁ,&, [ and 7, we obtain the following
linear system

% = J+27x1,
=y 14
q - 2 (3.40)

( 7{ )l = g (A(t) ( i > +B(t)w+0w’> ,

where the matrices A(t) € R6%% and B(t) € R®*™ are defined as

aw = (Graose.oe) | 5o r.m). (3.41)
B(t) = gi(l(t),r(t),w(t)). (3.42)
Setting
b =27, (3.43)
we can rewrite (3.40) as
% = [—-1xp,
Peoo=n (3.44)

<7{>/ = 7! <A(t) ( 7{ > +B(t)121+0121’>.

Obviously, (3.40) is controllable on [0, 7] if, and only if, (3.44) is. Letting

~(4): 2=()e s

we obtain the following control system

(i) = (0 a0 ) (2) Cab )7 (55 )
= A(t) ( i > +B(t)f + Cf. (3.45)
We find that

le\/lel WQJ\461 W%el
— w1 )
Wijel Wg‘]el W;,iel
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and that
—(L{\/j)11@1 0 0 0 0 0

0 (Ll )22@1 0 0 0 Agg
A 0 0 —(L{w)33@1 0 Az 0

0 0 0 _(Ri])llwl 0 0

0 0 Ass 0 Naoly — (R )22t 0

0 Ago 0 0 0 —Nasly — (R )33,
with

Asg = —(mo+ M)y — ((CM)11 + (R )o3)w

Ass = (mo+ M)l + (CM)11 — (RY)30) w1
Asz = (Msz— M)y — ((CM)11 + (L])a23) @
Agp = (M1 — M)l + ((CM)11 — (L{)3 )@1
From now on, we suppose in addition to (3.21)-(3.22) that y; is chosen so that
a#0. (3.46)

3.4.3. Linear control systems with one derivative in the control. Let us consider any linear con-
trol system of the form

t=At)z + B(t)u+ Cu (3.47)

where z € R™ is the state (n > 1), u € R™ is the control input (m > 1), A € C*([0,T]; R™*™),
B e C([0,T]; R™™), and € € R™ . Define a sequence of matrices M;(t) € R™*™ by

Mo(t) = B(t) + At)C, and M;(t) = Mi_1(t) — AL)Mi_1(t), Vi>1, vVt €[0,7]. (3.48)
Introduce the reachable set
Ru)y=0 = {zr € R";Ju € H'(0,T;R™) with w(0) = 0 such that
xr = z(T'), where xz(-) solves (3.47) and z(0) = 0}.
Then the following result holds.

Proposition 3.9. [12, Propositions 2.4 and 2.5] Let ¢ > 0, A € C¥((—¢,T + £); R™™"™) and
B e C¥((—¢e, T + ¢); R™™), and let (M;)i>0 be the sequence defined in (3.48). Then for all
to € [0,T], we have that

Ru0y=0 = CR™ + Span{o(T, to) M;(to)u; v € R™,i > 0}, (3.49)
where ¢ denotes the fundamental solution associated with the system & = A(t)x.

Recall that the fundamental solution associated with & = A(t)zx is defined as the solution to

00
)]

o(s,s) = Id.
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For notational convenience, we introduce the matrices

A)=371A@), B()=3"'B(t), C=4C, M(t)= ( o ) L (350)
where A(t) € R6%6 | B(t),C, Uy(t), Vi(t) € R®™. Then
Uo(t) \ C
( (1) ) - < B(t) + A()C > ’ (3:51)
while
Ui(t) '\ _ i—1(t) = D@)Ui—1(t) — Viea(2)
< Vi(t) > B < V() = AW Vi (1) ) | (352

In certain situations, half of the terms U;(t) and V;(t) vanish at ¢ = T. The following result,
whose proof is given in Appendix, will be used thereafter.

Proposition 3.10. If C € R™ s given and A,D (resp. é) denote some functions in
C>([0, T]; R6*C) (resp. in C>°([0, T]; R6*™) fulfilling

ACHT)=DEN(T) =0 and B®(T)=0 VIeN, (3.53)

then the sequences (U;)i>o and (V;)i>o defined in (3.51)-(3.52) satisfy
Vi (1) = Vit V(T) =0, WkieN, (3.54)
Ul (1) = U (1) =0, VkIeN. (3.55)

The following result, which is one of the main results in this paper, shows that under suitable
assumptions the local controllability of (2.68) holds with less than six control inputs.

Theorem 3.11. Assume that (3.21), (3.22) and (3.46) hold. Pick any T > 0. If the rank
condition

rank (C, Mo(T), My (T),Mo(T),...) = 12 (3.56)
holds, then the system (2.68) with state (h, q,1,7) € R and controlw € R™ is locally controllable
around the origin in time T. We can also impose that the control input w € H?(0,T;R™) satisfies
w(0) = 0. Moreover, for some n > 0, there is a C* map from Bges(0,n) to H2(0,T;R™), which
associates with (ho, qo,lo, 70, hT, @r,lr,77) @ control satisfying w(0) = 0 and steering the state
of the system from (ho, qo,lo,r0) at t =0 to (hp,qr,lp,rr) att =T.

Proof. Step 1: Controllability of the linearized system.
Letting t9 = T in Proposition 3.9 yields
Rpo)mo = ER™ + Y~ M;(T)R™.
i>0
Thus, if the condition (3.56) is fulfilled, we infer that Rpg)—o = R'?, i.e. the system (3.44) is
controllable. The same is true for (3.40).

Step 2: Local controllability of the nonlinear system.
Let us introduce the Hilbert space

H:=R2 x {f € H*(0,T;R™); £(0) =0}
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endowed with its natural Hilbertian norm
I, Nll5e = llelfoz + 11 Fr20.m) -
We denote by By(0,0) the open ball in H with center 0 and radius ¢, i.e.
By(0,6) = {(z, f) € ¥ [[(z, f)llgc < 6}
Let us introduce the map

[':By(0,0) — R
((hOa%7l07r0)7f) = (h(),(jo,l(],’l”o,h(T),J(T),l(T),T(T)),

where (h(t),q(t),1(t),r(t)) denotes the solution of
( h = (=g +2y/1-IqIPax 1+ - q)q—Tx1xq,
7 = 3(WV1=1qIPr+qxr)
I\ (3.57)
< r ) = 3(C@ + )+ Fl,r, @+ f)),
\ (h(0)7§(0)7l(0)7r(0)> - <h07q_'07l07r0)-

Note that I' is well defined for § > 0 small enough (provided that Ao has been taken sufficiently
small). Using the Sobolev embedding H?(0,T;R™) c C([0,T];R™), we can prove as in [23,
Theorem 1] that T is of class C! on Byc(0,6) and that its tangent linear map at the origin is
given by

dr(o)((hov 607 lOa 7A,0)7 f) = (h07 507 lOv fo; h(T)v J(T)a Z(T)7 f(T)%

where (h(t), Zj\’(t), I(t), 7(t)) solves the system (3.40) with the initial conditions

(h(0), (0),1(0),7(0)) = (ho, Gy, lo. 7o)-

We know from Step 2 that (3.40) is controllable, so that dI'(0) is onto. Let V := (ker dI'(0))*
denote the orthogonal complement of ker dI'(0) in H. Then dI'(0)|y is invertible, and therefore it
follows from the inverse function theorem that the map I'|y, : V — R?* is locally invertible at the
origin. More precisely, there exists a number § > 0 and an open set w C R?* containing 0, such
that the map I' : By(0,6)NV — w is well-defined, of class C'!, invertible, and with an inverse map
of class C''. Let us denote this inverse map by I' ™!, and let us write I~ (xq, 27) = (20, f(z0, 27)).
Finally, let us set w = w + f. Then, for n > 0 small enough, we have that

w € C'(Bg24(0,n), H*(0, T;R™)), (3.58)

and that for ||(ho, o, lo, 70, b, @, 7, 77)||R22 < 7, the solution (h(t), q(t),l(t),r(t)) of system
(2.68), with the initial conditions

(h(0),(0),1(0),7(0)) = (ho, Go, lo, 7o),
satisfies
(h(T), q@(T),U(T),r(T)) = (hr,qr,lr, 7).
The proof of Theorem 3.11 is complete. O
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We now derive two corollaries of Theorem 3.11, that will be used in the next section. We
introduce the matrices

A= (AL(AR), (3.59)
where
—(LY"n 0 0
0 —(L4")22 9\4
_ 0 0 —(Ly")s3
AL = 0 0 0
0 0 a(Msz — M) — ((L{)23 + (C*)11)
0 a(Myy — May) — ((L{ )32 — (CM)11) 0
(3.60)
0 0 0
0 9\4 —(R})23
0 —(R{")32 0
Ap = 1 , 3.61
R —(R{)11 0 0 (3:61)
0 N3z — (R{ )22 0
0 0 —aNoz — (R{)33
0 LMey | L e, LMe, wM
B = —« _
—aS(el)C’M L‘ljel L‘Qiel ce Lizel WIJ
(3.62)
WlMel W2]\461 e W%el
WlJel Wijel e W;,]Lel
and
o 0 —045(61)
D= < PO ) . (3.63)

The first corollary will be used later to derive a controllability result with only four control
inputs.
Corollary 3.12. If both rank conditions
rank (C,B+AJ~'C) =6 (3.64)

and

1
rank (C, 5ng—lc +B+AJI0)=6 (3.65)

are fulfilled, then the condition (3.56) is satisfied for any T > 0, so that the conclusion of
Theorem 3.11 is valid for any T > 0.

Proof. We distinguish two cases.
CASE 1: v+ af =0. B
We begin with the “simplest” case when v 4+ a8 = 0. Pick any T > 0 and let I1,w; be as in
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(3.34) and (3.37)-(3.38). Let g, := I —aw;. It is clear that §; = fw17;, hence g; = 0. We infer
that
a1 =TT =0 for ke N\ {1},
W, (T) = o T)(T) = 2)\ /o £ 0.
It follows that
AR(Ty=0, B®(T)=0, D®(T)=0  for ke N\ {1}, (3.66)
A(T) =w)(T)A, B (T)=w)(T)B, D'(T)=w)(T)D. (3.67)
Applying Proposition 3.10, we infer that

rank (6‘, Mo(T), Ml (T), Mz (T))

= rank (< g ) ( B(T) +CYA(T)C‘ ) < Vl(()T) )< UzéT) >)'

On the other hand, it is easily seen that

Vi(T) = V(T) = 37" B'(T) + § ' A (T)d~'C =w\(T) (" 'B+J'AT'C),
Uy(T) = —D'(T)Uo(T) — 2V{(T) = —w,(T)[DJ~C + 25~ 4B + AF~L0)].

It follows that
rank(C, V1(T)) = rank (C,B + AJ~1C) = 6,

1
rank(C, Us(T))) = rank (C, 5;JD;J—lc +B+AJ'0) =6,
and
rank (C, Mo(T), M1 (T), Ma(T)) = 12.
Thus (3.56) is satisfied, as desired.

CASE 2. v+ aff # 0. We claim that for T' > 0 arbitrary chosen and Ay small enough, we have
for 0 < A < Ag,

rank (C, Mo(T'), My(T), Ma(T)) = 12.

First, |[l1]lw20o0m = O(N) still with 1,(T) = fl(T) = 0. From (3.37)-(3.38), we infer with
Gronwall lemma (for Ao small enough) that w; is well defined on [0, 7] and that [[w1 | e (0,7) =
O(A). This also yields (with (3.37)) |[w@1][y2.00(0,r) = O(A). Next, integrating in (3.37) over
(0,T) yields w1 (T) = O(\?). Finally, derivating in (3.37) gives w1 (T) = O(\2). We conclude
that

(A(T), B(T), A(T), B(T)) = O(\*), D(T) =0,
while

(A(T), B(T), D(T)) = (2A/a)(A, B, D) + O(X),
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for 1,(T) = a1 (T) + O(AY). Tt follows that
rank (€, Mo(T), My (T), Ma(T'))

(ate ) (%7

< (B +0A3_10) ) ’ < J—l[gDpJ—tc +02(B +AJ10)] >

= rank

=12,
for 0 < A < Ag with Ag small enough, as desired. ]

The second one is based on the explicit computations of M;(7T’) for i < 8. It will be used later
to derive a controllability result with only three controls inputs.

Corollary 3.13. Let E := B + AJ~'C. If the conditions
rank (C,E, AJ'E, (AT H)’E, (AT H3E) = 6, (3.68)

and
1
rank (C, 5gJDg—lc +E, (DI + 249 HE

(8IDI 1 + 11AT HAJ'E, (17JDT L + 64AT (AT 1)’E) =6, (3.69)

are fulfilled, then the condition (3.56) is satisfied, so that the conclusion of Theorem 3.11 is
valid.

Proof. The proof is almost the same as those of Corollary 3.12, the only difference being that
we need now to compute M;(7T") for i < 8. In view of Proposition 3.10, it is sufficient in Case 1
(v + af = 0) to compute V;(T) for i € {1,3,5,7} and U;(T) for i € {2,4,6,8}. The results are
displayed in two propositions, whose proofs are given in Appendix.

Proposition 3.14. Assume that the pair (h1,11) is as in (3.34), that Wy is as in (3.37)-(3.38),
and that v+ af = 0. Then we have

VW(T) = VI(T), (3.70)
V(T) = =34 (T)Vy(T), (3.71)
Vs(T) = 154/(T)*Vy(T), (3.72)
Vo(T) = —105A"(T)3Vy(T). (3.73)

Proposition 3.15. Assume that the pair (h1,11) is as in (3.34), that Wy is as in (3.37)-(3.38),
and that that v+ af = 0. Then we have

Us(T) = —D'(T)Uo(T) —2Vy(T), (3.74)
Us(T) = 4(D'(T)+24"(T))Vy(T), (3.75)
Us(T) = —3(8D'(T)+ 11A"(T))A"(T)V](T), (3.76)
Us(T) = 6(17D/(T) + 64A"(T)) A/ (T)*V{(T). (3.77)
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4. EXAMPLES

This section is devoted to examples of vehicles with “quite simple” shapes, for which the
coefficients in the matrices in (2.23)-(2.30) can be computed explicitly. We begin with the case
of a vehicle with one axis of revolution, for which the controllability fails for any choice of the
flow controls.

4.1. Solid of revolution. Let f € €!([a,b];R) be a nonnegative function such that f(a) =
f(b) =0, and let

8= {(yl,sf(yl) cosﬁ,sf(yl)siné?); y1 € [a,b], s€[0,1], 0 € [0,2%]}.

In other words, 8 is a solid of revolution (see Figure 1).
Assume that the density p depends on y; only, i.e. p = p(y1). Clearly Jy = diag(Ji, Ja, J2).
On the other hand,

02 = { (41, fyr) cos. () sinf): w1 € [a,b], 6 € 0,271},

and the normal vector v to 9f) is given by

! ! —cosf, —sin "
00 = g st )
o et (y1 + f(y)f (y1))
y1+ f(y) f' (y . *
(y xv)(y1,0) = 1 = (;/(yl);? (O,sm@, —COS@) .

It follows that (y x v) - e; = 0. Replacing in (1.24), we obtain
J17'“1 = (J()f") ce1 = —(T’ X J()?“) ce1 = JQT2T3 — JQT‘QT’g = O,

which indicates that the angular velocity r; is not controllable.

FIGURE 1. A solid of revolution.
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4.2. Ellipsoidal vehicle. We assume here that the vehicle fills the ellipsoid

s={y e R (/e)? + (/2 + (ys/es)* < 1) (1.1)

where ¢; > c2 > c3 > 0 denote some numbers. Our first aim is to compute explicitly the
functions ¢; and ¢; for ¢ = 1, 2,3, which solve (2.20)-(2.22) for

Q= {y ER3 (y1/e1)? + (y2/c2)® + (y3/c3)? > 1}.

4.2.1. Computations of the functions ¢; and ¢;. We follow closely [16, pp.148-155]. We introduce
a special system of orthogonal curvilinear coordinates, denoted by (A, p,v), which are defined
as the roots of the equation
i v3 vi o
ci+0 3+0 40

1=0 (4.2)

viewed as a cubic in 6. It is clear that (4.2) has three real roots: A € (—c%,+o0), p € (—c3, —c2),

and v € (—c3, —c3).

It follows immediately from the above definition of A, i, v, that

vt Y3 i . (A=0)(p-0)(-0)
Aa+0 E+60 40 (3 +0)(E+0)(c3+06)
This yields
2 2 2
2 (cf + A) (et + p)(cf +v) Iy
vy = ) WY1 = -5
! (3 —cD)(F - ) 2(cf+ )
2 2 2
2 (c3 +N)(c5 + p)(cs +v) Iy
Y = ) Wy =5 (4'3)
? (cf = 3)(c3 — c3) 2(c3+N)
s (F+HNE (g +r) 1y
y3 = P P P 2 ) 3>\y3 — 572 .
(e —c3)(c5 — c3) 2(cg+ )
We introduce the scale factors
L L[ 0—wmey)
A 2\ A+ A+ AN+ A)
oo 1 (n=v)(p =)
2w+ B+ ) (4.4)

1 = Nw—p

e = 2\/<u+c%><u+c%><u+c§>’

and the function

F) =+ DA+ A+ ).
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If £ is any smooth function of A, then its Laplacian is given by

4
A¢ = G T N0) (45
according to [16, (7) p. 150]. We search ¢; in the form ¢;(y1,v2,y3) = vi&(y1,y2,y3). Then

Assuming furthermore that & depends only on A, we obtain that
206 _ 206yi G 1 NG 412\ Ox&i

vi o ow B dHAR dHA A - -y)
Combining (4.6) with (4.5) and (4.7), we arrive to

0= O\(f(N)O&i) +

(4.7)

SR F(N)0NE,

which is readily integrated as
+00

N ds N
&:‘Q!fﬁ+@ﬂ@+a

We choose the constant C' = 0 for (2.22) to be fulfilled. As 0f2 is represented by the equation
A =0, then (2.21) reads

O\Y; O\Y;
Ovpi = vi =& ?z + & = ?‘Jz-
(3 1
We infer that C; = c1cac3/(2 — ), where
+oo d
s
Q; = c1e9C3 —_—.
‘ O/ (cF +5)f(s)
It is easy seen that
26203 26162
20288 g < 2H12
3¢~ ' 3c3

It follows that if ¢q,co,c3 are sufficiently close, then «; is different from 2, so that C; is well
defined. We conclude that

a;
Pi(y) = —2_7%%, vy € 0N (4.8)

Let us now proceed to the computation of ;. We search ¢; in the form ¢;(y) = mz;ifya&(y),
where &; depends only on A. We obtain

5.0 & 3 )
Az+2 yJZ:O 0 )\81_{_ N i207
£ j:%# " & OA(f(A)OrGi) (j:%;# (C]2+)\))f( JONE
and hence
. +0002+S
51:_01/;3(5)6%

A
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From (2.21)-(2.22), we infer that

—+00

- cieacs(ch — ) 9 9 / ds
C e . ——— f
1 P — B1 = cieacs(c; + ¢5) CEDICETIO)

+o0o

5 cieacs(c — ) B 9 9 / ds

I N CEIC)
+oo

5 cieacs(c? — c2) B 2 2 / ds

C3 = PR Bs = crcacs(c] + ¢3) J 4B+ )

Note that at the limit case ¢y = cg = ¢3, we obtain 81 = B2 = 3 = 4/~5 Therefore, if ¢q, ¢
and cs are near but different, then §; is different from 2, and therefore C; is well defined. We
conclude that

+o0
= +s Y1Y2y3
wi=—| G / f3(8) ds - Yy € 01). (49)
0

4.2.2. Controllability of the ellipsoid with siz controls. Assume still that 8 is given by (4.1). Note
that 8 is symmetric with respect to the plane {y, = 0} for p = 1,2, 3. Assume given six functions
Xj, j =1,...,6, each being symmetric with respect to the plane {y, = 0} for p = 1,2, 3, with

-1 p=1 1 p=1 1 p=1
51;1: 1 p=2, 5512: -1 p=2 , 51;3: 1 p=2 ,
1 p=3 1 p=3 -1 p=3
1 p=1 -1 p=1 -1 p=
e, = -1 p=2, ey = 1 p=2, & =4¢ -1 p=2. (4.10)
-1 p=3 -1 p=3 1 p=3

To obtain this kind of controls in practice, we can proceed as follows:

e We build six tunnels in the rigid body, as drawn in Figure 2.

e We divide the six tunnels in three groups of two parallel tunnels; that is, we put together
the tunnels located in the same plane (see Figure 3).

e Let wy and w9 denote the effective flow controls in the two tunnels located in the plane

{ys = 0}. They may appear together in (1.21) as w1x(y1,¥2,¥3) + Wax(y1, —¥2,¥3),
where x € C*°(99) is some function with

Supp x C {y2 > 0}, 6§< =—1, and z-:f’< = 1.

We introduce the (new) support functions

X1, v2,y3) = x(yi,y2,y3) + x(y1, —v2, ¥3),
x6(W1, y2,43) = X1, y2,y3) — X(Y1, —y2,93)
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FiGURE 3. Independent controls in each plane.

and the (new) control inputs

w1 + W2
wyp = 9 )
w1 — W2
we =
2

(See Figure 4.) Then (4.10) is satisfied for x; and x¢, and
WX (Y1, Y2, Y3) + WX (Y1, —y2, ¥3) = wixa (Y1, ¥2,¥3) + wexe (Y1, y2, ¥3)-
The same can be done in the other planes {y; = 0} and {y2 = 0}.
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= >
< iy 1 >
1= 7
= ~ —> = >
wq
< 1I)2 >
= >
= =>
by — by
Wo = 2
<< <=

FIGURE 4. Definition of the new controls in the plane {y3 = 0}.

We notice that C is a diagonal matrix:
C = —diag(C1, Cq, C3,Cy, Cs, Cs),
with
C; = /¢iXi7 1=1,2,3, and Cijy3= /QDz'Xi+37 i=1,2,3.
o [2]9]

From (4.8)-(4.9), there are some constants C; # 0, i = 1,...,6, which depend only on ¢, c2 and
c3, such that

C;=C; / yixi(y), Ciss = Ciys / (mzzya) xi+3(y), i=1,2,3. (4.11)
0N (0,4+00)3 o2N(0,400)3 '

By (4.11), we have that C; # 0 for ¢ = 1, ..., 6, and hence rank(C') = 6 if, in addition to (4.10),
it holds

xi#0,i=1,..,6, (4.12)
xi > 0on 90N (0,+0)3, i =1,...,6. (4.13)

By Proposition 3.1 and Theorem 3.11, it follows that both the linearized system (3.1) and the
nonlinear system (2.68) are (locally) controllable.

Remark 4.1. Since é‘)l(l = (=1)%1 = —1, we have that (LM);; = (WM)11 = 0, and hence
B =~ =0. Thus v+ af = 0. Proceeding as in [12, Theorem 2.2], one can prove that,
under certain rank conditions, two arbitrary states of the form (h,q,0,0) can be connected by
trajectories of the ellipsoid in (sufficiently) large time.
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In the following sections, we shall be concerned with the controllability of the ellipsoid with
less controls (namely, 4 controls and 3 controls). If, in the pair (x1,xs), only x¢ is available,
then yg can be generated as above by two propellers controlled in the same way (Figure 5 left),
or by only one propeller by choosing an appropriate scheme for the tunnels (Figure 5 middle).
In what follows, to indicate that the flows in the two tunnels are linked, we draw a transversal
line in bold between the two tunnels (Figure 5 right).

RS

FIGURE 5. Two ways to generate xg.

4.2.3. Controllability of the ellipsoid with four controls. We consider the same controllers x1, x4, X5
and e as above, still satisfying (4.10), (4.12), (4.13). (See Figure 6.) If the density p is scaled
by a factor A, i.e. p(z) is replaced by p*(z) = Ap(x) where A > 0, then the mass and the inertia
matrix are scaled in the same way; that is, mg and Jy are replaced by

my = Amg, J§ = \Jo.

Control x1 Control x4

Ficure 6. Ellipsoid with four controls.



CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS. I: IRROTATIONAL FLOWS. 35

Thus, if A\ — oo, then m) — oo, [J3]™! — 0, and [§*]7! — 0. (Note that large values of A

are not compatible with the neutral buoyancy, but they prove to be useful to identify geometric
configurations leading to controllability results with less than six control inputs.)

Note that the matrices M, J, N,C™, C”, Lg/f, R]]D\/l, Wlf\/[, Lg, Rg, WpJ keep constant when A —
oo. In particular,

1
lim AJ~'C =0, lim 5ng—lo =0.

A—00
Let B = lim B. Then B* and C are given by
A—00
00 0 O cCi 0 0 O
0 0 0 Bg 0 0 0 O
0 0 Bs O 0 0 0 O
oo __ = —
B> = 00 0 O » C 0 C4, 0 O ’
00 0 O 0 0 C5 0
00 0 O 0 0 0 GCg
with

352/(V¢1'V¢5)V3, B6=/(V¢1'V¢6) V.

o0 o0

Thus, if Bs # 0 and Bg # 0, we see that (3.64) and (3.65) are fulfilled, so that the local
controllability of (2.68) is ensured by Corollary 3.12 for A large enough. We note then that the
matrix in R6*6 obtained by gathering together the four columns of C' and the last two columns
of B is invertible. Let Ri(\) € R%*C (resp. Ry()\) € R5%6) denote the matrix obtained by
gathering together the four columns of C with the last two columns of B + AJ~!C (resp. with
the last two columns of %HDH_IC + B+ Ag_lC’). Then for A > 1, we have

det R1(A) #0 and det Ro(\) #0.
Since the coefficients of R;(\), R2(\) are rational functions of A, we infer that the equation
det R1 ()\) - det RQ()\) =0

is an algebraic equation in A. Therefore, it has at most a finite set of roots in (0,400), that we
denote by Acriticai- We conclude that for any A € (0, +00) \ A¢ritical, the local controllability of
(2.68) still holds. In particular, we can consider values of A arbitrary close to the value A =1
imposed by (1.10). The issue whether 1 € A.itica; seems hard to address without computing
numerically all the coefficients in our system.

4.2.4. Controllability of the ellipsoid with three controls. Assume that 1, x4, x5 and g are as
above (satisfying (4.10), (4.12), (4.13)), and consider now the controls supported by x1, x4 and
X5 = X5 + X6 (see Figure 7).
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Control 1 Control x4

Figure 7. Ellipsoid with three controls.

Doing the same scaling for the density, and letting A — oo, we see that the matrices B> and
C read

00 0 Ci 0 0
0 0 Bs 0 0 0
w_ | 00 B o 0o o
B¥==100 o |* ¢7 0 ¢y 0 |
00 0 0 0 GCs
00 0 0 0 Cs

where the coefficients Bs, Bg, C1, C4, Cs, Cg are as above. For simplicity, we assume that the
principal axes of inertia of the vehicule coincide with the axes of the ellipsoid. Then the matrix
Jo is diagonal (see [4]) with entries Ji, J2, 3. Notice that the first and fourth coordinates are
well controlled (using x; and x4), and that the other coordinates are decoupled from them, at
least asymptotically (i.e. when A — 00). Let A% = limy_,o, A (i.e. A is obtained by letting
a=0in A). Let K € R¥* denote the matrix obtained from A® by removing the first and
fourth lines (resp. columns), and let b € R* (resp. ¢ € R*) denote the vector obtained from the
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last column of B> (resp. C) by removing the first and fourth coordinates, namely

—(L{")22 0 0 —(R)23
K- 0 —(L1")ss —(R~{)s2 0
—((L{)2s + (CM)11)  —(B{)22 0 ’
(Li] )32 — (CM)11) 0 0 —(R{)s3
0
0
Cs
Cs
Let finally
000 —1 mgt 0 0 0
oo 1 0 | 0o mgt 0 o0
F=1000 o0 amdG=1" g
000 O 0 0 0 J3t

Then, keeping only the leading terms as A — oo, we see that (3.68) holds if
rank (¢, b, KGb, (KG)?b, (KG)?b) = 4 (4.14)
while (3.69) holds if

rank (c, b, [(CM) F + 2K]Gb, [8(CM) 1 F + 11K|GKGb,

[17(CM) F + 64K]G(KG)2b> =4. (4.15)

Note that (4.14) is satisfied whenever
rank(b, KGb, (KG)?b, (KG)3b) = 4, (4.16)

which is nothing but the Kalman rank condition for the system & = KGz + bu. However, it
is clear that we should take advantage of the presence ¢ in (4.14). As previously, this gives a
controllability result for A > 1, but such a result is also valid for all the positive \’s except those
in a finite set defined by an algebraic equation.

5. APPENDIX

5.1. Quaternions and rotations. Quaternions are a convenient tool for representing rotations
of objects in three dimensions. For that reason, they are widely used in robotic, navigation,
flight dynamics, etc. (See e.g. [1, 24]). We limit ourselves to introducing the few definitions and
properties needed to deal with the dynamics of h and Q. (We refer the reader to [1] for more
details.)

The set of quaternions, denoted by H, is a noncommutative field containing C and which is a
R-algebra of dimension 4. Any quaternion ¢ € H may be written as

q=qo+ q1i + q2J + gsk,
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where (qo, q1, g2, q3) € R* and 4, j, k € H are some quaternions whose products will be given later.
We say that qo (resp. q1i+ q2j + g3k) is the real part (resp. the imaginary part) of q. Identifying
the imaginary part qi7 + g2 + g3k with the vector ¢ = (q1,q2,q3) € R3, we can represent the
quaternion q as ¢ = [qo, 7], where go € R (resp. ¢ € R3) is the scalar part (resp. the vector part)
of q. The addition, scalar multiplication and quaternion multiplication are defined respectively
by

[po, ] + [0, 7] = [po + qo, 7'+ ],

tlqo, 7] = [tqo, 7],

[po, D] * [90, ] = [Pogo — P 4, pod + qop + P’ % ¢,
where is the dot product and “x” is the cross product. We stress that the quaternion
multiplication * is not commutative. Actually, we have that

“.»

ixj=k, jxi=—k,
Jjxk=1, kxj=—i,
kxi=3, ixk=—j,
==k =1
Any pure scalar ¢y and any pure vector ¢ may be viewed as quaternions

qo0 = [q076]7 (72 [075]7

and hence any quaternion ¢ = [qo, ¢] can be written as the sum of a scalar and a vector, namely
q=qo+4q.
The cross product of vectors extends to quaternions by setting

1 L.
p><q=§(p*q—q*p)=[0,p><q]-

The conjugate of a quaternion g = [qo, ¢ is ¢* = [qo, —¢]. The norm of q is

N 1
llall = (g0 + [|7]1%)2.

From
g+ q" = q" +q=q

we infer that .

-1 q
N
A unit quaternion is a quaternion of norm 1. The set of unit quaternions may be identified with
S3. Tt is a group for .
Any unit quaternion ¢ = [qo, ¢] can be written in the form
e o

g=cos + sin 511’, (5.1)

where o € R and @ € R3 with ||@|| = 1. Note that the writing is not unique: if the pair (o, @) is
convenient, the same is true for the pairs (—«, —u) and (a+4kw, ) (k € Z), as well. However,
if we impose that a € [0,27], then « is unique, and @ is unique for |go| < 1. (However, any
@ € S3 is convenient for |qo| = 1.)
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For any unit quaternion ¢, let the matrix R(q) € R3>*3 be defined by
R(Q)T=q*Txq" VieR’ (5.2)
Then R(q) is found to be
B+a—d—-a  2nge—q4)  2(q193 + 9092)

R(q) = 2(q1 + qa3) @ — G +43— 4 22(6126123 — q20q1) ,
2(g3q1 — q0q2) 2(g3q2 + qoq1) 95 — a7 — 45 + G5

For g given by (5.1), then R(q) is the rotation around the azis Ru of angle .
Note that R(q1 * ¢2) = R(q1)R(q2) (i.e. R is a group homomorphism), hence

R(1)=1Id, R(q")=R(q)""
We notice that the map ¢ — R(q) from the unit quaternions set S to SO(3) is onto, but not
one-to-one, for R(—q) = R(q). It becomes one-to-one when restricted to the open set
§1:={g=90,7) € H; [[g]| = 1 and go > O}.
Furthermore, the map R is a smooth invertible map from Si onto an open neighbourhood O of
Id in SO(3). On the other hand, the map
7—q=lq,q] =[vV1-7I?q]
is a smooth invertible map from the unit ball B1(0) = {7 € R3; ||7|| < 1} onto S?. Thus the
rotations in O can be parameterized by ¢ € B;(0).
5.2. Proof of Proposition 3.10. Let us prove by induction on k£ € N that
v (T)=0 WieN (5.3)
The property is clearly true for k = 0, since
V(1) = B(T) + ACO(T)C = 0,
by (3.53). Assume that (5.3) is established for some k£ € N. Then by (3.52) applied twice, we
have A A A
Vakro = Vi, — 24Vy;, — A'Vyy + AV,

hence . - X X A

Vit (1) = V™2 — 2(AVg) B0(T) — (A'Var) 2D(T) + (A2Vay)(T). (5.4)
The first term in the r.h.s. of (5.4) is null by (5.3). The second one is also null, for by Leibniz’
rule

(AVQk 2l Zcp A(p V(Ql p-‘rl)(T)

and A®)(T) = 0 if p is even, while V(Ql erl)( T) = 0 if p is odd. One proves in a similar way
that the third and fourth terms in the r.h.s. of ( 4) are null, noticing that for p odd we have

(A%)PN(T) = 2(AA)P~(T) = 0. (5:5)
From (5.3), we infer that

VD) = V(1) — (AVay) PO (T) = 0,
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Let us proceed to the proof of (3.55). Again, we first prove by induction on k € N that
U (T)=0 WIeN. (5.6)
It follows from (3.51), (3.52) and (3.54) that
uP(1) = U (T) — (DU (T VP (T) =0 Wk eN
Assume that (5.6) is true for some k& € N. Then, by (3.52) applied twice,
21 2042 20+1 21
Usily(T) = Uyl () = (DUsie) BD(T) = VgD (T) = (DU) B(T) = V(7). (5.7)
Using (3.53), (3.54) and (5.6), we see that all the terms in the r.h.s. of (5.7), except possibly
(DUs19)2)(T), are null. Finally,
(DUs42)*N(T) = (DU 1) () = (D*Unges1) *N(T) = (DVap11) #(T).

Using Leibniz’ rule for each term, noticing that in each pair (p,q) with p + ¢ = 2I, p and ¢ are
simultaneously even or odd, and using (3.53), (3.54), (5.5) (with A replaced by D), and (5.6),

we conclude that (DUspy2)?)(T) = 0, so that Uz(kig( ) =0.

Finally, U(ZZH)( T) = 0 is obvious for k = 0, while for k¥ > 1
2041 2142 2041
Uy V(1) = U2(T) = (DUs) 2 0(T) = V(1) = 0
by (3.53), (3.54) and (5.6) (with 2k + 1 replaced by 2k — 1). The proof of Proposition 3.10 is

complete.

5.3. Proof of Proposition 3.14. From (3.50), (3.51) and (3.66), we obtain successively
Vi(T) = Vy(T)=B'(T)+A(T)C=wi'(T)(3'B+3 'AT"'C)
Vs(T) = V,(T)
= (VW - An)(T)
= (Vg = AW)"(T) — (AW)(T)
= W(T) 24" (T)Vy(T) — A(T)VA(T)
= 3A(DWK(D).
Successive applications of (3.51) yield

3

Vs(T) = VaoU(T) = (Av)“4=9(1), (5.8)
1=0
5

V(1) = V(1) =Y (Avy) (7). (5.9)
1=0

Since Vo(k) (T) = 0 for k > 2, it remains to estimate the terms (AV;)4=)(T) and (AV;)©E=9(T).
Notice first that by (3.66) and Leibniz’ rule

(AV)®(T) = kA (T)V* (1),
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Thus, from (3.66) and (3.71), we have that
(AVo)(T) = (5.10)
(Av)®(T) = < WI(T) = 3A(T) (V{P(T) — (AVy)"(T)) = —6A'(T)*V(T), (5.11)
(AV)"(T) = /1( T)V3(T) = 24/ (T)V3(T) = —6A(T)*Vy(T), (5.12)
(AVB)(T) = A'(T)V5(T) = —3A"(T)*Vy(T). (5.13)
This yields (3.72). On the other hand,
(AVy)O(T) = o, (5.14)
(A1) = 5A(TWVI(T) =54/(T) (VY — (A)D)(T) =0 (5.15)
A1) = 4A(T)V(T) (5.16)
Since Ve Vi AVI _ VON B (AVO)/ B AVh
we obtain with (3.66) and (5.11) that
V(1) = Vi(T) = (AV) (1) — (AV)(T) = 64 (T2 Vg(T),
o (AVa)(T) = 244" (T)*V5(T). (5.17)
On the other hand,
(AVs)3N(T) = BA(T)V{(T)
= 3A/(T)(VI(T) + (AVs)'(T))
= B3A(T)(Vs(T) + A/(T)V3(T))
= 36A/(T)*V{(T) (5.18)
where we used (3.51) and (3.71)-(3.72). Finally,
(AV)"(T) = 24" (T)V}(T) = 2A'(T)V5(T) = 304 (T)*V§(T) (5.19)
and
(AVs)(T) = A (T)V5(T) = 15A(T)V{(T). (5.20)

Gathering together (5.9) and (5.14)-(5.20), we obtain (3.73). The proof of Proposition 3.14 is
complete.

5.4. Proof of Proposition 3.15. From (3.51)-(3.52), we have that
Upy=C, U=U_,—DU_1—Viy, Vi>1. (5.21)
Thus
Up(T) = (Up— DU —W)(T)
= (0= (DUp)" = Vo)(T) = Vi(T)
—D(T)Up — 2V5(T)
where we used successively (5.21), (3.55) and (3.70).
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Successive applications of (5.21) yield
ULT) = — Y (DU~ + vEI)(T). (5.22)

Using (3.66), we obtain that

3 2

S (ou)ET) = Y 3-i)D(T)UE(T)

=0 =0
= 2D'(T)(U(T) + Vi(T)) + D'(T)Vy(T)
= —3D'(T)(D'(T)Upy + 2Vy(T)) + 2D'(T)Vy(T)
= —4D'(T)VY(T) (5.23)

where we used (3.70), (3.74) and the fact that D’(T)? = 0.
On the other hand,

3
SVETNT) = (W - A%)(T) + V3(T) + VA(T)
=0
= —24/(T)V{(T) + 2V5(T)
= —8A(T)VJ(T) (5.24)

by (3.71). Combining (5.22)-(5.24), we obtain (3.75).
Let us now compute Us(T"). Successive applications of (5.21) yield

5

Us(T) = = >_[(DU) T + VD)), (5.25)
1=0
We have that
5 4
N (D)) =3 (5 - i) D (U (T)
=0 =0

Let us estimate the terms U "™ (T') for i =0, ...,4. Obviously, Ué4) (T') = 0 by (5.21), while by

(3.66) Z
U(T) = ~(DU)(T) - V{I(T) = 0. (5.26)
Next we use (5.21) to obtain successively
Us(T) = Ua(T)+ V5(T), (5.27)
U3 (T) Us(T) + (DU2)'(T) + V3(T)
= Uy(T)+ V3(T) + D'(T)Ua(T) + V5(T).
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It follows that
4

> (DU)P=N(T)

=0

= 3D'(T)(UA(T) + 2V5(T) + D(T)U2(T)) + 2D (T)(Ua(T) + V3(T)) + D'(T)Us(T)
= D'(T) (6U4(T) + 8V3(T))

= 24D'(T)(D'(T) + 24'(T)) Vg (T) — 24D'(T) A'(T) V5 (T)

= 24D(T)A'(T)Vg(T). (5.28)

On the other hand, using (5.15)-(5.18) and (3.71)-(3.72), we have that

4
Z‘/i(E‘)fi)(T) _ V( )( )+V(3)( )+V3(2)(T)+V4’(T)

= GA(T)*Vy(T) + 2V5(T) + A'(T)V5(T)
= 33A/(T)2VJ(T). (5.29)
(3.76) follows from (5.25)-(5.29).
Finally, we compute Ug(T"). We see that

7

Us(T) = — >_[(DU) ") + v I)(T). (5.30)
=0
Then
7 6 A
S o)1) = S (790U
=0 1=0

= 6D'(T)UPN(T) + 5D/ (D)UY (T) + 4D (T)USY(T)
+3D'(T\UL(T) + 2D (T)UL(T) + D'(T)Us(T).

Using (3.66), (5.21) and (5.26), we readily see that
5 4
u?(1) = Uug?(1) = 0.
Next, successive applications of (5.21) give
Us(T) = Us(T)+ Vs(T),

U{(T) = ULT)+ (DUL)(T)+ V{(T)
= Us(T) + D'(T)UL(T) + 2V5(T).
uN(T) = UJ(T)+ (DU)'(T) + V§(T)
= (Us(T) + D'(T)Us(T) + 2V5(
+V5(T) + A'(T)V3(T).

T)) +2D'(T)(Ua(T) + V3(T))
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Thus

> (DU)TNT) = AD'(T)(Us(T) + 3D'(T)Us(T) + 2V5(T) + 2D (T)V3(T) + A'(T)V5(T))
=0

+3D’(T)( 6(T)+ D'

+2D’(T)( (T)+V
= D'(T)[10Us(T) + 16 Vs
= D'(T)[-240 D'(T ) \'(T)Vy(T) — 330 A'(T

+240 A'(T)*Vy(T) — 124/ (T)*Vy (T)]
= —102D/(T)A'(T)*Vy(T).

(T)U(T) + 2V5(T))
(T)) + D'(T)Us(T)
(T) + 4A"(T)V3(T)]
Vo (T)

\_/\_/

(5.31)
It remains to compute ZZ:O Vi(7_i) (T). It is easy to see that
7 6 5
Vo (1) = V(1) = V(1) = 0.
Successive applications of (3.51) give

(
VE(T) = Vi(T),

VI(T) = VE(T)+ (AV5)(T) = Va(T) + A'(T)V5(T),
Ty = VD) + (A (1)

vir) = viUT) + (Avs)O(T)

where we used (5.18). Thus

7
3 VITNT) = 5VA(T) + 104 (T)Vs(T) + 34" (T)*V3(T)

= 384 A(T)3V{(T). (5.32)
Then (3.77) follows from (5.30)-(5.32). The proof of Proposition 3.15 is achieved.
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