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ABSTRACT : We study the asymptotic behaviour, as h tends to 400, of the nonlinear system:
—Aup —up + |upPup, = f in Qp,
Duy -v=0 on 99y,
up - Qp — R2,

in a varying domain € in R?. The boundary 92 contains an oscillating part like a comb with
fine teeth periodically distributed in the first direction 0z, with period A~! and thickness \h ™1,
0< A<,

We identify the limit problem where the operator —A is reduced to —

2

— in the domain
Ox3
corresponding to the oscillating boundary.
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1. INTRODUCTION

In this paper we consider the Ginzburg-Landau equation (GLp,):

{ —Aup, — up + JupPup, = f in Qp,
up, : Q, — R2,

with homogeneous Neumann boundary condition, in a varying domain €, in R?. We are interested
in a class of domains €2;, which have the shape of a comb with fine teeth periodically distributed in
the first direction Oxy with period % and thickness %, 0 < A <1 (see Fig. 1). The goal is to study
the asymptotic behaviour of such problem when A tends to +oc (see Theorem 2.1).

For general references about homogenization, we refer to [2], [3], [4], [13], [24] and [25]. In the
scalar case, for this kind of domains with crenelated part of the boundary, the limit problem has

been studied for the Laplace operator in [9], [10], [15] and for quasilinear operator, more generally



for a monotone operator in [12] and [7]. For reinforcement problems by a layer with oscillating
thickness see [11], for problems related to the asymptotic behaviour of thin cylinders see [19] and
[20].

An extensive study of Ginzburg-Landau equations is developed by Bethuel-Brezis and Hélein
in [5] and [6]. The limit behaviour of the Ginzburg-Landau equation in a perforated domain in R®
with holes along a plane is studied in [17].

In order to identify the limit problem of (GLy,), as h tends to 400, the main steps are to establish
a uniform estimate of uy, in (L>°(€4))? and to obtain an extension of u, on a fixed domain; this is
the object of Section 3 and 4. Then, in Section 5, we find the limit problem where the operator —A
is reduced to —g—;% in the domain corresponding to the oscillating boundary. The main difficulty
is to pass to the limit in the nonlinear term of the Ginzburg-Landau equation (see Remark 5.1).

For sake of completeness, we give also the limit behaviour of the previous Ginzburg-Landau
equation with homogeneous Dirichlet boundary condition (for scalar problems with Dirichlet bound-

ary condition in a domain with oscillating boundary see [7], [9], [10], [14],[18], [21], [22] and [23]).

2. STATEMENT OF THE PROBLEM AND MAIN RESULT
Let a, b1, b2, o be in |0, +oo[ such that 0 < a < % and let us introduce the following domains
in R? (see Fig.1):

( Q2 =]0,a[x] — b1, by,
Q~ =]0,a[x] —b1,0[, QF =]0,a[x]0, by,

¥ =]0,a[x{0},
(2.1) B h=1 ak
Q=0 U (ICLJ:O <h]04,(1—04[+h> X [0,b2[> h €N,

QO =tnQ, heNl

In the sequel, = (21, 72) denotes the generic point of R?, y 4 the characteristic function of a

subset A of 2 and ¢ the zero-extension to €2 of any (vector) function v defined on a subset of .

We recall that

(2.2) Xof = R weakly x in L>°(Q)
and
(2.3) Xo,ns — 0 weakly x in L>(X)

as h diverges.

The aim of this paper is to study the asymptotic behaviour, as h tends to 400, of the following

homogeneous Neumann problem:

(2.4)

—Aup, — up + |upPup = f in Qp,
Duy, - v =0 on 08,

where f = (f1, f2) is a given function in (L2 (Q))2 and v denotes the exterior unit normal to €2,.



fixed

Figure 1: the middle surface of our three-dimensional plate.

Problem (2.4) admits a weak solution u;, € (H'(Q)) ? In fact, it is easy to see that a minimizing

sequence of the following problem:
1
(2.5) inf {/ (|Dv]* + (- v[*)? —2fv)dr : veE (Hl(Qh))Q}
Qp

is bounded in (L4(Qh))2 and (Hl(Qh))2 and then the infimum in (2.5) is achieved by u;, satisfying

the following variational equation :

/ (DuhDv —upv + |uh|2uhv)dm = / fvdr Vv e (Hl(Qh))Q,
Q

(2.6) h O @ ) Qp
up = (uh Uy > € (Hl(Qh)) .

The main result of this paper is given by the following theorem:

Theorem 2.1. Forevery h in N, let uj, be a solution of Problem (2.4) with f in (Hl(Q))2ﬂ(L°°(Q))2
and let 0 be defined by (2.2).

Then, for every h in N, there exists a linear extension - operator Py, € L ((H1 Q+ )2 , (HI(Q+)) )
a strictly increasing sequence of positive integer numbers {hy}ren and u in (H*( )) N (L°(€))?

(depending possibly on the selected subsequence) such that

27) Py, up, — u weakly in (HI(QJF))2 :
‘ up, — u weakly in (Hl(Q*))Z,

as k tends to +o0o and u is a solution of the following problem:



( 62

_8xg —u+ |[uf®u=fin QF,

~Au—u+ul*u=finQ",
+ —

(2.8) LA

88%2 8.%'2

aTi =0 on ]0,a[x {bs},

Du-v =0 on0Q \X.

Moreover the energies converge in the sense that

lim [ (1Dup,|” = fung |+ [uny|*) do
k—4o00 Q,
(2.9) ou |2
_ 0/ G P 4 Juf* ) de _|_/ (|1Dul* = |ul® + |u[*)dz.
O+ O0xa Q-

The variational formulation of Problem (2.8) is given by

%@ — wv + |ufuv de +/ DuDv — uv + |uluv dz =
o+ 8x2 8.%2 Q-
(2.10) :9/ fvda:—l—/ fvdx Yv e (Hl(Q))Q,
Qt Q-

we (HYQ)? N (L=(9Q))2.

Remark 2.2. If Problem (2.10) admits a unique solution, then convergences (2.7) and (2.9) hold

true for the whole sequence.

Remark 2.3. If in Problem (2.4), instead of the Neumann boundary condition, we assume the
Dirichlet boundary condition uw, = 0 on 0€j, it is easy to show that every sequence of zero-
extension to 2 of solutions of the Dirichlet problem admits a subsequence which strongly converges

in (H(%(Q))2 to a solution of the following problem:

u=0a.e. in QF,
—Au—u+ ulPu=fin Q,
u=0on J0Q".

Moreover the convergence of the energies holds.

3. A PRIORI L*° ESTIMATE
In this section, we establish an a priori norm-estimate for the solution wuy of problem (2.4).

Let A be a bounded open set of R”. We shall denote by Cp(A) the Banach space defined by
Cy(A) = {v € C(A) : v is bounded} provided with the L*°- norm.

The goal of this section is to prove the following result:

Proposition 3.1. For every h in N, let uy, be a solution of Problem (2.4) with f in (L*®(Q))?.
Then uy, is in (Cb(Qh))2 and there exists a constant ¢ (independent of h) such that

Huh”(Loo(Qh))2 <c VhelN

4



To this aim, we begin by giving some preliminary results:

Lemma 3.2. Let up, h in N, be a solution of Problem (2.4) with f in (LQ(Q))Z. Then, uy, is in
(C(m))*.

Proof. Let us fix h in N and let us set
Jn=up — ’Uh|2uh + f a.e. in Q.

Since uy, belongs to (Hl(Qh))2 and H'(Qy,) is embedded into LP(§,) for every p in [1, +oo], it

turns out that fj, belongs to (LQ(Qh))Q. Moreover, from (2.4) it follows that uy is a solution of

—Aup = fj, in Qp,
Duy, - v =0 on 0€2y,.

35
Consequently there exists s in } 2’3 { such that wj, belongs to (H*(2;))? (see [16], Lemma 5.1 and

Theorem 5.2). Finally, the thesis follows from the embeddings of H*(2), with s > 1, into C3(£24)
(see [1], 7.57). m

We recall the following well-known classical variational inequality and we give the proof for the

reader’s convenience.

Lemma 3.3. Let A be an open subset of R™ satisfying the segment property, v a positive constant

and v a function in H'(A) such that
/ (DvD¢ +yvp)dz >0 Vo € CY(R™) with ¢ > 0.
A

Then, it results that

v >0 a.e. In A.

Proof. By the assumptions it follows that

(3.1) / (DvDp + yvp)dz 20 Vo € H'(A) with ¢ >0 a.e. in A.
A

By choosing ¢ = v~ = —min{v,0} in (3.1), it results

—/ (|Dv_|2 +7|v_|2)d1: > 0.
A

This inequality provides

v~ =0 ae inA

and consequently

v >0 a.e. in A.



Now we can prove the main result of this section.

Proof of Proposition 3.1. Let us fix h in N.
Lemma 3.2 provides that

(3.2) lup|? € HY ()
and consequently

(3.3) D(Jup|?) Dy da = 2/ upDupDpdz Vo € CH(R?).
Qh Qh

On the other hand, by choosing v = puy, in (2.6) with ¢ in C'(R?), it results

/ \Duh|2<pdzx+/ upDup Dy dx =
Q, Q,

=:/g (un2(1 = |un ) + fung)dz Vo € C'(B2).

(3.4)

By combining (3.3) with (3.4) it follows that

/ D(\uh\2)Dg0 dx =
Qp

(3.5)
= 2/ (= [Dupl® + |[un|*(1 = |unl®) + fup)pdz Ve € CH(R?).
Qp,
If we set
(3.6) vp =1 — |uy|? a.e. in Qp,

equation (3.5) provides that

Dvp Do dx = 2/ (|Duh|2 —vp(1 =) — fup)pdz Ve e CH(R?)

Qpn Qp

and consequently

h

/ (Dup Dy + 2vp)da = 2/ (|Dup|® + |vp* = fun)pdx >
(3 7) Qp Q
> —2/ fuppdr Vo € CHR?) with ¢ > 0.
Qp

Now let us fix 7 in ]0, 5[

By applying the Young inequality it results
wnd = o fi ol o <l 4+ I = 01— ) + [P e in €,
and consequently
(3.8) —2upf > —2n+ 2nvy, — 727||f||?LOO(Q))2 a.e. in Qp.
By combining (3.7) with (3.8) we obtain

/ (Dup D + 2(1 — n)vpgp)dz >
Q

(3.9) ' T
> 2| /g@dac Vo € CY(R?) with ¢ > 0.
Qp,

6



If we set

2
= 9 (77 n ||f||(Loo(Q))2>
n

(3.10) wp, = vy, — ¢ a.e. in Qp,

and

1
since 0 < n < 3 and ¢ < 0, from (3.9) it follows that

/ (DwpDg +2(1 — n)wpp)dz >
Qh

2c(277—1)/Q pdr >0 Yo CHR?) with ¢ > 0.
h

(3.11)

Now observe that, by virtue of (3.10), (3.6) and (3.2), wy, belongs to H'(€2,). Consequently, by

virtue Lemma 3.3, from (3.11) we deduce that
(3.12) wp, = 0 a.e. in Q.
By recalling the definitions (3.10) and (3.6), the last inequality provides
lup|> <1 —c ae. in Q.
Since ¢ does not depend on h, the thesis holds. O

Corollary 3.4. For every h in N, let uj, be a solution of Problem (2.4) with f in (L*°(Q))?. Then,

there exists a constant ¢ (independent of h) such that

HUh”(Hl(Qh))Q <c VYhelN

Proof. By choosing v = uy, in (2.6) and by using Holder’s inequality, it results

/ |Duy,|? da < / (|Duh|2 + |uh|4)d33 = / fup dx +/ lup|? da <
Qp Qy ) Qp Qp
< HfH(L2(Q))2HuhH(L2(Qh))2 + ”UhH(Lz(Qh))2 VheN

from which, by virtue of Proposition 3.1, the thesis follows. O

Remark 3.5. For every h in N, let uj, be a solution of Problem (2.4). By assuming f only in
(LQ(Q))2 (and without making use of Proposition 3.1), it is easy to prove the existence of a constant
¢ (independent of h) such that

\\uh\\(L4(Qh))2 <c¢ VheN.

l[wn|un || ) <c¢ VheEN.
h



4. EXTENSION RESULT

This section is devoted to prove the following result:

Proposition 4.1. For every h in N, let u;, be a solution of Problem (2.4) with f in (L*(Q))* N
(H'Y()) ?. Then, for every h in N, there exists a linear extension-operator P, € L ((H1 (Q}J{))2 , (H? (Q+))2>
such that

(4.1) ||Phuh||(H1(Q+))2 <c VheN,
where c¢ is a constant independent of h.

In this section, if ¢(x1,x2) is a real function defined on €}, we assume ¢ extended on T, =

U ((ka,0) + Q) in the following way: first we extend ¢ on (—a,0) + €, by reflection, then we

keZ
extend this function on T} by 2a-periodicity in the variable x1. Moreover, we define

(4.2) T : (x1,22) € Ty — P(x1,22) — d(21 + %,xz)-

We recall the following extension result proved in [10] Lemma 2.2:

Lemma 4.2. [10] Let 7, h in N, be defined by (4.2). Then, for every h in N, there exists a linear
extension-operator Qp, € £ (H' ("), H(QT)) such that

1Qu0l ) < e (19135 gy + Il e, + W2 Iml3a g ) V6 € HUDE) VR EN,
where c is a constant independent of ¢ and h.

Proposition 3.1 allows us to adapt the proof of Lemma 2.4 in [10] to our nonlinear case and

obtain the following estimate result:
Lemma 4.3. For every h in N, let 7, be defined by (4.2) and uy, be a solution of Problem (2.4)
with f in (L°(Q))*N (Hl(Q))2 Then there exists a constant ¢ (independent of h) such that

i 1 .
||Thu§l>”H1(Qp <cy VheEN Vie{l,2}.

Proof. Let us fix i in {1,2}.
For every h in N let us define

fh —2u — |up, \2uh + fi a.e. in Q.

Let us observe that f{” is in H'(€,) since f is in (H(€2))? and up, is in (H'(24))%N (L (€2))?
by virtue of Lemma 3.2. Moreover, by using Proposition 3.1 and Corollary 3.4 we obtain the

existence of a constant ¢, independent of h, such that

o
ox1

(4.3) <e¢ VheN.

L2(Qp)



Since ug) is the solution of
—Aug) + ug) = f,gz) in Q,
Du,(;) -v =0 on I,

it turn out that Thu,(f) is the solution of

( —ATh’U,](j) + Thug) = Thflgi) in U ((ak,0) + Qp),

k=—1,0

a (rul?
(4.4) M —0ond ( U ((ak,0)+ Qh)) = ({—a,a}x] = b1,0]),

ov
k=—1,0

{ Thug)(',lﬂz) is 2a-periodic in &1 Vxy €] — by, 0].

By choosing Thug) as test function in (4.4) and making use of Prop. IX.3 in [8] and (4.3), it

results
T] u(i) < |7 u(i) <
8,
k=—1,0 "
. of,
<ot %] :
LQ( U ((ak,0)+9h)) ' L2< U ((ak,O)—l—Qh))
@ k=-1,0 k=—2
4 || 0f" 4z
=113 ;jl <5 VheN
L2(y,
and the thesis holds. 0

Proof of Proposition 4.1. By choosing ¢ = ugf), 1 = 1,2, in Lemma 4.2 and making use of

Lemma 4.3 and Corollary 3.4 we obtain
(4.5) 1Qnul | g1+y < ¢ VheN Vie{1,2},
where c is a constant independent of h. The estimate (4.1) follows from (4.5), by setting

Py = (Qn,Qn) Vh €N,



5. PROOF OF THEOREM 2.1.

By virtue of Proposition 3.1, Corollary 3.4 and Proposition 4.1 there exist a strictly increasing
sequence of positive integer numbers {h }ren, vt in (Hl(Qﬂ)Q, u” in (Hl(Q*))2 N (L= (Q7))?,
w* in (L2(Q) 2z in (L°(Q)? and d, e in (L2(Q1))? such that

Py, up, — vt weakly in (Hl(Q+))2
P

5.1
(5.1) and strongly in (LP(QM))* Vp € [1, 40|,
(5.2) up, — u weakly in (l&fl((f))2 and weakly x in (LOO(Q*))2,
(5.3) Uny, — fu* weakly + in (L=(Q1))?,
(5.4) Uy |tn, | = 2 weakly » in (L®(Q))?,
(5.5) Oun, d weakly in (L2(Q1))?

' 0z ’

5’26\;; . 2/ 2

(5.6) — e weakly in (L*(Q))7,

8562
as k diverges.

Since
XQthEPhkuhk = Xay, rslhy 2. inY VkeN,
from (2.3), (5.1) and (5.2) it follows that
um =u" ae inX

and consequently

+ O
(5.7) u-{ T a.e. in

u ae in Q- © (Hl(Q)) '
On the other hand, since
XQZkPh’“uh’“ = up, a.e. in QF VkeN,
from (2.2), (5.1) and (5.3) it follows that
(5.8) ut =u* ae. in QF
and consequently

(5.9) u e (L>(Q))?,

where u is defined in (5.7).
By combining (5.1) and (5.2) with (5.7) and (5.9) we obtain (2.7).

10



Now let us prove that

2 . +
(5.10) Z:{ Olul>u a.e. in QF,

|ul?u a.e. in Q.

To this purpose, first let us verify that
(5.11) | Py, up, |* — |u|? strongly in L?(QT),
as k diverges. In fact, Holder’s inequality provides that

11 Puyune = [l 22y < 2 /Q P un, = uf? (|Phun o+ [u) de <
g 2thkuhk - u||?L4(Q+))2 <”Phkuth?L4(Q+))2 + HUH?L4(9+))2) Vk € N?

from which, by virtue of (5.1) and definition (5.7), convergence (5.11) follows.

Since

Ui [un > = wny |Poyun, | ae. in QF k€N,

by making use of (5.4), (5.3), (5.8), (5.7) and (5.11), we obtain z = f|ul?u a.e. in QF. The
identification of z on 2~ is similar.

By following arguments identical to those used in [12] Proposition 2.2, it is easy to prove that

(5.12) e= 9(;9;;; a.e. in Q.

Arguing as in [10], let us prove that
(5.13) d=0 ae. in Q.

Let {wp }hen be a sequence in H'(Q2F) N L*°(Q) such that
(5.14) wy, — o1 strongly in L>°(Q1)

as h diverges and

Dwj, =0 ae. in Q VheN.
The existence of such sequence is proved in [10] (see also [12], Lemma 4.3).

JFrom (2.6) it follows that

/ (Dup, Dv — up, v + [up, [*un,v)de =
Q

(5.15) :
= / Xay, fvdz Vv e (H'(Q))” VkeN.

Q
By choosing v = wy, ¢, with ¢ in (CgO(Q+))2, as test function in (5.15) it results

/+ (wny Dun, Do — wh, U @ + why |y |*un, o) da =
Q

(5.16) 2
= /Q+ XQhk’whkfcpda; Vo € (C§°(§2+)) vk € N.

11



By passing to the limit, as k diverges, in (5.16) and by making use of (5.14), (5.5), (5.6), (5.12),
(5.3), (5.8), (5.7), (5.4), (5.10) and (2.2), it results

o2 ou 0

/ <£L’1d + $19*£ — x10up + 3310|u|2ug0> dr =
(5.17) O+ I T2 X9

:/ b1 fodn Vg € (CE(Q))7
O+

On the other hand, by passing to the limit in (5.15) with v = z;p as test function and by
making use of (5.5), (5.6), (5.12), (5.3), (5.8), (5.7) (5.4), (5.10) and (2.2) it results

/ (mld&’p +dp + 9310@8—@ — x10up + x19|u\2ug0> dx =
ot €1 T2 T2

(5.18)
_ /Q Onfeds Ve e (CFQN)

By comparing (5.17) with (5.18), we obtain
/ dpde =0 Yy e (COH)?,
O+

which implies (5.13).
By passing to the limit, as k& diverges, in (5.15) and by making use of (5.2), (5.5), (5.13), (5.6),
(5.12), (5.3), (5.8), (5.7) (5.4), (5.10) and (2.2) we obtain that u is a solution of (2.10).

To prove the convergence of the energies, let us choose v = uy, as test function in (2.6). Then,

by virtue of (2.7) and (2.2), we obtain

(5.19) lim (|1Dup, |* = [up, [ + up, [*)dz = 9/ fudx + fudz.
k=too Jay,, Qt -

On the other hand, by choosing v = u as test function in (2.10), it results

ou
9 _
(5.20) /ﬂ+ ( Ox2

=0 fudx + fudzx.
Q+ Q-

2
— |ul® + \u!4> dz +/ (\Du!2 — |ul® + \u]4)dx —
0-

By comparing (5.19) with (5.20), the convergence of the energies (2.9) holds. O

Remark 5.1. Let us observe that the assumption f in (L>°(2))? is used to obtain the uniform
estimate in Proposition 3.1. This estimate together with the assumption f in (H'(2))? allows us to
obtain (4.3) in order to prove Lemma 4.3 and consequently Proposition 4.1. Thanks to Proposition
4.1, we have the strong convergence (5.1) in (L”(Q+))2 for every p in [1,4o0[, which allows us to

pass to the limit in the nonlinear term of the Ginzburg-Landau equation (see (5.11)).
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