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RELAXATION AND 3D-2D PASSAGE THEOREMS IN
HYPERELASTICITY

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

ABSTRACT. We give an overview of relaxation and 3d-2d passage theorems in
hyperelasticity in the framework of the multidimensional calculus of variations.
We give several improvements of the proofs and we introduce the concept of
p-ample integrand in showing its interest with respect to determinant type
constraints. Some open questions are addressed.
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1. INTRODUCTION
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These notes are concerned with the problems of relaxation and 3d-2d passage under
determinant type constraints naturally related to hyperelasticity in the framework
of the multidimensional calculus of variations. Our goal is, on the one hand, to give
an overview of our works (see [AHMO06, AHMO07, AHM08a, AHMO8b]) concerning
these two problems, and, on the other hand, to highlight the fact that the Dacorogna
relaxation theorem (proved in 1982, see Theorem 2.3) and the Le Dret-Raoul 3d-2d
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passage theorem (proved in 1993, see Theorem 3.4) can be extented to theorems (see
Theorems 2.6 and 3.8) which are consistent (almost consistent for the relaxation
problem) with the setting of hyperelasticity, whose the two basic conditions are:

(i) the noninterpenetration of the matter and
(ii) the necessity of an infinite amount of energy to compress a finite volume of
matter into zero volume.

Despite the restriction on the polynomial growth of the energy density which is not
compatible with (i) and (ii), the Dacorogna theorem provides the model of nonlinear
relaxation theorems related to hyperelasticity. In Section 2, we show that this model
theorem can be improved by introducing the class of ample energy densities, i.e.,
“energy densities having a quasiconvexification which is of polynomial growth”, see
Definition 2.9 and Theorems 2.6 and 2.10, and we make clear the fact that the
ample energy densities are consistent with (ii) (see §2.6). Similarly, in spite of the
polynomial growth hypothesis on the energy density, the Le Dret-Raoult theorem
provides the model of nonlinear dimension reduction theorems in hyperelasticity. In
Section 3, we show that this theorem can be extended to the setting of ample energy
densities (see Theorem 3.5) as well as to the setting of hyperelasticity, i.e., to the
case of energy densities which are compatible with (i) and (ii) (see Theorem 3.8).
This latter theorem gives an answer to the 3d-2d passage problem in hyperelasticity
in the same spirit as the works of Ball (see [Bal77]), Acerbi-Buttazzo-Percivale (see
[ABP91]) and Friesecke-James-Miiller (see [FIMO02]). It is the result of several
works: mainly, the attempt of Percivale in 1991 (see [Per91]), the papers of Le Dret
and Raoult (see [LDR93, LDRY5]) and the thesis of Ben Belgacem (see [BB96], see
also [BB97, BBO0O]).

2. RELAXATION THEOREMS WITH DETERMINANT TYPE CONSTRAINTS

2.1. Statement of the problem. Let m, N € N (with min{m, N} > 1),let p > 1
and let W : M™*N — [0, +-00] be Borel measurable and p-coercive, i.e.,

3C >0 VF e M™N W (F) > C|FJP,

where M™*¥ denotes the space of real m x N matrices. Define the functional
I:WHP(Q;R™) — [0, +00| by

16) = [ W(Vola))da.

where Q2 C RY is a bounded open set, and consider I : W1P(Q; R™) — [0, +o<]
(the relaxed functional of I) given by

1(¢) := inf {nmnff(gsn) o B ¢} :

Denote the quasiconvex envelope of W by QW : M™*¥ — [0, +00]. The problem
of the relaxation is the following.

Problem 2.1. Prove (or disprove) that
Vo € WHP(Q;R™) T(¢) = / QW (Vo(x))dx
Q

and find a representation formula for QW.
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At the begining of the eighties, in [Dac82] Dacorogna answered to Problem 2.1
in the case where W is “finite and without singularities” (see §2.2). Recently,
in [AHMO7, AHMO08b] we extended the Dacorogna theorem as Theorem 2.4 and
Theorem 2.6 (see §2.3 and §2.4) and we showed that these theorems can be used to
deal with Problem 2.1 under the “weak-Determinant Constraint”, i.e., when m = N
and W : MY *N — [0, +00] is compatible with the following two conditions:

(1) W(F) =400 <= —0 <detF <0 with 6 > 0 (possibly very large)
W(F) — +oc as detF' — 0

(see §2.6). However, an answer to Problem 2.1 under the “strong-Determinant
Constraint”, i.e., when m = N and W : MY *¥ — [0, +-o0] is compatible with the
two basic conditions of hyperelasticity:

W(F) =400 <= detF <0 (non-interpenetration of matter)
@) necessity of an infinite amount
W(F) — +oc as detF' — 0 of energy to compress a finite
volume into zero volume

is still unknown (see §2.7).

2.2. Representation of QW and I: finite case. Let Z, W, ZW : M™*N —
[0, 400] be respectively defined by:

¢ ZLW(F) :=inf {/Y W(F +Vo(y)dy : p € Wol’OO(Y;Rm)};

¢ ZW(F) = inf {/Y W(F + V(y))dy : ¢ € Affo(Y;]Rm)},

where Y :=]0, 1[N, W, °(Y;R™) := {p € Wh™(Y;R™) : ¢ = 0 on dY} and
Affo(YV;R™) := {p € AF(Y;R™) : ¢ = 0 on 9Y} with Aff(Y;R™) denoting the
space of continuous piecewise affine functions from Y to R™.

Remark 2.1. One always has W > ZW > Z, W > QW.
Theorem 2.2 (Representation of QW [Dac82]). If W is continuous and finite then
OW = ZW = Z, W.
Theorem 2.3 (Integral representation of I [Dac82]). If W is continuous and
Je>0 YFeM™N W(F)<cl+|FP)
then
¥ e WI@R™) T(0) = [ QW(Vo(a))da,

2.3. Representation of QW: non-finite case. Theorem 2.2 can be extended as
follows.

Theorem 2.4 ([AHMO07, AHMO08b)).
(i) If ZooW s finite then QW = Z, W.
(il) If ZW is finite then QW = ZW = Z, W.
Proof. We need (the two last assertions, the first one being used at the end of
§2.4, of) the following result.
Lemma 2.5 ([Fon88]).
(a) If ZooW (resp. ZW ) is finite then Zo,W (resp. ZW ) is rank-one convex.
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(b) If ZoW (resp. ZW ) is finite then Z,,W (resp. ZW ) is continuous.

(€) ZouW < ZZ.W and ZZW = ZW.
One always has W > ZW > Z, W > QW. Hence:

(j) QZW = QW < Z, . W;

() QZW = QZ W = QW.
(i) If ZW is finite then Z,,W is continuous by Lemma 2.5(b). From Theorem 2.2
it follows that QZ, W = ZZ, W. But Z, W < ZZ,,W by Lemma 2.5(c), and so
OW = Z, W by using (j).

(ii) If ZW is finite then also is Z,W. Hence QW = Z, W by the previous
reasoning. On the other hand, ZW is continuous by Lemma 2.5(b). From Theorem
2.2 it follows that QZW = ZZW. But ZZW = ZW by Lemma 2.5(c), and so
QW = ZW by using (jj). B

Question 2.1. Prove (or disprove) that if Z,W is finite, also is ZW .

2.4. Representation of I: non-finite case. Theorem 2.3 can be extended as
follows.

Theorem 2.6 ([AHMO07, AHMO08Db]).
(i) If 3¢ >0 VF e M™N Z W(F) < c(1+ |F|P) then

Vo e WIN@R™) 1(6) = | QW(Vo(w)de
Q
(i) IfJe >0 VE € M™*N ZW(F) < c(1 + |F|?) then
¥ € WINOR") T(6) = Tun(6) = | QW(Vo(a)ds
with Tug : WHP(Q;R™) — [0, +00] defined by
n—-+o0o

L (¢) := inf {liminf[(gi)n) AR (Q;R™) 5 ¢, £ QS} .

Proof. (i) Let Zo01, 201, Zoo Log : WHP(Q; R™) — [0, +00] be respectively defined
by:

W

o Zol(0) = /Q 2, W (Vo(x))da:

o Zo1(¢) := inf {liminf ZooI(dn) : b0 5 ¢};

n—-+o0o

W

¢ Zoolan(¢) = inf {lig}rnf ZooI(dn) : AH(Q;R™) 5 ¢y, 2 ¢} .

Since Z,, W is of p-polynomial growth, i.e., 3¢ > 0 VF € M™N Z_W(F) <
c(1 + |F|P), it follows that Z.W is (finite and so) continuous by Lemma 2.5(b).
By Theorem 2.3 we deduce that

Vo € WHP(Q;R™) Z1(¢) = / QZ W (Vé(z))dx.
Q
But one always has QZ. W = QW hence

o € WP R™) Znl(9) = /Q QW (Vo (x))da.



RELAXATION AND 3D-2D PASSAGE THEOREMS IN HYPERELASTICITY 5

Thus, it suffices to prove that I < Z,.I (the reverse inequality being trivially true).
The key point of the proof is that we can establish (by using the Vitali covering
theorem and without assuming that Z,,W is of p-polynomial growth) the following
lemma (whose proof is given in §2.8.1).

Lemma 2.7. I < Z1,5.

On the other hand, as Z,W is of p-polynomial growth and Aff(Q2; R™) is strongly
dense in WHP(Q;R™), it is easy to see that Z.. [, = 25,1, and the result follows.

(i) Let Z1, 2001, Zool oz : WHP(Q;R™) — [0, +00] be respectively defined by:
o Z1(0) = / ZW(V())da;
Q

¢ Z1(¢) := inf { liminf Z1(4y) : dn = ¢};

n—-+4oo
¢ Zl.g(¢) := inf {lim_‘i_nf ZI(¢yn) : AF(BR™) 3 ¢y = ¢} .

As ZW is of p-polynomial growth and (so) continuous (by Lemma 2.5(b)), from
Theorem 2.3 (and since QZW = QW is always true) we deduce that

Yo € WHP(Q:R™) ZI(¢) = /Q QW (Vo(x))dz.

It is then sufficient to prove that I.g < ZI (the inequalities I<I.gand ZI <]
being trivially true). As above, the key point of the proof is that we can establish
(by using the Vitali covering theorem and without assuming that ZW is of p-
polynomial growth) the following lemma (whose proof is given in §2.8.1).

Lemma 2.8. I, < ZI.4.

On the other hand, as ZW is of p-polynomial growth and Aff(Q2; R™) is strongly
dense in WHP(Q; R™), it is clear that ZI,g¢ = Z1, and the result follows. B

We see here that the integrands W for which Z,,W or ZW is of p-polynomial
have a “nice” behavior with respect to Problem 2.1. So, it could be interesting to
introduce a new class of integrands (that we will call the class of p-ample integrands)
as follows.

Definition 2.9. We say that W is p-ample if and only if Z, W is of p-polynomial
growth, i.e., 3¢ >0 VEF € M™*N Z W (F) < c(1+ |F[P).

We use the term “p-ample” because of some analogies with the concept (developed
in differential geometry by Gromov) of amplitude of a differential relation (see
[Gro86] for more details). Thus, Theorems 2.4 and 2.6 can be summarized as
follows.

Theorem 2.10. If W is p-ample then
Vo € WHP(Q;R™) I(¢) = / OW (Vo(x))dx and QW = Z, W.
Q

Question 2.2. Prove (or disprove) that W is p-ample if and only if QW is of
p-polynomial growth.
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An analogue result of Theorem 2.6 was proved by Ben Belgacem (who is in fact
the first that obtained an integral representation for I in the non-finite case). Let
{R;W}ien be defined by RoW := W and for each i € N* and each F € M™*¥N
RipAW(F) = irgN {I-ORW(F —ta®@b) +tRW(F+ (1 —t)a®b)}.
ac

beR™
tel0,1]

By Kohn and Strang (see [KS86]) we have R;1 1 W < R;W for all i € N and
RW = inf;>9 R;W, where RW denotes the rank-one convex envelope of W. The
Ben Belgacem theorem can be stated as follows.

Theorem 2.11 ([BB96, BB00]). Assume that:
(BB1) O := int{F e M™N . Vi ¢ N ZR,W(F) < Ri+1W(F)} is dense in
MmxN.
(BBg) Vi € N* VF € M™*N V{F,}, C Oy
F, — F = R,W(F) > limsup R;,W(F,);

n—-+00
¢ dc>0 VF e M™N RW(F) < (1 + |FP).
Then
Vo e WP R™) T(¢) = / QRW (Vo (x))da.
Q

Generally speaking, as rank-one convexity and quasiconvexity do not coincide, The-
orem 2.6 and Theorem 2.11 are not identical. However, we have

Lemma 2.12. If either Z, W or ZW is finite then QRW = QW

Proof. If Z, W (resp. ZW) is finite then Z, W (resp. ZW) is rank-one convex
by Lemma 2.5(a). Consequently Z,,W < RW (resp. ZW < RW) (and Theorem
2.13 below follows by applying Theorem 2.6). Thus, we have Z,, W < RW < W
(resp. ZoW < RW < W), hence QZ W < QRW < QW (resp. QZW <
OQRW < QW) and so QRW = QW since one always has QZ, . W = QW (resp.
QZW =Qw). i
Theorem 2.13. Assume that 3¢ > 0 YF € M™N RW(F) < ¢(1+ |F|?). Then:

(1) if ZoW s finite then

Vo e W R™) 1(¢) = | QW (Vo())da;
Q
(ii) if ZW is finite then

Vo € WHP(Q; R™) T(gb):Tag(qﬁ):/ﬂQW(Wﬁ(z))d:c.

Question 2.3. Prove (or disprove) that if (BB1) and (BB2) hold then ZW is finite.

2.5. Application 1: “non-zero-Cross Product Constraint”. Consider W :
M3*2 — [0, +00] Borel measurable and p-coercive and the following condition

(3) Ja,B8>0VE=(& | &) e MP? (|G A&l > a= Wo(E) < B+ [E))
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with & A & denoting the cross product of vectors &1,&; € R3. When W, satisfies
(3) it is compatible with the “non-zero-Cross Product Constraint”, i.e., with the
following two conditions:

(4) { Wo(é1 | &) = +o0 = [&1 A& =0
Wo(&1 | &) — +oo as €3 A& — 0.

The interest of considering (4) comes from the 3d-2d problem (see §3): if W is
compatible with the “strong-Determinant Constraint”, i.e., (2), then Wy given by
Wo(§) := infeers W (£ | €) is compatible with (4). One can establish the following
lemma (whose proof is given in §2.8.2) which roughly means that the “non-zero
Cross Product Constraint” is p-ample.

Lemma 2.14 ([AHMO07, AHMO08a]). If Wy satisfies (3) then ZWy is of p-polynomial
growth, i.e., Ic > 0 V&€ € M3*2 ZW(€) < (1 + [€]P).

Applying Theorem 2.6(ii) we obtain
Corollary 2.15. If Wy satisfies (3) then

W e WP RY) T(6) = Tar(w) = /Q QW (Vi ()

2.6. Application 2: “weak-Determinant Constraint”. The following condi-
tion on W is compatible with “weak-Determinant Constraint”, i.e., (1).

(5) Ja, B> 0VE € MYVN (|detF| > a = W(F) < B(1 + |F[?)).

One can prove the following lemma which roughly means that the “weak-Determinant
Constraint” is p-ample (see also Lemma 2.16-bis below).

Lemma 2.16 ([AHMO08al). If W satisfies (5) then ZW is of p-polynomial growth,
i.e., 3e > 0 VF € MV*N ZW(F) < ¢(1 + |FP).

Applying Theorem 2.6(ii) we obtain
Corollary 2.17. If W satisfies (5) then

Vo € WHP(Q; RY) T(Qb):Taff((b):/QQW(Vd)(JZ))dx.

Proof (of a part of Corollary 2.17). Taking Theorem 2.13(i) into account, it
suffices to verify the following two points:

¢ (5) = Jc>0VF e MVXN RW(F) < ¢(1 + |F|P);

¢ (5) = Z, W < +oo,
which will give us the desired integral representation for I. The first point is
essentially due to a lemma by Ben Belgacem: it is a direct consequence of Theorem
3.18 (see Remark 3.19) whose proof is given in §3.6.4. For the second point, it is
obvious that Z, W (F) < +oo for all F € M¥*Y with |detF| > a. On the other
hand, we have

Lemma 2.18 ([DR04], see also [CP98]). For all F € MN*N if |detF| < a then
there exists p € Wy > (Y;RN) such that |det(F 4+ Vo (z))| = « a.e. in Y.

Hence, if F € MY > is such that |detF| < a then Z W (F) < [, W(F+V(z))ds
with some ¢ € W, >°(Y;RN) given by Lemma 2.18, and so Z,, W (F) < 2P3(1 +
[FIP+[VelLs) < +oo. W
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Remark 2.19. From the previous proof, we can isolate the following result.

Lemma 2.16-bis. If W satisfies (5) then Z,,W is of p-polynomial growth, i.e.,
Je>0VF € MVXN Z W(F) < ¢(1+ |F|P).

2.7. From p-ample to non-p-ample case. Because of the following theorem,
none of the theorems of this section can be directly used for dealing with Problem
2.1 under the “stong-Determinant Constraint”, i.e., (2).

Theorem 2.20 ([Fon88]). If W satisfies (2) then:

(Fy) QW is rank-one convex;
(F2) QW (F) = +o0 if and only if detFF < 0 and QW (F) — 400 as detF — 0.

The assertion (Fs) roughly says that the “strong-Determinant Constraint” is not p-
ample, i.e., Z,, W cannot be of p-polynomial growth, and so neither Theorem 2.4 nor
Theorem 2.6 is consistent with (2). From the assertion (F1) we see that QW < RW
which shows that RW cannot be of p-polynomial growth when combined with (Fs).
Hence, the theorem of Ben Belgacem is not compatible with (2).

Question 2.4. Develop strategies for passing from p-ample to non-p-ample case.

2.8. Complementary proofs.

2.8.1. Proof of Lemmas 2.7 and 2.8. Tt is sufficient to prove that if ¢ € Aff(Q;R™)
then

6) T(¢) < / Z W (Vo())dx (resp. Tas(9) < / ZW (Vo(x))dz).

By definition, there exists a finite family (V;);es of open disjoint subsets of 2 such
that |2\ UierVi| = 0 and for every i € I, |0V;| = 0 and V¢(z) = F; in V; with
F; € M™*N_ Given § > 0 and i € I, we consider ¢; € Wy ™(Y;R™) (resp.
p; € Affg(Y;R™)) such that

(7) /Y W(Fi + Voi(y))dy < ZW (F;) + K‘Z
(resp. /Y W(F; + Vi(y))dy < ZW(F;) + él)

Fix any integer n > 1. By the Vitali covering theorem, there exists a finite or
countable family (a; ; + o ;Y);es, of disjoint subsets of V;, where a;; € RN et
0 < a;; <1 such that ’Vi \ Uje, (aij + am-Y)’ =0 (and so > c ;. a% = |Vi]).
Define ¢,, € Wy ™°(Q; R™) (resp. ¢, € Affo(Q;R™)) by

L — G4, .
’]> six€a;;+ ;Y.

Pn(T) == Qi jepi ( —

0.
Clearly, we have |[¢y || Lo (rm) < + maxer ||| oo (v rm) and [Vl Lo (@mmxny <
maxier || Vil oo (v;mmx ), and so, up to a subsequence, ¢y, 50 in WHe(Q;R™),

* . .
where “=7 denotes the weak* convergence in W1>°(;R™). Hence ¢, — 0 in
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WLP(Q; R™). Consequently, up to a subsequence, ¢,, — 0 in LP(£;R™). More-
over, we have

/Q W (Vé(x) + Vo () di

Z/V W (F, + Vén()) da

icl

= C X ol [ WR Ve dy

el jed;
= Sl [ W Vi) do
iel Y
Since ¢ + ¢, € WH(Q;R™) (resp. ¢ + ¢, € AfF(R™)) and ¢ + ¢, — ¢ in
LP(Q;R™), using (7) we deduce that

7(0) < liminf [ W(Voa) + Von(o)de < 3 VIZW(R)+4
i€l
= /ZOOW(Vqﬁ(a:))dx—i-(S
Q

(resp. Tai(9) < / ZW(Ve(x))dz + ),
Q
and (6) follows by letting 6 — 0. W

2.8.2. Proof of Lemma 2.14. We begin by proving that ZW) satisfies the following
condition.

(8) Fy>0Vee M (min{[& + &, & — &I} = a = Wo(F) <v(1+]F7)).

Let £ = (&1 | &) € M3*2 be such that min{|¢; + &, |€1 — 2|} > a. Then, one of
the three possibilities holds:

) 61 A &l #0;
(10) &1 A &2 = 0 avec & # 0;
(11) [§1 A &2f = 0 avec & # 0.

Set D :={(x1,72) ER? i 21 — 1 <ap <y +1let —2; —1<ax9 <1—21} and
define ¢ € Affy(D;R) by

—x1+ (v2+1) si( )

L (171‘1)7582 si (Il,SCQ) EAQ

YLl =N e (1w si (o)

(x1+1) + o si ( )

with:
Al = {(I1,$2) eD: i) Z 0et T S O}’
Az = {(z1,22) €D 121 > 0 et 22 > 0}
Az = {(v1,22) € D21 <0 et 23 > 0}
Ay = {(x1,22) € D: 21 <0 et zg <0}
Consider ¢ € Affo(D;R3) given by

A .
V= éi/\gzl si on a (9)

p(z) :=Y(x)v avec { lv| =1et (&,v) =0 sion a (10)
lv| =1et (&,v) =0 siona (11),
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where (-, -) denotes the scalar product in R3. Then

(G—v|&+v) sizeint(A)

) G —v[&—v) sizeint(Ay)
$FVele) = (fi-l—l/\ﬁz—u) sixeint(Az)
&G +v|&+v) sixeint(Ay)

with int(F) denoting the interior of E. We need the following result.

Lemma 2.21 ([Fon88]). For every bounded open set D C R? with |0D| = 0 and
every & € MI3%2,

1
ZWy(§) = inf {m/ Wo(§+ Vo(x))dr : ¢ € AHO(D;RS)} .
D
Using Lemma 2.21 we deduce that

12) 2O < §(TolE —v & +v)+Wole—v | & —)
+ Wolsa+v & —v)+Wolss +v | & +v)).

But |(61 — 1) A (G + V)2 = |61 A&+ (61 + ) AV = 6 A&l + (&1 + &) Avf?
|(&1 + &2) A v|?, hence

(G +v) A (& —v)| =[G+ &) Av| =& + &l
Similarly, we obtain:

(G =v) A (&2 —v)| 2 |6 — &l;
(G +v) A (&—v)[ 2 |§1+f2|
(&1 +v) A (L +v)| =& — &l
Thus [(§1 = v) A (2 +v)| 2 a, [ —v) A (&2 —v)| 2o, [+ V) A (&2 —v)| = aet
[(&1 +v) A (&2 + V)| > a because min{|&; + &, [€1 — &2|} > a. Using (3) it follows
that

Wo(&r —v[&+v) BA+[E —v[&+v)7)
B2P (L + (& [ )P+ |(=v | V)I)

BRI (L + IEPP).

IANIN TN

In the same manner, we have:

Wo(6r —v | & —v) < B22PHH(1+[¢]P);
Wo(&r +v | & —v) < B2 (1 + [¢]P);
Wo(§1 +v | & +v) < B2+ (1 + [€]P),
and from (12) we conclude that ZWy (&) < B22P+1(1 + [£|P), which proves (8).

We now prove that ZWj is of p-polynomial growth, i.e.,

(13) Je > 0 VF € M3*2 ZWy(€) < (1 + [¢P).

Let & = (& | &) € M3*2, Then, one of the four possibilities holds:
) €1 A &2 # 0;

(15) &1 A &2 = 0 avec & = & = 0;

(16) €1 A G = 0 avec & #0;

(17) |€1 A &2 = 0 avec & # 0.
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Define ¢ € Affy(Y;R) by

with:

Then

Ali
Ay
Ag'
A4I

B e e o ey

7/}($17332) =

To si
(1 —xq1) si
(1 —x9) si
T si

ffo(Y; R?) given by

£+ Vo(r) =

_ a(&ings)
v= [E1NE2]
V| =«

V| =aet (§&,v) =0
v =aet (§,v) =0

twy <ay < —xo + 1}
s+ 1 <@g <al;
=z + 1< a <ol
cxp <mg < —xp + 1}

si z € int(Aq)
six € lnt(AQ)
si @ € int(As)
si @ € int(Ay).

Using Lemma 2.5(c) together with Lemma 2.21 we deduce that

(18)

But [& + (& +v)* = (&1 + &) +v|* =

EWo(E) < 7 (EWoler |&+0)+ ZWo(es —v | &)
+ ZWo(&1 | &2 —v) + ZWo(&1 +v | &2)).

hence &1 + ({2 + v)| > a. Similarly, we obtain |, — (&2 + V)| > «, and so
min{[&1 + (&2 + V)| & — (&2 +v)[} 2 a.

In the same manner, we have:

min{|(§1 — v) + &, [(& —v) — &} > o;
min{[§; + (§2 — v)[,1& — (&2 —V)[} > o
min{[(§1 +v) + &, [(§1 +v) — &} > @

As ZW) satisfies (8) it follows that

In the same manner, we obtain:
ZWo(&1 — v | &) < max{l,a?}y2P (1 + [¢[P);
ZWo (& | €2 —v) < max{1,a?}y2P (1 + [¢]P);
ZWo(&1 +v | &) < max{l,a?}y 2P+ (1 + [¢]P),

ZWo(&1 ] &2 +v)

ININIA

YA+ [ &2+ v)P)
2P+ [(& [ )P + (0] v)P)
max{l,ap}72p+1(1 + €|P).

11

&+ &P+ [V]? = |6+ &P + o > a?,

and from (18) we conclude that ZWy(¢) < max{1, a?}y2PT1(1+[£|P), which proves

(13). m
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3. 3D-2D PASSAGE THEOREMS WITH DETERMINANT TYPE CONSTRAINTS

3.1. Statement of the problem. Let W : M>*3 — [0, +0c] be Borel measurable
and p-coercive (with p > 1) and, for each & > 0, let I. : WHP(2R3) — [0, +00] be
defined by

I.(¢p) = - W(Vo(z, z3))drdrs,
Y
where X, := Xx] — 5, 5[C R3 with ¥ C R? Lipschitz, open and bounded, and a

point of ¥ is denoted by (z,z3) with 2 € ¥ and z3 €] — §, §[. The problem of
3d-2d passage is the following.

Problem 3.1. Prove (or disprove) that
v e W (siR?) (D(n)-lim 1) () = / Winem (Vi)())da,
E— by}

where the symbol “I'(m)-lim._,¢” stands for the I'(m)-limit as € — 0 (see Definition
3.1), and find a representation formula for Wiyem : M3*2 — [0, +00].

At the begining of the nineties, in [LDR93, LDR95] Le Dret and Raoult answered
to Problem 3.1 in the case where W is “finite and without singularities” (see §3.3).
Recently, in [AHMO06, AHMO08b] we extended the Le Dret-Raoult theorem to the
case where W is compatible with the “weak-Determinant constraint”, i.e., (1), and
the “strong-Determinant Constraint”, i.e., (2), as Theorem 3.5 and Theorem 3.8
(see §3.4 and §3.5).

3.2. The I'(m)-convergence. The concept of I'(m)-convergence was introduced
Anzellotti, Baldo and Percivale in order to deal with dimension reduction prob-
lems in mechanics. Let 7 = {m.}. be the family of LP-continuous maps m. :
WhP($;R?) — WHP(3;R3) defined by

nu(@)i= 1 [ otoaa)dos

Definition 3.1 ([ABP94]). We say that {I.}. I'(m)-converge to Imem as € goes to
zero, and we write
Imem = I(m)- lim I,
e—0
if and only if
Vi € WP(S;R3) (F(ﬂ)— lim intf IE) (¥) = (F(w)—hm sup IE> () = Imem (¥)
e~ e—0

with T'(7)-lim iglf I.,T(7)-limsup I. : WHP(X;R3) — [0, +o0] respectively given by:
E—

e—0
* (P(W)-lign_)iglf Ig) () := inf {lign_}glffs(sbg) e (¢2) Ly 1/)};
¢ (F(ﬂ)- limsupL;) (1) :=inf {limsup I(¢e) : mo(2) L® w}'
e—0 0

Anzellotti, Baldo and Percivale proved that their concept of I'(rw)-convergence is
not far from that of I'-convergence introduced by De Giorgi and Franzoni. For each
e > 0, consider Z. : W1P(3;R3) — [0, +00] defined by

T.(6) 1= inf {1.(6) : m(8) = ¥ }.



RELAXATION AND 3D-2D PASSAGE THEOREMS IN HYPERELASTICITY 13

Definition 3.2 ([DGF75, DG75]). We say that {Z.}. I'-converge to Imem as € goes
to zero, and we write
Imem =T-1lim 7,
e—0
if and only if
Vi € WHP(3; R?) (F— lim i(I)lfIE) () = (F— lim supIE> () = Imem (¥)
e e—0

with I-lim iglf Z.,I-limsupZ, : WHP(3;R3) — [0, +00] respectively given by:

e—0
o T-liminf 7. (1) = inf {limi(l)lfIE(Q/JE) . B w};

¢ I-limsupZ.(¢) := inf {limsupIe(we) e L—p> zp} )

e—0 e—0

The link between I'(7)-convergence and TI'-convergence is given by the following
lemma.

Lemma 3.3 ([ABP%)). Inem = T'(7)- lin% I, if and only if Iyem = I'- hII(l)IE.
E— E—

3.3. I'(m)-convergence of I.: finite case. Let Wy : M®*2 — [0, +00] be defined
by

Wo(e) i= inf, W(E | ©).
Theorem 3.4 ([LDR93, LDRY5)). If W is continuous and

Je>0VE € M**? W(F) < c(1+|FP)
then
Wi € WP (SR) D) im L (1) = / OWo(Vi(x))da.
e— D

Although the Le Dret-Raoult theorem is compatible neither with the “weak-Deter-
minant Constraint”, i.e., (1) nor with the “strong Determinant Constraint”, i.e., (2),

it established a suitable variational framework to deal with dimensional reduction
problems: it is the point of departure of many works on the subject.

3.4. T'(r)-convergence of I.: “weak-Determinant Constraint”. By using the
Le Dret-Raoult theorem, i.e., Theorem 3.4, we can prove the following result.

Theorem 3.5 ([AHMO6]). If W satisfies (5), i.e.,

Ja, 8> 0 VF € M**? (|detF| > a = W(F) < B(1+ |F|P)),
then

V€ WIP(SIRY) T(n)- lim 1) = /E QW (Vii(a)) d.

Proof. As the I'()-limit is stable by substituting I. by its relaxed functional I,
ie., I.: WhP(3;R3) — [0, +00] given by

Tle) = inf{%ﬂgﬁfs(%):%%}

1 P
— inf{liminf/ W(Vén)dadzs : ¢, = ¢>},
e

12 n—-+4oo
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it suffices to prove that
(19) Vip € WHP(S:R?)  T'(n)- 111%76(@ :/ OWy(Vip(x))da.
e b

As W satisfies (5) it is p-ample (see Definition 2.9), and so by Theorem 2.10 we
have

(20)  Ve> 096 € WSS T.(9) = / QW (Vo(x, v3))dedas
Ye

with QW = Z, W (which is of p-polynomial growth and so continuous by Lemma
2.5(b)). Applying the Le Dret-Raoult theorem, i.e., Theorem 3.4, we deduce that

Vi € WII(SRY) T(m)- limT.(0) = [ QIOWh(Vi(@)de

with [QW]o : M3*2 — [0, +00] given by

[OWlo(©) = inf, QW (¢ | )

On the other hand, one can establish the following lemma (whose proof is given in
§3.6.1).

Lemma 3.6. Q[QW]O = QWO
Which gives (19) when combined with (20), and the proof is complete. B

Theorem 3.5 highlights the fact that the concept of p-amplitude has a “nice” behav-
ior with respect to the I'(7)-convergence. More generally, let {m.}. be a family of
LP-continuous maps 7. from W1P(X.;R™) to WHP(Z;R™), where . C R (resp.
¥ C R* with k € N*) is a bounded open set, let {W.}. be an uniformly p-coercive
family of measurable integrands W, : M™*~ — [0, +oc] and, for each ¢ > 0, let
I.,QI. : WlP(3_;R™) — [0, +00] be respectively defined by

o L(6) = / W, (Vo(x))da:
¢ OL(¢) = / QW (V(z))da.

e
The following theorem says that the I'(7)-limit is stable by substituting I. by QI
whenever every W, is p-ample.

Theorem 3.7. Assume that:

& Ve >0 W, is p-ample;

¢ o WHP(3;R™) — [0, +00] T'(7r)- 1ir% QI = Iy.

E—
Then I'(r)- 1in% I. = Iy.
E—

Proof. As every W, is p-ample, from Theorem 2.10 we deduce that I, = QI for all
e > 0. On the other hand, as every . is LP-continuous, it is easy to see that I'(mr)-

liminf. o I. = ['(7)-liminf._oI. and ['(7)-limsup._ . = T(7)-limsup,_, I,
and the theorem follows. l
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3.5. T'(r)-convergence of I.: “strong-Determinant Constraint”. The fol-
lowing theorem gives an answer to Problem 3.1 in the framework of hyperelasticity
(it is consistent with the “strong-Determinant Constraint”, i.e., (2)) in the same
spirit as the works of Ball (see [Bal77]), Acerbi-Buttazzo-Percivale (see [ABP91])
and Friesecke-James-Miiller (see [FJMO02]). It is the result of several works on the
subject: mainly, the attempt of Percivale in 1991 (see [Per91]), the rigorous an-
swer to Problem 3.1 by Le Dret and Raoult in the p-polynomial growth case (see
[LDR93, LDR95]) and especially the substantial contributions of Ben Belgacem (see
[BB96, BB97, BB00]).

Theorem 3.8 ([AHMO08b]). Assume that:

(21) W is continuous;

(22) W(F) =400 < detF <0;

(23) V6 >0 35 > 0 VE € MP*3(detF > 6 = W(F) < ¢s(1+ |F|P)).
Then

Vep € WHP (5 R3) F(w)-;iir(l)ls(w):/EQWO(Vw(x))dx.

Proof. It is easy to see that if W satisfies (21), (22) and (23) then:
(24) Wy is continuous;
(25) Wo(€) = W(E | &2) = +oo = [G1 A&l =0;
(26) Vo> 0360 > 0VE € M2 (|60 A o] > a = Wo(€) < Ba(l+1E)).
In particular, Wy satisfies (3), i.e.,
Ja, B> 0VE = (&1 ] &) € M2 (|6 A&l > a = W (§) < B+ [E]7)),

since clearly (26) implies (3). Let Z,Z,Zaig, : WP(3;R3) — [0, +00] be respec-
tively defined by:

o I() = / Wo(V4(a)) de;
¢ Z(¢p) = inf {hmian(z/)n) S 2 w};

n—-+o0o

o T, (0) = int { T inf Z(6,)  CLSiR) 3 0, 2 v .
where C!(3;R3) is the set of C''-immersions from X to R?, i.e.,
CLER?) = {w € CLERY) :Va € 3 () A Dath(z) # o}.

As W, satisfies (3), by Corollary 2.15 we have
i € WP RY) T(y) = / QW (Vab(x))d.
b

On the other hand, we can establish the following two lemmas (whose the proofs
are given in §3.6.2 and §3.6.3).

Lemma 3.9 ([AHMO8b]). Z < I'-lim iglfIE.
E—

Lemma 3.10 ([AHMO8b]). If (21), (22) and (23) hold then T'-limsupZ. < Zqif, -

e—0
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Hence, taking Lemma 3.3 into account, it suffices to prove that
(27) Tdiﬁ‘* <7
Let us outline the proof of (27) (a more detailled proof is given in §3.6.5). Consider
faﬁffg,RI, RI, Waﬁfg : WEP(3;R3?) — [0, +00] respectively defined by:
. faff{f’g (¢) :=inf {liminfl'(d)n) D AR (S R?) 2 4y, = 1/)};

n—-+oo

¢ RI() = [ RWy(Vo(a))da
¢ RI(Y) = inf {nminmzwn) cn B w};

n—-+oo
¢ RI,gres (1) = inf {lim I RT (1) : AT R3) 5 v, 5 ¢} ,

where Aff[’8(3;R3) is a space of “nice” locally injective continuous piecewise affine
functions from ¥ to R3 defined as follows.

Definition 3.11. By a regular mesh in R? we mean a finite family {V;};cs of open
disjoint triangles of R? such that for every i, € I with i # j, the intersection of
V; and V; is either empty, an edge of each or a vertices of each. Given an open set
V C R?, we say that ¢ : V — R3 is affine if it is the restriction to V of an affine
function from R? to R3. The space of all continuous functions ¢ : R2 — R? for
which there exists a regular mesh {V;};e7 in R? such that for every i € I, 9|y, is
affine and 1) = 0 in R? \ U;c;V; is denoted by Affi°®(R2;R3). We set:

ARE(TRY) = { s v € AERGRY) )
AfEEOS (S, R?) = {1/} e Aff™5(3;R%) ) = 0 on az}.

We say that 1 : R? — R? is locally injective in 2 € R? if there exists p > 0 such
that 9| g, (») is injective, where B,(x) denotes the ball centered at = with radius
p. Given E C R?, when 1 is locally injective in x for all z € E, we say that 1 is
locally injective on E. We set

AfFi8(%R?) = {1/)[2: AffL°8(R%;R3) 3 1) is locally injective on i}.

As RT < Z, a way for proving (27) is to establish the following three inequalities:
(28) Zaisr. < Lagres;

(29) Taﬁ'lricg S ﬁaﬁ*lricg;

(30) Waﬁ«lr_cg <RI

The inequality (28) follows by using the fact that W, satisfies (24) and (26) together
with the following theorem due to Ben Belgacem and Bennequin (for a proof, see
[BB96, Lemme 8 p. 114]; see also [AHMO09a, §4.2 p. 52] for a “more analytic”
proof).

Theorem 3.12 ([BB96]). For allvy € Aff[{(3;R3) there exists {tbn tn>1 C CLH(Z;R?)
such that:
whe

(32) 35 >0 Ve € X Vn > 1019, () A Oathy ()| > 6.
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The inequality (29) is obtained by exploiting the Kohn-Strang representation of
RWy. (Note that for establishing this inequality we need the assertion (25).) Fi-
nally, we establish the inequality (30) by combining the following two results: the
first one is essentially due to Ben Belgacem (a proof is given in §3.6.4) and the
second one to Gromov and Eliaéberg (for a proof, see [GE?L Theorem 1.3.4B]; see
also [AFIMO09a, §4.1 p. 44]).

Lemma 3.13. If Wy satisfies (26) then:

¢ e >0VE e MP*2 RIWy(€) < el + [¢P);
¢ RWy is continuous.

Theorem 3.14 ([GE71]). Aff[8 (35 R3) is strongly dense in WhP(3Z;R?). B

Question 3.1. Try to simplify the proof of Theorem 3.8 as follows: first, approzi-
mate W satisfying (21), (22) and (23) or maybe weaker conditions compatible with
the “strong-Determinant Constraint”, i.e., (2), by a supremum of p-ample inte-
grands Wy satisfying (5) with «, 8 > 0 which can depend on ¢, then, apply Theorem
3.5 to each Ws, and finally, pass to the limit as § goes to zero.

3.6. Complementary proofs.

3.6.1. Proof of Lemma 3.6. It suffices to prove that
(33) ZoZoW]o = ZWo.

Indeed, from Lemma 2.14 we deduce that ZW) is of p-polynomial growth, i.e.,
Je > 0VE € M3*2 ZWo(€) < c(1+|¢[P), and so Z4 Wy is finite since Z., Wy < ZW.
Hence, QWy = Z,Wy by Theorem 2.4(i). On the other hand, Z,W is of p-
polynomial growth (see Lemma 2.16-bis), and so QW = Z, W by Theorem 2.4(i).
It follows that [OQW]y = [ZW]o is finite and continuous, and so Q[QW]y =
Q[ZcW]o = Z56[Z00W]o by Theorem 2.2.

Let us now prove (33). For any & € M3*2 Z_[Z,.W]o(¢) <
ZLW(E | C) < W(E | C) for all ¢ € B3, and 50 Zoo[ZoW]o(€) <
£ e MP*2 e, Zo[ZWlo < Z5oWo. It follows that Z.[Z.W]o
then remains to prove that

[ZsW]o(§) <
Wy (&) for all
< ZoWo. Tt

(34) Zoo [ZOOW]O > ZooWO-

Given § > 0 et £ € M3*2, there exist ¢ € R® and ¢ € Wy ®(Y;R3) (with YV :=
]0,1[?) such that

2Wy(©+3 2 [ W(E+ Vipuy (a) | €+ Onpl, ) dardy
Yy
with ., € Affo(]0,1[%;R?) defined by ¢, (z) := ¢(x,z3). But
1
/ W({ + Vo, (2) | ¢+ 030(z, a:3))d$dx3 > / Wo (€ + Vo, (x))dxdrs
Y 0 J]o,1[2

1
> / ZoWo(§)drs = 2. Wo(§),
0

hence [Z,.W]o(§) + 0 > ZWo(€), and consequently [ZW]o(§) > Z.Wo(€) by
letting § — 0. Thus [Z,0W]o > Z,0W), and (34) follows. B
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3.6.2. Proof of Lemma 3.9. Let ¢ € WHP(3;R?) and let {¢.}. € WHP(X;R3) be
such that 1. — 1 in LP(X;R3). We have to prove that

(35) lim i(I)lfIE(’L/JE) > Z(v).
E—
Without loss of generality we can assume that sup,. o Z:(¢e) < +00. To every e > 0
there corresponds ¢ € w7 (¢).) such that
(36) Ie(ws) > IE(¢E) — €.
Defining ¢, : 1 — R? by ¢, (2, x3) := ¢ (, ex3) (with £1 = Nx] — 3, 3[) we have

(37) Ie(¢6) :/E w (81<de(=737$3) ‘ 82$s($7$3) | ia?)ég(x,m?,)) drdrs.

Using the coercivity of W, we deduce that ||83$5||Lp(21;R3) < ceP for all e > 0

and some ¢ > 0, and so |[¢. — Vellpr(myre) < c'eP by the Poincaré-Wirtinger
inequality, where ¢/ > 0 is a constant Which does not depend on €. It follows that
¢ — ¥ in LP(S1;R3). For z3 €] — 1,3, let ¢ € WHP(3;R?) be defined by

©" () := ¢e(x,23). Then (up to a subsequence) @™ — v in LP(X;R3) for a.e.
z3 €] — %, [ Taking (36) and (37) into account and using the Fatou lemma, we
obtain

limi(r)lfIa(wa) 2/ (hmmf/ Wo Vgo dx) dxs,
E—
and (35) follows. B
3.6.3. Proof of Lemma 3.10. Given ¢ € C}(X;R3) and j > 1, define A{b : Y—=R3
by :
) 1

A (z) = {g € R? : det(Vy(z) | ¢) > j}.
It is easy to see that:
(38) A{b is a nonempty convex closed-valued semicontinuous! multifunction;

(39) Allp(x) C A?p(x) C Af’p(x) - C U AJ {C € R? : det(Vy(z) | ¢) > O}.
In the sequel, given A : X—=R3 we set

C(Z;A) = {qb €C(T;R?) : ¢(z) € A(z) for all z € f},
where C(3;R3) denotes the space of all continuous functions from % to R3.

Lemma 3.15. Let € CL(Z;R3) and j > 1. If W is continuous and satisfies (23)
then

nf [ W) [ pa)de = [ it W(Ta) | Odo
PEC(S5A) ¥ (A (z)

To prove Lemma 3.15 we need the following interchange theorem of infimum and

integral (for a proof, see [AHMO3, Corollary 5.4]; see also [AHMO09a, §5.2 p. 60]).

Theorem 3.16 ([AHMO03]). Let A : S==R3 and let f : ¥ x R3 — [0, +00]. Assume
that:

2A multifunction A3 — R3 is said to be lower semicontinuous if for every closed subset X
of R3, every z € ¥ and every {zn},>1 C % such that |z, — 2| — 0 as n — +oo and A(zn) C X
for all n > 1, we have A(z) C X (see [AF90] for more details).
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(Hy) f is a Carathéodory integrand;

(Hz) A is a nonempty convex closed-valued lower semicontinuous multifunction;

(Hs) fz maXqeo,1] f(x, ap(x) 4+ (1 — a)cﬁ(x))d:c < H4o00. for all ¢, € C(X;A).
Then,

inf /E £ (@, (@) de = / inf f(z,C)da.

PeC(T;A) % CEA(Z)

Proof of Lemma 3.15. Since W is continuous, (Hy) is satisfied with f(z,() =
W(Vi(z) | ¢). Furthermore, taking (38) into account, we see that (Hz) holds with
A= Ai}. On the other hand, given ¢, € C(3; A{b), it is clear that det(Viy(x) |
ap(z) + (1 —a)p(z)) > % for all @ € [0,1] and all z € 3. Using (23) we can assert
that there exists ¢ > 0 (depending only on j,¥,¢ and @) such that W (Vi (x) |
ap(r) + (1 — a)p(z)) < cfor all @ € [0,1] and all z € ¥. Thus (Hz) is satisfied
with f(z,() = W(Vy(z) | ¢) and A = Afﬁ, and Lemma 3.15 follows from Theorem
3.16. &

The following lemma gives a “non-integral” representation for Z on C}(X;R3).

Lemma 3.17. If W satisfies (21) and (23) and if ¢ € CL(Z;R3) then

T() = inf  inf / W (Vi) | o(z))da.
)JE

jz1 @EC(E;A&

Proof of Lemma 3.17. It suffices to prove that

(40) Z(yp) > inf  inf / W(Vi(z) | p(z))dz.
)Js

jz1 @eC(i;[\ﬂ

Using Lemma 3.15, we obtain

(41)  inf  inf / W(Vi(z) | p(z))de < inf/ inf W (Vy(2) | ¢)dz.
2l pec(TA)) Js i1 /s CeAd, ()
Consider the continuous function ® : ¥ — R? defined by
p(z) A darp(z)
42 P(x) := .
) = B10(a) A Ba (@)

Then, det(Vy(z) | ®(z)) =1 for all z € 3. Using (23) we deduce that there exists
¢ > 0 depending only on p such that

[ nt W) |0 < 11+ 1960 soen) + 120 )
> CEAw(l)

It follows that infceAb,(») W (V(-) | ¢) € LY(E). From (38) and (39), we see that
{infCGAZ;(O W(Vy(-) | ¢)};>1 is non-increasing and

(43) inf inf W(Vy(z) | ) = Wo(Vi(a))

j>1 CeAl,(x)

for all z € ¥, and (40) follows from (41) and (43) by using the Lebesgue monotone
convergence theorem. W

We can now prove Lemma 3.10. As I'-limsup,_,;Z. is lower semicontinuous with
respect to the strong topology of LP(3;R3), it is sufficient to prove that

(44) lir;lj(l)lp Z.(¥) < Z(¥)
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for all v € CL(Z;R?). Given ¢ € CL(X;R?), fix any j > 1 and any n > 1. Using
Lemma 3.17 we obtain the existence of ¢ € C(Z;T7 ») such that

(45) [ W) | p@)ds < T0) + .

Let {or}r>1 C C>(%;R?) be such that
(46) pr — @ uniformly as k — 4o0.
We claim that:

47 det(Viyp(x w(x)) > i for all z € £, all k > ky, and some ky, > 1;
( @ 5 v o
J

(48) lim | W(VY(2) | r(2))de = / W(Vi(z) | p(z))dz
Indeed, setting fiy = sup ey |019(x) A Oat)(2)| = maxier |§,1 A &2l (g > 0) and
using (46), we deduce that there exists ky, > 1 such that

1

(49) sup |ox(z) — p(z)] < o
o) 2] oy

for all k > ky. Let € X and let k > ky. As ¢ € C(3; f‘zb) we have

—_

(50) det(Ve(x) | r(2)) > 7 — det(V(2) | pr(z) — o (x)).

Noticing that det(Vi)(z) | () — () <[00 () A Oxtp()|[or () — ¢ (x)], from
(49) and (50) we deduce that det(Vi(x) | pr(z)) > % and (47) is proved. Com-
bining (47) and (23) we see that supys,, W(VY(:) | ¢r(-) € L'(2). As W is
continuous we have limy,_, . oo W(Vt(x) | pr(z)) = W (Vi (z) | p(x)) for all x € 3,
and (48) follows by the Lebesgue dominated convergence t h eorem.
Fix any k > ky et define the continuous function 6 :] — 1, 2[— R by 0(x3) :=
inf_ 5 det(Vy(z) + 23Vor(z) | or(x)). By (47) we have 6(0) > 21j and so there
exists 7y €0, 3[ such that 0(x3) > ij for all z3 €] — 1y, ny[. Let ¢ : 1 — R be
given by ¢ (z,x3) := ¥(x) + z3pk(x). From the above it follows that

1 = 11
(51) det(Vop(z,exs)) > Iy for all € €]0,ny[ and all (z,x3) € x| — 3 5[
As in the proof of (48), combining (51) et (23) and using the continuity of W, we
obtain

(52) hm I.(¢1) = hm W (Vo (z,ex3))drdrs = / W (Vi (z) | r(z))de.
DA b

Since 7o (¢x) = ¥, Zo () < I.(¢y) for all e > 0 and all £ > k. Using (52), (48)
and (45), we deduce that limsup,_,Z.(¢) < Z(¢) + L, and (44) follows by letting
n — +oo. A

3.6.4. Proof of Lemma 3.13. In what follows N < m and given F € M™*N 0 <
v1(F) < -+ <oy(F) denote the singular values of F. Set

N
) ZHUz‘(F)
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When N = 2 and m = 3, it easy to check that v(F) = |F; A Fy| for all F = (Fy |
Fy) € M3*2, Recalling that any finite rank-one convex function is continuous, we
see that Lemma 3.13 is a direct consequence of the following theorem.

Theorem 3.18. Assume that
(53) Ja, 8> 0VF e M™N (v(F) > a = W(F) < B(1+ |F|?).
Then RW is of p-polynomial growth, i.e.,
Je>0 VF e M™N RW(F) < ¢(1 + |FP).
Proof of theorem 3.18. Without loss of generality we can assume that

> 1.
It is clear that RW (F) < B(1 + |F|P) for all F € M™*¥ such that v(F) > a.
Consider then FF € M™*¥ gsuch that v(F) < a. Let P € O(m) be such that

F = PJU,
where U := VFTF and J = (J;;) € M™Y with J;; =0if i # j and J;; = 1, and
let @ € SO(N) be such that
U = Q" diag(vi(F),- -+ ,un(F))Q.

Then:

¢ F=PJQ diag(v1(F), - ,un(F))Q;

o (PP =30 o).
Since v(F') < «, there exists 1 <43 < -+ <ip < N with k € {1,--- , N} such that
v, (F) < ay-++,v;, (F) < a (and v (F) > « for all i & {i1,---,ir}). For every
Jje{l,---,k}, let t; €]0,1[ be such that v;, (F) = (1 — t;)(—a) + tjo. Then
diag(vi (F), -+, v, (F), -+ ,on(F)) = (1 —t)diag(vi(F),- -, —a, -+ ,on(F))

+ tldia‘g(vl(F)a RPN P 7UN(F))7

and so F' = (1 —t1)F] +t; F;" with:

¢ F[ = PJQ diag(vi(F),- -+, —a, -+ ,on(F))Q;

¢ Fi' = PJQ"diag(v1(F),--- ,a,- - ,on(F))Q;

o rank(Fy — Fj) = 1.

Moreover, we have

diag(vi(F), -, —a, -+, v, (F), -+ on(F)) = (1 — ta)diag(v1(F), -+, —a,
C—a, e on (F)) + todiag(vy (F), -+ s —a, -+ o+ oy (F)),
hence Fy” = (1 —t2)F, "~ +toFy " with:
¢ Fy = PJQ diag(vi(F), - —a, - —a, o on (F))Q;
¢ Fy 7= PIQ diag(vi(F), - —a, o ay o un(F))Qs

o rank(F, " — F,f) =1
In the same manner, we obtain Fi" = (1 — to)Fy "~ + toFy"" with:
¢ F = PIQ diag(vi(F), oy —an o on(F)Q;
¢ Fy = PIQ diag(vi(F), ooy un (F)Qs
o rank(Fy T — F ) =1.
We continue in this fashion obtaining a finite sequence {F J‘-’}jee {Gij  C MmN

where &; denotes the set of all maps o : {1,---,j} — {—,+}, with the following
properties:
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¢ F]‘? = P‘]Qlea’g(Ul(F)? e 70(1)0? e ,O'(j)O[, e 7UN(F))1

¢ if o(j) # 0'(j) and o(l) = o'(l) for all [ € {1,---,j — 1} then rank(Fy —
F;?/) =1,

o if (1) #0'(1) then F = (1 —t,)F{ + t, F{';

¢ ifo’(j+1)#0"(j+1)and o’(l) =0"(l) = o(l) for all I € {1,---,j}, then
Fy = (1=t ) Fpy + 60 FF

It follows that:

o if 0(1) # 0/(1) then RW (F) < RW(F?) + RW (F¢');

¢ ifo’(j+1)#0"(j+1)and o’'(1) = 0" (l) = o(l) for all I € {1,---,j}, then
RW(FY) < RW(F7 ) + RW(F74).

Hence

Moreover, we have
v(F7) = |det(diag(v1(F), o o(Da, - o(k)ay - ,UN(F)))|
= o H v (F),

ig{in, i}
and so v(F7) > o > « for all o € &. Using (53) we deduce that

RW(F) < Y BL+I[F7P).

cES),
But
FZ)2 = |diag(oi(F), - ,o(Da, -, o(k)a, -, on(F))|?
= ka®+ Y w}(F)<No®+|FP
¢ {i1, ik}
hence

RW(F) < Y B(1+25(NEaP + |F|P)) < c(1+|FP)
ceSy

with ¢ = 2V 3(1 4+ 22 N%aP), which is the desired conclusion. B

Remark 3.19. When m = N, it is easy to check that v(F) = |detF| for all
F € MN*N_ Consequently, if W satisifies (5), i.e.,

Ja, 8> 0VF € MVN (|detF| > a = W(F) < B(1+ |F|?)),
then RW is of p-polynomial growth, i.e., 3¢ > 0 VF € MN*N ZW(F) < c(1+|F|P).

3.6.5. Proof of the inequality (27). It suffices to prove the inequalities (28), (29)
and (30). On the other hand, it clear that:

¢ if
(54) Tair, (v) < / Wo(Vib(z))dz for all 1 € Aff;T8(3;R?)
s

then (21) holds;
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¢ if
(55) Tagres(¥) < /E RWo(Vi(x))da for all ¢ € Aff7*(X;R)
then (22) holds;
¢ if
(56) RIagres (1) < /E RWo(Vp(x))dx for all p € WHP(3;R?)

then (23) holds.
Hence, we only need to show (54), (55) and (56).

Proof of (54). Let ¢ € Aff®(3;R3). By Theorem 3.12 there exists {1 }n>1 C
CL(2Z;R?) such that (31) and (32) holds and Vi, (x) — Vi (z) a.e. in ¥. As Wy
satisfies (25), i.e., Wy is continuous, we have

nll)rfoo Wo (Vb (z)) = Wo(Vi(x)) ae. in 2.

Using (26) together with (32) we deduce that there exists ¢ > 0 such that for every
n > 1 and every measurable set A C X,

[ Wa(Tia@)te < a1+ [ (Vo) - oras + [ (Vo).

But V¢, — Vi in LP(3;M3*2) by (31), hence {Wo(Vipn(-))}n>1 is absolutely
uniformly integrable. Using the Vitali theorem, we obtain
lim / Wo(Vip (2))dex = / Wo(Vi(x))de,

b b

n—-+o00

and (54) follows. W

Proof of (56). Let ¢ € W!P(X;R?). By Theorem 3.14 there exists {1 }n>1 C
Aff[78(2;R3) such that Vb, — Vo in LP(Z;R3) and Vb, (z) — Vip(z) a.e. in 2.
Taking Lemma 3.13 into account, from the Vitali theorem, we deduce that

Jim /E RWo(Vibn () da = /E RWo(Vih(z))dz,

n—-+4oo

and (56) follows. H

Proof of (55). We begin with some preliminaries: mainly, we state five lemmas.
The proof of the first lemma (which is due to Kohn and Strang) will be omitted
while the four others lemma will be proved below. Define the sequence {R;Wy}i>o0
by RoWy = Wy and for every i > 1 and every & € M3*2,
Rit1Wo(§) = g]gN {1 =R Wo(& — ta @ b) + tRWo(§+ (1 —t)a®b)}.
a

beR™
te[0,1]

Lemma 3.20 ([KS86]). Ri+1W0 S RIWO fO?” all i Z 0 and RWO = infizo RZWO
Fix any i > 0 and any ¢ € Aff{®(3;R3). Then, there exists a finite family {V;};e
of open disjoint subsets of ¥ such that |¥\ U;jc;V;| =0 for all j € J and for every
j€J,|0V;] =0 and Vy(z) = & in V; with & € MP*2. As 9 is locally injective
we have rang(¢;) =2 for all j € J. Fix any j € J.

Lemma 3.21. R;W; is continuous.
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Lemma 3.22. There exist a € R?, b € R and t € [0,1] such that
R1+1WQ(§]) (1 - t)R Wo(f —ta® b) + tRiWO(gj + (1 — t)a ® b)

with a®b € R2Z@R3 C M3*2 given by (a @ b)z := (a,x)b for all x € R?, where (-,
denotes the scalar product in R?.

Without loss of generality we can assume that a = (1,0). For every n > 1 and
for every k € {0,---,n — 1}, consider Ay s Akn, By, By, ,‘:’n, Crns Cpps
C’,In C Y given by:

Akm::{(a:l,xg)eY:EleSE—FT;and%SxQSI—E :

1— 1 1 1

Al ={lne) €Y p+ 5t <o < B and  <wp <1- o)
Bk,n':{(xl,zg)GY:%Szl§%and0§:cggf:c +k::1 ;
B,;n::{(1‘1,1‘2)€Y'—$2+%§1‘1S—tl‘2+%and0<l‘2<f}7
Bl:n :{(Il,l'g)GYI*tI2+kj;l Sl‘1< k;lH' aHdO<I2<7},

Cikn :{(xl,xg)Enggwl§%andx1+lf%§x2§1};

Cin :{(1‘171‘2)6}/:932714’%legt($271)+%and%§
zg < 1y

c ::{(x1,$2)GY:t(ngl)ﬂL%leS%and%gwgil},

and define {0, }n,>1 C Aff%(Y;R) by

—t(l‘1 — %) (1‘1,1‘2) S Ak n

(lft)(xl — %) (1‘1, 2) A+ UB;’”UC;TL
on(z1,22) =< —t(x1 + 22 — %) if (x1,29) € B,;n

—t(l‘l—l'g‘i‘l—%) (1‘1, Q)ECkn

0 (x17x2)€BanCkn

Set

p oo b if b ¢ Im¢;
T b+t ifbeImg

(with Im¢; := {&; - : € R?} C R3) where [ > 1 and v € R? is a normal vector to
Imé;.
Lemma 3.23. Define {0, }n1>1 C Affy%(Y;R?) by
On1(x) == op(x)by.
Then

(57) lim  lim /Y RiWo(&; + Vb,1(x))dz = Rii Wo(€;).

l—+o0o n—+0o0

Consider VJ C Vj given by V7 := {x € V; : dist(x,9V;) > %} with ¢ > 1 large
enough. Then, there exists a finite family {r,, + pmY }menr of disjoint subsets of
VJ with r,, € R? and pp, €]0,1[, such that [V \ Upenrs (rm + pmY)| < %.

Let {$n,1,q}n1.q>1 C AffG®(Vj;R?) be given by

T—r .
pmeml( m) six €rm+pmY CV/

Pntq(T) = m ,
sizeVy\ V)]
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Lemma 3.24. Define {‘Pn Latntg C AFE(V;R?) by

(58) O () = (@) + Pnig(2).
Then:
(i) for every n,l,q > 1, <I>n 1,4 18 locally injective;
(ii) for everyl,g>1, ® , — 1 in LP(V;;R3);
(iii) limg—s4oo limy 4o hmn_>+oo fv R; WO(V‘I)n 1.4(@)dz = |V;|Rip1Wo (&;)-

We can now prove (55). According to Lemma 3.20, it is sufficient to show that
(F) TAH'{LE / RiWo(Vip(z))da for all ¢ € AfF[8(2;R?)

for all i > 0. The proof is by induction on i. As RyWy = W) it is clear that (Fp) is
true. Assume that (P;) is true, and prove that (P;41) is true. Let ¢ € Aff[78(Z;R3).
Then, there exists a finite family {V}};c; of open disjoint subsets of ¥ such that
X\ UjesV;| =0 for all j € J and for every j € J, |0V;]| =0 and V¢)(z) =§; in V;
with &; € M3*2. Define {¥,, 1 4 }n.1,q>1 C AF8(Z;R3) by

,q(2) = ® ) (2) iz €V

n,l,q

with <I>fl 1, given by (58). Taking Lemma 3.24(i) into account (and recalling that

rappelant 1 is locally injective) it is easy to see that ¥,, ; 4 is locally injective. Using
(P;) we can assert that

fAfffng<\IJn,l,q) §/21R1W0(V\I/n7l,q<$))d$

for all n,l,¢ > 1. By Lemma 3.24(ii) it is clear that for every l,¢ > 1, ¥,,; , — ¢
in LP(X;R3). It follows that

Tagpe(¥) < lim Tages(Vnig) < lim R Wo(V,14(2))de

TL%DO

for all [, ¢ > 1. Moreover, from Lemma 3.24(iii) we see that

lim  lim  lim / RiWo (VU 1 o(x))de = / R Wo(Vib(x))da.
>

q—+00 [—+o00 n——+00 »

Hence

Tasres (1) < /ERiHWo(VZZJ(x))dx
and (P;41) follows. This completes the proof of the assertion (55). B
In what follows, we give the proof of Lemmas 3.23, 3.24, 3.21 and 3.22.
Proof of Lemma 3.23. Recalling that a = (1,0) we see that

& —ta®b if z € int(A, )

E+(1—-thadl ifxe mt(A‘,:nUB,jnUC,jn)
&+ VOn(z): =X & —tla+at)®b ifx€int(B fn)

& —tla—at)®b ifx € int(Cy )

& if x € int(By, ,,) Uint(Cy )

with at = (0,1) (and int(E) denotes the interior of the set E). Moreover, we have:
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/ RiWo(& + (1 = tha @ by)de = t(1 = 2)R;Wo (& + (1 — t)a © by);
n—1 4+

RiWo (& + (1 —t)a® b)dr = ER:Wo (&5 + (1 — t)a @ by);

o (B UG )

/ RiWo(& —tla+at) @ b)de = LERWo (& — t(a+ at) @ by);
nlef

RWo(& —tla—at) @b)de = LR, Wo (¢ — t(a — at) @ by);
UrZoChn

/ RaWo(&))dz = LR Wy (&;).
o (Bi,nUCk )
Hence

/ R1W0(fj + V@n,l(m))dx = (1 — 2) {(1 — t)RiWO(fj —ta® bl) + tRiWo(fj
Y

n
1
+ (1 —ta® bl)} + - [tRiWO(gj +(1—-t)a®b)
5 L RaWo & — ta+ at) @ br) + RaWol&; —
ta—a*) @ b)) + RiWo(¢;)]
for all n,l > 1. It follows that

lim / R1WO(§J + V@nvl(:z:))dx = (1 - t)RzWO(§J —ta® bl)

n—-4o0o
+ tRWo (& + (1 —t)a®by)

for all [ > 1. Taking Lemma 3.21 into account and noticing that b; — b, we deduce
that

lim  lim / RWol&; + Voui(2))de = (1— Rl — ta®b)

I—Foon—+oo [y
+tRWu(&+(1—1t)a®b),
and (57) follows by using Lemma 3.22. B
Proof of Lemma 3.24. (i) Let z € V; and let W C V; be the connected compo-
nent of V; such that x € W (As Vj; is open, so is W). Since V¢ = §; in W, there
exists ¢ € R? such that ¢(2') = &; -2’ 4-c for all 2’ € W. We claim that @] ; [w is

injective. Indeed, let ' € W be such that <I>n 14(@) = <I>fl 1.4(z"). Then, one of the
three possibilities holds:

@leq(x) & x+c+pmon( o )bl

(59) ,
) g(@) =& 2+ e+ pron (25700 ) by
(60) q’ilq(w):fj-x—&-c—i-pmgn (z;%) b
(I)il,l,q(x/) =& -1’ +c
(61) ) (@) =& ate
P, @) =¢& 2"+
n,l,q j
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&(@ —x)=0 ifa=0 . . .
. { b= 16 —x) ifa#0 when (59) is satisfied;

&@ —x)=0 ift3=0
¢ { b= 3@ —x) ifBA0
¢ &i(a’ —x) =0 when (61) is satisfied.

It follows that if z # 2’ then either rank(¢;) < 2 or b; € Im¢; which is impossible.
Hence z = /.

(ii) Given l,q > 1, we have ||¢n7l7q||Loo(Vj;R3) < HenJHLoo(y;]Rs) = |bl|||0‘n||Loo(Y;R).
On the other hand, for every k € {0,--- ,n— 1}, it is clear that |y, (z)| < @ for
all © E]%, %[X]O, 1[, and so 0,, — 0in L>(Y;R). Hence ¢y, ;4 — 0 in L>®(V;; R?),
and (ii) follows.

(iii) Recalling that ¢, ;4 =0in V; \ V:]j and Y, 02 = |VqJ| we see that

when (60) is satisfied;

/ RWo(VP!, (2))dx = / RiWo(&; + Vo q(a))da
Vi Vi
= [ RaWo(&; + Vi ala))dn + 1V, RVA)

= V]| /Y RiWo (& + VOrn(2))dz + |V; \ VIIR:Wo ().
Using Lemma 3.23 we deduce that

lim lim RWo (VO | (2)dw = [V]|RiaWo(&) + V5 \ VI IR:Wa (&)
V;

l—+00 n—+o0
for all ¢ > 1, and (iii) follows since |qu\ = V7| = [VJ\ qu| — |V;| (because
VZ = Vil and &> [VZ\VF] = 0) and [V; \ Vg| = V; \ Vj|+ V7 \ V§] = 0
(because [V; \ V[ — 0). B
Proof of Lemmas 3.21 and 3.22. We begin by proving three lemmas.
Lemma 3.25. R? ® R? is closed in M3*2,

Proof of Lemma 3.25. Let {a, ® b,},>1 C R? ® R? and let £ € M>*? be such
that a, ® b, — £. For every n > 1, a, ® b, = u, ® v, with u, = ‘Z—"‘ € S and
Uy, = |an|by, where S! is the unit sphere in R2. As S! is compact, there exists
u € S! such that (up to a subsequence) u, — u. Let ug € R? be such that
(u, ug) # 0. Then, (uy,ug) # 0 for all n > ng with ng > 1 large enough. For every
n > ng, v, = m(un ® vp)ug, and so v, — mfuo =:v € R3. Tt follows that
an @b, —u®v. Hence { =u®@v. A

Let H : M®*2 — [0, +00] be defined by

H(E) = inf{H(g,t,m b): (t,a®b) € [0,1] x R2 ®R3},
where H : M?*2 x [0,1] x R? @ R® — [0, +o0] is given by

H( t,a®b):=(1—-t)h(§ —ta®b)+th(E+ (1 —t)a®b)
with A : M®*2 — [0, +-00] continuous and coercive.

Lemma 3.26. Given £ € M3*?, if H(§) < +oo then there exists (t,a ® b) €
[0,1] x R? @ R? such that H(§) = H({,t,a®Db).
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Proof of Lemma 3.26. Let {(t,,,a, ®b,)}n>1 C [0,1] x R2®R? be a minimizing
sequence for H(&) such that ¢, — ¢ € [0,1]. Set F,, := £ — tha, ® b, et G, =
E+(1—ty)a,®b,. Then (1—t,)F, +t,G, =€ et G, — F,, = a,,®b,, for all n > 1.
By the coercivity of h we have

(62) (1 = tn)|Fnl|P? + tn|Gn|P < cfor all n > 1 and some ¢ > 0.

One of the two possibilities holds:

ot 6]07 1[;

¢ cithert =0o0rt=1.
Case where t €]0,1[. It is clear that 1 — ¢, > a3 > 0 et t, > az > 0 for all
n > 1. Using (62) we deduce that there exists F,G € M3*2 such that (up to a
subsequence) F,, — F and G,, — G. Consequently, G,, — F,, = a, ® b, —» G — F.
But, from Lemma 3.25, R2 ® R3 is closed in M3*2, and so G — F € RZ @ R3, i.e,
G—-—F=a®bwithacR?etbecR> As H(E,-,-) is continuous, it follows that

H(f) = nkrfoo H(g, tn,Gn ® bn) = H(§7 t,a® b)

Case where either t =0 ort = 1. Assume that ¢ = 0 (the case t = 1 can be treated
in the same way). Then 1 —¢, > a >0 foralln>1. Asp>1 andt, — 0, using
(62) we deduce that there exists F' € M3*2 such that F,, — F and t,G,, — 0. As
(1 —1t,)F, +t,G,, =€ for all n > 1, it follows that F' = £. Hence

n—-+4oo
since h is continuous. But ¢,h(G,) = H(§, tn, an ®by) — (1 =t )h(F,) for alln > 1
and H(§) < h(&), hence
lim ¢,h(Gy) =H(&) — h() <O0.

n—-+4oo

On the other hand, using the coercivity of h, we see that t,h(G,) > Ct,|G,|P for
all n > 1 and some C > 0. Then

li n) > i P =
ni&“@ot”h(G”) > Cnir_{.loot”|G”| 0,

and consequently
lim t,h(G,)=0.

n—-+oo

Thus H(¢) = h(€) = H(,0,a ®b), where a ® b is any element of R? @ R®. W
Lemma 3.27. H is continuous and coercive.

Proof of Lemma 3.27. We first prove that H is continuous. Since H(-,t,a®b) is
continuous for all (¢,a®b) € [0,1] x R2®@R3, H is upper semicontinuous. Thus, we

are reduced to show that H is lower semicontinuous. To do this, consider & € M3*?2
and {&,}n>1 C M**? such that:

¢ & — &

¢ sup,>; H(&n) < +oo;

¢ lim, 4 oo H(&) = liminf, oo H(ER),

and prove that
H(E) < lim H(E).

T n—+4oo
By Lemma 3.26, for every n > 1, there exists (t,,a, ® b,) € [0,1] x R? ® R3
such that H(&,) = H(&,, tn,an ® b,). Without loss of generality we can assume
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that ¢, — ¢ € [0,1]. From the coercivity of h, we deduce that (62) holds with
F, =&, —tha, ®b, and G, := &, + (1 — t,)a, ® b,. As in the proof of Lemma
3.26, we consider two cases.

Case where t €]0,1[. Using the same arguments as in the proof of Lemma 3.26, we
obtain G,, — F,, = a,, ® b, — a ® b with a € R? and b € R3. Hence

lim H(&,) = hr_"I_l H(&n tn,an ®by) = H(E t,a®b) > H(E)

n—-+oo
since H is continuous.

Case where either t =0 ort = 1. Assume that ¢t = 1 (the case t = 0 can be treated
in the same way). Then ¢, > 3> 0foralln > 1. Asp>1andt, — 1, by (62) we
have G,, — G with G € M?*2 and (1 —t,)F, — 0. As (1 —t,)Fy, +t,G,, = &, for
all n > 1. Hence

G= lim (1—-t,)F,+t.G,= lir_irrl & =€,

n—-+oo
and consequently

lim t,h(Gy) = h(€)

n—-+o0o

since h is continuous. But (1 — t,)h(F,) = H(&n,tn, an @ by) — t,h(Gy,) for all
n > 1, hence

lim (1—t,)h(F,) = lim H(&,) —h(€) <0

n—-+o0o n—-+oo

because lim,,— 1o H(§,) < h(§) since H(&,) < h(&,) pour tout n > 1. On the other
hand, using the coercivity of h, we see that (1 — t,)h(Fy,) > C(1 — t,,)|Fy,|P for all
n > 1 with C > 0. Hence

lim (1—t,)h(F,) >C lir_‘r_l (1 —tp)|Fnl|P = 0.

n—-+oo

Thus lim, 4o (1 — t,)R(F,) = 0, and consequently

i H(€) = () = H(E)

We prove now that H is coercive. By the coercivity of h we have

H(E) > Cinf{(1 —t)[§ —ta@bP +t[E+ (1 —t)a@ b : (t,a®b) € [0,1] x R? @ R®}
for all £ € M3*? and some C > 0. But

(1=)|¢ —ta@b[P+ e+ (1-t)a@b]” > |(1-#)(§ —ta@b) ++(E+ (1 —t)a®b)|” = [¢]",
and so H(&) > C|¢[P for all £ € M3*2. B

We can now prove Lemmas 3.21 and 3.22. As W is continuous and coercive, it is easy
to see that Wy = RoW) is also continuous and coercive. Moreover, using Lemma
3.27 with h = R,W), we see that if R,W} is continuous and coercive, so is R 41 Wp.
Hence, R,Wj is continuous and coercive for all ¢ > 0, which proves Lemma 3.21.
As rank(§;) = 2, by (25) we have Wy(¢;) < +o00. Hence, R;11Wy(§;) < 400 since
Rir1 Wy < Wy, and Lemma 3.22 follows by using Lemma 3.26 with h = R;W,. B
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