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AMENABILITY AND NON UNIFORM GROWTH OF SOME
DIRECTED AUTOMORPHISM GROUPS OF A ROOTED TREE

JEREMIE BRIEUSSEL

ABSTRACT. A result of amenability of some automorphism groups of a spherically
homogeneous rooted tree of bounded valency is given. It is used to construct
uncountably many amenable groups of non uniform exponential growth. Their
Cayley graphs can be made arbitrary close to that of some groups of intermediate
growth. Yet those groups are not in the class SG of subexponentially amenable
groups.

1. INTRODUCTION

Given a finitely generated group I' endowed with a generating set S the growth
function, br g(r) is defined as the number of group elements which are products
of less than a given number r of generators and their inverses. The growth of I’
is qualified exponential when the exponential growth rate hg(I') = lim {/br g(r)
strictly exceeds 1 for some, hence for all, generating set S. The growth is said
intermediate if hg(I') = 1 and the growth function is not polynomial, that is when
the group is not virtually nilpotent ([Grol]). The growth is qualified uniform when
the infimum of the exponential growth rates over all generating sets strictly exceeds
1, non uniform when exponential but: infghg(I") = 1.

The question of existence of groups of non uniform exponential growth was asked
by Gromov in 1981 in the little green book [Gro2|. It has been shown that such
groups do not occur in several classes such as hyperbolic groups (see [Kou]), linear
groups (see [EMO]), elementary amenable groups (see [Osi2]). A pleasant exposition
is given in [dIH]. The first examples of such groups have been provided by Wilson
in [Will] and [Wil2]. They contain free subgroups. Another example is due to
Bartholdi in [Bar]. The main object of this paper is the following;:

Theorem 1.1. There exist uncountably many pairwise non isomorphic amenable
groups of non uniform exponential growth.

These groups will appear as subgroups of the group Aut(T;) of automorphisms of
a spherically homogeneous rooted tree, which is described. In Section 3 a subgroup of
Aut(Ty) is proved to be amenable in case of bounded valency of the tree. This Main
Theorem 3.1 implies in particular that the group considered in [Bar| is amenable.
Sections 4 and 5 are devoted to the proof of this Main Theorem. In Section 6,
using specific generating sets of the alternate group of permutation, some groups
of intermediate growth are introduced. These groups are proved to be dense in
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2 BRIEUSSEL

the profinite group of alternate automorphism of the rooted tree. The groups of
Theorem 1.1 are constructed in Section 7, using results of Wilson ([Wil2]). Some
part of Wilson Theorem 7.1, namely the convergence to 1 of the exponential growth
rates associated to different generating sets, is reinterpreted as a convergence of the
Cayley graphs to Cayley graphs of the groups of intermediate growth introduced in
the previous section. The last Section 8 deals with the question of subexponential
amenability. The groups of non uniform exponential growth constructed are proved
not to be in the class SG.

2. AUTOMORPHISMS OF SPHERICALLY HOMOGENEOUS ROOTED TREES

2.1. Spherically homogeneous rooted tree. Given a sequence d = {d;};>o of
integers d; > 2, the associated spherically homogeneous rooted tree denoted Ty is
defined as follows: the vertices are indexed by all finite sequences v = (iyiz ... i)
with ¢; in {1,2,...,d;_1}, including the empty sequence ) called the root, and the
edges link the pairs {(i14y .. .1), (i192 . . . ixirs1) }. Note that the sequence d need not
be infinite in which case the tree is finite.

The distance (each edge has length 1) from a vertex to the root is called the
level of the vertex. The vertices of level [(v) = n form the nth layer (or level) of
cardinality dod; . ..d,_1.

Each vertex v of level n gives rise to a spherically homogeneous rooted subtree T,
when restricting to vertices of the form (vi,i,11 - in+k). The tree T, is isomorphic

to the tree T .; associated to the sequence 0"d = {d;};>, (with o denoting the

usual shift o : (dodids . ..) — (didads . ..)).

2.2. Automorphism group. An automorphism of T is a graph automorphism,
that is a bijection of the set of vertices mapping edges to edges, which fixes the root.
These properties imply that the layers are preserved, and an automorphism acts
on a layer by permutation. The group of all such automorphisms will be denoted
Aut(Ty). Spherical homogeneity ensures that Aut(T;) and Aut(T,;) are related by
an isomorphism:

Aut(Ty) ~ Aut(T,3) 1 Sq,- (2.1)

Recall that G1S; ~ (G x --- x G) x S; where Sy (the group of permutation of
the set {1,2,...,d}) acts on the d copies of G by permutation. This identification
will allow to write extensively f = (fi, fo,..., fa,)o with f in Aut(T};), the f; in
Aut(T,q) and 0 in Sg,. The product ruleis fg = (f1, fay -+ fao)o (91,92, - - -, Gas)T =
(f1950)» - - - » fao9o(do))oT. In particular, there is a projection p : Aut(T;) — Sy, called
restriction to the first level. The kernel of this projection is called the stabilizer of
the first level, denoted St;(Aut(Ty)), easily checked to be isomorphic to the direct
product Aut(T,z) x -+ x Aut(T,3) with dy factors.

More generally for each integer n, there is an isomorphism:
Aut(Ty) ~ Aut(Tng) L Aut(Ty,. a, ), (2.2)

where Aut(Ty,. 4,_,) acts by permutation on dy . .. d,_1 copies of Aut(T,.z) the way
it acts on the set of leaves 0Ty, 4, _, (the boundary) of the finite tree Ty, 4, ,. There
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FIGURE 1. Spherically homogeneous rooted tree, subtree.

is also a projection p,, : Aut(T;) — Aut(Ty,..a,_,), the kernel of which constitutes
the stabilizer St,(Aut(T};)) of the nth level. This is a normal subgroup of Aut(T})
isomorphic to the direct product St,(Aut(T;)) ~ Aut(T,ng) X -+ X Aut(T,nz), the
elements of which will occasionally be written g = (g1..1, - - - ,gdomdn_l)n.

The full group of automorphism can be viewed as a profinite group via:

AUt(TJ) = 1£1 AU/t(TdO---dnfl) = 1£1 (Sdnﬂ Uy 5 Lo Sdo)' (23)
n—oo n—oo
A basis of open sets for the profinite topology associated is {St,(Aut(Ty))}n>o-
This topology can also be defined as associated to any of the following metrics oy
on Aut(Ty). Given a decreasing sequence A = {\, },>0 of positive numbers tending
to zero, set:

05(g, h) = inf{\,|g(v) = h(v) for all vertices v of level < n}.

A nice description of automorphisms of a rooted tree is to draw portraits. A
portrait is a function g from the set of all vertices v of the tree Tj; taking permutation
values g(v) € Sdz(v)- A portrait gives rise to a unique automorphism via the formula:

glivizis . .. ix) = (9(0)ir)(g(i1)iz) (g(iriz)is) - . . (g(iv - - - ir—1)ir).

Conversely, every automorphism has a unique portrait. The metrics d5 are such that
two automorphisms are n-close if their portraits coincide on the n first layers.

An automorphism is said to be even (or alternate) if all the permutations g(v) €
Sdy,, Imvolved in the portrait are alternate permutations g(v) € Adl(v). The group
of alternate automorphisms will be denoted Aut®(T}). It satisfies:

Aut®(Ty) = 1£1 Aut(Tyy. a, ) = @ Ag, VAL U L Ag, (2.4)

n—oo n—o0
the profinite topology, the distances associated and the stabilizers of levels are de-

fined in the same way as for the full automorphism group. Note that if T3 is a
2-regular rooted tree, then Aut®(7Ty) is the trivial group.



4 BRIEUSSEL

0112 0113 11ds

FIGURE 2. The t-action of H.

2.3. Directed automorphism subgroups. This paper focuses on specific sub-
groups of Aut(T}), those directed by a given infinite geodesic of the tree T} starting
from the root. Such a geodesic can always be chosen to be that passing at all ver-
tices indexed by 11...1 (the leftmost geodesic in the illustrations). First introduce
actions of some permutation groups on 7. The group Sy, acts on the rooted tree
by permuting the subtrees of the first layer:

to : Say — Aut(Ty).

More precisely, ¢y is defined by to(0)(i1is...ix) = o(i1)is...i;. For simplicity of
notation, we will identify ¢ = (o) = (idr,,...,idr,)o and call those rooted
automorphisms (their portrait is trivial outside of the root).

The infinite direct product H = Sg, X+ - - X Sg, X Sg, X+ - - X Sg, X. . . of permutation
groups where Sy, appears dj_; —1 times also acts in a canonical way (once a geodesic
is chosen) on the rooted tree T);:

v H — Aut(Ty).

Indeed, consider the vertices 133 = 1...17 with k ones and 7 in {2,...,dx}. They
form the set P of vertices at distance exactly 1 of the leftmost geodesic 111....
Each permutation group S, acts on a subtree T},; via the above homomorphism
Lo (corresponding to the rooted tree T,x;). More precisely, the action is recursively
defined through the wreath product by:

/
L(O’Q,...,O’d070'12,...,0'1d1,...) = (L (0127---701d17---)7027---7ad0)7
where /(012 ...,014,, ... ) represents the action of the restriction H — H; via:

o Hy =S ) SET xL Aut(Th) ~ Aut(T,)

The geometry of the set P ensures that the action of different factors commute,
thus ¢ is a well defined injection. This is best understood by Figure 2, showing the
portrait is non trivial only on P. The automorphisms obtained in ¢(H) are said to
be directed by the geodesic 111....
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Given a subgroup A of Sy, and a subgroup H of H, denote by G(A, H) the
subgroup of Aut(T;) generated by to(A) and «(H). Such a group will be called a
directed group of automorphisms. Note that the group H might not be countable as

H is not. The group G(Sq,, H) will be called full group of directed automorphisms.
Note that the isomorphism (2.1) induces an isomorphism:

G(SdO,H) ZG(Sdl,ﬁl)ZSdo. (25)

The class of groups of the form G(A, H) has been considered in [Gri2]. It gathers
many famous examples such as the family of Aleshin-Grigorchuk groups known to
be torsion (see [Alel]) and of intermediate growth (see [Gril]). Other interesting
examples are some groups of non uniform growth constructed by Wilson ([Will],

[Wil2]) and Bartholdi ([Bar]), to which Section 7 is devoted.

3. THE MAIN THEOREM

In this section the Main theorem on full directed automorphism groups is stated
and its proof is reduced to the proof of the a priori weaker Theorem 3.2.

Theorem 3.1 (Main Theorem). Let d = (d;);>0 be a sequence of integers d; > 2,
let Sq,, H and G(Sy,, H) be the full directed subgroup of Aut(Ty), then:

1) if the sequence d is bounded, the group G(Sy,, H) is amenable.

2) if the sequence d is unbounded, the group G(Sy,, H) contains a free group Fy on
two generators.

The proof of part 1) of the Main Theorem 3.1 reduces to proving the following,
which will be the object of Sections 4 and 5.

Theorem 3.2. Let d = (d;)i>0 be a bounded sequence of integers 2 < d; < D,
let H < H be a finite saturated subgroup, then the directed subgroup G(Sg,, H) of
Aut(Ty) is amenable.

Proof of part 2). The second part of the Main Theorem is an immediate consequence
of the following lemma stated in [Wil2] (see also [TW]).

Lemma 3.3 ([Wil2]). Let F be the free product of two non-trivial finite groups
which are not both of order 2, and S be any infinite subset of N. Then the alternate
permutation group Ag is a homomorphic image of F for all sufficiently large d and
the intersection of the kernels of all epimorphisms from F to groups Ay with d € S
15 the trivial subgroup.

This implies that if d is unbounded then the group H already contains a free
group Fy on two generators. Indeed, let F' = Z /27 x 7./3Z the free group generated
by elements = of order 2 and y of order 3. Let D be such that there is an onto
homomorphism ¢, : F — Ay when d > D. Define:

hl = (@dl(swf"7()0d1(x>790d2(x>7'"790d2<x)7"'> € [EI
h'2 = (@dl(y)v e '7()0d1<y>790d2(y)7 = '7()0d2<y>7' . ) €H
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where @q(x) = @a(y ) =1€ A; C S;if d < D. Then Lemma 3.3 ensures that the
subgroup (h1, h2> < H is isomorphic to I’ which contains Fy as a subgroup of finite
index. 0

If the sequence d is bounded then the properties of the group H are much different.

Fact 3.4. Let H = T, x Ty x ... where the groups T; belong to a finite family
F ={F\,...Fp} of finite groups, then every finitely generated subgroup H' of H is
finite.

Proof. Let hq,...,h; be generators of H’, they are of the form h; = (h},h?, o)
with 2} € T;. There are at most M = D.(max{#F;})* different k + 1-tuples
(hi, RS, ... kL, F;). Let I be a subset of N of size less than M such that all different
(k+ 1)- tuples appear when i describes I. Then the projection 7 : H — X;c/7; is
injective, so that H' is finite. O

Definition 3.5. A finite subgroup H of the group H = T} x T5 x ... where the T}
belong to a finite family F of finite group is said to be saturated if the equidistributed
probability measure gy on H projects on each coordinate ¢ to the equidistributed
probability measure g7, on T;, that is if h = (hy, ho,...) € H then qu(h; = t) =
qTi(t) = ﬁ

Fact 3.6. Every finite subgroup H' of H is included in a finite saturated group H.

Proof. With the above notations set for each ¢ in I:
Ji=1{j €N|(h, s, ..., g, Fy) = (hy, g, by, )
There is a diagonal embedding T; — X c;,T; and as U;erJ; = N we get a diagonal
injection: -
Xierl; — H
the image H of which contains H' and is saturated by construction, knowing a finite
direct product is always saturated. O

Proof that Theorem 3.2 implies the Main Theorem. To prove the group G(Sg,, H) is
amenable, it is sufficient to prove amenability for every finitely generated subgroup
Gy (Theorem 1.2.7. in [Gre]), which reduces, assuming Theorem 3.2, to show that
Gy is included in some G(S4,, H) for H finite saturated. Indeed, let sq,..., sy

be generators of Gy, each s; is of the form s; = ajhial ... h;’, with af € Sy
and ((h!);;) < H finitely generate a subgroup H' which is 1ncluded in some finite
saturated subgroup H by Facts 3.4 and 3.6. 0

4. SCHEME OF THE PROOF OF THEOREM 3.2

This section is devoted to the scheme of the proof of Theorem 3.2 which implies
the Main Theorem 3.1. The details are given in Section 5. Groups of the form
G(S4,, H) share similarities with the Basilica group defined by a three state au-
tomaton introduced by Grigorchuk and Zuk in [GZ]. The Basilica group was shown
to be amenable by Bartholdi and Virag (see [BV]) using selfsimilarity of some ran-
dom walks. This method, called the “Miinchhausen trick”, has been used to show
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amenability of a few other groups (see [Kai] and [Muc|). We proceed with the same
methods, using Kesten’s criterion on symmetric random walks.

As H is a finite saturated subgroup of H = ijfl X 532171 X ..., let us denote Hj,

. . = - dis1—1 Lo .
its restriction to Hy = Sj}‘:ﬂl xS d:: X ... which is also a finite saturated subgroup

and it follows from (2.5) that G(Sy,, H) — G(Sa4,, H1) 1 S4,, and more generally the
group G(Sq,, Hy) is a directed subgroup of Aut(T,+g) satisfying the crucial:

G(Sdka Hk) — G(Sdk.uv H/H-l) ! Sdlc'

The word metric does not behave appropriately enough through this wreath product
embedding, rather use:

Proposition 4.1 (A fractal family of pseudo norms of exponential growth). There
exists a family of pseudo norms v* on G(Sg,, Hy) (which means symmetric positive
functions v* : G(Sy,, Hy) — RT satisfying the triangle inequality) such that:

a) if g belongs to G(Sq,, Hi) and has image g = (¢1, - - ., ga, )0 in G(Sdkﬂ, Hy41)Sa,,,
then v*(g) < V¥ (g1) + -+ + V¥ (gq, ), and

b) if Be(r) = {g € G(Sy,, Hy)|V*(g) < 1}, then #B,x(r) < C" where C is a constant
depending only on the bound D on the valencies of the tree and the size of the finite
group H (which contains Hy for every k).

Let p denote the symmetric probability measure on the finite generating set Sy, U

H of G(S4y, H) defined by p(a) = 5zg— for a € Sy, and p(h) = 57 for h € H.
0

The random walk associated is Zy = s1...sy where the s; are independent random
variables identically p-distributed. The set of random sequences (Zy ) yen is endowed
with the product measure (defined on the sigma algebra generated by cylinders)
P = p®>®. The drift of this random walk with respect to the pseudo norm v = 1
vanishes:

Proposition 4.2. The random walk (Zy) satisfies:

v(ZN)
T N~>_+>oo 0, P a.s.

To prove this proposition, another (non symmetric) random walk is usefull. Let
us define Y,, = fot1ts...t, where ty; are random variables equidistributed on Sy,
and ty;41 are equidistributed on H and all the ¢; are independent. Denote @) =
(¢s,, ® qm)®> the associated measure on the set of sequences (Y;,)nen (With respect
to the cylindrical sigma algebra), then:

Proposition 4.3. The random walk (Y,,) satisfies:

M — 0, @ a.s.

n n—-+o0o

The key argument to prove Proposition 4.3 is the next Lemma 4.6 together with
Proposition 4.1 a).

Remark 4.4 (On the dependence on ;). The pseudo norm v = 1/° satisfies v(ah) =
v(h) for every a in Sy, and h in H (Proposition 5.2 (2)), which ensures v(Y,) =
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v(ty'Yy,) = v(tity. . . t,), showing that v(Y},) is independent of t5. This will be of
importance and justifies the:

Definition 4.5. Two random variables U and V on G(Sy,, H) are said v-equivalent
if v(U) and v(V') have the same distribution law on N, which will be denoted:

U ~u-law V.

Consider the random walk (Y},),en and its image in the wreath product of the
form Y, = (V,},...,Y%)o, where o, is a random variable in Sy, and the coordinates
Y!fort € {1,...,do} are random variables in G(Sg,, H1). The point is that (Y;!),
follows the law of the similarly defined random walk (Y,!)men on G(Sq,, H1) (which
is taking independent equidistributed increments alternatively in Sy, and H;p), but
at a slower speed. More precisely:

Lemma 4.6 (Similarity of the random walks (Y;,) and (Y,)). Let (Y,.)nen the ran-
dom walk defined above and Y, = (Y.},...,Y%)a, its image in the wreath product.
For each coordinate (Y}), the sequence (Y,,), defines a sequence of random integers
(my(n))n and a random sequence (e,(n)),, taking values in {0,1} such that:

(1) For every integer n the values of my(n) and e,(n) depend only on (Y )w<n.

(2) For every integer n the coordinate Y, belonging to G(Sa,, Hy) has the same
vi-distribution law as the random variable Yy;t(n)ﬁt(n). More precisely the
conditional law:

(er\mt(n), 1(n)) ~utiaw Yr:th(n)Jret(n)'

(3) The random sequence (my(n)), satisfies:

dy—1\ n
mt(n) ~n—+oo < Odo ) d_O’ Q as.

Propositions 4.1 and 4.2 are sufficient to apply the:

Theorem 4.7 (Kesten criterion of amenability [Kes|). Let I' be a finitely generated
group and (Zy) a symmetric random walk on I'. The group T' is amenable if and
only if the sequence (P(Zyn = idr))n does not decay exponentially fast with N.

The following fact is also usefull:

Fact 4.8. Let (Zy) a symmetric random walk on a finitely generated group ', then
for any fized integer N the function T — [0,1] : g — P(Zon = g) is mazimal for
g = ’ldp

Proof of the Fact 4.8. Let pi(z,y) denote the probability to go from z to y in k
steps, let 0, denote the function on I' taking values 1 on x and 0 elsewhere and M
the symmetric random walk operator on the space [?(I"). Then Cauchy inequality
implies:
pQN(idv :L,)2 = <M2N5ida 5J:>2 = <MN5ida MN5$>2
S ||MN(SZd||||MN(Sx|| == pQN(id, id).pgN(ZE, l‘) == pQN(’id, ’Ld)2
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Note that Theorem 4.7 and Fact 4.8 only apply to symmetric random walks.

Proof of Theorem 3.2. Given an arbitrary positive € the previous Fact 4.8 applied
to the symmetric random walk (Zy) constructed above raises:

P(v(Zoy) <€2N) = Y P(Zay = g) < P(Zoy = ides,,.m)#B,(e2N),
v(g)<e2N

and the Propositions 4.1 b) and 4.2 ensure:
Z
P<ZQN = ’ld) > P <% < 8) C*€2N ~N oo C*€2N.

Thus P(Zn = id) does not decrease exponentially fast and Kesten’s criterion proves
Theorem 3.2 and thus the Main Theorem. 0J

5. DETAILS OF THE PROOF OF THEOREM 3.2

5.1. Fractal pseudo norms of exponential growth (proof of Proposition
4.1). To the symmetric generating set S = (S, UH)\{1} of G(Sq4,, H) is associated
the word norm on G(Sy,, H) by:

lg| = min{r|g =21... 2,2 € S}.
Denote Bg(r) the ball of radius r associated to this norm (that is the set of all ¢
such that |g| < r), then #Bg(r) < (#5)".

Note that since G(Sq4,, H) is a quotient of the free product Sy, * H a word z; ... z,
is a minimal representative of g (that is » = |g|) only in the following cases: either
295 € Sg,\{1} and 29;41 € H\{1}, or conversely. This brings another definition:

Hg||0 = m1n{r|g = a1h1a2h2 e hrCLrJrl,CLZ' c Sdo, hj € H} (51)

The following is straightforward:

Properties 5.1. The function ||.||o is a norm when restricted to the stabilizer of
the first level St1(G(Sq,, H)), namely it satisfies:

(1) [lghllo < llgllo + [|P]]o for all g, hin G(Say, H),
(2) 1197 lo = llgllo for all g in G(Sq4,. H),
(3) llgllo = 0 if and only if g € Sa,,

This function ||.||o is related to the usual word norm since for g in G(Sq,, H):
2llgllo = 1 < lg < 2[lgllo + 1,

which implies that if By ,(r) is the ball of radius r associated to ||.||o in G(Sq,, H),
then:

#B||~||0(r) < (#S)QT—H'

Following [BV], let us introduce a new function v on G(Sy,, H) which is to be
thought of as a fractal distance. For g € G(S,, H) and a vertex v on layer k = [(v)
of T;, denote by g, the action of g on the descendant subtree T, ~ T r; of T}
and g(v) € Sy, the action on the dj children of v. The automorphism g, of the
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rooted tree T, belongs to the group G(Sq,, Hi). The function defined by (5.1) for
G(S4,, Hi) will be denoted by ||.||x-

A subtree T of T} is said to be rooted if it contains the root () of T;. It is said
regular if for every vertex v € T, either T" contains the d;,) descendant of v, either
it contains none of them.

Given a finite regular rooted subtree T of T; with set of leaves OT, define a
function vy on G(Sy,, H) by:

VT(Q) = Z (1 + Hgle(U))'

vedT

and a function v : G(Sy,, H) — N as:

v(g) = min{rr(g)|T is a finite regular rooted subtree of Tj}. (5.2)

The construction (5.2) defines similarly a function v* : G(Sg,, Hy) — N for the
subgroup G(Sq,, Hy) < Aut(T 1) ~ Aut(T,) for any vertex v on the kth layer. Note
that v = ¥ and that the following proposition is still true replacing v by v* and /!
by R+l

Proposition 5.2. The function v satisfies:

(1) Let g in G(Sq,, H) and g = (1, - - -, ga, )0 be its embedded image in the wreath
product G(Sa,, H) — G(S4,, H1) 1 Say, then:

v(g) = min{v'(g1) + -+ + v (ga,), 1 + [lglo}-

(2) Let g in G(Sq,, H), then v(g) = v(g™").
(5) Let g,g' be in G(Sq4,, H), then v(gg') < |[gllo + v(¢).-
(4) Let g.g" be in G(Sq4,, H), then v(gg') < v(g) + v(g').

In particular, this function v is a pseudo-norm on G(Sy,, H).

The use of induction in the proof of Proposition 5.2 requires the:

Property 5.3. Let g in G(Sq,, H) have image g = (g1, ..., 9a, )0 in the wreath
product G(Sa,,,, Hi1) U Sa, and assume ||g|[x > 2 then ||g¢|[k1 < ||g]|x for any
coordinate t.

Proof of Property 5.3. An element g admits a minimal representative of the form
g=nhj'...hI 0, with o; in Sy and h; in Hy (remind 2¥ = yzy~'). Moreover by
construction h = (', ag, ..., aq,) with &’ in Hy, and @; in Sg,,, and the conjugate h”
is the same di-tuple where the coordinates are o permuted. This ensures ||g1||x+1 +
4 |9dolk+1 < |lgllg- It is sufficient to prove the property for ||g||x = 2, that
is g = h]'h3*. If o1(1) # oo(1) the property is obvious. If g1(1) = 09(1) then
gillks1 = 0if @ # o1(1) and [|go,)llk+1 = |[P1h5][k+1 = 1 because hihj is an
element of Hj . O

Proof of Proposition 5.2. Note that 1+ [|g|lo = v{p(9) and assume the minimum
in definition (5.2) is obtained for a finite regular rooted tree T' # {(}}. Clearly
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OT =0T (1)U---UdT(dy) where T'(v) denotes the intersection of 7' with the subtree
T, of T7 hung on vertex v, thus:

vr(9) = Y U+ llglliw) =D D A+ 1glliw) = D vrw (90,
) t=1

vedT t=1 vedT(t

which is minimal if and only if vy (g:) = v*(g;) is minimal for all ¢. This implies
part (1).

It follows that if ||g|lo = 1 then v(g) = 2 = v(g~'). Similarly if ||g|[z = 1
for g € G(Sy,, Hy) then v*(g) = 2 = v*(g7!). Assume by induction on r that
vF(g) = vF(g71) if ||g]lx < r and this jointly for every level k, then the inverse
formula g7' = o' (g; ", . .. ,g;ol) and the induction hypothesis ensuring v!((g71);) +
V(o) = ¥ ()4 M (9a0) (25 Ilgullss < |lglle by Property 5.3) together
with part (1) show part (2).

To prove part (3), note first that v(ag) = v(g) for all a € Sy,. Indeed, a only
permutes the subtrees of the first level and does not increase any of the ||gy|[yw). To
conclude, it is sufficient to show that when h is in H, we have vp(hg) < 14wvr(g) for
any finite regular subtree 7. Proceed by induction on the size of T'. Indeed, this is
true for T = {()} by Property 5.1 (1). More generally, denoting g = (g1, - -, ga, )0
and h = (hy,as,...,aq,) with g, in G(Sg, Hy), hy in Hy and a; in Sy, we get
hg = (h1g1, asgs, - - ., G4,9a, )00 and:

do dO
vr(hg) = vra)(hig) + Z vr( (aege) < 1+ vray(gr) + Z vr(g:) =1+ vr(g)
=2 =2

using the induction hypothesis on 7'(1).
Part (4) is implied by part (3) in case v(g9) = 1+ ||gllo or v(¢') = 1+ [|¢]|o-
Otherwise:
do dO

do
v(gg) <> v'(99)0) =Y vNaghw) < D vHg) + v (gow) = v(9) + v(d),

t=1 t=1

where the second inequality comes by joint induction on ||g|| using Property 5.3. [

Let B,(r) = {g € G(S4,, H)|v(g) < r} denote the ball of radius r associated to
the function v. The next proposition is crucial for our purpose.

Proposition 5.4. Consider a spherically homogeneous rooted tree T of bounded
valency 2 < d; < D, a finite subgroup H of H and the function v constructed above,
then the balls B,(r) C G(Sa,, H) grow at most exponentially fast. Namely, there
exists a constant C' depending only on D and the size of H such that:

#B,(r) < (C)", for all v sufficiently large.
In order to prove this proposition, recall classical estimates on the number of

rooted subtrees of a rooted tree. The formula below can be found in [PR], the
equivalent is derived from Stirling’s formula.
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Proposition 5.5. The number of (not necessarily reqular) rooted subtrees of a D-
reqular tree Tp containing r vertices is:

1 1 D DP "
(D) — _Cr—l ~ -
or oD Tt T\ 2D — ((D — 1)<D1>) '

Nlw

More precisely the following is sufficient:

Corollary 5.6. The number #P) of reqular rooted subtrees of Ty (with d bounded by
D) containing at most r leaves satisfies:

D2D

") < (Kp)', Jor Kp = [EDEGk

provided r is sufficiently large.

Proof. 1t is well known that a subtree with at most r leaves contains at most 2r — 1
vertices and the asymptotic equivalent of 5P gives the corollary. 0

Proof of Proposition 5.4. If v(g) < r then there exists a regular rooted subtree T’
such that vr(g) < r. In particular, such a subtree has less than r leaves so that
there are at most (Kp)" choices for T (corollary 5.6). Given T, the element g is
described by all g(v) € Sy, where v € T, which allow at most (D')#T < (DN
choices, and all g, € G(Sdl(v), Hyyy) with v € 0T, which satisfy:

Z golliw) <7

vedT

The number of possibilities for this last choice is less than (M + 1)?" where M =
max{#B) ., (1)} (finite because the size of the generating set Sy, U Hj on layer k
depends only on di, < D and #H) < #H) bounds the number of symbols which
represent an automorphism of norm 1 on a given leaf. An extra symbol (a coma)
is added to denote passing to the next leaf. All in all, taking C' = KpD!(M + 1)?
gives the desired result. O

5.2. Similarity of random walks (proof of Lemma 4.6). First recall elemen-
tary probabilistic facts which will be usefull.

Fact 5.7. Let (2;);>1 be independent random wvariables equidistributed on a finite
group F. Then the sequence (Xi)k>1 of products Xy = 21 ...z is a family of inde-
pendent random variables equidistributed on F.

Proof of Fact 5.7. Denote by qr the equidistribution measure on the finite group F'.
It is sufficient to prove by induction that:

k
qr=(Xi = fi,i < k) Hq (Xi = fi) = [T ar(Xs = 1),
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for arbitrary fi,..., fr in F', which comes from:

XX = fi,i<k) = ¢2°Xe=filXi=fi,i <k—1)¢2*(X, = fi,i<k—1)

k—1
= ¢z = [ilifr) Hqgw(){j = f;)

k-1
= qr(z = i fr) HQF(Xj = fj)

O

Fact 5.8. Let z be a random wvariable equidistributed on a finite group F acting
transitively on a finite set A, then qr(z(t) =t') = ﬁ for all t,t" in A.

Proof of Fact 5.8. The quotient F'/Stabp(t) is of size #A. If zo(t) = t’ (transitivity)
then zoStabp(t) = {z]z(t) = t'} has the same size as Stabp(t) by injectivity of left
translation in F'. O

Fact 5.9. Let (u;)ien be independent random Bernoulli variables on {0,1} (say
plu; =0) =p and p(u; = 1) =1 —p for some p in]0,1[). Let f(wx) be the number
of alternations in the subsequence wy = uy...uy, that is the number of indexes i
such that u; # wiv1. Fquivalently, 1+ f(wy) is the number of mazimal packs of
constant successive terms. Then:

fwn) ~Nopoo 2p(1 — )N, P =p®> a.s..

Proof of Fact 5.9. Apply the law of large numbers to f(wy) = Zf:ll L, s}

knowing that F(1{y,2u,.,3) = 2p(1 — p) and that the terms are independent. O

Proof of Lemma 4.6. Consider the random walk Y, at step n as:
Yn = totl e tn = a1h1a2h2 e ashsa5+1

with s = [§] (as41 empty if n even), where the terms a; (resp. h;) are random
variables equidistributed in Sy, (resp. in H), all being independent. This can be
rewritten Y, = h{'...h% 0, (remind the conjugate notation h° = cho~!) where
the 0; = aias...a; are independent random variables equidistributed in Sy, by
Fact 5.7.

Using coordinates in the wreath product an element h of H has the form h =
(R, a?, ... a%) with k' in H; and @’ in S, and each of them is equidistributed for A
equidistributed in H by saturation (note that the coordinates are not independent).
Conjugating by a rooted automorphism o raises h? = (a°®, ... a%®)) with h! in
position o(1).

Consider now the random walk Y,, = (Y,!,...Y%)g, at time n and focus on
coordinate ¢, which is a product Y, = u; ... us of s independent terms such that wu,
belongs to and is equidistributed in Sy, (resp. Hp) if o;(t) belongs to {2,...,do}
(resp. o;(t) = 1). Since the o; are equidistributed in Sy, the probability that u; is
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in Sy, (resp. Hy) for a given i is d(;lol (resp. %) by Fact 5.8. This is summarized in:
do—1_1 -
do #H1 if g € H17

and the terms u; are independent. Define m;(n) to be the number of maximal packs
of successive u; belonging either to Sy, or to H; in the sequence V! = uy ... us Fact
5.9 ensures that:

(n) oL (1Y, d—1\ n
my(n n—+o0o do do ~n—+oo do do.

Given an integer n, assume we know the distribution D of which terms u; are in Sy,
and M, then the kth pack of terms vy = w;, u;, 41 ... u; , of constant belonging is a
product of equidistributed independent elements in the finite group Sy, or H; hence
is equidistributed. In this situation Y! = vgv; ... vy, (n) Where two cases are possible:
either u; belongs to Sy, (set e,(n) = 0), the terms vy, are equidistributed in H,
and vy, are equidistributed in Sy, , which is of the form Y/rLt(n); or u; belongs to H;

(set &¢(n) = 1), then re index the v; as Y, = ids, v1 ... Vpm,(n)+1 Which is of the form
Y. (n)41 €XCEPY for vy which follows the Dirac law on idg, ; this has no influence on
the v-distribution of the sequences (Remark 4.4). In both cases:

(Y75|D) ~v-law Ynllt(n)-f—&‘t (n)’

where the condition depends only on the number of alternations m;(n) and the
starting condition £,(n) of the distribution D. O

5.3. Zero drift of (Y,,) (proof of Proposition 4.3). First note that the Kol-

mogorov 01-law implies almost sure constance of lim sup (Y”).

Lemma 5.10. For every integer k denote (Yn )n the random walk on G(Sy,, H)
which is taking independent equidistributed increments alternatively in Sq, and Hy,

in particular (Y,) = (YTSO)) and (Y,)) = (Yn(l)). Then there exists Iy, in [0

that:
VR (YY)
n

3] such

lim sup
n—-+o0o

= Iy, Qr = (QSdk ® qm, )% a.s..

Proof. Proposition 5.2 (1) implies v*(Y;*) < 1 4 ||v;* ||k < 2t 50 that the lim sup

( ")

is < 1. Given [ in [0, 3] the event E; = {limsup~ < [} is a tail event,

2
that is an event which is independent of any finite subsequence (Yn(k)>n§ ~, hence
has probability 0 or 1 by the 01-Kolmogorov law. The function | — Qx(E;) is
increasing, right continuous and takes values in {0, 1}, so that there exists [, such

that Qx(E;) = 0 for [ < I}, and Qx(E;) = 1 for [ > lj.. Then:

: V(v
k ({hmsup # =k} | = Qr(Ey \Unz1 By, 1) = 1.
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Proof of Proposition 4.3. To show [y = 0, prove [ < ( 71)lk+1 where D is the bound
on the valencies of the spherically homogeneous rooted tree T;. This is sufficient
as [, < % for every k. To ease notations, compute for k& = 0. Proposition 4.1 (a)

ensures:
do

lim sup < lim sup Z

n——+0o0o n n——+0o

< Z lim sup 7Yt> (5.3)

—1 — . n—+oo

To compute the right side introduce the condition (my(n)):

1 Yt Yt Yt
limsupM :limsupgmt(n) < lim v )hms pw,
n—-+o0o n n—-+o0o mt(n) n n—)-‘,—oo my (TL) n—-+o0o n
where Lemma 4.6 gives lim sup mt(") = <d001> , Q a.s. and
Ly v! Yr/n n)+et
lim sup v (V) = limsupw =1, Q as.
my (n) my (n)

because my(n) — +o0o @ a.s.. The last estimates gathered together on a @) proba-
bility one event show that:

do
—1\ 1 do — 1 D—1
<> (=2 L < ([ Z=—=)1.
0_;1( do )do <d0>1_(D>1

5.4. Zero drift of (Zy) (proof of Proposition 4.2). Recall the:

Fact 5.11. Let (a;)ien be a random sequence in {0, 1} endowed with a probability
measure ji. Assume that there exists an infinite subset I of N such that p(a; = 1) >
d >0 for alli € I, then p(a; = 1 for infinitely many i) > 0.

Proof of Fact 5.11. Let E = {(a;)|a; = 1 infinitely often} and assume by contradic-
tion u(E) = ¢’ < 0, this implies u(E°N{a; = 1}) > 6 — ¢’ for all 7 in I. However
the complement of F is the infinite increasing union:

E¢ =Upen{(a;)|a; =0 for i > n} = UpenFh,
so that p(Fy) >1— 5+T§/ for some N. But the case i > N raises the contradiction:

s+8 ., 68
-6 = ——.

O

n(ECN{a; =1}) = p((E°\ Fy) N{a; = 1}) < p(E°\ Fy) <

Proposition 4.3 will be used in the (a priori) weaker form:

Corollary 5.12. For every positive € and «, there exists Ny such that for n > Ny:
0 (@ < 5> S 1—a
n

Proof. Assume the statement does not hold, then there exists g, o and infinitely
many integers n; with @ ( Yny) > ¢ ) > «p and then @) <hm sup ”(Y") > eo) >
by Fact 5.11, contradicting Prop051t10n 4.3. O
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The random walks (Zy) and (Y,,) are closely related by:

Fact 5.13. Let N be a fixed integer. To each walk Zn = s1...8n s associated the
number of alternations a(N) from s; in Sy, to s;y1 in H or vice versa. Then the
conditional law of Zy satisfies:

(Znla(N)) ~y—taw Yan)-

Proof. Conditioning by the distribution D of which terms s; are in Sy, and in H,
the walk is rewritten: Zy = S1...8i,Sig4+1--- Siy - - - Sigovy = lot1 ... Ta(n) where t; =
Siy;_1 - - - Siy; are equidistributed in Sy, (except maybe ¢y which could be empty) and
t2j+1 = Siy; - - - Sin;,, are equidistributed in H, all factors being independent, which
is the deﬁnltlon of the random walk Yy (). The condition matters only on a(/N) and

not D. ]

This Fact 5.13 allows us to show a weak form:

Lemma 5.14. For every positive € and «, there exists M such that for N > M:

P(V(JiN) gg) >1-—a.

Proof. Fact 5.9 ensures that the conditioning term a(N) satisfies limy_,o = >

P almost surely. In particular for every positive a there exists an integer /Ny such
that P(a(N) > &) > 1—a for all N > Ny.

a(N) 1

Now compute under the condition a(V):
v(Z
P(U5 <e) = Tp (M5 <o) Pla

but if N > N; then P(a(N) < %) < a. Moreover for N > 3N, (defined by Corollary
5.12) the condition a(N) > & > Ny ensures via Fact 5.13:

P( %N) §e|a(N)) 42(%#35) >1-aq

because a( ) < 1. All in all, when N > max{ Ny, 3Ny }:

P (@ < 5) > Y (I-a)P(a(N) > (1-a)

a(N)>%

ﬂ
3)
>

which proves Lemma 5.14. O

The previous Lemma ensures that P almost surely: lim inf @ =0 (Fact 5.11).
To get Proposition 4.2 use:

Theorem 5.15 (Kingman subadditive Theorem ([Kal] 9.14)). Let (X,) be random
variables such that:

(1) Xon < Xom + X for all0 <m < n,
(2) (Xpi1n+1) has the same law as (X)),
(3) E(X{,) < +o0,
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then the random sequence (%) converges almost surely.

Applying this to X,, ,, = v(Z,,} Z,,) shows that the inferior limit is in fact a limit,
proving Proposition 4.2. The interested reader will remark that Lemma 5.14 is
sufficient for our purpose and thus the Main Theorem does not rely on Kingman’s
Theorem.

6. GROUPS OF INTERMEDIATE GROWTH

6.1. Generating pairs for alternate groups. In his paper [Wil2] (Proposition
2.1), Wilson constructs interesting generating pairs of alternate groups Ay:

Proposition 6.1 (Wilson [Wil2]). Let d > 29, then the alternate group of per-
mutation Aq of the finite set {1,...,d} contains an eligible (see [Wil2] for the full
definition) pair of elements xq4,y4. In particular:

1) the pair is generating: (xq,yq) = Aa, the elements have order 2 and 3: x2% =
y3 =1, and a fized point property that there exists o and 8 in {1,...,d} such that:
a(a@) = yarqy; () = a and yo(B8) = B (up to re index we assume o = 1 and
=2).

let & = (u,1,...,D)xg, and § = (1,v,1,...,1)yq, belong to Aut(Tz) with dy > 29
and u,v in Aut(T, ;) with u*> = v® = 1, then the group generated by & and i contains
the whole group of alternate rooted automorphisms Ag,. More precisely:

<§j7g> = <U,U> { Ado‘

B
2)

Given a (not necessarily bounded) sequence d of integers > 29, the above Propo-
sition 6.1 allows to define recursively the following pair of automorphisms of the
spherically homogeneous rooted tree T; (remind the assumption on fixed points
a=1and g =2):

g = (,q,1,...,1)xg,,
6.1
vi= 1 Ysa 1, -, 1)Ydp- (6.1)

This definition is best understood by looking at the portraits on Figure 3. The
automorphism subgroup generated is denoted H; = (2, y;). Note that in the case
d = od is a constant sequence the group H is generated by a two (non trivial) state
automaton.

Property 6.2. The alternate automorphism xg has order 2, and yz has order 3.

Proof. Show by joint (on x,: for i in N) induction on k that "Eiz ; acts trivially on
the £ first levels of 7.;. This implies it acts trivially on the whole tree hence is
trivial automorphism. Proposition 6.1 1) ensures:

!Eiig: (xiig,l, ) ..,l)xi = (xiig,l, 1),
which initiates the induction. Moreover xi,
of T .7 and as xil 11z on Tt which acts trivially on the k first level of T} by induction

hypothesis. This proves :L’i - acts trivially on the k 4 1 first levels of T .. O

- acts trivially on the subtrees Ty, ..., T},

1
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Zq

AN A
AN D

FIGURE 3. Portraits of the elements z; and y; .

1

6.2. Density properties.

Proposition 6.3. The subgroup Hg = (xg,yg) < Aut®(Ty) is dense in Aut®(Ty)
endowed with the profinite topology from (2.4).

Proof. 1t is sufficient to show that the subgroup Ag, - - -0 Ag, < Aut®(T}y) of alternate
automorphisms of portrait supported on the k firsts levels is included in Hj for
arbitrary k. Proceed by joint (on H.; for i € N) induction on k to show:

H g~ Hoivngl Ag,_, U VA, (6.2)

which will be sufficient taking ¢ = 0 and the trivial subgroup of H_.;. The case
k = 0 follows from Proposition 6.1 2):

HUiJ - <$oic?> inJ> = <xoi+10?7 yai‘HJ) 2Adz = Hoi‘HJz Adi' (63)
Assuming isomorphism (6.2) then isomorphism (6.3) for i + k£ proves step k + 1:
H g~ H_ gl Ay Voo VAG > Hyieng U AG,,, LA VoL Ag

i+k—1 i+k i+k—1

0

This density property is in contrast with the case of the full (non alternate)
automorphism group of a rooted tree:

Proposition 6.4. The group Aut(T;) endowed with the profinite topology from (2.3)
admits no finitely generated dense subgroup.

Proof. Denote sgn : Sq — Z/2Z the signature morphism of permutations. Given
an element g in Aut(Tj), recall that g(v) is the permutation in Sy, associated to
vertex v in the portrait of g.

(Recall g = (1.1, Gus - - -+ Gdo..dyy 1) Ti(w)—1 With gy in Aut(T,,) =~ Aut(Tuw) q)

and 7)1 € Aut(Tyy. ay,,_,), then g, has image g, = (g1, - - - Gudy,))9(v) via the
isomorphism Aut(1 ) =~ Aut(T,i+14) US4y, -)
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Similarly to Lemma 1. in [Ale2], define for each integer k the following morphism
(of products of signatures of permutations on level k in the portraits):

Ry : Aut(T;) — 7Z/27
g = Rk(Q) = HvELevel(k) sgn(g(v))

The computations via the isomorphism (2.2) show this is a group morphism. The
product morphism ¢ : Aut(T;) — (Z/27)* defined as ¢(g) = (Ro(g), R1(g),...) is
then a surjective group morphism continuous for the profinite topologies. Assume
now there exists a finitely generated dense subgroup G of Aut(Ty), then ¢(G) is a
finitely generated dense subgroup of (Z/2Z)>°. This is impossible since any finitely
generated subgroup of (Z/27)* is finite thanks to Fact 3.4. O

Density in Aut®(T;) of a finitely generated subgroup implies superpolynomial
growth:

Proposition 6.5. Let d = (d;)icn a sequence of integers d; > 3, then any dense
finitely generated subgroup of Aut®(T;) has superpolynomial growth.

Proof. Let G be such a group and k an arbitrary integer, then the level k stabilizer
Stp(G) ~ Gh.1 %X -+ X Ggy..4,_, 1s a direct product of dy...dy_1 subgroups of
Aut®(T,xz) each of which inherits the property to be dense and finitely generated.
In particular each of the groups G, is infinite (d; > 3) and thus has at least linear
growth, so that the subgroup St (G) of finite index and thus G have growth function
at least b(r) 7 rdo--d -1 hence superpolynomial. O

6.3. Intermediate growth.
Proposition 6.6. The group H; < Aut(T;) has intermediate growth.

Proof of Proposition 6.6. Superpolynomial growth follows from Propositions 6.3 and
6.5, so there remains to prove subexponential growth. Proceed as in [Gril]. De-
note By(r) the ball of radius r in H, g for the word metric |.|; associated with
the generating set (z,xg, Y,rq), denote by(r) its cardinal and ¢; = lim {/b(r) =
h{%ki,yaw}(HakJ) its exponential growth rate. The fixed point condition on eligible
pairs ensures:

nyJny§1$J = ('TO'J7 L... y Yod; y;d}7 SRR 1)xd0yd0xdoy¢1}1xdov (64)
with y,7 in positions z4,(2) and xg,y4,Ta,(2) and the second and third z,; cancel
out. As the generators are of order 2 and 3 every element g = (g1, .. ., g4,)o in By(r)

admits a minimal representative word of the form g = vqy7'zgy7 ... vqyT g, with
g; in {—1,1}. Given g (more precisely given a fixed minimal representative word),
denote a(g) the number of alternations in the sequence (g;), equality (6.4) implies:

|91l + -+ [9ao 11 < [glo — alg). (6.5)
Given any parameter ¢ > 2, split the ball By(r) into:

By (r) ={g € Bo(r)la(g) >
By (r) ={g € Bo(r)|a(g) <

I3
——
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The size of the first part of the ball is bounded by:
bi(r) < #Aq, > bi(r) ... bi(rq,)- (6.6)

ritetrg <(1=1)r

Indeed, each element g = (g1,...,94,)0 of By(r) is injectively described by the
permutation o in Ay, and the coordinates gy, ..., g4, the sum of the |.|; length is
bounded by 7 —a(g) < (1—1)r thanks to computation (6.5). The size of the second
part of the ball is bounded by (recall notation C* for the number of subsets of size

kin {1,...,n}):
by(r) <4305 < 4%0;. (6.7)
s<7

Indeed the term 4 corresponds to choosing the start of the representative word (y,
y~!, zy or xy~!), s represents the number of alternation a(g) and C¢ the number of
choice for the positions of such alternations.

The size is estimated by by(r) < bf (r)+by (r) < max{2b7 (r), 2b, (r)}, and taking
1
limits of r-roots raises ¢y < max{ci Ctt(1— %)(%_1) }, since Stirling formula ensures:

o1

r o r T 2rr 1
(AECH) o |4V 2D o tH 1)

N 11
V2rEJ2m(1 = )r (H((L =) t
The estimate is valid for any level k so that for all parameter ¢ > 2:
1.1
1— )1
(-

In particular, this shows the sequence (c;); increases (note t¢(1 — %)%’1 — 1 for
t — 00). Moreover the sequence is bounded by 2 (the groups are quotients of
7.)27 + 7./3Z.), hence admits a limit ¢, which satisfies by continuity:

-1

=

-1 1
cr < max{c, {,t¢

_1 1
Coo < max{cio Lt (l— ;)%’1}
for any parameter ¢ > 2, which is impossible unless ¢, = 1 (otherwise take ¢ large
enough). This shows subexponential growth of the groups H ;. U

Remark 6.7. When the tree has bounded valency, set f(r) = max{bg(r)|k € N} the
estimate (6.6) can be made homogeneous on dy < D. This together with estimate
K

(6.7) applied for a parameter ¢ of the form t = Toa(r) raises inequality:

D

fr) < K S [t |+ KCF.

r1+"'+7"D§(1—ﬁ)r i=1

A computation due to Erschler (Lemma 6.4 in [Ers]) gives the explicit upper bound
on the growth:

bo(r) < £(r) < exp (K bg(log(’”)””) |

log(r)
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7. GROUPS OF NON UNIFORM GROWTH

7.1. A Theorem of Wilson. The first examples of groups of non uniform expo-
nential growth have been constructed by Wilson in [Will]. The following Theorem
from [Wil2] is a generalization.

Theorem 7.1 (Wilson [Wil2]). Let k be a positive integer and xi a class of groups
with the two properties:

(1) each group G in xy, is perfect (that is G =[G, G]) and can be generated by k
involutions;

(2) each group G in xy is isomorphic to a permutational wreath product G Ag
with G1 € xx and d > 29.

Then each group G in xj contains two sequences of elements (a™), (b™) such that:

(a) (a™)? = (b)) =1 and (o™, b™) = G for each n and,
(b) h{a(n)7b(n)}(G) — 1 asn — oo.

In section 4. of [Wil2], Wilson constructs subgroups of Aut®(T;) for unbounded
sequences d = (d;); in the classes y;. Unboundedness of the sequence permits to
construct such groups with a subgroup isomorphic to the free group Fy on two
generators. This ensures exponential growth, but prevents amenability.

In the next section groups in the class x, are constructed similarly but acting on
bounded valency rooted tree. The Main Theorem 3.1 will apply to show amenability.
Exponential growth is due to the presence of free semigroups. Note however that in
[Will] Wilson constructs groups of automorphism of a regular (in particular bounded
valency) rooted tree which have non uniform growth and contain a free group.

7.2. Amenable groups of non uniform growth. Let d = (d;); be a bounded
sequence of integers 5 < d; < D, define a subgroup of the group H (constructed
in section 2.3) as A < H = ij_l X Sg;_l X ... where A = Ay x Ag, X ... as an
abstract group and each group Ay, is acting as a rooted automorphism on 77y, _,»;
this is best understood by Figure 4.

Now for each integer d in {5,..., D}, denote E; = {i > 1|d; = d}. There is a
diagonal injection:
deAd‘—> HAd¢<A7
i€Ey

and the diagonal product of those injections:

D
7 AJ = H Ag — A.
d=5
To ease notation the image subgroup of Ay is still denoted Ag. It is a finite saturated
subgroup of A. The subgroup of Aut®(T};) generated by alternate rooted automor-
phisms Ag, and Az is denoted Gy = G(Aqg,, Ag) < Aut®(T7). Note that when d = od

is a constant sequence, the group G(Ay, Ag) is generated by a finite automaton.
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FIGURE 4. The group A.

Proposition 7.2. Let d = (d;); a bounded sequence of integers 29 < d; < D, the
group Go = G(Ag,, Ag) belongs to the class x where k depends only on D.

Proof. Show this Proposition simultaneously for all groups G; = G(Ag,, Ayig) <
Aut®(T,:;). The group G, is perfect because generated by copies of the groups Ay,
Ag,d € {5,..., D} which are perfect (even simple). Moreover, those groups (hence
G;) are generated by double transpositions, in particular by involutions the number
of which depends only on D, so that the condition (1) of definition of groups in the
class xy is satisfied for some k£ depending only on D.

To check condition (2), note first that the injection in the wreath product (2.1)
has image in:

G = G<Ad¢7 AJZE) — G(Adi+17 Aai“c?) ZAdi = Gi+1 { Adi' (71)

This is clear for the generators in 4; and the generators b in A_.; have image
b= (b,a,1,...,1) where a belongs to Ag,,, and b’ to A 14 by construction. Now
remains to prove this injection is onto hence an isomorphism.

Given any two elements ai,as in Ag,, there exists by = (b},a;,1,...,1) and
by = (by,as,1,...,1) in A iz. Moreover the double transposition o = (13)(45)
belongs to Ay, so that G; contains b5 = gbyo ™ = (1,as,b,1,..., 1), hence [by, b3] =
(1,[a1,a2),1,...,1) and then 1 x Ag,, x --- x 1 by perfection. Similarly given
any two b},0, in A,i1g, the group G; contains [by,b]] = ([b},b5],1,...,1) where
T = (23)(45), hence A, 115 x 1 x -+ x 1. Since Ay, acts transitively by conjugation
on the coordinates, this proves injection (7.1) is onto. U

Proposition 7.3. Let d = (d;); a bounded sequence of integers 5 < d; < D, the
group Go = G(Aqg,, Ag) has exponential growth.

Proof. Each group A, contains the double transpositions v = (12)(34) and v =
(12)(35). Moreover each of the groups A,ig ~ Aqg, X Aqg,,, X ... contains the diagonal
elements u = (u,u,u,...) and v = (v,v,v,...). The following Lemma due to
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Bartholdi (Proposition 2.3 in [Bar]) ensures that (uu,vv) ~ S, is a free semigroup.
More precisely:

Lemma 7.4 (Bartholdi [Bar]). The quotient semigroup
(wu, wv, vu, vv) /(du = av, vu = VV) ~ Sy

is freely generated by {uu,vv}.

This ensures exponential growth of the group Gj. O

Corollary 7.5 (Theorem 1.1). The groups G(Ag,, Ag) associated to sequences d =
(d;); of integers 29 < d; < D are (uncountably many pairwise non isomorphic)
amenable groups of non uniform exponential growth.

Proof. This follows from the Main Theorem 3.1, Wilson’s Theorem 7.1, Proposition
7.2 and Proposition 7.3. The bracketted part follows from Corollary 8.2. U

7.3. Convergence of the Cayley graphs. This section is devoted to give another
proof of some part of Wilson Theorem 7.1. Namely the convergence to 1 of the
exponential growth rate of the generating sets {a™, 6™} can be understood as the
convergence of the associated Cayley graphs of the group to the Cayley graph of a
group Hj of intermediate growth introduced in section 6.

More precisely, let G = Gy belong to some class i, then by definition of the class
there exists a sequence of groups G; in x; and integers d; > 29 such that G; ~ G, 12
Ag,. The Theorem 7.1 of Wilson ensures in particular that for each integer ¢ there

exists a generating pair of elements (ago), b§0)> = G, such that (ago))2 = (b(O))?’ =1

7
Out of this first generating pair, Wilson constructs a sequence of generating pairs

for GG;, defined inductively as (also see Figure 5 and compare with Figure 3):

n+1 n
oD = (a1(+>17 L..., Dy, (7.2)
bz(nJrl) = (17 bE—TiL—Jlrl)a 17 Tt 1)ydz

The fact that a§"’ and bg") have order 2 and 3 and that they generate G is a
direct consequence of the properties of the generating pairs x4, yq, of the alternate
group Ay, (see Proposition 6.1).

Definition 7.6 (Distance between Cayley graphs). Let (I',.S) and (A,T) be two
groups with generating sets, denote Br g(R) the restriction of the Cayley graph of
" relatively to the generating set S to vertices at distance less than R of the neutral
element (for the word distance in S). The distance between (I', S) and (A, T) is
defined as:

(T, ), (A, 7)) = inf{ | Brs(R) ~a Bar(R)}

where Gr; ~g Grs if Gr; and Gry are isometric as colored graphs.

Non uniform growth of the group Gy comes from the two next propositions, since
intermediate growth of Hy implies hy, ., 1 (Hg) = 1.
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FIGURE 5. Portraits of the elements ao ) and b )

Proposition 7.7. With the notations above:
d((Go.{ag”, 6", (Hi {xa.92})) — 0.

n—-+4o0o

Note that this Proposition is true independently of the amenability or not of the
group Gg in a class x;. In particular, such a convergence is also true for the non
amenable groups constructed by Wilson in [Will], [Wil2].

Proposition 7.8. If d((I', S,), (A, T)) — 0, then:
limsup hg, (I') < hp(A).

n—oo

Proof of Proposition 7.8. Given a positive ¢ the definition of hp(A) ensures that for
R > Ry large enough the ball Ba r(R) has size #Bar(R) < (hr(A) + ). Now
the convergence of Cayley graphs shows that for n > N large enough #Br g, (R) <
(hr(A) + €)' and by subadditivity #Br s, (kR) < #Br.s,(R)* < (hp(A) +)* so

that:
hs,(T') = lim *{/#Br s, (kR) < hp(A) +¢,

which was required. ([l

The proof of Proposition 7.7 uses the following:

Lemma 7.9 (of contraction). If & = (u,1,...,1)zq and g = (1,v,1,...,1)ys are
as in Proposition 6.1, then for elements g = (g1,...,94)0 in the wreath product
isomorphism (&,y) ~ (u,v) ! Aq, one has for each coordinate t:

19t oy < 5 (|g|{x 1),
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where |.|s denotes the word norm associated to the generating set S (inverses of
elements of S have length 1).

Proof. 1t is sufficient to check that z3° = (u,1,...,v%,1, ..., 1)zsyy with v° on co-
ordinate x4(2) # 1. O

Proof of Proposition 7.7. Introduce other relations depending on integer [ > 1 on
groups with generating sets: (I', S) ~; (A, T) if for every free word w of length less
than [ in S (elements and inverses) one has w(S) = idr if and only if w(7T') = ida
(for [ = 1 the relation ~; just means S U S™! and T'U T~! have the same size).
If the relation (I, S) ~o11 (A, T) is satisfied then d((T, S), (A, T)) < 1 because to
describe Br g(R) it is sufficient to know when ¢'g™' = s for every g¢,¢’ in Br s(R)
and sin SUS™L

To ease notations set S( = { (n) b(" }and T; = {2,ig, Ys:g}- It is sufficient to

show for all integers i: (G;, S Z( ) ~1, (Hgig, T;) with a sequence [, — 0o. Proceed
by induction on n, using:

w(STY = (wy (ST, .. wa, (ST w(2a,, ya,),
w(Tz) = (w1<Ti+1)7 cee 7wd¢<Ti+1))w('rdw yd¢)7

where for each coordinate ¢ the elements w,(.S;

; +1) and wy(T}41) involve the same word

w; because the permutations on the first level are the same for generators in SZ-(nH)

orin T; (namely 24, and yg,). Lemma 7.9 ensures that |wy(Tj1)| < $(Jw(T;)| + 1)
(and |wy( Z+1)| < L(|w(S n+1))| + 1)) so that if w has length less than [,,,1 = 2[,, — 1

one has w(Si("le ) = idg, if and only if w(T;) = idy_, . The result follows since the
sequence (l,,) starts with [o = 1 and [; = 2. O

Corollary 7.10 (of Proposition 7.7). The group Hj of intermediate growth is not
finitely presented.

Proof. Assume the contrary H; = (xg,yglr1,...,7%). Let R be bigger than the
maximal length of the relations ry,..., 7, and n large enough so that:

n) ,(n 1

d((Go. {ag”.05"}). (Ha {za.va}) < .

Then the automorphisms ao ) and b satisfy all relation r,..., 7. In particular,
Gy is a quotient of H; hence has subexponential growth. This contradicts Proposi-
tion 7.3. 0

8. NON SUBEXPONENTIAL AMENABILITY

8.1. Description of normal subgroups. The normal subgroups of finite index of
groups in a class x, are completely described by the:

Proposition 8.1 (Neumann [Neu)). Let (G;)ien be a sequence of finitely generated
perfect groups such that for each i there exists an integer d; > 5 such that G; ~
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Gi1 LAy, Consider the isomorphisms:
GO ~ Gl ! Adi—l IEREN Ado ~ SG, X -+ X Gl) NAute(Tdomdi_l),

S

TV
dg...d;_1times

then the subgroups K; = (G; X -+ - x G;) for i € N are the only normal subgroups of
Go of finite index. Moreover if one (hence all) of the groups G; is residually finite,
then (K;)ien are the only non trivial normal subgroups of Go; in particular Gy is
Just infinite.

Proposition 8.1 (as well as Lemma 8.3) is a slight generalization of Theorem 5.1.
in [Neu|. The proof is given here for the sake of completeness and to avoid the reader
multiple references and notations. The second part is also similar to Theorem 4. in
[Gri2]. Note that all examples in this paper are groups of automorphism of a rooted
tree. In particular they satisfy the assumption of residual finiteness.

Corollary 8.2. Two groups Gy and Hy satisfying the hypothesis of Proposition 8.1
(in particular groups in a class x) for two different sequences of integers (d;); and
(€;); are non isomorphic.

Proof. The index of K; in Gy has value:
(Go : Ki] = #Aut®(Tay. g _,) = #(Aa_, U - VAg) = a(di)® 2" a(d)Pa(dy),

where a(d) = 4 = #.A4,. In particular the sequence of index of subgroups ([Gy : K;]);
is an isomorphism invariant from which the sequence (d;); can be recovered. O

Lemma 8.3. Under the hypothesis of Proposition 8.1, the only normal subgroups of
Gy containing K,, are Ko, K1, ..., K,,.

The proof of this lemma will use the:

Fact 8.4. Given a finite group T, assume A < T is a minimal normal subgroup
(minimal means the only normal subgroup of I strictly contained in A is trivial)
and that the centralizer Centr(A) of A is trivial. Then A is the unique minimal
normal subgroup of T'.

Proof. Assume A’ is another such subgroup, then AN A’ is trivial by minimality. In
particular, for every § € A and ¢’ € A’ the commutator AN A’ 3 [§, '] = 1, which
ensures A’ C Centr(A) = {1}, contradiction. O

Proof of Lemma 8.3. By induction on m and using Fact 8.4, it is sufficient to prove
that:
A s Ao tm2) o K, < Gof Koy & Aut®(Thy.a,, )

is minimal and has trivial centralizer, which shows K,, i is the only minimal sub-
group of G containing K,,.

Let U a non trivial subgroup normal in Gy/ K, and included in K,, 1/K,,. Then
1 #y € U can be written y = (y1..1,- - -, Ydy...d,,_, ) in the wreath product Go/K,, ~
Ag, L Aut®(Ty,. a,,_,), With some coordinate 1 # y, € AW By simplicity,

dm—l'
the normal closure of y, is the full alternate group (y,)a, = = A4, _,. Moreover
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the group Aut®(Ty,. a, _,) acts by conjugation transitively on the coordinates, so
that U > (y)Go/k,, = A(l b - X Agfs:'ldm_ﬂ = K,,_1/K,,, proving minimality.
Transitivity also shows that the centralizer Centay/k,, (Km-1/Ky) is included in

Stim-1(Go/Ky) = K1/ K, which has trivial center, hence the centralizer is trivial.
]

Proof of Proposition 8.1. Let X be a finite group and f : Go — X a homomorphism.
Restricting to factors of the subgroups K,, = GU-D o GW oL x G%O”'dm’l),
it appears that for m large enough there exists v # v’ such that the associated
factors have the same image f(G v)) =f (GS{,)) Y, which must be abelian because
G, GY ] =1, hence Y = {1} because G\ ~ G,, is perfect. This shows G2 C
Ker(f).

Moreover for each coordinate v’ there exists ¢ € Aut®(Ty,. q,,_,) such that ¢(v) =

v/, so that @G(mv)go_l =a¥ ¢ Ker(f) and consequently K,, lies in the kernel of
f. Applying Lemma 8.3 shows Ker(f) = K; for some ¢ < m, which proves the first
part.

Now assume G is residually finite, and N <1 Gy is an arbitrary normal subgroup.
The description of the first part ensures that N,,>0 K, = {1}, and as the sequence of
subgroups (K,)., is strictly decreasing there exists an integer n such that N < K,
and N £ K,,+1. To get the second part, it is sufficient to prove N > K, since the
first part will force K,, = N.

Consider x € N \ K, and its image ¢ = (z1.1,...%4y..4,_,)n in the factor
decomposition of K,. There exists v such that:

Ty = (xvlu cee 7xvdn)av S GS}) =~ Gn+1 ZAdn?

with a non trivial permutation o,, and in particular there are s # t in {1,...d,}
with o,(s) = t. Now given any two elements &, 7 in G, define f, g in K,, =
(G, X -+ x G,) as

f=0,...,, f,1....),, fo={0,....1,&1,...,1) € G L Ag,,
g=01,...,1,9,1...;1)0, g =(1,....;01,n1,....1) € Gp1 L Ay,
with &, n on coordinate s. The normal subgroup N contains the commutator [f, z] =
fef~ta=t=(1,...,1,[fs, 2], 1,...,1),, where:
[fo, o] = (1,008 ., D) (o1, - -+, T, )ow(1, ...,5_1,...,l)agl(xgll,...,x;dln)
= (1,..., 1,61, Lo e M1, ),

with ¢ in coordinate s and z,& 'z, in coordinate ¢. Taking another commutator,
the subgroup N contains [g, [f,z]] = (1,..., 1, 9w, [fo, Zu]], 1, .., 1), with:

[gv7 [fv,:(;v:l] = (17 ct 17 [n? §]7 17 AR 1)7
and this for &, n in G,,41 arbitrary, which can be rewritten:
N> (1, ey 1, [7], g], 1, Cey 1)n+1 c Gn+1 ! Aute(Tdomdn),
with [n,£] in position vs. As this group is perfect, the subgroup N contains 1 X

- X G;vj)l X -+ x 1. The transitivity of the action of Aut®(Ty,. 4,) on level n+ 1 by
conjugation ensures that N contains (G,i1 X -+ X Gpy1) = Kpyq as required. [0
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8.2. Non subexponential amenability. Denote SGq (respectively EGy) the class
of groups such that all finitely generated subgroups have subexponential growth
(respectively are abelian). Assume that for an ordinal @ > 0 the classes SGg
and EGp are defined for every ordinal 8 < a. When « is a limit ordinal, set
SGo = UgcoSGp (respectively EG, = Ug<oEG3). When « is a successor ordinal,
define SG,, (respectively EG,) to be the class of groups that can be obtained from
groups in the class SG,_1 (respectively EG,_1) either by taking direct limits, or by
taking extension by a group from the class SGq (respectively EGy).

Each class SG, (respectively EG,) is closed under taking quotients and sub-
groups. Moreover, the class SG = U,SG,, (respectively EG = U,FEG,) where the
union runs over all ordinals «, is the smallest class of groups containing SGy (re-
spectively EGy) which is closed under the operations of taking subgroups, quotients,
extensions and direct limits. As these operations preserve amenability, which is sat-
isfied in SGq (respectively EGp), the class SG (respectively EG) is called class of
subexponentially (respectively elementary) amenable groups.

This construction of classes of groups is detailled in [Osil]. It is obvious that
EG, is a subclass of SG, for each ordinal v and that the class SG contains the
class EG. This inclusion is strict (see [Gril]) and the Basilica group introduced in
|GZ] was the first example of an amenable group out of SG. Osin has shown in [Osi2]
that the class EG contains no group of non uniform growth. In particular, groups
in the class x such as the groups G(Ay,, A;) of non uniform exponential growth
introduced in section 7.2 are not in EG. The following Proposition shows these
groups are not even in SG, providing uncountably many pairwise non isomorphic
examples of amenable groups outside SG.

Proposition 8.5. Consider a residually finite group G belonging to a class xy. (see
section 7), then one of the two following holds:

1) either G belongs to the class SGo of groups of subexponential growth,
2) or G does not belong to the class SG of subexponentially amenable groups.

In particular, residually finite groups of exponential growth in a class xx are not
mn SG.

Recall an elementary property of ordinals:

Fact 8.6 (Theorem 7.3 (5) in [Kun]). Let C' be a non empty set of ordinals, then
there exists © € C such that for every y € C, one has x < y. In other words, C' has
a mInimum.

Proof of Proposition 8.5. The proof is similar to that in [GZ]. Let G a group in a
class x having exponential growth, in particular not in the class SGy. Denote G;
the group in the class xj such that G = Gy ~ G; V. Ay, -+ - LAy, In particular
all groups G; have exponential growth. Assume Gy lies in the class SG, then all
the groups G; (which are subgroups of Gy) lie in SG. For each integer ¢ define «;
to be the minimal ordinal for which G; belongs to SG,, (exists by Fact 8.6). The
family {a;}ieny admits a minimum «;,. Now the ordinal «, is not a limit ordinal
otherwise G;, would belong to SGp for some 5 < «;,. Moreover, the group G, is
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not a direct limit of a strictly increasing infinite sequence of groups because it is
finitely generated. This forces the existence of N and H in SGy, -1 such that the
sequence 1 - N — G,, — H — 1 is exact. But as G hence G, is residually finite,
Proposition 8.1 implies that N = G}, for some integer m, so that a;,m < a;y —1
which contradicts minimality of «;,, proving G is not in SG. O]

REFERENCES

[Alel] Aleshin S. V., Finite automata and Burnside problem on periodic groups, Math. Notes 11
(1972), 319-328.

[Ale2] Aleshin S. V., A free group of finite automata, Vestnik Moskov. Univ. Ser. I Mat. mekh.
1983, no. 4, 12-14.

[Bar] Bartholdi L., A Wilson group of non-uniformly exponential growth, C. R. Acad. Sci. 336
(2003), no. 7, 549-554.

[BV] Bartholdi L., Virag Balint, Amenability via random walks, Duke Math. J. 130, no. 1 (2005),
39-56.

[d1H] de la Harpe P., Uniform growth in groups of exponential growth, Geom. Dedicata 95 (2002),
1-17.

[Ers] Erschler A., Boundary behavior for groups of subexponential growth, Annals of Mathematics
160 (2004), 1183-1210.

[EMO] Eskin A., Mozes S., Oh H., Uniform exponential growth for linear groups, Int. Mat. Res.
Not. 31 (2002), 1675-1683.

[Gre] Greenleaf F. P., Invariant means on topological groups, New York, Van Nostrand Reinhold
Company, 1969 (Van Nostrand mathematical Studies, 16).

[Gril] Grigorchuk R. 1., Degrees of growth of finitely generated groups, and the theory of invariant
means, Math. USSR Izvestiya 25 (1985) No 2, 259-300

[Gri2] Grigorchuk R. 1., Just Infinite Branch Groups, in New Horizons in pro-p Groups, eds. M.
de Sautoy, D. Segal and A. Shalev, Prog. Math., Vol 184, Birkhauser, 2000, 121-179

[GZ] Grigorchuk R. 1., Zuk ., On a torsion-free weakly branch group defined by a three state au-
tomaton, Internat. J. Algebra Comput., Vol. 12, No. 1 (2002), 1-24.

[Grol] Gromov M., Groups of polynomial growth and expanding maps, Inst. Hautes Etudes Sci.
Publ. Math. 53 (1981), 53-73.

[Gro2] Gromov M., Structures métriques pour les variétés riemanniennes, Paris: CEDIC 1981.

[Kai] Kaimanovich V. A., "Miinchhausen Trick” and Amenability of Self-similar Groups, IJAC
15(5-6) (2005), 907-938.

[Kal] Kallenberg O., Foundations of modern probability, New York NY Springer-Verlag, 2002.

[Kes] Kesten H., Full Banach mean values on countable groups, Math. Scand. 7 (1959), 146-156.

[Kou] Koubi M., Croissance uniforme dans les groupes hyperboliques, Ann. Inst. Fourier 48 (1998),
1441-1453.

[Kun] Kunen K., Set theory: an introduction to independence proofs,Amsterdam New York Oxford
, North-Holland 1980.

[Muc] Muchnik R., Amenability of Universal 2-Grigorchuk group eprint arXivimath/0505572

[Neu| Neumann P. M., Some questions of Edjvet and Pride about infinite groups, Illinois Journal
Math. 30 (1986), 301-316.

[Osil] Osin D. V., Elementary Classes of Groups, Mat. Zametki 72 (2002), 84-93.

[Osi2] Osin D. V., Algebraic entropy of elementary amenable groups, Geom. Dedicata 107 (2004),
133-151.

[PR] Polya G., Read R. C., Combinatorial enumeration of groups, graphs, and chemical com-
pounds, New York NY Springer-Verlag, 1987.

[TW] Tamburini M. C., Wilson J. S., A residual property of certain free product, Math. Z. 186
(1984), 525-530.

[Will] Wilson J. S., On exponential growth and uniformly exponential growth for groups, Invent.
math. 155 (2004), 287-303.



30 BRIEUSSEL

[Wil2] Wilson J. S., Further groups that do not have uniformly exponential growth, Journal of
Algebra 279 (2004), 292-301.

(J. Brieussel) UNIVERSITE DENIS DIDEROT PARIS 7, INSTITUT MATHEMATIQUE DE JUSSIEU,
175 RUE DU CHEVALERET, 75013 PARIS, FRANCE

E-mail address: brieussel@math. jussieu.fr



