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Iwasawa modules with extra structures and p-modular
representations of GL2

Stefano Morra

ABSTRACT

Let F' be a finite extension of Q,. We associate, to certain smooth p-modular represen-
tations m of GL2(F'), a module &(7) on the mod p Iwasawa of the standard Iwahori
subgroup I of GL2(F). When F is unramified, we obtain a module on a suitable formally
smooth Fg-algebra, endowed with an action of ¢ (the units in the ring of integers of F)
and an &} equivariant, Frobenius semilinear endomorphism which turns out to be p-étale.
We study the torsion properties of such module, as well as its Iwahori-radical filtration.
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1. Introduction

The p-modular Langlands programm. Let I be a p-adic field, OF its ring of integers and
kr the residue field. The p-adic Langlands program has the ambition to establish a dictionary
between n-dimensional p-adic Galois representation of Gal(Qp /F) and certain p-adic Banach space
representations of GL,,(F'). Such correspondence is expected to be compatible with mod p-reduction

of coefficients and to be realized in the cohomology of suitable Shimura varieties.

This correspondence is nowadays well understood for the particular case of GL2(Qy). The first
breakthrough was Breuil’s classification of the p-modular supercuspidal representations of GL2(Q))
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(cf. [Bre]) and the intertwinings between them (yielding a natural parametrization of their isomor-
phism classes by means of irreducible 2-dimensional Galois representations). The second break-
through was the realization, by Colmez, of a functor from smooth admissible p-modular represen-
tations of GL2(Q,) to Fontaine’s (¢, I')-modules ([Col], §VI).

The last years have experienced an extensive research of a p-modular correspondence for GLo
over finite extensions of Q,. The most striking phenomenon is the proliferation of supercuspidal
representations (as showed by the work of Breuil and Paskunas [BP] and Hu [Hu]), which does not
seem to find any justification on the Galois side (the irreducible Galois representations of Gal(Q,/F)
are well known since the work of Serre [Se72]). Moreover, by the recent work of Schraen (cf. [Sch]),

supercuspidal representations are not of finite presentations if I is a quadratic extension of Q,.

Although many problems in the category of smooth p-modular representations of GLy(F') are
extremely delicate, the investigations of the last years showed that their approach by Iwasawa
theoretical methods can be extremely fruitful. It is the case for the faithfulness of the action of the

Or
0 1
their presentation properties as G-modules (cf. [Sch]). Indeed, even Colmez’s Montreal functor can

be seen as principle to associate an Iwasawa module to a smooth admissible p-modular representation
of GL2(Qp).

group algebra associated to [ on irreducible supercuspidal representations (cf. [HMS]) or

The aim of this paper is to develop this approach, describing a way to associate to a universal
p-modular representation of GLo an Iwasawa module over a power series ring of characteristic p,
endowed with commuting semilinear actions of &} and a Frobenius morphism .%, and study some
of its properties when F' is unramified.

It turns out that such module is (almost always) torsion free over the Iwasawa algebra of

1 0 . : . . .
{ pOp 1 } but, at the same time, its quotients by certain non-zero sub-modules have dense torsion.
F

Description of the main results. We give now a more precise account of the results contained in
this paper. All representations are smooth, over k-linear spaces, where k is a (sufficiently large) finite
extension of kp. By the classical results of Barthel and Livné [BL94] a supersingular representation
7 of GLa(F) is (up to twist) an admissible quotient of an explicit universal representation (o, 0).

The latter is defined to be the cokernel of a suitable Hecke operator, acting on the compact induction
. GLsy(F)
ndg (g px

of the uniformizer w € F* (Serre weight).

(o) where o is an irreducible smooth representation of GLa(0F)F* with trivial action

From the results of [Mol] the representation theoretic properties of 7(o,0) are controlled by an
explicit sub-I-representation R o & R, ; of 7(0,0), where I is the standard Iwahori subgroup of
GL2 (ﬁp) :

THEOREM 1.1 ([Mol], Theorems 1.1 and 1.2). There is a canonical GLy(Op)F*-isomorphism
(o, O)\GLQ(ﬁF)FX = Roo,0 © Roo,1 where the representations Ra 0, Roo,1 fit in the following ex-
act sequences of k|GLy(OF)]-modules:

0= Vi — indF" " (R () = Rocp = 0

0 Vo — ind7" " (R |) = Rosy — 0

for suitable explicit subquotients V7, V5 of a finite parabolic induction from a smooth character of
the Iwahori subgroup, depending on o.



IWASAWA MODULES WITH EXTRA STRUCTURES AND p-MODULAR REPRESENTATIONS OF GL2

Moreover the I-restriction of R0, Ro,1 fit in the exact sequences
0— W1 —(Ry )" @Ry g— Rooplr =0
0= Wa —=(Ry )" @ Ry 1= Rootlr = 0

where Wy, Wy are appropriate 1-dimensional k[I]-modules and the action of the element [ g (1) }

on the universal representation m(c,0) induces the k[I]-equivariant involution

(%W@%MQQ@J@@Q
(Ul, UQ) — (UQ, Ul)

which restricts to an isomorphism Wy = Ws.

Here, the notation (x)° means that we are considering the action of I on * obtained by conjuga-

00,07 *Yoo,1

0
admit an explicit construction, by “cutting out” the positive part of the tree associated to GLqa(F')
(see [Mol], §3 for more details).

. 0 . . .
tion by the element [ - ] (which normalizes I). Furthermore, the representations R

The universal ITwasawa module and its torsion properties. Let &% Gl be the Pontryagin
duals of R, R, ; respectively. They are profinite modules over the Iwasawa algebra k[[I]] of I.
By restriction, they can equivalently be seen as modules for the Iwasawa algebra A associated to

. . — de 1 0 . . .
the p-adic analytic group U, o { } , endowed with continuous actions of the groups

wOr 1
def | 1 0 taef | 1 OF def [a] O %
F_[O 1+wﬁp}’ UO_[O e and H = 0 [ , a,d € kg
(here, [] : kj — O is the Teichmiiller character). Since I', H normalize U; one sees that their

actions on 8%, &L are semilinear.

The first result of this paper is a precise description of &2 (for e € {0,1}), as a limit of a
projective system of finite dimensional A-modules endowed with continuous actions of ', H, Ugr
(i.e. finite dimensional k[[I]]-modules). From now on, we assume F' to be unramified over Q, and
we write r € {0,...,p — 1}f for the f-tuple paramatrizing the isomorphism class of OlSLs (k)

THEOREM 1.2 (Proposition 3.5). Let ® € {0, 1}. The Iwasawa module &% is obtained as the limit of
a projective system of finite length Iwasawa modules {G;LH }nGQN—1+o where, for allm € 2N +1+e,
n > 2, the transition morphism &) | — &5 _ fit into the following commutative diagram of Iwasawa
modules:

i A/<an—2(7“i+n—2+1)’ i=0,...,f— 1> 1 (1)
A/<X1p"’1(m+n71+1)’ i=0,...,f-1) Hlf;Ol Xf”’2(p(m+n71+1)f(n+n72+1))
projnJrl
S = AJ(XP D o= 1)

Ker(projos) ker(proj, 1)
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where the left vertical complex is exact and proj, ., denotes the natural projection.

We precise briefly the content of Theorem 1.2. The Iwasawa algebra A can be seen, by the Iwahori
and Mackey decomposition, as a k[[I]]-module. We recall that A is a complete local regular k algebra
and we determine (Lemma 3.2) a regular system of parameters Xo, ..., Xy_1 € A, which give rise
to a system of eigenvectors for the action of H on the tangent space of A. All the morphisms in the
diagram (1) are k[[/]]-linear and it is shown (§3) that the ideals of A of the form <Xipn(”+"+1), i=
0,....f— 1>A (where the indices i + n appearing in r;4, are understood to be element in Z/fZ)
are stable under the actions of I'; H, UO+ .

Moreover, we can describe precisely the monomorphisms
in+1) .
S8, o AJ(XP Tt g 1),

deducing an explicit family of A-generators ¢, for &5,
The families ¢, | are compatible with the transmon maps (the image of ¢, | via the transition
epimorphism &}, — &;_; is ¥y ;, for all n € 2N + 1 + e), yielding a set ¥3 of topological

e
A-generators for 63 which is finite if and only if FF = Q, (in which case is a one-point set). In
other words we have an A-linear (and H-equivariant) continuous epimorphism

I A-e—o2 (2)
EISTAN

and the next step is to investigate the torsion properties of &2 :

THEOREM 1.3 (Propositions 7.6, 7.7, 7.9). Let o € {0,1}.

If either f is odd or f is even andr # (...,0,p—1,0,p — 1,...) the module &2 is torsion free
over A and contains a dense A-sub-module of rank one over Frac(A).

If fisevenandr = (...,0,p—1,0,p — 1,...) then the torsion sub-module of G2 is dense in
6.

Finally, if z € 63, \ {0} is in the image of P cys A- € — &2, and M, is the A-sub-module of
&2, generated by x, then the torsion sub-module of &2 *./M, is dense in &% /M,.

We recall that for an A-module M we define its rank over Frac(A) as the dimension of the vector
space M ® Frac(A). We remark that it is not clear, a priori, that the module &2 is of rank one
over Frac(A) (and this should indeed be false, [Schl]).

Even if &2, is not of finite type over A (unless F' = Q) it is possible to determine an Iwasawa
sub-module of finite co-length, which is finitely generated over an appropriate skew power series
ring. More precisely, A is endowed with a Frobenius endomorphism .% : A — A, which is k-linear,
', H-equivariant and characterized by the condition .7 (X;) = X7 |.

We set 621 & ker (6% — &) and, similarly, 622 & ker (&%, — &1); the result is then the
following:

THEOREM 1.4 (Proposition 5.12, 5.13). The module &Z! @ &Z2 is an Iwasawa sub-module of
&% @ &L of finite co-length endowed with an % -semilinear, I', H-equivariant endomorphism F.

The topological A-linearization of F,
AB s (62 @ 622) 25~ 52l @ 622

has an image of finite co-length.

Finally, 62! ® 622 (resp. 62*"!) admits a finite family of generators as a module over the skew
power series ring A[[.F]] (resp. A[[F?]]).
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The family of A[[.Z]]-generators of the module &Z! & &Z2 can be explicitly described as a lift of
the A-generators of the subquotient ker (6% —» 6;{) (cf. Corollary 5.13 and Proposition 5.12). If the
f-tuple r verifies ;1 —r; < p — 1 for all ¢ such family has cardinality f (otherwise, the cardinality
is strictly smaller, cf. Corollary 5.13 and Definition 3.6, where we give a detailed description of the
A generators of the subquotients of the Iwasawa module).

We refer the reader to the paper [Ven|, §2 for the definitions and basic properties of the skew
power series ring A[[.Z]].

The case F' = Q,. If F' = Q, we have a precise Galois theoretic description of the Iwasawa
module 621 @ 622 in terms of Wach modules.

Fix an embedding k — F,, and let ws : GQ , — k be a choice for the Serre fundamental character
of niveau 2, where GQ , is the absolute Galots group of the quadratic unramified extension Q2 of
(w5

Q,. For 0 <r < p—1 we write ind for the unique (absolutely) irreducible G'q,-representation

plr+1)

whose restriction on the inertia Iq, is described by wTH ® wh and whose determinant is w™+!

(where w is the mod p-cyclotomic character).

Under the p-modular Langlands correspondence for GL2(Q,), defined in [Bre], Definition 4.2.4
and realized in full generality by Colmez ([Col]), the Galois representation ind (w5 ™) is associated
to the supersingular representation 7(o,,0) (see §1.1 for the precise definition of the Serre weight
or).

In section 7.3 we verify that the .Z,.-module &Z! @& &Z2 associated to 7(c,,0) is compatible
with the p-modular Langlands correspondence for GL2(Q,). Indeed, the explicit description of the
elements in 42 lets us control in detail the Foo-action on &Z! @ &22.

It is therefore easy to compare such .Z.-action with the Frobenius action on the Wach modules
associated to crystalline Galois representations and we get:

PROPOSITION 1.5 (Proposition 7.11). Let 0 < r < p—1, and write x(g,1) for the crystalline character
of GQ , such that x(1)(p) = 1 and with labelled Hodge-Tate Weights —(0,1) (for a choice of an

G
lnd Qp T‘+1

embedding Q2 — Qp) Define the crystalline representation Vr+1 X(0.1)"

Then we have an isomorphism of p-modules
62 8622 5 N(Vyi)

where N(VTH) is the mod-p reduction of the Wach module associated to V,41 and Gfol &) 6?02 is
the Iwasawa module of Theorem 1.4 (endowed with the ¢ action defined by Fo).

We recall that the mod p-reduction of V;1 is the dual of ind(w5™™), in particular the statement
of Proposition 1.5 is consistent with the p-modular Langlands correspondence for GL2(Q)).

Radical filtration on the universal Iwasawa module. We finally focus our interest on the
radical filtration for the module &¢_. Indeed, even if we have the surjection (2) we point out that none
of the composite morphisms A — &2, (which are almost always monomorphisms) are equivariant
for the extra actions of T’ UJ.

Our results give a new, much simplified proof of the main theorems of [Mo2] describing the socle

filtration for the representations R, ,, avoiding almost completely manipulations on Witt vectors.

The first result in this direction is the proof that the A-radical filtration on A is stable by the
actions of T, Ugr
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PROPOSITION 1.6 (Corollary 4.5). For any k € N the k-th power m* of the maximal ideal m of A
is endowed with a continuous action of I, Uar , which is trivial on the quotient

mk /mk+(p—1) )

In particular, the k[[I]]-radical filtration on A (seen as a k[[I]|-profinite module) is described by
the A-radical filtration.

Since G2, |a is free of rank one if F' = Q,, Proposition 1.6 together with Theorem 1.1 give
another proof of [Bre], Théoreme 3.2.4 :

THEOREM 1.7 ([Bre|, Théoreme 3.2.4, Corollaire 4.1.4). Assume F' = Q,, and write I(1) for the
pro-p Sylow subgroup of the Iwahori I. For any r € {0,...,p — 1} we have

dim (7 (r, 0)1(1)) =2

The action of I' being by k-algebra endomorphisms, the main difficulty to deduce Proposition 1.6
consists in the control of the UO+ -action; this is done by a delicate induction argument (Proposition
4.4). The statement of Proposition 1.6 is expected to be false as soon as F' ramifies over Q,, : the
k[[I]]-radical filtration on A does not coincide with its A-radical filtration.

Similarly as we did in the paper [Mo2], the next step is to control the action of k[[I]] on the
graded pieces Kerp 1 = ker (&2, — &5 _;). The result is the following:

PROPOSITION 1.8 (Proposition 6.1). Let n > 2. For any k > 0 the A-sub-module m*Ker, 1 is
endowed with a discrete action of T, Ugr , which is trivial on the quotient

mFKerppy /mF e Dicer, .

In particular, the k[[I]]-radical filtration on Ker, 11 (seen as a k[[I]]-profinite module) is described
by its A-radical filtration.

We can state a similar but less precise result for Kers, depending on some weak regularity
conditions on the Serre weight o. This discrepancy reflects a similar phenomenon on the represen-
tation theoretic side, for a certain, “small”, sub I-representation of R;,O (cf. section 5.1.2 and the
representation (R1/Ro)t in [Mo2]).

As for Proposition 1.6, the main difficulty in Proposition 1.8 is the control of the action of Uar
(again we need an inductive argument) and we use in a crucial way some of the properties of the
Frobenius % on A.

The last step in order to recover the k[[I]]-radical filtration on &2 consists in an appropriate
“gluing” of the filtrations obtained by Proposition 1.8 on the subquotients {ICern+1}n CIN+1te" The
argument is now mainly formal (as happened for the representation theoretic approach), based on

general estimates on the A-radical filtration for &3, .

THEOREM 1.9 (Proposition 7.1). Let @ € {0,1} and, for k € N, write .%, for the closure of m*&?,
in &%,. Assume for simplicity that |r;, —ri,| <p—1 for all i1,is € {0,...,p — 1}.

Then the A-linear filtration {7}, e coincides with the k[[I]]-radical filtration on &3.

We remark that we can find an explicit sub-module G223 < ker (&Y, — &Y) for which the result
of Theorem 1.9 can be strengthen, without assumptions on the Serre weight o:

THEOREM 1.7°. For k € N, write .9, for the closure of m*&Z3 in &Z3 (resp. for the closure of
kGI in &L
m*S_ in 6).
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The A-sub-module %} is endowed with a continuous action of T, Ugr, which is trivial on the
quotient

Ii] Tt(p—1)-

In particular, we are able to describe the isotypical components of for cosocy (6;0), the
Ek[[I]]-cosocle of &2,. If x is an irreducible k[[I]]-module, we write V(x) to denote the x-isotypical
component of the k[[I]]-cosocle of G2 and the result is the following:

COROLLARY 1.10 (Corollary 7.3). Assume that either f is odd or f is even and r # (...,0,p —
1,0,p—1,...). Then

-1 .
COSOCK[[1]] (6%) =V(x—) @ @ V(xpdet Ea P (ri+D)
i=0
f-1 _
cosocyn) (6%) = V(xadet ™) & PV (xudet a4
i=0
where
dim(V (x—y)) = dim(V (xdet ) = 1,
: e pirl)yy 00 foralli € {0,...,f —1} if F # Q,
dim(V (xydet " ) { 0 forallie{0,...,f -1} if F = Q,.

We have a similar result for the special case where f is even and r = (...,0,p—1,0,p—1,...)
(cf. Corollary 7.3). Here, x,, a are the smooth characters of I characterized by

X«[% &}>:@iﬁm %[@ &}>:“ﬂ

Organisation of the paper. The paper is organized as follow.

In section 2 we recall the structure theorems for universal p-modular representations of GLo
(Theorem 2.1), describing the construction of the representations R 0> R 1 as it appears in [Mol],
3.

We subsequently dualize these constructions in §3. After recalling the main formal properties
of Pontryagin duality for compact p-adic analytic groups, we determine the dual of a Serre weight
(§3.2), thanks to an appropriate choice of a regular system of parameters for the Iwasawa algebra
A. The description of the universal modules &2 follows finally from the construction of the Hecke
operator T' (3.3). The main result is Proposition 3.5, where we give a precise account of &2 as a
k[[I]]-module.

Section 4 is devoted to the investigation of the A-radical filtration on A with respect to the extra
action of the groups I', UO+ and the main result is Corollary 4.5.

In §5 we study the Frobenius .# on A and its relations with the universal modules G2 . After its
formal definition (as a morphism between certain Iwasawa modules, §5.1) and its first properties,
we recall the constructions of [Ven] on the skew power series ring A[[.Z]] (§5.1.1). We subsequently
deduce, in §5.2, the behavior of .# with respect to certain modules (associated to the projective
system defining &2 ) and we conclude (section 5.3) with the construction of a Frobenius, with a
p-étale action, on an appropriate sub-module of &% of finite co-length. Moreover, we show that
such sub-module is of finite type over the skew power series ring A[[.Z]].

Section 6 is concerned with the k[[I]]-radical filtration for certain subquotients Ker, 1 of &2.
The techniques are similar to those of §4 and the new ingredient (in order to control the action of

7
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Ugr ) is the crucial use of the properties of the Frobenius. We remark that the behavior of Kery, 11
is different for n = 1 and n > 2. The main result is Proposition 6.1.

Finally, the results of §6 and §4 are used in section 7.1 in order to recover the k[[/]]-radical
filtration on &2, (7.1). In section 7.2 we conclude describing the torsion properties of the universal
module &.

The paper ends (§8) with a brief comment on the parallel constructions for the principal and
special series representations for GLo(F’), where all the results are much simplified.

1.1 Notation

Let p be an odd prime. We consider a p adic field F', with ring of integers O, uniformizer w and
residue field kp. We assume that [k : F,] = f is finite. We write val : F' — Z for the valuation
on F', normalized by val(w) = 1, x +— T for the reduction morphism &r — kp and T — [Z] for the
Teichmiiller lift kY — &% (we set [0] < 0).

Consider the general linear group GL2. We fix the maximal torus T of diagonal matrices and
the unipotent radical U of upper unipotent matrices, so that B &' T x U is the Borel subgroup of
upper triangular matrices. We write .7 for the Bruhat-Tits tree associated to GLa(F) (cf. [Ser77])

and we consider the hyperspecial maximal compact subgroup K & GL2(OF).
The following subgroups of K will play an important role in this article:

w10 aer [ 1 0 4 def
Yo _[wﬁp 1}’ F_[o 1+wﬁp]’ Uy = U0r).

The natural reduction map T(0Fr) — T(kp) has a section (induced by the Teichmiiller lift) and we
define H to be its image.

For notational convenience, we introduce the following objects

w { (1) (1) } € GLy(F), o { ; (1) ] € GLy(F),  Ko(w)“ red” (B(kr))

(where red : K — GLg(kp) is the reduction morphism).

Let E be a p-adic field, with ring of integers ¢ and finite residue field k (the “coefficient field”).
Up to enlarging F, we can assume that Card (Homp, (kp, k)) = [kp : Fp).

A representation o of a subgroup H; of GL3(Q,) is always understood to be smooth with
coefficients in k. If h € H; we will sometimes write o(h) to denote the k-linear automorphism
induced by the action of h on the underlying vector space of . We denote by (o)t the linear space
of H; invariant vectors of o and by (¢)p, the linear space of H; co-invariant vectors.

Let Hy < H; be compact open subgroups of K. For a smooth representation o of Hy we write
indg;a to denote the (compact) induction of o from Hs to Hy. If v € 0 and h € H; we write [h, v]

for the unique element of indgio supported in Hyh~! and sending h to v. We deduce in particular
the following equalities:

n - [h,v] = [h'h,v], [hk,v] = [h,a(k)v] (3)
for any ' € Hy, k € H».

If Z = F* is the center of GLy(F') and o is a representation of K'Z we will similarly write
indg?(ma for the subspace of the full induction InngZJQ(F)U consisting of functions which are
compactly supported modulo the center Z (cf. [Bre], §2.3). For g € GL2(F), v € 0 we use the same
notation [g,v] for the element of indg?(ma having support in KZg~! and sending g to v; the

element [g, v] verifies similar compatibility relations as in (3).

8
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A Serre weight is an absolutely irreducible representation of K. Up to isomorphism they are of
the form

® (det'” @, Sym'"k}) @pypr k (4)
r€Gal(kp/F,)
where r-,t, € {0,...,p — 1} for all 7 € Gal(kp/F,) and ¢, < p — 1 for at least one 7. This
gives a bijective parametrization of isomorphism classes of Serre weights by 2 f-tuples of integers
rrytr € {0,...,p — 1} such that t; < p — 1 for some 7. The Serre weight characterized by t, = 0,
rr =p— 1 for all 7 € Gal(kp/F),) will be referred as the Steinberg weight and denoted by St.

Recall that the K representations Sym’” k% can be identified with kr[X,Y]" | the homogeneous
component of degree r of the monoidal algebra kp[X,Y]. In this case, the action of K is described
by

c d
for any 0 < i < r; and *: Op — kg is the reduction modulo w.

[ a b ] X" E (@X +EY) (DX 4 dY)

We fix once for all a field homomorphism kr < k. The results of this paper do not depend on
this choice.
Up to twist by a power of det, a Serre weight has now the more concrete expression
f-1 )
oy & (Sym" kz)FmbZ
i=0

where 1 = (ro,...,75-1) €{0,...,p - 1}/ and (SymTikz)FrObl is the representation of K obtained
from Sym’¢k? via the homomorphism GLs(kr) — GLy(kr) induced by the i-th Frobenius z — a7’
on kp.

We will usually extend the action of K on a Serre weight to the group KZ, by imposing the
scalar matrix w € Z to act trivially.

Let G be a compact p-adic analytic group (cf. [DDSMS], §8.4). It is a profinite topological group,
with an open pro-p subgroup of finite rank.

The Iwasawa algebra k[[G]] associated to G is the limit of the group algebras associated to the
finite quotients of G:

def

Oc E%nk[G/U]

where the limit is taken over the open normal subgroups U of G (cf. [AB] for the main properties
of Twasawa algebras). If G is pro-p, the associated Iwasawa algebra is a local noetherian regular
domain, whose maximal ideal m is the augmentation ideal:

m=ker(Qg > k) =(x—1, z € G)q,

(notice that the abstract ideal on the RHS is automatically closed since Q¢ is noetherian and
compact). In this case the Krull dimension of the associated graded ring gr (Qg) equals the dimension
of the group G. If moreover G is a finitely generated free abelian pro-p-group then dim(G) is the
Krull dimension of Q.

A module M over the Iwasawa algebra (¢ will always be understood to be a profinite left Q-
module (i.e. an inverse system of finite left Qg-modules). If M, N are profinite left and right Q¢
modules respectively, their completed tensor product is the profinite k-module defined by

def

M&q,N = lim M/M’' ®q, N/N’
—

M’ N

9
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where the projective system is taken over the open Qg-sub-modules M’, N’ of M, N respectively.
We refer the reader to [RZ], §5.5 or [Wil], §7.7 for the basic properties of completed tensor product
of profinite modules.

A k-valued character x of the torus T'(kr) will be considered, by inflation, as a smooth character
of any subgroup of Ky(w). We will write x* to denote the conjugate character of y, defined by
X () = X(wtw)
for any t € T(kp).

Similarly, if 7 is any representation of Ky(w), we will write 7° to denote the conjugate repre-
sentation, defined by

7°(h) = 7(aha)
for any h € Ko(w).
Ifr = (rg,...,74—1) € {0,...,p— 1}/ is an f-tuple we define the characters of T (k):

a 0 def S pir a 0 def ;-1
(6 o]y (G a]) e

If 7 is a semisimple representation of Ko(w) we will write V-(x) (or simply V(x) if the repre-
sentation 7 is clear from the context) for the y-isotypical component of 7; thus

T = @ VT(X)

X€X*(T(kr))

Let ¥ be an abelian category and write €*° for the full subcategory consisting of semisimple
objects; if X € € we can consider the functor

€*° — SLets
Y — Homg (X,Y).

If the functor is representable, by a couple X — @, we define the radical Rad(X) of X to be the
kernel

Rad(X) < ker(X — Q).

If R is a ring which is semisimple modulo its Jacobson ideal J and % is a full subcategory of
the category of left-R modules, then the radical of an object in ¥ always exists and we have

Rad(M) = J - M

for any M € %. In particular, for any object M € ¥ we can define, by induction, the radical
filtration {Rad™(M)}, . by Rad’(M) = M and Rad™(M) = J - Rad™ (M) for n > 1.

The dual notion of the radical filtration is the socle filtration.

We recall some conventions on the multi-index notations. We write a = (a, ..., 1) to denote
an f-tuple o € N/ and if o, B are f-tuples we define

i) o> B if and only if as > f, for all s € {0,..., f —1};
i) a+B= (a+Bo,...,ap-1 %+ Br_1) (where the difference o — 3 is defined only if a > g).

The length of an f-tuple « is defined as |qf £ fo(} as and, for s € {0,...,f — 1} we define the

s=|

element e; = (0,...,0,1,0,...,0) where the only non-zero coordinate appears at position s.

10
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If A=k[[Xo,...,Xs—1]] and o € N/ is an f-tuple we write

-1
def
xe =] xee.
s=0

Finally, we recall that if S is any set, and s1, s2 € S the Kronecker delta 4, ,) is defined by

5 gt [ O if 51 7# 89
(5152) = 1 1 if s = 9.

2. Reminders on the universal representation for GLo

We recall here the definition of the universal representation for GLso, quickly specializing its con-
struction in terms of certain amalgamated sums of finite inductions. The main upshot is Theorem
2.1, which shows that in order to control the universal representation it is sufficient to consider a
suitable sub-representation of the Iwahori subgroup of K. The reader is invited to refer to [Mol],
§2.1 and §3.1 for the omitted details.

We fix an f-tuple r € {0,...,p— 1}f and write o = o, for the associated Serre weight described
in (4). In particular, the highest weight space of o affords the character y,. We recall ([BL94],
[Her1]) that the Hecke algebra J#% (o) is commutative and isomorphic to the monoidal algebra of
N on k:

Hicz(0) = k[T).
The Hecke operator T' is supported on the double coset KaKZ and completely determined as a

suitable linear projection on o (cf. [Herl], Theorem 1.2); it admits an explicit description in terms
of the Bruhat-Tits tree of GLo(F') (cf. [Bre|, §2.5).

The universal representation 7(o,0) for GLy is then defined! by the exact sequence
0 — ind% o EN ind% ;0 — 7(0,0) — 0.

Using the Makey decomposition for the K Z-restriction, we are able to describe 7(c,0)|xz as a
compact induction from an explicit Ky(w)-representation, as we will outline in the following lines.

Let n € N. We consider the anti-dominant co-weight A,, € X (T), characterized by

1 0
@ =] 5 o
and we introduce the subgroup

Ko(w") € (M(@)K(w ) NK = { [ wcflc Z } € K}

The element [ won 0 ] normalizes Ko(w™) and we define the Ko(w™)-representation o™ as

the Ko(w™) restriction of o endowed with the twisted action of Ky(w™) by the element [ 01 ] .

w" 0
Y I e e R B AP )
pc d p"b a

'In the current literature the universal representation is written m(c,0,1). We decided to write m(c,0) in order to
lighten the notations.

Explicitly,

11
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Finally, for n > 1 we write

R;(0) = indggggi) (0(")), Ry, < CosocKO(w)(a(l)).

For notational convenience, we will write Y'* for a linear basis of R . If the Serre weight o is clear
from the context, we write R, instead of R,, (o).

The interest of the representations R, is that they realize the Mackey decomposition for ind% ;o

(ind%za)mz =00 g @indﬁo(w)(R;).

n>1

The interpretation in terms of the tree of GLy is clear: the k[K((w)]-module R,; maps isomor-
phically onto the space of elements of ind% o having support on the double coset Ko(w ) ,(w)K Z.
In particular, if o is the trivial weight, a linear basis for R, is parametrized by the vertices of .7,
belonging to the negative part of the tree and lying at distance n from the central vertex.

The Hecke morphism 7" induces, by transport of structure, a family of Ky(w)-equivariant mor-
def

phisms {(75,)"¢} _ defined on the k[Ko(w)]-modules R, : for n > 2 we have (T7,)"& = T'|p- and,
for n = 1, we define
T _
(T1)"E: Ry —% Ry ®0® - Ry @ Ry

(notice that SOCKO(w)(J(O)) = COS0CK () (R ))-

More expressively, one shows (cf. [Mol], §2.1) that for any n > 1 the Hecke operator (7,,)"¢
admits a decomposition (7,)"® = T,F & T,,; where? the morphisms 7 : R, — R, ., are obtained
by compact induction (from Ky(w™) to K) from the following morphisms:

t:{ co( < indgggzzzd) (n+1)
i : 1 0 .

trir indggg:ll)a(”“) — o™

(1, X"72Y ) s 6, YT
and, for n = 0, we have the natural epimorphism
T : R - Ry
XTIV ey 6,
(this shows that T, are monomorphisms and T, epimorphisms for all n > 1).

The Hecke operators T can be used to construct a family of amalgamated sums, in the following
way. We define R, © RT R5 as the push out:

o -
Ry R,

—Tli VP""Q
Ry =Ry ©p By

2é[ccording to [Mol], the morphisms T;¥ should be written as (T7F)"°8. We decided to use here the lighter notation
T,

12
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and, assuming we have inductively constructed pr,—1 : R, _; - Ry © RD <> R, R, | (where
n > 3 is odd), we define the amalgamated sum R, @ RT ®p- R, ., by the following co-cartesian
diagram:
_ Ty .
Rn( Rn-i—l
—prn—10Ty PTrn+1
v
Ry @Rf Ry @Rg e EBRLz n1Coe= Ry @Rl— Ry EBR; EBR; R;Jrl'

The amalgamated sums R @ Ry Ory R, ., (where n is odd) form, in an evident manner, an
inductive system and we define

— def

Reo= Um Ry @po - Op Ry
ne2N+1
We can repeat the previous construction for n even, defining an inductive system of Ky(w)-
representations R @ Ry ©p- R,y and we write
— def . — —
Ro1 = h_H} Ry @p; o @p; Ry
nE2N+2

The relation between the representations R, , and the universal representation 7(c,0) is de-
scribed by the following

THEOREM 2.1 ([Mol], Theorem 1.1). Let 0 = o, be a Serre weight. The KZ restriction of the
universal representation (o, 0) decomposes as m(0,0)|kz = Roo,0 ® Roo,1 and we have short exact
sequences of K-representations

0 — Rad(x,) — indfo(w) (Rwp) = Roop — 0

00,0
0 — Soc(x}) — indﬁo(w)(RgQA) — Roo—1 = 0
where Rad(x,), Soc(x$) are defined by

r

def =7 def

Rad(x,) = St, Soc(x;) =1 ifr=20
Rad(x,) £ 1, Soc(xs) = St ifr=p—1
Rad(x,) = Rad (indgo(w) Xr)» Soc(x;) & Soc (indgo () Xi> otherwise.
Proof. Omissis. This is Corollary 3.4 in [Mol]. O

We remark that the representations R_ , R, let us control the N-action on 7(c,0) as well.
Indeed, if we define RY , to be the Ko(w)-representation deduced from R
a, we can endow the Ky(w)-representation

R_,®RL,® R, ®RL,

by conjugation by

co,1—e

with an action of IV, by making « act by the involution « - (vg , vy, v7,v7) o (v, vy, vg vy ) for
vy € R%, ,, where € {0,1}, x € {4+, —}.

Then one can show (cf. [Mol], Propositions 3.6 and 3.7) that we have an N-equivariant exact
sequence

0= (vo)r & (vi)r — R o & R0 ® Ry & Ry, — 7(0,0)[v — 0
13
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where ve € Ry , P R;LQ, is an appropriate nonzero, K (w)-fixed vector, affording the character x,
if ¢ =0 (resp. X; if @ = 1) and such that « - ve = v1_e (indeed, the image of v, in qu, is described

by the socle soc g, () (R ))-

3. Dual translation

00,07
their Pontryagin duals &%, &L . We start by recalling some well-known results about the duality
between smooth k representations of compact p-adic analytic groups and profinite modules (§3.1)
and we specialize the construction to the group U . In particular, we determine a family of H-
eigenvectors for the tangent space of k[[U; ]|, which lets us easily deduce the dual of a Serre weight
(3.2). The description of &%, &L follows then by a formal construction, which is detailed in section
3.3.

We fix throughout this section a Serre weight ¢ = o,. In particular, the highest weight space of
o affords the Ko(p)-character x,.

The first step in order to control the representations R R__ | consists in a precise knowledge of

3.1 Review of Pontryagin duality

The aim of this section is to give a precise survey of the main formal properties of Pontryagin duality
for compact p-adic analytic groups. The subject is classical and we invite the reader to refer to the
work of Emerton [Eme], §2.2 or Ribes-Zalesskii [RZ], §5.1 for more details.

Let A be a complete, Noetherian local &p-algebra with finite residue field and let G be a compact
p-adic analytic group (cf. [DDSMS], §8.4).

The category Mod@'(A) of smooth, A-linear G-representations is defined as the category of
locally Artinian A-modules endowed with the discrete topology and a continuous action of G. On
the other hand, we have the category Mody,°(A) of profinite A[[G]]-modules.

We recall the following result

THEOREM 3.1 (Pontryagin Duality). For any compact-open subgroup K of G we have an involutive
anti-equivalence of categories
Modj(A) +— Mod},°(K)
vV — VY.
Moreover, if K1 < K3 are two compact open subgroups of G and V' € Modj| (A) then

(indj2V)" = A[[Ka]|@ ajpaey (V)"

We content ourselves to recall that the dual of V' € Mod§¥ (A) is defined as V¥ & Homg, (V, F/OF),
the latter endowed with the compact-open topology (hence the topology of the simple convergence
as the Op-modules V, F'//OF are endowed with the discrete topology) and the action of K given by

(g- ) E flgv) foranyge K,veV, fe VY.
Conversely, if M € ModP°(A) one consider the topological dual MY = Hom(‘g;i(M ,F/OF),
endowed with the discrete topology and the (continuous) contragradient action of G.

If K1 < Ky are two closed subgroups of G, it is clear that the duality commutes with the
restriction functor Mody, (A) — Mod¥, (A), for * € {sm, pro}. Therefore, if K5 is compact and K

is open, the induction ind[[go is right adjoint to the restriction (Frobenius reciprocity), and hence
we have a natural isomorphism of functors

(indi2 o) 2= A[K IS Ay ()
14
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More generally, for a family { K, },en of compact open subgroups of G such that Koo = [, cn Kn
is closed and V € Mod$*(A) we have ind% V|k., = limind% V|g, and hence
oo — n

n

\Y
(0% Vi ) =t (i, Vi) = tim AIGT® e, (V1) = ALGTB e (Vi)

n

(the last equality clearly holds if G is discrete, and one passes to the inverse limit over the open
compact normal subgroups of G, cf. [RZ], Theorem 6.10.8).

We deduce, using the continuity of the restriction functor and the Mackey decomposition, that
for a closed subgroup U of G we have an isomorphism of profinite A[[U]]-modules

<AHGH@A?’A[[Koou(V|Koo)v>|A[[Uu2 IT  AlUNBagere—rroy (e(VIk)Y) lagerce-1oy (5)
ecU\G/K

We can now specialize the previous construction to our situation.

Let n € N. By the Iwasawa decomposition and Theorem 3.1 we can introduce
_ v _ MV
(Rrilyg )" = KlIUG ) @4y ()Y

It is a pseudo-compact module over k[[U;]] (it is moreover of finite length over k, since w"Uj is
open in U, and o is finite dimensional). We will simply write S, 11 instead of Sy, +1(0) if the weight
o is clear from the context. Since R, is endowed with a smooth action of I', H, USF we deduce
that S,,+1 is endowed, by functoriality, with &r-linear, continuous actions of the subgroups H, T,
Uy (obviously, the same holds true if we replace S,,+1 with any other object in Mody? (pw)(k‘)).

def

Sn+1(0) =

We will say that 5,11 is an Twasawa module with extra structure or, simply, an Iwasawa module.
We will call it a k[[U, |]-module when we consider S, 41 as a module over the algebra k[[U;]] via
the forgetful functor.

For ease of notation we set A = k[[U;]]. We notice that, by (5), A is itself an Twasawa module,
since

(kI ()N Enisco ooV iy = FITG T (6)

where we have defined Ky(p™) 4 N Ko(»").
neN

As T, H normalize U it is easy to see that their induced actions on A (via (6) and the contra-
gradient action on the LHS) coincides with the action induced on A by I', H-conjugation:

T1 0] [ 1 o0
’wal_wvyxl

In particular, I';, H act on A by local k-algebra endomorphism. Similarly, the action of I, H on
Sp41 are semilinear (notice that T' acts trivially on o).

forany y €T, H, x € OF.

The finite torus H acts semi-simply on the tangent space of A and we are able to determine,
in the unramified case, a regular system of parameters for the maximal ideal m of A, formed by
H-eigenvectors.

LEMMA 3.2. Fori € {0,..., f — 1} define the following elements of A:

| def | 1 0
X E ) A [p[k] l]eA.

ek}

15
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The family {Xo,...,X¢_1} is a regular system of parameters for the maximal ideal m in A and H
acts on X; by the character a?'

Proof. We have to show that the elements X; form a linear basis for the tangent space of A. This
is equivalent to ask that the discrete A module

KU /pU3 )| = KU /U] 2 KUG | @0, 1
admits the images of the elements X; as a linear basis for the first graded piece in its radical
filtration.

We can now apply [Mo2], Proposition 4.4 (with m = n = 1), noticing that X; is nothing that
the element F;S)l— e in the notation of loc. cit.

The statement about the action of H is an easy check. O

For n > 1 consider the natural injection Ko(p"*!) < Ko(p). It induces a monomorphism of
Iwasawa algebras, hence a morphism of Iwasawa modules

RIEo (P ) )@k T = kKo@) @rrco ey 1 (7)
If we restrict this morphism to k[[p"U, ]] we deduce, from (5), a monomorphism of Iwasawa algebras
k[[p"Ug ] = KU 1]

induced from the inclusion p"Uy — U .
Define the following elements of k[[p"Uy ||:

nde i 1 0 e
szfn = Z AP |:pn+1[)\] 1 ] € /ﬂ[[p UO H
ek}

where the indices ¢ — n appearing in ijn are understood to be elements of Z/fZ.

As in the proof of Lemma 3.2 one sees that the elements Xffn, fori =0,...,f —1, form a
regular system of parameters for the maximal ideal of k[[p"U; ]|, and moreover each Xffn is an
H-eigenvector, of associated eigencharacter a™?".

We deduce that the morphism of k-algebras
k[lp" Uy 1 = E[[Ug 1] (8)
is the natural morphism induced from (7) by restriction to k[[p"Uy]] (i.e. is compatible with the
extra structures on both sides of (8))

3.2 The dual of a Serre weight

We realize here the dual of the Serre weight o = 0, as a suitable explicit quotient of the Iwasawa
module A. We will use in a crucial way the H-eigenvectors decomposition of the tangent space of
A given in Lemma 3.2. Thus, from now until the end of the paper, we will assume that [ is
unramified.

PROPOSITION 3.3. Let 0 = 0, be a Serre weight and let x, be the character of T(kr) associated to
a highest weight eigenvector v, € o. Let n > 1.

If dimy (o) # q then the following Hom spaces are 1-dimensional,
n) - K i s . K i n
Hompg, iy (0™, indi* 01 x3) = (@n)i Homigy o (indi 001 e, o) = ()i
and ¢, (resp. 1) is a monomorphism (resp. epimorphism).

16
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If dimy (o) = q the following Hom spaces are 2 dimensional
n) - Ko(p™ s ~ . Ko(p™ n ~
HomKO(pn)(g( )7degg”)+1)X£) = (n, On); HomKO(pn)(deggn)H)XD ol )) = (Y, Vn)k

and ¢y, V¥, are isomorphisms, while ¢,,, 1, have one dimensional image.

Moreover we have exact sequences of k[[p" U |]-modules with extra structure

0 — (XP" 0D =0, 1) = k[ Uy /U] @k (xedet ) — (a<">)V =0 (9)

(™) = kp" Uy /p"Uy ] @k (xidet ™) — (k[p" Uy /p"Uy ] @5 (x3det™ /<H ) )
(10)

Proof. We start from the the exact sequence (9). Notice that the action of Ky(p™) on v, in the
twisted module o™ is given by Xy» whose dual is the one dimensional Iwasawa module, with trivial
actions of T', Uy", k[[p" Uy ], and the action of H given by the character (x5) ™t = xrdet™™

We see that the Ko(p™t!)-restriction of o™ is described by

ooy = €D xzal.

0<j<sr
If dim(o) # g, the H-character of o are all distinct so that the Hom space

Hom g (pnt1) (0(”), Xr) = Hompe () (a(”), indgg gz:ll)xi)

is one dimensional.
Moreover a k-generator ¢, is an injective morphism: the space of p”flUO_ -invariants of o(® is
generated by v,, and, by construction, (¢n(v£))(1) is a linear generator of x; in particular it is
n—lrr—
non-zero. Therefore (ker(qbn))p Yo — 0, and the claim follows as p”_lU(; is a pro-p group.

If dim(o) = ¢ then the lowest weight vector v(*) and the highest weight vector v, are the only
H-eigenvectors of (™ affording the character Xr- We deduce two linearly independent morphisms

b, I € HomKO(pn)(a("), indgggzzﬂ)xz)

characterized by (¢n(vy))(1) = e and (g;n( 2)))(1) = e for a linear generator e of X;- As above, we

see that ¢, is a monomorphism (hence an isomorphism for dimension reasons) and that soc(a(”))

is a subspace of ker(gzﬁn) As the characters of the socle filtration for ind Kog nll) X, are all distinct

except for the those appearing in the socle and the cosocle we deduce that ¢, has to factor via
cosoc(c™) into a non-zero morphism.

Passing to duals we deduce an epimorphism of Iwasawa modules with extra-structures
K" Uy J9"Uy | @ (xpdet %) & (6)” 5 0.
which is an isomorphism if dim(o) = g.
Assume dim(o) # ¢. By counting dimensions, the equality
ker(¢¥) = (XP" 0D =0, f—1)
is established once we show that X7~ n+(1”+1) € ker(¢Y) for any i = 0,..., f — 1.

This is immediate, since the H eigencharacter of (U(”))v (which are all distinct) are described

17
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(™) 1r = @ (xpdet o’

0<j<r

while H acts on le n+(1”+1) by (Xidetfﬁ)a*(rﬂrl)ei

The proof of the existence of the natural exact sequence (10) is similar and left to the reader,

noticing that cosoc((a("))v) = (soc(a(”)))v = (x§)" and that the H-eigencharacter of Hf L " =)

i—n+1
is (x3)". O

3.3 The dual of the universal module

In this section we complete the dictionary between the representations R , and the corresponding
Pontryagin dual &%_. We first describe the dual of the Hecke morphisms 77 in terms of Iwasawa
modules, hence the realization of the pseudo-compact Iwasawa module G2 as a limit of certain
explicit subquotients of A.

Let n > 2. Recall (§2) that the Hecke morphism T+ | is obtained as the induction, from Ko(p™~ b
to Ko(p), of the Ko(p"~!)-equivariant morphism

n=1) md E n) 1)0(”).

Let K1(p") be the maximal pro-p subgroup of Kg(p"). Since it is normal in Ko(p"~!) and it acts
trivially on o("1) we deduce a factorization

t: 1:0(

o(n=1) —— in@ " ) ;) (11)

Ko(p™)
TW\ J\

1ndK°( n )XS
Ko(pm) AL
. . : . s ~ (- (n)\K1(P")
where the vertical arrow is induced from the isomorphism x; — (a ) .

If dim(o) < ¢, the diagonal arrow is deduced to be equal to ¢,—1 (up to a scalar) by Lemma
3.3; an easy check on the definition of £} ; shows that this is the case also for dim(c) = ¢.

Dualizing (11) and using Lemma 3.3 we obtain (we omit the twist by (Xg) not to overload the
notations)

(U(n—l))v«ik[[pn—%]l)—”@k n— 1U /< I Hrit1) , z’:O,...,f—1>

n+1

El[p" 205 1 ® (xes)”

where the vertical arrow is induced by base change from the projection (a(”))v —» (Xz)v and the

tensor product is over k[[p" U, ]]. We conclude from (8) that (T, ;)" is the natural projection for
any n = 2.

We turn our attention to (7)Y, for n > 1. Again, the Hecke morphism 7}, is obtained as the
induction, from Ky(p™) to Ko(p), of the Ky(p™)-equivariant morphism

tn deOE n-)yl)o'(n+1) - O'(n)

Since K (p"t!) (the maximal pro-p subgroup of Ko(p"t!)) acts trivially on ¢(® and is normal in

18
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Ky(p™) we deduce a factorization

ind o) o0 e () (12)

|

lndKO Epnll ) X

where the vertical arrow is induced from the isomorphism (a("+1)) K1 (o) = X

If dim(o) < ¢, the diagonal arrow is deduced to be equal to ¥, (up to a scalar) by Lemma 3.3;
another easy check on the definition of T, shows that this is the case also for dim(o) = q.

Dualizing (12) and using Lemma 3.3 we obtain (again omitting the twist by (X;)v in the first
line not to overload the notations)

Kl Uy ) @ k(U /(X i =0, f = 1) <R[ U X i =0, f 1)

K" U 11 @ ()

where the vertical arrow is induced by base change from the injection
v - 1)
Ot) " = k[[p"Uo e () /(X i=0,. f 1)
1 H X
the diagonal arrow is deduced Lemma 3.3 and the tensor product in the RHS is over k[[p"U; |].

We obtain, using (8),
PROPOSITION 3.4. Letn > 1.
The dual morphism of T,f : R, ® X%, = R, 1 ® X%, is described by the natural surjection:
AJXP D) o 1) o AP et g f 1),

The dual of the Hecke morphism T, | : R, ., ® x2, — R, ® x%, is described by the monomor-
phism:

AP et g 1) e AJXT ) o f 1)

f—1
1 — H Xipnil(p(ri+n+1)_(7'i+n—1+1))'
=0

Finally T\” : R1 — Ry is dualized to the natural morphism

()" = Ao () /(XD =0, f —1)

-1
1~ HXZ’

Proof. This is deduced from the previous discussion for n > 1. The case n = 1 is immediate. O

We can now describe precisely the Pontryagin dual &2, of R, , as a projective limit of certain
explicit Iwasawa modules of finite length. More precisely
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PROPOSITION 3.5. Let 0 = o, be a Serre weight. For e € {0,1} there is an inductive system of
Iwasawa modules

n

: _»SO XS.+1 e Xg Sn+1 —»SO XS.+1 XSn72 Snfl e _»SO

such that, for all n > 1, the transition morphisms fit into a commutative diagram with exact rows:

0 —> Kerpi1 —> -+ Xg, Spi1 —=** X8p_p St — 0 (13)
Snfl
(Tw)Y
(T4)Y
0—— Kern—&-l Sn—i—l Sn 0
p? L (ri 1) .
and where Kerpy1 = <Xi_n+1 , i =0,...,f — 1> < Sn+1- In particular, for n > 1 the fibered

product Se Xs,,, - -+ X5, Spy1 is realized as the sub-module of Sy, 11 generated by the elements:

. f-1 _
def P2 T (riyojre+1) XZ?:zle-‘-.(Tl+s+1)1’s(—1)s+°
€2(j+1)+e,i = Ay l

=0

fOI‘i:Oj_..,f_Lj:O,_”’n_Tl_' and

n—1 s(_1\s
a) if ® =0, the element ey £ ]_[;:Ol X;HZS:O (riatp*(=1)7,

n—1 s(_1\s+1
b) if e =1 the element e; = {:01 XZZS:O (it P (1"

Note that, a priori, it is not obvious that sub-module of 5,11 generated by the elements listed
in Proposition 3.5 is stable under the action of T, UO+ .

Proof. The fibered products Se xg,,, - - Xg, Spt1 are defined inductively through the morphisms
(T:£)Y in the evident way: if we assume the injection SeXs, ;. . .5, _» Sn—1 = Sn—_1 being constructed,
we define S¢ Xs,,, -+ Xs, Spy1 through the following cartesian diagram

Se XSiq XS, Sn1 > Se XGgyy * 0t X8,_1 Sn—1
)

V +\Vv
St () s,

where the upper (resp. left) dotted arrow is an epimorphism (resp. monomorphism) by base change.
This shows that Se Xs,,, ...5, Snt1 is the Pontryagin dual of Re ©g,,, -+ ®R, Rny1.

The commutative diagram (13) is obtained by the universal property of the fibered product
Se XSgi1 -+-S, Snt1; an easy diagram chase shows that the upper row is indeed an exact sequence
of modules.

The realization of S Xg,,, .. .5, Snt1 as an explicit sub-module of Sj, 11 is an elementary induc-

n—1(..
tion, using the definition of the morphisms (7}, )" and noticing that Ker,1 = (X} (”+"_1+1), 1=

0,...,f—1>forn>1. O

We can now introduce the universal Iwasawa module associated to the representation (o, 0):
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DEFINITION 3.6. Let n € 2N + 1 + o, where ® € {0,1}. We define the Iwasawa modules

:L+1 d:dSO XSet1 " XS, Sn-i-la 6;0 = hén 6:1+1'
ne2N+1+e
Similarly, if m € 2N 4 1 + e, we define
CH = ker (67.14-1 - 6%—1>, SZ™ = ker (6;0 — 6:n_1>.

By Proposition 3.5 we can deduce an explicit family of A generators (resp. topological generators)
for the modules &, 1, 651”1 (resp. Goo, BGZM).

Indeed, by the construction of the elements ey 1)4e,; We see that
ea(j+1)+e,s =0  if and only if  (7i12jte, Tit2j4et1) = (p—1,0)

and the sets

o def n—1—e

i1l = 1€2(j+1)+e,is Ce; TOr0 < j < — i€40,...,f =1} st. (Ti42j+e: Tit2j+0+1) # (P — 1,0)}
G {ea(jr1) e for m%k. <j< %Ha i €40,...,f =1} st (Fiyojre, Tisojrer1) # (0 —1,0)}
give a family of A-generators for the modules &, ifl (where m € 2N + 1 + o).
Moreover, for any 0 < j < 2=2=* the families 5(j+1)+e’ 4, = {es} (resp. g;(ﬁl)“) are com-

patible with the transition morphisms

&1 — 65(]'+1)+-

= =
(resp. &7} — 62(?-1—1)-1—. )-

Therefore, we deduce a set of topological A-generators for the modules &2, G2
G2 = {ea(is1)reir €o, forj €N, i€ {0,..., f — 1} st (Tig2)1es Tit2j1es1) # (P — 1,0)}
e . m—1—e |
G2 = {eajt1)re forj > o €0, f = 1} st (Tig2jbe, Tivjrert) 7 (0 = 1,0)}

such that, for any n € 2N +1+e,i € {0,..., f =1}, we have proj1(eny1:) = eny1,i € 6;,4 (where
pros1: 6% — &) is the canonical projection).

4. A filtration on monogenic Iwasawa modules

The first step in order to control the universal modules G2 lies in a precise knowledge of the
I, UJ—stable sub-modules of Sy,41.

This is a delicate problem: the action of I" on the regular system of parameters X; in A is rather
subtle and our first approach is to work by successive approximation by appropriate p-th powers of
the maximal ideal m of A. An explicit control of the Ugr -action is expected to be even more involved.

In this section, we want to show that the filtration by the maximal ideal m of A is stable by the
extra action of I' and U(T . More precisely, we see that the action of T, U(T is trivial on a graded
piece m* /m**¥ if 0 < i < p— 1. Note that a non zero element of m can not be fixed by I', by [HMS],
Théoreme 1.1.

Recall (6) that A has a structure of an Iwasawa module via the isomorphism

(k[[KO(P)H®k[[B(ﬁF)mKo(p)]}1) |4 — A.
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Moreover, A is endowed with a valuation

A2 N U {o0}

Z’%Xi}—) min{|j|, j s.t. Kj 7# 0}.
J

We are going to show that ord is compatible with the action of I, UJ and, even more precisely,
PROPOSITION 4.1. Let g € I', Uy and P(X) € A. Then
ord((g = 1) - P(X)) > ord(P(X)) + (p — 1).

The proof will occupy the rest of this section.

Recall that A is endowed with a Frobenius homomorphism ¢ defined by ¢(X;) = X?. For k € N
we write ((f)k (m)) for the ideal of A generated by the image of m via the k-th composite of the
Frobenius ¢*. Notice that any element P(X) in (¢*(m)) verifies

ord(P(X)) > P~
The following obvious result will be used constantly:

LEMMA 4.2. Let n € N and z € Op. In the Iwasawa algebra A we have:

10 val(z)
[pz 1] €el+o¢ (m).

Proof. Writing z = p*®(®) 2y we have

EIR(E) .
(4 2]

and the result follows since the maximal ideal of A is the augmentation ideal. O

val(z)

We start from the action of I':

LEMMA 4.3. Let y=14+px € 1 +pOr = T'. Then, for any i =0,..., f — 1 we have
- X, = X; + (¢val(aﬁ)+1(m)>'

In particular, if j € N/ we have

- 7]7 — Xl + ZXZ—1(¢val(x)+l(m)) |1‘

20

Proof. We have, writing z & p[A]z
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X = AP
7 2 PN+ PPN 1 }
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o Z}\_pi [ ]. O 1 0
N plA] 1 pz 1
Ak -
il 10 val(z
e e
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where the last equality follows from Lemma 4.2.
The second statement is then clear, as the elements of I' act by k-algebra endomorphisms. [
The action of UO+ is more complicate to clarify: as the group UO+ does not normalize U, its does
1
not act by ring endomorphisms on A. Notice that for x € Or and j > 1 the action of [ v ] on

0 1
the Iwasawa algebra k[[p’~1U;]] is obtained, by linearity, from the following continuous maps

ﬁ’p ﬁ’p
2 Z(_pjx)kzk—H
k=0

in the sense that

{éf][;z?}:[w¢;@¥”[l+gm Lﬂé%ﬂ@][éxu+?mrl(m)

In order to shorten the notations, we will write J, S 021 when j = 1.

PROPOSITION 4.4. Let x € O and X2 € A. Then we have

[éf]ﬂzﬂ+zw%wmﬂmﬂ

iZ0
Proof. We recall (6) that the action of U; on A is induced by the A-linear isomorphism
A = (k[[Ko(P)|®rB(or)nKoe ) |4
Xl — XI®1.

Notice that left hand side is just a module over k[[Ky(p)]].
We are going to prove the result by induction on the length of j.
For j = e; we deduce form (14):

2L men- 2oLty 10 ]

1 0 1 0
AP ®1
2 { 1 } [p(dz([)\]) - 1 }
Aek)
— (X’L + (¢Ual(x)+1(m))) ®1
where the last equality is obtained from Lemma 4.2 noticing that val(d,([A]) — [A]) = val(z) + 1.

We treat now the inductive step.
Let i € {0,..., f — 1} be such that j; > 0. We then have, from (14)

1 =z i 1 0 1+ px[A] x e
J J—¢€i
o 3] aen=(o [ VTP 1 ) o1
A€ kx
The inductive hypothesis let us write
1 x(l —i—pl’[}\])_l j—e; _ |—e; j—e; —1 ( qval(x)+1 2|
[o ) Xigl=(XI +Z§Xﬂe Lgvel@  m) ") @1
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and, by Lemma 4.3 we deduce

1+ pa[)] 0 | vi—ei—l(val(z)+1 Y _ j—ei—l-U ( yval(z)+1 li+|
[ 0 1 — pads([N) ] (X ("7 (m)) > %X (" (m)) =
Thus,
1+ px[)\] z . Jj—ei — Jj—é; Jj—ei—l val(z)+1 ||
[ 0 1 — pady([\) } (X ®1) (X] + @ZOX] (¢ m)) > ®1 (16)

and we deduce from (15) and (16)

o 1= 2 [ V] - 1] (B Semeteem) )

AGk; 120
— ((¢val($)+1 (m)) + Xz) <Xjei + Ziifeifl((ﬁval(mwrl(m)) l)
120
— Xl + ZXZ—Z(¢val(x)+l(m)) |1|
20

This conludes the inductive step and the proof is complete. ]
As a corollary, we get

COROLLARY 4.5. For any k > 0 define the following subspace of A:
I Zord” ({n € NU{oo}, n > k}).

Then .9 is a A-ideal, stable by the action of I, U(T and H. Moreover the action of T, Ugr is trivial
on the quotient

Ik/ Tt (p-1)-
Proof. 1t follows from Lemma 4.3 and Proposition 4.4. O

As we have, for all n > 1, an epimorphism of Iwasawa modules A — S, 1(0) we deduce

COROLLARY 4.6. Let n,k > 1. Let o be a Serre weight and Writezk for the image of the Iwasawa
sub-module %, via the projection A — Sy11(0). The filtration {.%}i is stable by the action of T,
Ugr and H. Moreover the action of T, UJ is trivial on the quotient

?k/ykﬂp%)'
Proof. Omissis. O

5. The twisted Frobenius

In this section we construct a “twisted” Frobenius morphism between the graded pieces Ker,41 of
the natural filtration on &%,. This morphism turns out to be I', H-equivariant and it is obtained
from the twisted Frobenius .% on A (the latter induced from conjugation by the element aw).

The main properties of the twisted Frobenius are listed in Proposition 5.5 and 5.8: roughly speak-
ing, this morphism lets us translate information from Ss(c), where computations are still accessible,
to higher dimensional quotients S, 11(c), where things get considerably more complicated.

We subsequently pursue the investigation on the twisted Frobenius (§5.3). We determine an
explicit sub-module of &% @&, of finite colength, endowed with an .%-semilinear, I', H-equivariant
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endomorphism, which turns out to be p-étale. The main result is summarized in Proposition 5.12.
As a corollary, we deduce that such sub-module is of finite type over the skew polynomial ring
A[[.Z]] (Corollary 5.13).

We remark that some of the statements of §5.1, 5.2, which refer to the k[[Ko(p"*!)]]-modules
(a(“+1))v, hold in greater generality for any k[[Ko(p"*!)]]-module. Nevertheless we believe that the
specialized statements of Lemmas 5.2 and 5.7 are more expressive for the subsequent applications
to the universal module G2 .

5.1 Analysis for the trivial weight

Forl > j > 1 we write

ng) = ((indgggj))l) ‘Uo*)v'

The aim of this paragraph is to construct a suitable Frobenius morphism between Iwasawa modules
of the form Sl(]).
Let 5 > 1 and define the following parahoric subgroup of G

~ . o —1b
KO(p]+1) d:f{ |:p];ch pd :|,a,b,C,d€ﬁF}.

-1

0 (1) ] gives an isomorphism of profinite groups

Conjugation by [ P

hence an isomorphism of Iwasawa algebras
TP K[[Ko ()] = kr([Ko('™ )]

and, for any [ > j, an isomorphism of Iwasawa modules

E[[Ko(p))]] % k[[Ko(0)1® g, oty 1 E[[Ko(0)| @1 oty 1

®
] ]
®

Rl (7 1)1) < IR0 (0 Iy oy | — RO DB iy -

_ Moreover for any j > 2 we have that B(p/) L B(0r)NKo(p?) is naturally a subgroup of Ko(p?)N
Ko(p’) and we obtain the following commutative diagram of Iwasawa modules over k[[B(p’)]] =

KB )]
(kHKO(pj)H@k[[Ko(pl)r]]1) |k[[§(pj)]] -~ (kF[[I?O(ijrl)H@k[[f(o(le)”1)|k[[§(pj+1)]] (17)

l

o (R Ny i) o)

N

(k“K0<pj)]]®k[[K0(pl+1)]] 1) ‘k[[ﬁ(pﬂ»l)”
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DEFINITION 5.1. Let I > j > 1. We define the morphism

F = Fy: 89 < 89

as the k[[p’ U ]|-restriction of the morphism 37;)71 defined by diagram (17).

As the morphism % is induced by conjugation by an element of the torus T(F') we can easily
deduce its behavior with respect to the T(OF)-action.

Recall that the k[[p’~'U;]]-modules Sl(j ), Sl(i)l are endowed with a natural structure of k-
algebras.

LEMMA 5.2. The morphism % respects the natural k-algebra structures on Sl(j), Sl(i)l' It is injective,

(5+1)

with image Sy’

and it is described explicitly by
F .89 — 8P,
-1 j
sz — sz—l'

Moreover it is H and I'-equivariant.

Proof. From the diagram (17) we obtain, by restriction to k[[p’ ~1U; ]|, an isomorphism of Iwasawa
modules over k[[p?~*U; ]l = k[[p Uy ):
() ~, g+
S ki 1oy — SE kv -
()
. +1-

The explicit description of .Z in terms of the parameters X7 e E[[Ko(p?)]] is a straightforward

computation.

This shows that % respects the k-algebra structures, and it induces an isomorphism on S

g ? ], belong to the torus

T(F). As the torus is commutative and the actions of H, I" and .# are induced by conjugation on
v _IUJ , the H, I' equivariance of the twisted Frobenius is clear.

Finally, notice that the elements of H, I'; as well as the element [

O]

We recall that U(T acts on Sl(j ) by k-linear morphisms which are not, a priori, compatible with

the multiplicative structure on Sl(j +

Nevertheless we have
LEMMA 5.3. The action of U(;r on Sl(j) is trivial if and only if | < 2j.
Proof. Recall that for z € O the elements
ey e
give a family of linear generators for the Iwasawa module k[[K) (pj)]](/g)k[[f(g(pl)ﬂl' If x € O we have
Vo j(z) =0z + 72

for a suitable 2/ € Op with val(z') = val(zz?) and the statement is then clear from the equality
(14). O

We deduce
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COROLLARY 5.4. Let m > 1 > j > 1. The (m — l)-composite of F :
(G) Fm g
S;”) “— Sy

factors through the Uy~ invariants of SY) if and only of 0 < 2(j — 1) +m.

Proof. Tt suffices to remark that .#™~! induces an isomorphism of Sl(j ) onto the sub-algebra gytm=0
of S%) and use Lemma 5.3. ]

5.1.1 The skew power series ring A[[#]]. The evident, similar constructions of the previous
section, with Ko(p') replaced by Ko(p™), give us a Frobenius endomorphism on A:

PROPOSITION 5.5. We have a I, H-equivariant monomorphism of local k-algebras % : A — A
described by

In particular we have a decomposition
A= fH 74X
0<i<p—1

and Z is a flat endomorphism of A.

Proof. Omissis. O

We recall (cf. [Ven], §2) that we can consider the skew power series ring A[[.#]], whose elements
are formal power series Y .° a;.#" with a; € A and multiplication law induced by

F 0™ F(a)F

for any a € A. It is a local ring, endowed with a structure of complete, T topological ring, a basis
of open neighborhood of 0 being described by

k—1 o)
B & Hmkﬁ" X HAﬂi
i=0 i—k

for k € N. In particular, the skew polynomial ring A[.Z] is a dense sub-ring of A[[.#]].
We introduce the following notion (cf. [Fon], §B 1.3)

DEFINITION 5.6. An % -semilinear morphism ¢ of profinite A-modules D1 % D, is p-étale if the
image of the natural map

~ id ®
A®a,7D1 2Y D,

has finite colength.

5.2 Analysis for a general Serre weight

In this section we are going to use the results of §5.1 in order to deduce Proposition 5.8. One again
we will crucially make use of Proposition 3.3.

Let o be a Serre weight. Up to a twist by a smooth character of Ky(p) we can assume that the
highest weight space affords the trivial character of Ky(p). We have
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LEMMA 5.7. Let | > j > 1. There exists a unique morphism %, : Sl(j) (o) — S’l(i)l(a) of k-algebras
such that the following diagram commutes

Sy st

yo

. ﬂ‘a_ .
$7 (@)= S (o),

(18)

where the vertical arrows are induced by the morphisms (¢;)" and (¢;41)" of Proposition 3.3.

Proof. Tt suffices to use the explicit definition of .%# and recall that the kernel of the vertical arrow
Ui, I—1(,..

on the RHS (resp. on the LHS) is the ideal generated by the elements Xf_(l”H) (resp. Xf_H(lT'H))

fori=0,...,f—1.

As S

P Sl(j )(0) is a morphism of Iwasawa modules we get

PROPOSITION 5.8. Let [ > j > 1. We have a monomorphism of k-algebras

Fy: 8 (0) — S, (0)

j—1 j
X X
verifying the following properties :

i) The morphism %, is I' and H-equivariant.
1) The morphism %, admits the factorization
. Z, .
S (@)= 521 (0)

o)

S (o).

i1i) Let m > 1. If 0 < 2(j — I) +m — 1 then the composite morphism

Fml
—

57(0) 75 590

m

factors through the U -invariants of S%)(J).

Proof. Part i) and ii) follow from the properties of the morphism .# (Lemma 5.2) and from Lemma
5.7, recalling that the vertical arrows in the diagram (18) are morphisms of Iwasawa modules.

Property iii) follows from Corollary 5.4 using the epimorphism an 1 S%)(a) (which is Uy -
equivariant). O

5.3 The twisted Frobenius on the universal Iwasawa module

The aim of this section is to construct, starting from the twisted Frobenius .%, of Proposition 5.8,
a Frobenius morphism % on a suitable Iwasawa sub-module GZ! ® 622 of 8% @ &L.. Such sub-
module is of finite co-length and the action of .7 is p-étale. Moreover, 2! @ &Z2 is of finite rank
on the skew power series ring A[[.#]]. Throughout this section ¢ = o, is a fixed Serre weight.

We start from the following
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LEMMA 5.9. For n > 3 we have commutative diagrams of k-linear spaces:

Sn—1(ﬁ—a> S, Sn—ch S,
Sn—QC& Sn—l Sn—QC& Sn—l

where the horizontal arrows are the monomorphisms of k-algebras of Proposition 5.8 (with j = 1)
and the vertical arrows are the morphisms of Iwasawa modules defined in Proposition 3.4.

Proof. The commutativity of the diagrams can be checked directly, using the definition of the
morphisms in terms of the regular parameters X; (noticing that .%, is a morphism of k-algebras).
The details are left to the reader. O

Since the Iwasawa modules &7 | admit an explicit family of A-generators, we easily see that
Fo + Spi1 — Spao induces a morphism between appropriate sub-modules of &, 11 and &,,12.

ProrosITION 5.10. Let n € 2N + 1. The morphism %, : Sp11 < Spyo verifies
Foea(j+1)i) = €2(j+1)+1,i—1 € Gris

for all ey(j11),; € @g=! '~+1 (cf. Definition 3.6 et seq.).
Similarly, for m € 2N + 2, the morphism %, : Sy41 < Smo verifies

Faleagjrryini) = ea(jr2)io1 € Goto

=2
for all €2(j+1)+1,i € %m—s—l

In particular, we have the following commutative diagrams

o T
Sn—i—l(—) Sn+2 Sm-l—l(—> Sm+2
il Z iz 1 Z jl
n+1 6n+2 m+1 6m—i—2
and the morphisms
>1 a2 S |
6n—‘,—l - 671—‘,—27 Gm—i-l - 6m—i—2
are I', H equivariant, .% -semilinear and p-étale over A.

Proof. The first part of the statement follows from an elementary computation on the elements
>1 >2
ea(j+1),i € Y1 (resp. eajy1y41i € Gi)-

Fo
We deduce the factorization of the morphism Sy, 41 < Sy2 (resp. Sm+1 <—> Sm+2), as the module

i+2 (resp. 6m+2) is generated, over A, by the elements ey(j; 1)1, € @2 '~75 (resp. by the elements

€2(j+1),i S g )

The 1nduced morphisms on the Iwasawa modules are clearly .%-semilinear and I', H equivariant.
Their p-étale nature follows again by noticing that the A-generators of 65_%2 (resp. 655;2) are the
elements ey(j 1)1, € @>2 i (resp. the elements ey(; 11y ; € %j?ﬂ) and the cokernel of 6513;2 — Gilﬂ
is the finite A-module Kers. ]

We are now left to prove that the morphisms of Proposition 5.10 are compatible with the
transition maps of the projective system defining the universal modules 62!, 22
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ProprosITION 5.11. Let n € 2N + 3. We have a commutative diagram

=1 ¢ >2
6n+1\ 6n+2\
Sn+1( Sn+2
S, C Snt1
21 ¢ 22
Gnl\ 677,
\/
Sn—l( S"n

where the horizontal arrows are the previously defined Frobenius morphisms.

We have a similar result for m € 2N + 4 and the diagram

>2 >1
Gm-i-](\\ Gm-i-Z\

Sm+1( Sm+2
Sm( Sm+1
622\ S
S?:L*lc S<m

Proof. The top and bottom squares of the diagram are commutative, by Proposition 5.10; the
squares on the left and right sides are commutative by the construction of the fibered products

Gi}rl, ?n2+1 Finally, the front square is commutative by Lemma 5.9.
The commutativity of the back square follows by an easy diagram chase, noticing that the
composite morphism &2 — S, 41 (resp. G2! — S,,41) is a monomorphism. O

We therefore deduce:

ProrosITION 5.12. We have a T, H-equivariant, .% -semilinear morphism
7 67 =627
which is p-étale and verifies

F (ea(j41)) = €a(j+1)41,i-1 € 9%
fOI" aH 62(]'_;'_1)71' S {40%1

Similarly, we have a T, H-equivariant, .% -semilinear morphism
T . SZ2 >1
F 6% — 6%
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which is p-étale and verifies
>1
9(62(j+1)+1,i) = ey(j+2)+1,i-1 € Y%
for all e2(j+1),i € g0202

Proof. The assertions follow from Proposition 5.10 and the compatibility with the transition mor-
phisms given by Proposition 5.11. For the p-étale property of the second morphism we just remark
that, from the proof of Proposition 5.10, we have an exact sequence

ARz AG 2 — 6L, — Kery — 0
for all m € 2N + 2, and by passing to the limit we get a complex
A@y,Afo — 62! = Kery = 0

which is exact (the transition morphisms in the projective system are all epi).
O

In particular, we deduce a finiteness property for the modules &2, 6502 on the twisted polyno-
mial algebra A[[.%?]):

COROLLARY 5.13. For e € {0,1} we have a A[[.%?]]-equivariant surjection

f—1
P Al Neasei — S
=0

624_.,1' —> 62_’_.77;.

Proof. To ease notation, we consider the case where @ = 0. It is clear by proposition 5.12 that for
all [ € N we have a semilinear morphism

F' 62 62!
which verifies

921(62(j+1)+1,i) = €2(j+i+1),i—2l
for all j e N, i €{0,...,f—1}. We deduce that the natural morphism

~
—_

A[F?errei — 63

ﬂ.
[e=]

€2+e,i F7 €24e-

is A[.%?]-linear, continuous and with dense image. Since the completion A[[%?]] is compact and
G2+ is separated, the statement follows. O

6. A filtration on the ideals Ker, |

We recall that, for @ € {0,1}, the universal module &2 is a pseudo-compact module over A, with
a separated filtration of open neighborhood of 0 whose graded pieces are isomorphic to Kery 1 for
n € 2N + 1 + o. For n > 1 the description of the graded pieces Ker,4+1 in terms of the regular
parameters X; is deduced by Proposition 3.3:

/Cern_H = <6n+17i, 1 € {0, . ,f — 1}>A
where €41, = g“"‘%XZ_ﬁTfH).

As we did for the monogenic modules S, +1(0), we endow the module Ker,1; with a natural
filtration I, ,,11, which turns out to be stable for the extra structures defined on Kerp41.

31



STEFANO MORRA

The H, I'-stability of I 1 follows easily, as these groups act by algebra homomorphisms on
Sp+1(0). The action of Uy is, again, more delicate : we use in a crucial way the fact that the
generating family of Ker, 1 lies in the image of the twisted Frobenius .#"~!. In particular we find
some differences in the behavior of the filtration I, 1 and Ij 5 when n > 2.

We are strongly convinced that for a supersingular sub-module S; of &2 (i.e. a sub-module
induced by a supersingular quotient 7 of 7(o,0)) the graded pieces of the induced filtration on Sy
are generated by elements which are not all Uy -invariant (at least eventually).

Throughout this section ¢ = o, is a fixed Serre weight as in §3.

For any n > 1 we have an epimorphism of A-modules

f-1
@A *ln4l,i T ,Ce’l“n+1 (19)
i=0
ens1,i — FUHXTETY
which is H-equivariant if we make H act by the character a™? (ri+1) X, ON €ni1 intl-
Notice that for any i € {0,..., f — 1} we have

ker (A Centl1,i = IC€7’N+1) _ <Xg;"(Ti+n+1)_p"71(ri+n_1+1)7 Xgn(rs+1) for s 7& Z>

so that

{ent1,i, for i€ {0,..., f =1} st (Fiy(no1), Tign) # (0 —1,0)}
is a minimal set of A-generators for Ker,1.
The Iwasawa module @f:I A - ep41,i is endowed with the valuation ord,; of the infimum

ordn1( Z Pi(X)e(mi1),i) ' min{ord(Py(X)),i=0,...,f -1}

hence with a filtration {I,g’nﬂ}k. By Proposition 4.1 the filtration {I,g’nﬂ}k is I', Uy -stable (with
these groups acting trivially on the quotient of two layers at distance p — 1).

Let {Ix n+1}x be the filtration on Kery,41 induced by the morphism (19). As the latter is not T',
Uy -equivariant, there is no reason for which {Ij ,,+1}x should be a filtration of Iwasawa modules on
Kerpi1.

Define the integers attached to o:

h < min{r,_y —r;, p—2}
= max{hj, fori € {0,...,f—1}}
h < max{|ril — 14|, for iy, i €{0,..., f — 1}}

The result is the following:

PROPOSITION 6.1. Let n > 1 and consider the induced filtration {Ik7n+1}k€N on Keryyq1. Then
{Ik,n+1 }keN defines the radical filtration for the A-module Ker,1.

The filtration is stable with respect to the action of H, T, Ugr and for any k € N, n > 2 the

action of T, Ugr is trivial on the quotients
T2/ Tig (p—1-h) 2 and  Igni1/ Tt (p—1)n1-

In particular, for n > 2 the filtration {I k ”+1}k N defines the radical filtration for Ker,41 as an
Iwasawa module on k[[Ky(p)]] and, if n = 1 and h < p — 1, the same result is true for the filtration

{I’va}keN on Kers.
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Finally, the action of I is trivial on the quotient
Tio/ Tit (p-1-n) 2-
As the morphism (19) is A-linear and H-equivariant it is clear that the filtration {Ij 41} bEN

is H-stable and defines the A-radical filtration on Ker,1.

The rest of this section is devoted to the proof of the I' and UJ -stability of {Ikmﬂ} beN) the
techniques will be similar to those introduced in section §4, using now in a crucial way the properties
of the twisted Frobenius .%. Indeed, as the A-generators of Ker, 1 lie in the image of the twisted
Frobenius it suffices to investigate the I', Uy” action on the Iwasawa module S3(c) (where the
computations are still accessible) to get the control of the filtration {I kmﬂ} LEN for a general n.

We start with the following lemma

LEMMA 6.2. Letz € O andi € {0, ..., f—1}. In the module Sy (o) we have the following equalities:

a) We have
1 0 . . . Y
in particular if (ri_1,7;) = (p — 1,0) we have v - X/itt = X7"*! for all v € T.
b) We have

|: (1) 31: :| ,Xiﬁ‘+1 — Xin+1 _’_ZX;‘S‘Flm(p*l)*h‘
s

Proof. Up to twist by the Ko(p)-character x_, we can assume that the highest weight space of o
affords the trivial character.

By Lemma 4.3 and Proposition 4.4 we have, for g = [ 1 ] or g = [ (1) 31: } , the equality

ri+1
g X7 = X (3 e X[ (o(m))
=1

for appropriate scalars c,; € k.
We fix [ € {1,...,r; + 1} and a monomial X{iﬂ_llpiﬂ appearing, with nonzero coefficient, in

the term Xi”H*l((ﬁ(m))l. Notice that we have |j| > 1 > 1. As Xf2 = 0 in S(0), we can further
assume that ¢, j € {0,...,p — 1}/, up to increase the length |j| of j.
. det | 1 0
Proof of a): Write v = [ 0 1+pz }
As the actions of H and I' commutes, we deduce that v - X s an H -eigenvector, whose
associated eigencharacter is a=?'("i+1),
Thus, X p1+£Xf 1 must be an H -eigenvector, of associated eigencharacter a=P (ritl),

The associated eigencharacter of Xpi+§Xf i1 g described by the following f-tuple:
(p—1—js1—to,p—1—jo—t1,...
cop—=1=jio—tig,p—1—gia—ti—(ri+1-10),p—1—j;i —tiy1,...
cp=1=jro—tr 1)
which is well defined up to an element of (p — 1)Z. Comparing with the f-tuple associated to

a~?'(rit1) and recalling that 0 < js, ts < p—1 for all s € {0,...,p — 1} we deduce one of the
following possibilities:
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1) we have js_1 +ts =0 for all s # i and j;,—1 +t; =
2) we have js_1 +ts=p—1forall s#iand ji_1+t; =1+ (p—1),
3) we have js_1 +ts=2(p—1) forall s#iand j;_1 +t; =1+ 2(p—1)
However, as [ > 1 and j;_1, t; < p — 1 the third possibility can not occur.
If 1) holds true, then t; = 0 = j;_1 for all s # i and, since |j| >, j;—1 =1, t; = 0. Thus
Xpl'+§XZ‘7~i+1fl _ szilXiriJrlfl _ XZ‘"fll+1Xz‘ri+17lXﬁI(rFl+l)
and the required result follows.
Assume 2) holds true. Then we get t; =p — 1 — js—1 + ds; - | and therefore

pj+t yritl=l _ yri+l—lypj vp—1—74[1] v
DAL GRS AR CF G b ¢

(here j[1] is the shifted f-tuple (jf—1,7jo0,...,77—2)). Since [ > 1 and ¢; + j;—1 = (p — 1) + 1 we have
Ji—1 > 0 so that we can write

XPI — X,i*11+1XP1—€i—1(7"z‘—1+1)

X X

and again
Xiifllﬁ‘lgpzfei,l(Ti,1+1)gpflfi[l}X;‘i+l c X;ﬂ1-711+1m(p—1)—(n_1—n)'
Finally if (rj—1,7;) = (p — 1,0) then X? | = Xf_(qﬁl) = 0 by definition of S3(o) so that
o XTI = X7
This proves part a) of the Lemma.
Proof of b): As |j| > [ > 1 certainly it exists an index s such that js > 1. We can therefore write
Xpl—i—iX[i—H—l _ Xlri+1—lX;~5+1ng—(rs+1)e5+t
and we notice that
(ri+1=0)+pljl=(rs+1) = @-Dl+(ri—rs) = (p—1) - h.
The statement follows. O

We can now use the properties of the twisted Frobenius to deduce, from Lemma 6.2, the behavior
of the filtration {Ij 11 }x with respect to the I, U0+—action.

LEMMA 6.3. Let X’ € A be a monomial verifying ord(X?) > k and let v € T.
For any i € {0,..., f — 1} we have the following equality in Sy,11(0):

Yo (Xensri) = (X2 4+ DX (p(m) ) (ensr,s + engrimn F P R)) . (20)
20
In particular if n > 2 the action of ' is trivial on the quotients

T a1/ Tt (p—1) n415 Iy 2/ Tiq (p—1—h1),2-

Proof. Recall that e,41,; = & "*1(X:j';sz+1). As T" acts by k-algebra homomorphisms, and % is

I equivariant, the equality (20) follows from Lemma 4.3 and Lemma 6.2.

Notice moreover that a monomial issued from (y —1)-(XZe, 11 ;) has one of the following forms
ent1,i X (B(m)) " € epqq, mlZ LU
; _ _1_pH ; n—1(,_1_p'
ent1, it XL (P it € gy o qmlPTT T
i—q 3 _ —_1—_h ; _ ; n—1(,_1_pn'
enili1 X7 @(gb(m))mﬂ” LmP=1Pirn1) € 6n+17i_1mlgl+(p Dlil+p" = Hp=1=hi 1)
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As il >0and p—1—h, >0forall i =0,..., f — 1, this implies that the action of I is trivial on
Ik,n/Ik+(p—1),n if n 2 2. ]

We turn our attention to the action of the upper unipotent radical. We recall that UJ acts just
by k-linear morphisms: in order to avoid this difficulty, we are forced to use an inductive argument
as in Proposition 4.4.

We have

LEMMA 6.4. Let n > 2 (resp. n =1) and x € Op. For any i € {0,..., f — 1} we have the following
equality in Syy1(0):

1 =z : : . , B L
05 | = (2 a0 6m) D e+ o enin T ) (21)
i20 s
1 €T . . . . 1 .
(resp. [ 01 } (Xezy) = (X0 + XTI (o(m) ") ez + X, (ea.m? 1)) if n = 1).
0
In particular if n > 2 the action of U(jr is trivial on the quotients
Ty 1/ Tt (p=1)n+13 T2/ Tit(p—1-n),2-

Proof. The proof is completely analogous to the proof of Proposition 4.4, using now the extra data
coming from Lemma 6.2 and Proposition 5.8.

It suffices to treat the case val(z) = 1; we use the notations in the proof of Proposition 4.4.

Recall €41, = f”_l(X;EL"_’fH). In particular, by Lemma 6.2 and Proposition 5.8-iii) we can
write

En+1, ifn 2 2
1 =z
[ 0 1 :| €ntl4i = L .
€2, + 262751‘(1(10—1)_ ifn=1.
S

This implies the statement if |j| = 0.
We consider now the inductive step. Let s € {0,..., f — 1} be such that js > 0 so that we have

1 =z ;
|: 0 1 :| ' (Klen-i-l,i 02 1) =

) A%:;A_ps [ p5x2[>\]) (1) ] [ 1 +ng 1 —p:va;x([)\]) } X e @ 1.

The inductive hypothesis lets us write (for n > 2)

{ 1 z(1+pz\)!

0 1 } X e, @1 =

(e St m) e+ X e 1) ) 01

120 s

so that a simple manipulation (exactly as in Proposition 4.4) using the multiplicativity of I', Lemma
4.3 and the I" equivariance of .# gives

[ 1+ pz[)] x

. l'_es : =
0 1 — pady([A]) } A5 et @1

<(Xj—es + > x e gm) ) (ensri + Y entio ”_1<‘“p_1_h/))> o

120
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Thus we have

1 =z ;
[ } - Xlepi1 =

0 1
e[ 10 1 0 e o 7
= Azk:x)\ [ plA] 1 } [ p(0([A\]) = [\]) 1 } <(X + IZO:X 1(¢(m))|u) ‘

(ent1i+ Y entis ﬁn_l(mp_l_h/)o

S

= ((¢(m>) + XS) <(Xj_65 + ZXJ_GS_l((ﬁ(m))lU) (en_"_l’i + Z €n+17syn—l(mp—1—h’>)>
120 s
and the equality (21) follows. The case n = 1 is completely analogous.

The assertion on the U -action on the quotients T/ Ty (p—1)n (form = 2) and Iy 1/ Tjy (p—1-n),1
is deduced in the same manner as for Lemma 6.3.

7. The universal Iwasawa module

We are finally in the condition to analyze some of the properties of the universal Iwasawa module
GS2,. We first focus on the Iwahori radical filtration (§7.1). The main result is Proposition 7.1, where
we show that, under some mild hypotheses on the Serre weight o, the A-radical filtration of &2
coincides with the k[[K((p)]]-radical filtration. In Corollary 7.3 we deduce the isotypical components
of the cosocle of G2 : we have a 2-dimensional isotypical space, together with some other infinite
dimensional spaces as soon as F' # Q.

In section 7.2 we study some torsion properties, over A, for the universal module &%, . Under
mild conditions on the Serre weight, such module is torsion free over A and indeed it contains a
dense sub-module of rank one over Frac(A) (Proposition 7.9).

We fix a Serre weight o = 0, as in section §6. We introduce the following regularity conditions
on the weight o:
(I1) There exists an index i € {0,..., f — 1} such that r; +1 > Zf:;é Ts;
(I2) there exist indices 41,12 € {0,..., f — 1} such that |r;, —r,| =p— 1.
This conditions affect slightly the behavior of the natural filtration on the universal module associ-

ated to o (cf. Proposition 7.1).
Recall that, by Proposition 3.5, we have an A-linear morphism with dense image

o de 4 .
Moo d:f @ A- 62(]‘4_1)_;’_.71‘) D A- Co = 600
€2(j+1)+0,i€9%

as well as a family of compatible commutative diagrams

Mo, =g (22)

| Joroe

° Uni1 °
n+1 > n+1

where M7 | = < ) A- 62(j+1)+.7i> DA e..

€2(j+1)+e,i €Y%
ogjgn;F
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We make H act by a_pHQH.(”HH""l)(X;)V on ey(;j+1)1e; and by (x,)" on e (resp. by (x;)" on
e1); in this way the morphisms ¥, ¥, 1 become H-equivariant.

7.1 Filtration on the Fibered products
We endow the free Iwasawa module M2 with the valuation of the minimum ord.
This induces a filtration { 7,2} , on M2, by the condition

2 Pty 11) i+ P € M, min{ord (P (X)), ord(P(X))) > .

By Proposition 4.5 the filtration { 7 } pis T UO+ -stable and it coincides with the A-radical filtration
on M2..
We define in the analogous, evident way the filtration { 7, | }; on the module M3, , ; forn > 1.
The natural filtration {fk'} , on 62, is therefore given by

I E Vo I0);
def

If we define &7, .| = ¥, y1( 7, ) the commutative diagram (22) let us write more expressively

If= () (e (23)
ne2N+1+e

As the morphisms Vo, ¥,,+1 are not [, U(T -equivariant there is no reason, a priori, that the
filtration on &%, &, ; should be I', Uy stable. As we did in §4 and §6 we show that such filtrations
are indeed well behaved.

We remark that, contrary to what happens for the modules A and Ker,,1, the properties of
the filtration {fk’ } ., follow (almost) directly from Corollary 4.6 and Proposition 6.1, using a formal
argument on the valuation ord,41 on the Iwasawa modules Sp4+1(0).

7.1.1 The even case. In order to get an optimal result for the behavior of the filtrations
ID, f,g nt1 We need to slightly refine their construction. This is due to the phenomenology on the
Iwasawa module &9 (cf. Lemma 6.2). We assume in the rest of this paragraph that n > 3 is odd.

Write 623 & ker (62 — 68) for * € {n+1,00} and set MZ3 for the complement of M3 in M3.

The morphism WU, restricts to an A-linear H-equivariant morphism with dense image W23 :

MZ3 — &Z3 (resp. an A-linear H-equivariant epimorphism \I/iil : iil — Giil) and we have
the evident compatibility between WZ3 and \Ifif’rl as in (22).
We define in the analogous way the filtrations {ff?’}k, {J,fs L1fkOn 623 65_?;1, having
>3 >3
I3 = () pria (). (24)
ne2N+3

Let ffz be the image of /,22 in &Y%, via U M- As MY is finitely generated, it is a closed
A-sub-module of &Y.
As &Y = 623 xg, &Y and since J,f?’, ka are closed in &% we have

I =570+ 5

similarly, ﬂ,gmrl = jk%ng-i-l + ﬂ,f’s_i_l (with the obvious definition of ﬂkanH).

We are now ready to describe the behavior of .#; with respect to the I, Ugr actions:
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PROPOSITION 7.1. The filtration {7}, is the A-radical filtration on &% . It is H-stable.
Moreover {7} }y; (resp. { %7 }¢) is a filtration of Twasawa sub-modules for G (resp. for &23)
and the action of T, Ugr are trivial on the quotients

ﬂk/ +(p 1) (resp. f/ /f;jp 1)

for all k € N.

In particular {7}y, (resp. {77 }x) is the radical filtration on &L (resp. for GZ3) as Iwasawa
modules.

If @ = 0, the filtration {#0}y, is T and Uy stable.

If the f-tuple r does not verify (I1) the action of I' (resp. and U ) is trivial on the quotients

0/( g>3 <2 >3 <2
T Iy T Ieipryw)  (resp. jk/(jlﬂ»p bt )

If the f-tuple r verifies (I1), say r;+1 > Y rs then the action of T, U(T is trivial on the quotient

0 >3 <2
I I o1+ Iiio-0-(ri-1)-

In particular, if either r verifies (I1) or does not verifies neither (I1) nor (12), the filtration
{#0} is the radical filtration on &Y as an Iwasawa module.

As the action of I, Ugr is continuous and the projection maps pr,+1 are I, U(T equivariant we
deduce from the expressions (23), (24) that it is enough to prove Proposition 7.1 for any arbitrary
finite level &3, 4

We first consider the case n = 1.
LEMMA 7.2. Consider the filtration kaQ on 68.

a) Assume that r does not verify (I1). The filtration ﬂ,g , is T and Uy -stable. Moreover the action
of T' (resp. and Uy ) is trivial on the quotients

j122/j19+(p—1)—h' (resp. jl?Q/jIS-I—(p—l —hz)'

b) Assume there exists an index i € {0,...,f — 1} such that r; +1 > ZS o T's- Then the action
of T, UJ is trivial on the quotient

I/ (I (1) —(ri-1).2)-

Proof. First of all, notice that if r = 0 then &9 = Sy = (St( )) which is endowed with the trivial
action of T and U

We start from a). As Kery is a sub-module of So and fl?,z = Ij 2 for k > 1 (recall that I} are
the sub-module for the filtration on Kers, cf. §6) by Lemma 6.3 and 6.4 it is enough to show that
(g — 1)XT € KerymP™!

for any g € T, U0+. Writing
(9-DX" =) XFTP(X)

s

for some Ps(X) € A we have, by Proposition 4.6, ord(X!s*1Ps(X)) > p — 1+ |r|; the result follows
as r does not verify (I1).
We turn now to the proof of part b). In this case we have

I, = (PXO)XSTT for P(X) emb, s €{0,..., f— 1}
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As for Lemma 6.2, we can show that

'X;"s“l’l*as,i :er+1 657, +XT9 1+1— 65 17,mp—1—(5571,i(1”7;—1)

u+ . X;"s'f‘l_(ss,i — X§s+1_6s,i 4 ZXl"'l+175l,imp_1—(5l,i(7"i—1)
1=0
for vy € T, ut € Uy
We can now prove, using the very same arguments of Proposition 6.3, 6.4, statement b). The
details are left to the reader. O

Proof of Proposition 7.1 in the finite case. Fix n > 2 and consider the module &;_ | C S,41(0).
We notice that ., | is the image, inside & ,,, of the A-module M5, ® mFA:

° . n—1—e
jk,n—i—l = <62(j+1)+0,i760’ J = O""?f? 1=0,.. ~af - 1>mkA-

Fix a couple (jo,i0) € {0,...,2=5=2} x {0,..., f — 1}, an f-tuple [ € N/ of length |I| = k and
consider the element

Xlegjoriyreiy  (resp. Xle,).
As ker(&;, — 63, .,) is generated over A by the elements ey(j;1)1e; for jo < j < ”_%_',
1=0,...,f —1 we can write
(9—1) 'XL€2(jo+1)+-,zo Z ZP, )€2(j+1)+e,i
=0 j>=j
(resp. (9—1)-Xles =312, Z i(X)ea(j4+1)+e,i T+ Pe(X)es) and, by Corollary 4.5, we deduce that
j=0

07'd< (K)emﬂ) ,)

for all i and j > jo (resp. ord(Ps(X)es)
kE+ (p—1)+ ord(es) for all j >0, 7).
Thanks to Lemma 7.2 and Proposition 6.1 it is enough to prove that

k+ (p — 1) + Ord(€2(j0+1)+0,i0)
k

Z
> k+ (p—1)+ ord(es) and ord(Pj,i(X)eg(jHH.J >

ord(€a(jo11)+e,io) = 0Td(€2(j11)+e,i)

for any j > jo and any i (resp. to prove that ord(es) > ord(es(j+1)4e,) for any j > 1 — e and
any ).
Recalling the valuation of the elements e€y(;1)14i, €o We are left to prove the inequality

f-1 n—1 f-1 n-1
YooY DT s+ DT 0T e+ DY D (C1) (g + 1P
=0 s=2jo+1+e 1=0 s=2j+1+e

forall j > joand alli=0,...,f —1 (resp.

f-1 ,n-1
Z (Z(_l)H'(THS +1)p°) — 5-,0) P (rigojpe +1) + Z Z 1)*** (riys + 1)p°

=0 *s=0 =0 s= 23+1+o
forallj >1—eandalli=0,...,f—1).
By a simple manipulation we are reduced to prove that

-1
p Tz—f—m + 1 me Tl+m +1 pm_l(rlerfl + 1)
=0
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formd:efQj—l—o > 1.

This is trivially true if f > 3 or f = 2 and (74m, Titm+1) # (p — 1,0) and we are done as
(Ti42j1+e,Tit2jret1) 7 (p — 1,0) by definition of ¥3 ;.

This ends the proof.

An immediate consequence of Proposition 7.1 is the description of the isotypical components
appearing in the cosocle of the universal module G2 _:

COROLLARY 7.3. Assume that either f is odd or f is even andr # (...,0,p—1,0,p—1,...). Then

f-1 _
COSOCK[[]]) (Ggo) =Vix—r) ® @ V(Xﬁdet—ra—pl(n—i—l))
i=0
f-1 ,
cosocyn) (6%) = V(xpdet ™) @ DV (xpdet a7 1)
i=0
where
dim(V(x—,)) = dim(V(x,det ™)) =1,
: —r pi(rAD)y) _ OO foralli € {0,...,f =1} if F #Q,
d1m(V(nget a )) { 0 for alli € {0,...,f—1} if F=Qp.

If fisevenandr = (...,0,p—1,0,p—1,...) we have

[SIEN

~1
CosoCy(1]] (620) =V(x—r) ® V(eret_”a

2i+68
—p +o(rg,p—1) (T2i+6(ro,p1)+1)>

-
Il
o

COSOCK(()] (6L) = V(xpdet ™) & V<eret_ra_
=0

I
2

[y

2046,
p i+ (70,0) (T2i+6(7,0)0)+1)>

where again dim(V (x—,)) = dim(V (x,det ")) = 1 and the remaining isotypical components in
the direct sum decomposition are infinite dimensional (resp. zero dimensional) if F' # Q, (resp.
F=Q).
Proof. We just remark that the combinatoric in the statement for f even and r = (...,0,p—1,0,p—
L,...) follow from the definition of 93, (as ey(j11)4e; € Yn if and only if (ritojte, Tit2jte+1) #
(p—1,0)).

Moreover, if the f-tuple r does not verify (I1) but does verify (12), we remark that the quotient
Q@ of cosocy (69) by the k-subspace generated by the elements eg; (for ¢ =0,... f — 1) is endowed
with a trivial action of T, UJ . Indeed from the analysis of the action of I, UJ on eg in the proof of
Proposition 7.1 one sees that

(9—1)-e0 € fli?ﬂ + jOi?Jrl
for any g € I', Uy and, by Lemma 7.2, that the image of (g — 1) - ¢ in &3 belongs to fl%.

Hence, the action of T, U(T on ey € @ is trivial, and on the elements ey(;,1); € Q (for j > 1,
i=0,...,f—1) as well, thanks to the first part of Proposition 7.1. 0

7.1.2 A note on a generating set for &%,. A slight improvement in the definition of the gen-
erating set ¢° let us dispose of a morphism with dense image from a suitable complement of M2
into &%.

Define the following subsets of ¥3 :
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G0 (r) = {ea(j11),i € Doy 6.5 >0, eol
b) if r verifies (I1), say 75, +1 > > 7y, define
G0 (r) = {ea(j+1)i € 99, 5.t (j,9) # (0,i0), eo}
¢) if r # 0 and r does not verifies (I1) we set 42 (1) < Z2..
d) forn > 1put 42, (r) = g3 (r) NG,
The generating families ¢ (r) is “minimal” in the following sense:

LEMMA 7.4. For any n > 1 the restriction of ;41
@ A e — 6;+1
e€g7:+1([)

is surjective. This result fails if we replace 43, ,(r) by any proper subset.

Proof. By the definition of ¢3, ,(r) and the description of Ker,y1 it is immediate to see that

@ Ae = Kerp41
e€9y 1 (t\Gy_1 (1)
is an epimorphism which fails to be surjective if we replace 93 (r) \ 95_,(r) by a proper subset.
By an immediate induction and the commutative diagram

P A-e

e€d2 11 (1)

i

@ A'@ 6.

e€dy_1(r) n-l

[ ]
L

we can therefore reduce to study the morphism
@ A-e— &Y.
e€s ()

The result can now be checked by a direct computation and the statement follows. O

7.2 Torsion properties of the universal module

In this section we analyze the torsion properties of the universal modules G2 as profinite modules
over A. It turns out that, under mild conditions on the Serre weight o = o, any nonzero monogenous
A-sub-module of &2 is free and, at the same time, for any choice of generators e, ¢’ € 42, the natural
morphism A-e® A - e’ — &2, factors trough a rank one quotient of A-e® A -¢'.

We start from the following elementary observation:

LEMMA 7.5. Assume that either f is odd or f is even and r # (...,0,p—1,0,p—1,...). Then, for
any 1 €{0,...,f — 1} and any j € N we have

n

Jm o 3T ()T s + 1) = foc
n€2N+1+e s=2(j+1)+1+e

Proof. Omissis. O
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The first striking property of the universal module is that, for any choice of generators e, e’ € 43,
the natural morphism A -e® A - e’ — &%, has a nonzero kernel.
PROPOSITION 7.6. Let ® € {0,1} and fix two elements e, e’ € 4% with e # €.
The natural morphism
Aed A e — &2
(P(X), P'(X)) = P(X)e + P'(X)e’
has a nonzero kernel.

Proof. To ease notation, we consider the case @ = 0 (ther other is similar).

By the construction of &Y it is enough to prove that for n € 2N + 1, n >> 0, we have a
commutative diagram

A-ed A € n+3

~

A-epA-¢€

\/

where @ is an appropriate A-module of rank at most 1.

There exists n € 2N + 1, n >> 0 such that the maps de — &%, A¢’ — &Y are both
non zero. Since &Y il < Sn+1 and the latter is a quotient of A, we deduce that there exists two
monomials P(X), P'(X) € A such that P(X)e # 0 # P'(X)e’ and P(X)e + P'(X)e’ =0 in &2,

We can therefore set Q & (Ae & Ae’)/(P(X)e, P'(X)e') 4.

It is now enough to show that we have P(X)e+ P'(X)e’ = 0in &Y 5 and this is clear since (the
image of) e, e’ are monomials of S, 13, hence P(X)e, P'(X)e’ are monomials of S,,;3 which maps
to nonzero elements in S, 1o via the natural projection S, 13 — Sp4+2 (and, by construction, their
image in S, 12 belongs to the image of Sy, 41 in Sp42).

This ends the proof. O

On the other hand, under mild conditions on the Serre weight, any nonzero monogenous sub-
module of &% is free:

PROPOSITION 7.7. Assume that either f is odd or f is even andr # (...,0,p—1,0,p—1,...).

Let x € G2 be a nonzero element. Then the natural map

A— &2
PX)— P(X) =z

is injective.
Proof. For n € 2N + 1+ o, write prpy1 : 6% — 6,41 for the natural projection.

Assume the statement is false. Then there is an element P(X) € A\ {0} such that P(X)-z =0
in &2,.

Since x # 0 there is ng € 2N + 1 4 e such that pry,+1(x) # 0 in S, 41. Write

m; < ordx, (P(X)), m}, £ ordy, (prag+1(2))
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(we consider prn,+1(z) as an element of S,,+1 and hence we dispose of a well defined notion of
order in X; for pryp,41(x)).
An immediate induction, together with the definition of the transition morphisms &3, — &;,_,
gives
n—ng—1

ordx, (pragi(@) =mj+ > p (=1 (rippy + 1) =
§=0

n—1
=mi+ Y P (=1 (rigy +1)
Jj=no
for all n € 2N + 1 + e, n > ng. Hence, by Lemma 7.5, we deduce that for any ¢ € {0,...,f — 1}
there exists n € 2N + 1 + o, n >> 0 such that:

n—1
m; +mj, + Z P (=1 (rigy + 1) < p"(Tign + 1); (25)
J=no
in particular, it exists ny € 2N + 1 + o, n; >> ng such that (25) holds for all i € {0,..., f —1}.
We can thus find a suitable lift y € A of pry,1+1(x) for the morphism A — S,,, 41 such that
ordx, (P(X)y) <p" (Fign, +1)
for all i € {0,...,f — 1} and this means precisely that P(X)y maps to a nonzero element via
A — Sp, 41, against the hypothesis that P(X)pry,+1(x) =0 1in &, 41. O
If the f-tuple of integers defining the Serre weight does not verify the assumptions of Lemma
7.5, the result of Proposition 7.7 fails:
PROPOSITION 7.8. Assume f even and thatr = (...,0,p—1,0,p—1,...).
For any e € 4% the natural morphism
A-e— G
is not injective.
Proof. Let €y(j11)+e,iy € Y- Hence (Tig12j+e; Tig+2j+0+1) = (0,p — 1) and, for h € N we have
Th:{ 0 if  h=ig+emod2
p—1 if h=ig+1+ emod2.
Moreover for any n € 2N + 1 + e we have len =0in Sp41 if and only if [ = ig + 1 mod 2.
Let ng € 2N + 1 + e be such that pry,11(€2(j+1)+e,i,) 7 0- In particular, if

my < ordx, (Prig-+1(€2(j+1)+e,i0))
we deduce that p™ > m; for any [ such that [ = ig + 1 mod 2.
If1€{0,...,f —1} and h € N we have
2h—1
ordx, (Prno+1+2h(62(j+1)+o,io)) =my + Z pn°+8(—1)8+1(rl+no+s +1)
s=0

_ n 0 if | = ipgmod?2
- —p"o 4 prot2hif [ =454+ 1mod?2
Since €a(j11)+e,i, is @ monomial we conclude that, if [ € {0, ..., f — 1} verifies [ = ip + 1 mod 2,
we have

p"0—my
X € Anng,, ., (€2(j41)+e,i0)
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for any n € 2N + 1 + e such that n > ng. This ends the proof for the case e = €3(;11)te,i,-

The proof for the element e, is analogous and left to the reader. O

We deduce, from Proposition 7.6, 7.7 and 7.8, the following result on the torsion properties of
the Iwasawa module G2 :

PROPOSITION 7.9. Let z € G2 be a nonzero element, lying in the image of the natural morphism

and write M, & (x) 4 for the sub A-module of &%, generated by the element z.

Then G2, /M, has a natural structure of profinite A-module and the torsion sub-module Tor(S2, /M)
is dense in &% /M, for the natural profinite topology.

Moreover, if f is even and r = (...,0,p —1,0,p — 1...) then the torsion sub-module Tor(G;O)
is dense in G2 for the natural profinite topology.

Proof. Since A is compact it is clear that M, is a closed sub-module of G2 . By Proposition 7.6 we
deduce that the image of the natural morphism

@ A-e— 62
ec¥s,
is a rank one, dense A-sub-module of G2 . The result follows.

The statement for the case where f is even and r = (...,0,p — 1,0,p — 1...) follows in the
analogous way using Proposition 7.8. O

7.3 The case F = Q,

The aim of this section is to describe explicitly the Iwasawa module &Z! @ &22? when F = Q,, in
Galois theoretical terms.

Let Q2 be the quadratic unramified extension of Q,. We fix an embedding Q. 5 and, for
j € {0,1}, we write 7; = 10 FrobjQ , Where Frobgq , is the absolute Frobenius on Q2. With this
choice, we can define the fundamental Serre character ws of niveau 2 associated to the residual
embedding F,» < k. For n € {1,...,p} we write ind(wy) for the unique (absolutely) irreducible
2-dimensional representation of G'q, whose restriction to the inertia subgroup Iq, is isomorphic to
w? @& wh" and whose determinant is w” (the mod p-reduction of the cyclotomic character).

If 0 <r < p—1 the Galois representation ind (wg'H) corresponds to the supersingular represen-
tation 7(0,,0) and the aim of this section is to show that the .#-module GZ! © &Z2 is isomorphic
to the “mod-p Wach module” associated to the dual of ind(wj ™).

Recall that for e € {0,1} we have defined (cf. Definition 3.6) the elements ey(;;1)1s; Where
jeNandi=0,...,f—1; As F = Q, we will omit the subscript ¢ in what follows. Then &2 is
easily seen to be generated over A by the element e,.

Fix n € 2N + 1. Using the definition of the elements eg, e2 one verifies the following equality
inside &9 ;:
es = X - eg.
By the generality of n € 2N + 1 we deduce that &Z! is the submodule of &% generated (over A)

by the element es = X - eg; a completely analogous argument shows that GZ2 is the submodule of
&L, generated (over A) by the element e3 = X"t . ¢;.
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We turn our attention to the action of the Frobenius. By Proposition 5.12 we have

ﬁ(eg) = €3 (26)
Fles) = ey = XD+,
As usual, the equality e, = X@~D0+De, is verified in the quotient S, .1 using the explicit descrip-

tion of the elements ey, €2 given in Proposition 3.5, for all n € 2N + 1 sufficiently large (here it
sufficies n > 3).

We leave to the reader the task to verify that H acts on es, e3 by the character (Xra)v so that,
by Proposition 7.1 we deduce the Z; action:

Yeare = Teare + (XP71) - eara
for e € {0,1}.
We claim that GZ! @ G622 is isomorphic, as a Frobenius module, to the mod-p reduction of
Wach module associated to V;.11(0), the irreducible crystalline representation of Gq, with Hodge-
Tate weights (0, —(r + 1)) and whose trace of Frobenius equals zero. Even if this is obvious to the

experts, we decided to include a self contained argument. We invite the reader to refer to [Ber] for
the general theory of Wach modules (cf. also [BLZ] or [Dou]).

Let 0 <7 < p—1and N,;;(0) be the rank two ¢-module over ¢'[[X]] whose Frobenius action
is characterized by

gl = sl | (S g | (27)

where (n1,ns) is a @[[X]]-basis for N,,1(0) and q & % € O[[X]]. By the work of [BLZ]
(Proposition 3.1.3), there exists a &[[X]]-semilinear, yp-equivariant Z-action on N,;1(0), which is
trivial modulo XN,11(0); this gives rise to a well defined structure of Wach module on N, ;1(0).

The module N,.;(0) is endowed with a filtration (cf. [Ber|, Théoreme I11.4.4)

Fib (N, 1(0) & {2 € Neya(0), 6(0) € @/Nr i (0)
and one sees that (cf. [BLZ], proof of Proposition 3.2.4)
On, @ Ony if j<0

Fil/ (N, 41(0)/XN,41(0)) = Ony if 1<j<r+1 (28)
0 if  j>r+2

By [Ber], Proposition I11.4.2 and Corollaire I111.4.5 we have an isomorphism of filtered p-modules
over I
E®g (Nr+1(0)/XNr+1(O)) — Deris(Vr11(0))
for an appropriate crystalline representation V,.;1(0) with Hodge-Tate weights {0, —(r + 1)}.

LEMMA 7.10. In the previous hypotheses, we have an isomorphism of cristalline representations
G
Vig1(0) = inngp XZ(;F 11) where x(o,1) is the crystalline character of GQp2 with labelled Hodge-Tate
p2 ’
weights —(0,1) and such that x 1)(p) = 1.
Proof. By the equations (27) and (28) we have a complete description of the filtered p-module

E ®¢ (N;41(0)/XN,41(0)) (notice that q""'ny = p"+tny mod XN,11(0)). The result follows then
from Breuil [Bre| Proposition 3.1.2 et 3.1.1.

Alternatively, we can prove the Lemma using the theory of Wach modules, as we outline in the
following lines.
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One easily sees by (28) that the filtered module E ®¢, (Ny4+1(0)/XN,11(0)) has no nonzero,
¢-admissible proper submodules, and hence V;.11(0) is irreducible. Let T,41(0) be the g-lattice of
Vr+1(0) corresponding to N,;(0) via the equivalence of [Ber| Proposition I11.4.2.

By the results of [Dou], §2 we can describe the GQPQ—restriction of T,4+1(0) in terms of Wach
modules over Z,» ®z, Og[[X]]. Recall the natural isomorphism of rings

Z,: ®z, O0[[X]] — O[[X]] & O[[X]]
x® P(X) — (19(x)P(X), 71(x)P(X)).
By [Doul, Proposition 2.5 and 2.6, the Wach module over Z,: ®z, Op[[X]] associated to T;11(0)|cq |,
P

is obtained by extension of scalars from N,1(0). In particular its Frobenius action is defined by:

[p(n1), p(n2)] = [n1, no] [ (qr£?:22+1) Eééi }

and the matrix equality

6D o L o ] = on @ [(L 6

shows that we have an isomorphism of Wach modules
N(Tr+1(0)|GQp2) = N(or+1),1 @ Nry1,0)1

where N 11y1 (resp. N410),1) are the rank one Wach modules over Z,» ®z, Or[[X]] whose
Frobenius action is characterized, on appropriate generators 19, 71, by ¢(n0) = (1,q" " )no (resp.
() = (4", 1)my, cf. also [Dou], §3.1.).
By [Dou], Proposition 3.5 et seq. we have
E®g N(O,TJrl),l = Dcris(XZS:ll))a E ®¢ N(r+1,0),1 = DCTZS(XE‘:S))
where X(1,0) (resp. X(o,1)) is the crystalline character of labelled Hodge-Tate weights —(1,0) (resp.

—(0,1)) such that x(o,1)(p) = 1 = x(1,0)(p). It follows that, w+1(0)‘GQp2 = ngé) & XHII) and we

deduce
. G
Vo (0) = indf% 353!
D
as Vy41(0) is irreducible. O

The mod-p reduction of the crystalline character x(g,1) is deduced from [Dou|, Lemma 6.2:

X(0,1) = wo !
hence the mod-p reduction of the crystalline representation V;.1(0) is given by
V41 (0) = (ind(wg ™))"
(notice that V., 1(0) is irreducible as r < p — 1), and we define the mod-p Wach module:
N((ind(w5™))") € Ny41(0) @ k-

Since qn; ® 1 = XP7In; ® 1 in N,41(0) ®4 k, by comparing the equations (27) and (26) we
deduce:

PROPOSITION 7.11. Let F = Q) and 0 = o, for r € {0,...,p — 1}. We have an isomorphism of
w-modules over A:

62! @ 622 = N((ind(wi™))").

where 62! ® G622 is the Iwasawa module associated to the supersingular representation (o, 0).
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8. A note on Principal and Special series

The aim of this section is to extend the previous constructions to the case of tamely ramified
principal series. The arguments are now much simpler; we invite the reader to refer to [Mol], §5 for
the omitted details.

Recall that the tamely ramified principal series for GLo(F') are described (up to a twist by a

smooth character) by the parabolic induction
Trp = indlC;'(Llﬁ)(F)(um;L ® whun,-1) (29)

where p € EX, un,, is the unramified character of F* verifying un,(w) = p, r € {0,...,p— l}f and
w is the mod p cyclotomic character of F'*.

It is known by the work of Barthel and Livné [BL94] that the principal series (29) is absolutely
irreducible if either |r| ¢ {0,q} or |r| € {0,q} and p ¢ {1,—1}.

On the other hand if |r| € {0,¢} and p € {1, —1} we have a short exact sequence

. 1GL2(Qp)
0—>1—>1ndB(Qp)p 1—St—0.

where St (the Steinberg representation for GLy(F')) is absolutely irreducible.
Since B(F)\GLy(F') is compact, we have the following K-equivariant isomorphism

. 1GLy(F Y o i (o0 1K
(1ndB(;)( )(un# ® whun,,—1)) |k = Ind g ooy X = h_rr)l(deo(wnH)an) (30)
n=1
where the transition morphisms for the co-limit in the RHS are obtained inducing the natural
monomorphisms of Ky(w™)-representations

S . Ko(w™ S
Xr = lnnggwn-)l—l)Xr (31)

(notice that such monomorphism is unique up to scalar by Frobenius reciprocity).

For the tamely ramified principal series 7, , we associate the Ky(w)-sub-representation

— def . Ko(w)
R, = 1ndK2(wm)XZ.

The representation R__ controls the representation theoretic behavior of principal and special
series representations for GLo(F'):

ProprosITION 8.1. Let 7., be a tamely ramified principal series and let RS, be the associated
Ky(w) sub-module. We have a K-equivariant isomorphism

~ o 1K _
Trulk = ind g, ) Reo
Moreover we have a N-equivariant isomorphism
Truln & Rog @ (R;o)s
where the action of & on the RHS is given by the involution
Ry, — (Ry)°
v — 0.
In particular, the Steinberg representation fits in the following exact sequences:
0= 1— indf o Ry, — Stlx =0
0—1— R @ (Ry) — Stly — 0.

o
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Proof. The assertions on the K-structure of m, , follow from the isomorphism (30) and the formal
properties of the compact induction functor.

The assertions on the N-structure of 7, ;, can be checked directly using the Mackey decomposition
(7T£1H) ‘Ko(w) = (lnng(Zoo)Xz) ® (lnng(Z)mﬁ(F)Xﬂ) (32)

and noticing that « normalizes Ky(w) (hence the Kjy(w)-equivariant isomorphism between the
direct summands in the RHS of (32), once we endow one of them with the conjugate action of
Ko(w)).

]

Assume now that F' is unramified over Q.

Ko(p)
Ko(p™)

indggg 31 1) X; are obtained, by induction, from the monomorphism (31), it is easy to see that

We define G, to be the Pontryagin dual of R_ . Since the transition morphisms ind X <

6oo:1<iinA/<Xf i=0,...,f—1)
n>1
where the morphisms definig the projective system are the natural projection (and respect the
E[[Ko(p)]]-module structures).

Hence

PROPOSITION 8.2. The universal module &, associated to a principal or a special series is described
by

~

Soo = E[[Ko(p)]] k(o (poe) 1-

Proof. Omissis. O
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