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Abstract We study the behavior of the critical price of an American put
option near maturity in the exponential Lévy model. In particular, we prove
that, in situations where the limit of the critical price is equal to the strike
price, the rate of convergence to the limit is linear if and only if the underlying
Lévy process has finite variation. In the case of infinite variation, a variety of
rates of convergence can be observed: we prove that, when the negative part of
the Lévy measure exhibits an a-stable density near the origin, with 1 < a < 2,
the convergence rate is ruled by 6'/¢|In 9\1_é, where @ is time until maturity.
Keywords American put - free boundary - optimal stopping - variational
inequality
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1 Introduction

The behavior of the exercise boundary of the American put near maturity is
well understood in the Black-Scholes model. In particular, Barles-Burdeau-
Romano-Samsoen [1] (see also [8]) showed that, in the absence of dividends,
the distance between the strike price K and the critical price at time ¢, which
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we denote by bP°(t) satisfies

lim K-V
=T o K\/(T — t)[In(T — t)]

=1, (1.1)

where T is the maturity, and o is the volatility (see also [4] for higher order
expansions).

The aim of this paper is to study the exercise boundary of the American put
near maturity in exponential Lévy models. Note that Pham [16] proved that
the estimate (1.1) holds in a jump diffusion model satisfying some conditions.
We will first extend Pham’s result to slightly more general situations and, then,
we will concentrate on Lévy processes with no Brownian part. In a recent paper
(see [10]), we characterized the limit of the critical price at maturity for general
exponential Lévy models (see also Levendorskii [13] for earlier related results).
In particular, we proved that, if the interest rate r and the dividend rate ¢
satisfy

r—0> /(ey—l)+ v(dy), (1.2)

where v is the Lévy measure of the underlying Lévy process, the limit of the
critical price at maturity is equal to the strike price K. In the present paper,
we limit our study to situations where the limit is equal to K. We refer to [12]
for results when the limit is not K within the Black-Scholes framework.

The early exercise premium formula is crucial in our approach. This result
was established by Carr-Jarrow-Myneni [3], Jacka [6] and Kim [7] in the Black-
Scholes model, and by Pham [16] in the jump diffusion model. In this work,
we extend it to an exponential Lévy model when the related Lévy process is
of type B or C (see the definition p.4).

The paper is organized as follows. In Section 2, we recall some facts about
the exponential Lévy model and the basic properties of the American put price
in this model. In Section 3, we establish the early exercise premium representa-
tion, and we slightly extend Pham’s result by showing that (1.1) remains true
when the logarithm of the stock includes a diffusion component and a pure
jump process with finite variation. In the fourth section, we prove that the
convergence rate of the critical price is linear with respect to ¢ when the log-
arithm of the stock price is a finite variation Lévy process (see Theorem 4.2).
Section 5 deals with the case when the logarithm of the stock price is an infinite
variation Lévy process. We show in this case that the convergence speed of the
critical price is not linear (see Theorem 5.1). Finally, in Section 6, we study
processes with a Lévy density which behaves asymptotically like an a-stable
density in a negative neighborhood of the origin, with 1 < a < 2. In this case,
the rate of convergence involves time to maturity to a power 1/«, together
with a logarithmic term, with exponent 1 — 1 (see Theorem 6.1). So, there is
a logarithmic factor (as in the Black-Scholes case), in contrast with the finite
variation setting where the behavior is purely linear.

Remark 1.1 Some of our results can probably be extended to models involv-
ing more general Markov processes, but this extension might be technically
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heavy. We refer to [14] for results on the behavior of option prices near matu-
rity in a rather general context.

2 The model
2.1 Lévy processes

A real Lévy process X = (X;);>0 is a cadlag! real valued stochastic process,
starting from 0, with stationary and independent increments. The Lévy-Ito
decomposition (see [17]) gives the following representation of X

Xy =~t+0oBy+Y;,, t>0, (2.1)

where v and o are real constants, (B;);>o is a standard Brownian motion, and
the process Y can be written in terms of the jump measure Jx of X

t t
Y, :/ / xJX(ds,dx)+/ / xJx(ds,dz), t>0. (2.2)
0 J{lz[>1} 0 J{o<|z|<L1}

Recall that Jx is a Poisson measure on Ry x (R\ {0}), with intensity v, and
Jx(dt,dx) = J(dt,dx) — dtv(dz) is the compensated Poisson measure. The
measure v is a positive Radon measure on R\{0}, called the Lévy measure of
X, and it satisfies

/(1 A z?)v(dr) < oo. (2.3)
R

The Lévy-Ité decomposition entails that the distribution of X is uniquely
determined by (02, ~, ), which is called the characteristic triplet of the process
X. The characteristic function of Xy, for ¢t > 0, is given by the Lévy-Khinchin
representation (see [17])

E[e’*Xt] = exp[te(z)], z €R, (2.4)
with )
o(z) = —50222 +ivz + / (ei” —1—izally,<qy) v(da).
The Lévy process X is a Markov process and its infinitesimal generator is
given by

292 0
L@ = 2 @)+ 5@

0
+ [ (fas - 0 - v @1 ) van.  @5)

for every f € CZ(R), where CZ(R) denotes the set of all bounded C? functions
with bounded derivatives.
We recall the following classification of Lévy processes (see [17]).

1 The sample paths of X are right continuous with left limits.
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Definition 2.1 Let X areal Lévy process with characteristic triplet (o2, 7, ).
We say that X is of

— type A, if 0 =0 and v(R) < o0;

— type B, if 0 =0, v(R) = co and f{|w|<1} |z|v(R) < oo (infinite activity
and finite variation); -

— type C,If 0 > 0 or flxl<1 |z|v(R) = oo (infinite variation).

We complete this section by recalling the so-called compensation formula
(see [2], preliminary chapter). We denote by AX; = X; — X~ the jump of the
process X at time t.

Proposition 2.2 Let X be a real Lévy prosess and @ : (t,w,x) — P (w) a
measurable nonnegative function on RT x 2 x R, equipped with the o-algebra
P ® B(R), where P is the predictable o-algebra on RT x 2, and B(R) is the
Borel o-algebra on R. We have,

B 3 laxse® | =g |[Tas [uane)|. o

0<s<00

Remark 2.3 The equality (2.6) remains true if the non-negativity assumption
on 97 is replaced by the condition

E [/OOO ds/z/(dy)@g@ < 0.

2.2 The exponential Lévy model

In the exponential Lévy model, the price process (S;).epo,) of the risky asset
is given by
Sy = Spelr=OtHXe (2.7)

where the interest rate r, the dividend rate ¢ are nonnegative constants and
(Xt)tefo,r) is a real Lévy process with characteristic triplet (0%, 7,v). We in-
clude 7 and § in (2.7) for ease of notation.

Under the pricing measure P, the discounted, dividend adjusted stock price
(e’(r";)tSt)te[O,T] is a martingale, which is equivalent (see, for instance, [5]),
to the two conditions

2

/ e“v(dr) < oo and % + v+ / (" =1 —al<1) v(dr) =0. (2.8)
|21

We suppose that these conditions are satisfied in the sequel. We deduce from
(2.8) that the infinitesimal generator defined in (2.5) can be written as

i) =% (52 - L)@+ [ (1e+ - 1@ - @ - 0% @) va.

2
(2.9)
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The stock price (St)seqo, 77 is also a Markov process and S; = SoeXt, where
)}' is a Lévy process with characteristic triplet (02,7 — 5 +7,v). We denote by
L the infinitesimal generator of X. So, from (2.9), we have

B o2 §2 o2 B
Lf(x):—ﬂ(ac)vL (7’—6—2) %(x)—kb’f(x), (2.10)

where

B1ta) = [ vlay) (5t +9) = f@) - (@ = D ).

2.3 The American put price

In this model, the value at time ¢ of an American put with maturity 7' and
strike price K is given by

P, =ess sup E(e ""Y(S;) | Fr),

TE€ETe, T

where ¢(z) = (K — )4+ and T;r denotes the set of stopping times satisfying
t < 7 < T. The filtration (F;);>0 is the usual augmentation of the natural
filtration of X. It can be proved (see, for instance, [15]) that

P, = P(t,S),

where,
Pltx)= sup E(e"u(S2), (211)
TETo, T~
with S7 = ze(r=9+Xt The following proposition follows easily from (2.11).

Proposition 2.4 For t € [0,T], the function x — P(t,x) is non-increasing
and convez on [0,400).

For x € [0, 400), the function t — P(t,x) is continuous and nondecreasing
on [0,T].

Note that we also have P(t,z) > P.(t,x), where P, denotes the European put
price, defined by

Po(t,z) = E(e " TDy(S5_,)), (t )€ [0,T] x RT.

We proved in [10] that the American put price satisfies a variational in-
equality in the sense of distributions. It is more convenient to state this vari-
ational inequality after a logarithmic change of variable. Define

P(t,z) = P(t,€"), (t,x)€[0,T] xR. (2.12)
We have

P(t,z) = sup E(e "z + X,)),
TETo, T—t

where (z) = (e*) = (K — e*).
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Theorem 2.5 (see [10]) The distribution (0; +L—r)P is a nonpositive mea-
sure on (0,T) xR, and, on the open set C' we have (0;+ L —1r)P = 0, where C
is called the continuation region, defined by C = {(t,r) € (0,T) xR | P(t,x) >

P(z)}.

2.4 The free boundary

Throughout this paper, we will assume that at least one of the following con-
ditions is satisfied:

c#0, v((—o00,0)) >0 or /(0 . )(m A Dv(dx) = 4o0. (2.13)

We then have P (X; < A) > 0, for all ¢ > 0 and A € R, so that P.(t,x) > 0 for
every (t,z) € [0,T) x Ry. We will also assume that r > 0. The critical price
or American critical price at time ¢ € [0,T) is defined by

b(t) =inf{x > 0| P(t,x) > ¢(z)}.

Note that, since ¢t — P(t,z) is nonincreasing, the function ¢ — b(t) is
nondecreasing. It follows from (2.13) that b(t) € [0, K'). We obviously have
P(t,x) = ¢(x) for z € [0,b(¢)), and also for x = b(t), due to the continuity of
P and 9. We also deduce from the convexity of z — P(t,z) that

vt e [0,T), Vx>b(t), P(tz)>v(x).

In other words the continuation region C' can be written as

C ={(t,z) €[0,T) x [0,400) | & > b(1)},

where b(t) = In(b(t)). The graph of b is called the ezercise boundary or free
boundary.

It was proved in [10] that the function b is continuous on [0,7T), and that
b(t) > 0. We also recall the following result, characterising the limit of the
critical price near maturity (see [10] Theorem 4.4).

Theorem 2.6 Denote
dt =r—6— /(ew — 1) v(dz).

If d* > 0, we have limy_,7 b(t) = K.

If d* < 0, we have limy_, b(t) = &, where £ is the unique real number in
the interval (0, K) such that vo(§) = rK, where g is the function defined by
wo(z) =dx+ [ (ze¥ — K)4v(dy), z € (0,K).
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3 The early exercise premium formula

The early exercise premium is the difference P — P. between the American
and the European put prices. It can be expressed with the help of the exercise
boundary. This expression can be deduced from the following Proposition,
which characterises the distribution (9; + L — r)P as a bounded measurable
function, with a simple expression involving the exercise boundary.

Proposition 3.1 The distribution (3, + L — r)P is given by
(0; + L —7)P(t,x) = h(t,x), dtdz-a.e. on (0,T) x RT, (3.1)

where h is the function defined by

h(t,z) = [(56I —rK +/ (P(t,z +y) — (K — ")) v(dy) 1, 50,(3-2)

{y>0}
with b(t) = In b(t).
Proof We know from Theorem 2.5 that, on the open set
C={(t,x) € (0,T) xR |z > b(t)},
we have (9; + L — r)P(t, ) = 0. On the other hand, on the open set
E={(t,z) € (0,T) xRY| z<bt)},

we have P = 1, so that, using (2.10) and ¢(z) = K — e®, we have

(0 + L —7r)P(t,x) = LP(t,x) — r(K — ¢%)
=0e® —rK + BP(t, )

=de® —rK
+/M@NPWx+wf¢@%%&fD%@D
= e’ —rK

+ [ vlan) (Pt ) = (1 = &) = (@0 = D(-e)
= §e” —rK—!—/u(dy) (P(t,x—i—y) et - K).

At this point, we clearly have (9; + L— r)]5 = h on the open sets C and E.
Now, if 0 > 0 and v(R) < oo, we know (cf. [18]) that the partial derivatives
are locally bounded functions, so that the distribution (9; + L — )P = h is
in fact a locally bounded function, and, since the complement of CUE is
Lebesgue-negligible, we deduce (3.1). Now, observe that h(t,z) > —rK, so
that we have —rK < (8; + L — r)P < 0, at least if ¢ > 0 and v(R) < oo.
On the other hand, in the general case, we can approximate (in law) the Lévy
process X by a sequence of processes X" with finite Lévy measures v, and

positive Brownian variance parameters o2, in such a way that the American
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put prices P™ converge simply to P. We then have convergence of (9 +i—r)f’n
to (9; + L — r)P in the sense of distributions, so that the double inequality
—rK < (0 + L— r)p < 0 is preserved in the limit. And we can conclude as
in the special case that (3.1) is true.

The early exercise premium formula is given by the following theorem.

Theorem 3.2 The American put price P, related to a Lévy process X of type
B or C, has the following representation

P(ta 1') = Pe(tvx) + e(tax)7

where e is the early exercise premium, defined by

T—t
e(t,z) =E (/ k(t+ s, Sf)e_rsds> )
0

and the function k is given by

k(t, ) = [TK oz — /{ L (Pe0) = (K —ae) V(dy)] 1o cpio(3:3)

for every (t,z) € [0,T) x R*.
Proof We first extend the definition of P by setting
P(t,x) =0, for t¢[0,T], z€R.

Next, we regularize P. Let (pn)nen be a sequence of nonnegative C*° functions
on R?, such that, for every n € N, supp(p,) C (=1/n,1/n) x (=1/n,1/n) and
Jgz pn = 1. Define

Pn(t, x) = (P * pp)(t,x) = P(t — v,z —y)pn(v,y)dvdy, (t,z) € R x R.
R2

Note that, for each n, the function P, is C, with bounded derivatives, and
that we have

Y(t,z) € (0,T)xR, 0< P,(t,z) <K and lim P,(t,z) = P(t,z). (3.4)

n—00

Now, fix t in the open interval (0,T), and let

fu(s,y) = Pu(t+s,y), (s,y) ERxR.

Since f, is smooth with bounded derivatives, we have for any time ¢;, with
0<t; <T—tand any ¢ € R,

t1
E (e fulti,z + X4y)) = fu(0,2)+E U e (05 +L—7) fuls,z+ Xs)dS} :
0
(3.5)
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Recall that (Xt)te[o,T] is defined by X; = (r — 0)t + X;, and that L is the
infinitesimal generator of X. ) . o
We have, using Proposition 3.1 and the equality L(p, x P) = p,, * LP (see

[10)),
(as"‘f/_r)fn = Pn * (as—i—f/—?")pn(t-l-',') = pn*h(t+-,-).
Note that —rK < h < 0, and it follows from (3.2) that h is continuous on
the set {(s,y) | 0 < s < T andy # b(s)} (note that, for the continuity
of the integral, a domination condition can be deduced from the fact that
r +— P(t,z) — (K — x) is non decreasing, as follows from the convexity of
P(t,.)). Now, since X is a Lévy process of type B or C, we have, for every
s € (0,T —1t) (see [17]),
]P(;v—i—Xs :5(t+s)) =0,

so that, by dominated convergence,

t1 _ _ t1 _
lim E {/ e (Os+L—r) fuls,z+ Xs)ds} =F [/ e "h(t+s,x+ Xs)ds} .
0 0

n—oo

On the other hand, using (3.4), we have lim, o f,(0,2) = P(t,z) and, by
passing to the limit in (3.5),

t1 5
E (e”tlp(t +t,2+Xy,)) =P(t,z) +E {/ e "h(t+ s,z + Xs)ds] .
0

Now, take the limit as t; — T — ¢, and use the continuity of P on [0,T] x R
to derive

E (e‘T(T_t)P(T, z+ XT_t)) = P(t,z) +E

T—t ~

/ e "h(t+s,x + Xs)ds] .

0

We have P(t,z) = P(t,Inx) and

P.(t,z)=E <6T(Tt) (K — xeXT*t) ) =K (efT(T*t)IE’(T Inz+ X ))
e\b - - ) T—t )

+
so that

P(t,z) = P.(t,x) — E

T—t
/ e_"sh(t—&—&lnx—i—)zs)ds] ,
0

and the early exercise premium formula follows, using the equality k(¢,z) =
—h(t,Inx).
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Remark 3.3 It follows from Proposition 3.1 that A > —rK]lxd;(t), so that,
for t € (0,T) and s € (0,T — ),

liminf p, * h(t + 5,2 + X,) > _TK]l{x+ngE(t+s)}'

n— oo

Using this inequality, we deduce from the proof of Theorem 3.2 that (even if
X is not of type B or C'),we have

T—t
0< P(t,z) — Pe(t,z) <rKE (/ ]l{s;gb(urs)}ds) :
0

The following consequence of Theorem 3.2 will be useful in Section 6.

Corollary 3.4 For every t € [0,T), the function x — P(t,x) — P.(t,x) is
nonincreasing on RT.

Proof 1t suffices to show that the early exercise premium e(¢, z) in Theorem 3.2
is a nonincreasing function of x. This will clearly follow if we prove that x —
k(t, ) is nonincreasing, where k is the function defined in (3.3). Note that, due
to the convexity of P(¢,.), the function  — P(t,x) — (K —x) is nondecreasing,
so that

1K —dr — / (P(t,xze?) — (K — ze)) v(dy),
{y>0}

is nonincreasing.

Corollary 3.4 was proved for jump-diffusion models by PDE arguments in [16],
and was one of the ingredients for establishing the rate of convergence of the
critical price to its limit. In fact, by following Pham’s proof, we can extend his
result in the following form (details can be found in [9]).

Theorem 3.5 Assume o >0 and f{|I|<1} |z|v(dx) < co. If dT > 0, we have

lim oe) — K =
=T o K/(T — t)[In(T —t)]

Remark 3.6 It is quite likely that the result of Theorem 3.5 is also true in the
case of a jump part with infinite variation, but we have not been able to prove
it. In fact, one of the arguments needed in Pham’s proof involves an estimate
on the difference of the American put prices in the Black-Scholes model and
the jump diffusion model. This difference is clearly O(f), where 6 is time until
maturity, in the case of finite variation, but, in the case of infinite variation,
it might be different.
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4 The critical price near maturity in a finite variation Lévy model

Throughout this section, we suppose that X is a Lévy process with finite
variation, or, equivalently,

o=0 and / |z|v(dx) < oo.
lz|<1

The decomposition (2.1) can then be written as follows

Xy=yt+ Y AX,, t>0, (4.1)
0<s<t
where v = v— f|m|<l zv(dz). Note that, due to the martingale condition (2.8),
we have -

o =— /(ey — 1)v(dy). (4.2)

This section is divided into two parts. In the first part, we introduce what
we call the FEuropean critical price, namely the stock price value for which
the American put price is equal to its intrinsic value, and we characterise its
behavior near maturity. In the second part, we analyze the difference between
the Furopean and American critical prices and deduce the behavior of the
American critical price.

4.1 The European critical price

For each ¢ in the interval [0, T), we define the European critical price at time
te€0,T) by
be(t) = inf{x € Ry | P.(t,z) > o(x)}.

Note that, since P.(t, K) > 0 and P.(t,0) = Ke "T=%) we have 0 < b, (t) <
K. Using the convexity of P, (t,-), one can see that b.(t) is the only real number
in the interval (0, K) satisfying the equality P, (t,b.(t)) = K —b.(t). Recall that
P > P., so that b < b, < K, and it follows from Theorem 2.6 that, if d* > 0,
we have lim;_,7 b.(t) = lim;_,7 b(t) = K. The following result characterises
the rate of convergence of b.(t) to K.

Theorem 4.1 Ifd™ > 0, we have

i[5 ()] -

Proof Starting from the equality P.(t,b.(t)) = K — be(t), we have, with the
notation 6 =T — ¢,
K —be(t) = E(e 7" (K — be(t)er=00+Xoy )
= e*reK — be(t)]Eef(§9+Xe + E(efw(K o be(t)e(r76)6'+Xe)7)
= e*r‘)K _ be(t)6750 + ]E(efre(be(t)e(rfé)aJrXe o K)+),
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K
e—rG (e(r—5)0+Xg _ ) ]
b)),

(1—e ") +e % —1=(r—0)0+0(0).

Dividing both sides by b.(t), we get

(1—e)4+e® _1=E

be(t)

Note that, since lim;_,7 be(t) = K,
K

be(t)

Therefore, using the decomposition (4.1),

K
be(?)

(ré)&E(e(r 0)0+Xo _ +o(6

+

K
_ g ((etrot0)0+2s _ ) L o®), 43
( ) o) (4.3)

with the notation
7, = Z AX,, t>0.

0<s<t
We have
K

_ eZe r— _i o
e@);E( L4+ (r— 54+ 70)] be@))j(@’

—E<eze—|—(r—5+’yo)9—

E (e(r—5+’yo)9+ze _

=

K
be(t)>+ +o(8),

where the last equality follows from the fact that limg_,o E|e?? — 1| = 0. Going
back to (4.3), we deduce

(r—0)0 = E(fo(Zs)) + o(0), (4.4)
where the function fy is defined by
fo(z) = (* —1—C(0)y, z€R,
with

C(G):b——l—(r—é-k’m)&.

Since the process Z is the sum of its jumps, we have, using the compensation
formula (see Proposition 2.2),

E(fo(Zo)) = fo(0) + E ( > [fo(Z) - fG(Zs)])

0<s<0

0
0)+E ( / s / Jo(Zs +y) - fe(Zs))V(dy)>

=((r—38+7)0—C(0 /ds/ (dy)E (fo(Zs +y) — fo(Zs)),
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with

C(G) = 5(9) + (T -0+ 70)6 = be(t)

Note that, since limg, o 5(9) = 0, we have, for any fixed y € R,
lim1 ' dsE (fo(Zs +y)) = lim 1 /9 dsE (eZ=T¥ — 1 - {(0))
610 6 J, s 610 0 Jo +
1 7ot
= lim — dsE(eS y—l)

010 0 J
= (e¥ — 1)+a

+

where the last equality follows from the fact that lims_,ge?* =1 in L;.
On the other hand, we have

1

[ 1 [’ Zo 1y
5 | s Gz )~ iz < [ sk 2 1er - 1)

1 [v0l6 _ 1
:a/ dse ! = 1] £ = e — 1.
0 70

. el'YO‘a — 1

Since sup —————
o<o<1  |70l0

nated convergence, that

< o0 and [ |e¥ —1|v(dy) < oo, we deduce, by domi-

b [ s [ @B otz + ) u2) = [ @10, via),
We can now rewrite (4.4) as
(1= 8)0 = ((r = 8-+ 70)0 = C(O)1 +0 [ (" = Dsr(dy) +o(0),
so that
i+ = (7’ _5- /(ey _ 1)+1/(dy)) 6= ((r—6+70)0 — C(0)) 4 + o(6).
Since d* > 0, we must have (r — § 4+ 70)8 — ¢(#) > 0 for 0 close to 0. Hence

i < — a0+ [(er = ) = [ - 1)-vtay),

where the last equality follows from (4.2).
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4.2 The behavior of the critical price

We are now in a position to prove the main result of this section.

Theorem 4.2 Ifdt > 0, we have

tlggﬁ (b‘Z) — 1> = /(6y — 1) _v(dy).

Proof In view of Theorem 4.1, it suffices to prove that

lim be(t) _ b(t)

t—T (T — t) =0

Recall that b, > b and, from Remark 3.3, we have, for (¢,z) € [0,T) x R,

T—t
0< P(t,z) — Pe(t,z) <rKE (/ ]]-{Sf<b(t+s)}d8> . (4.5)
0 o

From the equality P.(t,b.(t)) = K — b.(t) and the convexity of P(t,-), we
deduce

P(tvbe(t)) - Pe(t7be(t)) = P(tvbe(t)) - (K - be(t))
> P(t,b(t)) + (be(t) — ()7 P(t, b(t)) — (K — be(t))
= (be(t) = b(1))(AF P(t,b(t)) + 1). (4.6)

We now use the following lower bound for the jump of derivative of P(¢,-) at
b(t) (see [11], Remark 4.1).

d+
OFP(t,b(t)) +1 > R

with d = d* + [(e¥ —1)_v(dy). By combining (4.5) and (4.6), we get

rKd =t
0 < be(t) = b(t) < d+ E </0 ]l{S,i’e<”<b(t+s)}dS> :

We now want to prove that

] 1 T—t
" ( /0 ]l{sf:€<”<b<t+s>}d3> =0 (4.7)

We first note that

Tt =t b(t + s)
E </0 ]l{s:e“)gb(t+s)}ds> - /0 g <(T SOk < be(t) >) o
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Using the notation § =T — ¢ and ((u) = ﬁ, for u € (0,T], we have
b(t + 8) be (t + S)
" ( bet) ) =i (W)
be(t + s) B C0) —¢(0—s) )
S OB SORSEI

since ¢ > 1. Therefore,

0 0
E (/O ]I{Si,em@(tﬂ)}ds) < /0 P((r — )5+ X, < |C(6) — C(60— 5)|) ds.(4.8)

It follows from Theorem 4.1 that
lim —C(u)

u—0 u

= /(ey —1)_v(dy).
Therefore, given any e > 0, there exists n. > 0 such that, for u € (0, 7],
—e+ /(ey —1)_v(dy) < ? <e+ /(ey —1)_v(dy).

Take 6 €]0,7.] and s €]0, §]. We have
O =05 <0 (st [ = wtan)) =09 (< + [t 1-vian)
= s/(ey —1)_v(dy) + 26 — s¢

< s/(ey —1)_v(dy) + 20¢.

Hence, using (4.1) and (4.2), we get, with the notation Z; = X5 — 7os,

P((r = d)s+ X < [6(0) ~ 60— 9)) < P ((r = 6)s+ X < s [ (e = 1)-lay) + 20¢)

=P (ZS < —s (7“ — 0+ — /(ey - 1)_1/(dy)> + 2ee>

=P (Z, < —sd* +20¢) . (4.9)
Now, take ¢ < % and 0 < n.. We deduce from (4.8) and (4.9) that

0 0
E (/0 ﬂ{sge(t)<b(t+s)}d8> < /0 P (Zs < —sdT + 295) ds

40e 0

= /d+ P (ZS < —sdt + 295) ds —l—/ P (ZS < —sdt 4+ 206) ds
0 d6e

0
B[ (B e 2
d+ 46e S S

at

40 0 Z, d+ 40 o 1z d+
< == R <= Pl=<-—— )
_d++[wap(s_ 2>d8_d++/0 (s_ 2>ds

(9

IN
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Z
Since the process Z has no drift part, we have lirr%) == =0 a.s. (see [17], Section
S— S
47), so that

Hence

4e
lim su E / 1 ¢ ds | < —.
oo 0 ( {ste <p(t+)} ) a+

Since € can be arbitrarily close to 0, (4.7) is proved.

5 The critical price near maturity in an infinite variation Lévy
model

Throughout this section, we assume that X is an infinite variation Lévy process
i.e.

oc#0 or / |z|v(dx) = oo.
ol<1

Our main result is that, in this case, the convergence of b(t) to K cannot be
linear.

Theorem 5.1 Assume that X is Lévy process with infinite variation. If dT >

0, we have
hm () 2
ST T — ¢ \b(t) -

This result follows from the following Lemma, which will be proved later.

Lemma 5.2 If X is a Lévy process with infinite variation, we have

lim E <Xt) = 00.
t—0 t T

Proof of Theorem 5.1 We use the notation § = T — t. From the equality
P.(t,b.(t)) = K — be(t), we derive, as in the proof of Theorem 4.1 (see (4.3)),

that
P [
be(t) n

Denote ¢(0) = bi(t) — 1. Using the inequality e* > z + 1, we deduce

+ 0(0)

(r—96)0=E {(e“—&f’”e —1- g(e)) J + 0(6)

E (((r—0)0 + Xo — ((0)),) +0o(0)
E[(r- 5)9 + Xe] — () +0()

E (X 9) ) +0(0),



American Put in an Exponential Lévy Model 17

where X; = (r — &)t + X;. Therefore,

liminf@ >limE Xo —(r—29).
0,0 6 610 0 ).

Since X is a Lévy process with infinite variation, the Theorem follows from
Lemma 5.2. o

Proof of Lemma 5.2 Denote by (02, v,v) the characteristic triplet of X. The
Lévy-Itd decomposition of X can be written (see (2.1) and (2.2))

Xi=v+0B + X, + X2, t>0,

with

t t
X, :/ / xJx(ds,dz) and X? :/ / zJx (ds, dz),
0 J{|z[>1} 0 J{o<|z|<1}

where Jx is the jump measure of X. Note that Xisa compound Poisson
process. We have

(Xe)y = (% +oB+ X + Xﬁ) ]l{vt+aBt+X?+Xt20}
> (’7t +oB; + Xto) ]]‘{'yt+oB,,+)??20}]l{X}=0}'

Since B, X and X9 are independent, we have
X B; + X? N
E <t> >E (Ut"_t Jrfy) P(X, = 0)
t), t N
o0
SE ("Btert N 7) e tv{la21)
+

where the last inequality follows from the fact that the first jump time of
the process X is exponentially distributed with parameter v({|z| > 1}). Since

v O a
(% + 7) > (M) — |, it suffices to show that
+ +

= T
(UBt + X?)
¢ +
For that, we discuss two cases.

We first assume that o # 0. Recall that B and X0 are independent and
E(X?) = 0. By conditioning on B and using Jensen’s inequality, we get

0 v 0
E(M) _E|E (UBtJFXt> B,
i), ),
0
<]E (aBtJrXt |Bt)>
t +

lim E

t—0

= o0. (5.1)

1

>E )
V27t

=E

= |o|

(%),




18 Damien Lamberton, Mohammed Adam Mikou

so that (5.1) is proved.
Now, assume o = 0. Since the process X has infinite variation, we must

have / lylv(dy) = co. Given € € (0,1) and ¢t > 0, introduce
lyl<1

/ / xJx (ds,dzx)
{6<|z\<1}

_ XE
where

= Z AX A cjax. <1y and C. = yv(dy).
0<s<t {e<|y|<1}

We have X? = X7 + (X? — X¢), and the random variables X¢ and X? — X7
are independent and centered. Therefore

(D))o m).

We have E (Xj —tC.), = Eg;(X;), with g;(z) = (v — tC;). Since X is a
compound Poisson process,

9(X5) = 9:0) = Y (9:(X5) — gn(X5-)),

0<s<t

E >E

so that, due to the compensation formula (cf. Proposition 2.2),

E(X;—1Co) = g/(0) +E | Y (9:(X5) — g0(X5-))

0<s<t

= C. E ds (XS t d
H(-Co). + (/ [ @ D) —a(xD) <y>>
For any fixed € € (0,1), we have
(/ ds/{sqqu} (X5 +y) - gi(XE)) v dy>uz[/ ds [ 105 + )+ = (X7)-] <dy>} oft)

[ yertdy) o).
{e<ly|<1}

Therefore,

e<|y|<1}

E[(X; —tCe)4] =1 ((Cs)+ +/{ y+V(dy)> +o(t).
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Going back to (5.2), we derive
liminf E (X?) > (-C.) +/ y4+v(dy)
i 2t > (—
=0 t ), T ey

= (/ yV(dy)> +/ yyv(dy).
{e<|yI<1} i {e<]yI<1}

Since [(,1<1y [ylv(dy) = oo, we have either lim.yo [; <1y ¥+¥(dy) = 00 or

lim —/ yv(dy) | = oo,
=40 {e<ly|<1} +

and (5.1) follows. o

6 Critical price and tempered stable processes

Throughout this section, the following assumption is in force.
(AS) We have

E (e™*) = exp (t/ (e"™¥ — 1 —du(e¥ — 1)) Z/(dy)) ,
with [(e¥ —1)1v(dy) < r —§ and, for some ag < 0,

my
]]-{ao<y<0}’/(dy) = |y|(1+)a]]-{ao<y<0}dy»

where 1 < a < 2 and 7 is a positive bounded Borel measurable function
on [ap, 0), which satisfies lim,_,o (y) = 1o > 0.

Note that, under this assumption, we have v[(—o00,0)] > 0, so that (2.13) is
satisfied.

Theorem 6.1 Under assumption (AS), we have

. . 1/«
lim K —b(t) — =K (Tlow) _
t—>T (T—t)l/a|ln(T—t)| > a—1

Remark 6.2 Our assumptions exclude the case o = 1. In this case, we still
have a Lévy process with infinite variation and we can apply Theorem 5.1:
limy 7 (K — b(t))/(T — t) = co. On the other hand, using comparison argu-
ments, we can deduce from Theorem 6.1 that lim;_,7 (K —b(t))/(T—t)!=¢ = 0,
for all € > 0. It would be interesting to clarify the rate of convergence of b(t) to
K in this case. As pointed out by the referees, the case o = 1 is important in
reference to the Normal Inverse Gaussian model. However, in this model, the
Lévy measure is symmetric, and the assumption r —§ — [(e¥ —1)1v(dy) > 0 is
not satisfied, so that lim;,7 b(t) < K (see Theorem 2.6). The asymptotics of
b(t) near T cannot then be treated by the methods of the present paper (see
[12] for the Black-Scholes case).
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For the proof of Theorem 6.1, we use the same approach as in Section 4.
Namely, we first characterise the rate of convergence of the Furopean critical
price be(t): this is done in Section 6.1 (see Proposition 6.4, and recall that
b(t) < b.(t) < K). Then, we estimate the difference between the European
and the American critical prices. In fact, Theorem 6.1 is a direct consequence
of Proposition 6.4, combined with Proposition 6.9.

Before investigating the behavior of the European critical price, we estab-
lish a crucial consequence of assumption (AS), namely the fact that, for small
t, the Lévy process at time ¢ behaves asymptotically like a one-sided stable
random variable of order a.

Lemma 6.3 Under assumption (AS), as t goes to 0, the random variable
X, /tY converges in distribution to a random variable Z with characteristic
function given by

E wZ\ oo —iuz 1 . dz R
(e )—eXp 1o ; (e — +zuz)zl+a , Uu€EIR.

Proof: Introduce the following decomposition of the process X
Xt:ngt/(eyfl)_i_l/(dy)ﬁ“Xt, tZO,

where

X0 = Z AX L iax.~0)-

0<s<t

Note that the process X is well defined because [ yyv(dy) < [(e¥—1)1v(dy) <
oo, and the characteristic function of X; is given by

E <€w)2t) — exp (t /(_OO’O) (eiuy —1—iu(e? — 1)) y(dy)) , ueR. (6.1)

We have limy o XT? =0 a.s. (see [17], Section 47), so that, with probability
one, B
X — X
lim ="t — ¢
tlo i/«

We will now prove that X, /tl/ @ weakly converges to Z as t — 0. For a fixed
u € R, we have

X, ) o ]
E <6"1/> = exp <t/( ) <ewy/t” —1- t%(ey - 1)) V(dy)> :

The integral in the exponential can be split in two parts

ptuy/t e il(ey _ 1)) v(dy) = / <eiuy/t1/" 1 tu
/(oo,O) ( tt/e (—o00,a0] tt/e

0 .
ARG
ap

(@~ 1) viay)

- 1)) v(dy).
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We have

[N
(—o00,a0] e

so that
. iuy/tl/a u y -
1tlﬁ)l (t \/(Oo,ao] <€ ! /e (e 1) | v(dy) | =0.

On the other hand,

0 ; 0 )
iu 1/ m U /e u n(y)
/ (e y/te 1 m(ey _ 1)) v(dy) = / (e y/erre H/a y) Hmdy
aog a0 y

|ul

where the last equality follows from the boundedness of n and the fact that
f(ao 0 y?v(dy) < co. Hence, using the substitution z = y/t'/®,

lag]

0 . =0 _ 1/«
PR U 1 . . 77( Z/t )
(e 1= )t =4 [ o U
aop 0
+O(t7Y"),

so that, by dominated convergence,

li t ’ iuy/ 1 u ¥y_1 d _ oo —iuz 1 . o d
im . e — —m(e —1) ) v(dy) ) = ; (e - —|—zuz)zl+a 2,

and the lemma is proved. o

6.1 European critical price

Denote § = T — t. The equality P.(t,b.(t)) = K — be(t) can be written as
follows

K —be(t) =Ee " (K — be(t)e(T—5)9+X9>
+

= Ke 0~ bo(t)e ™ + Be " (bo(t)el X0 — k)
+

Hence
K

be(t)

7677"0 o 76769 _ 677‘0 e(r75)0+X97 K ) )
(1= = (1= ) = Ee m) 62

< 2v((—00, a0)) + 175 le? — 1lv(dy),
tl/«a (—o0a0]
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Since lim;_, 1 b.(t) = K, the left-hand side is equal to (r — §)8 + o(f). For the
study of the right-hand side, let {(0) = %(t) — 1, so that from (6.2) we derive

(r = 58 = Be (505 _ 1 ((8)) +0(0)
+
—E (e(r_5)9+X9 1 c(e)) +o(6), (6.3)
+
where we have used the fact that limg_,oE (e("=90+Xo —1 — C(G))+ = 0. The
following statement clarifies the behavior of ¢(6) as 6 | 0.
Proposition 6.4 Under assumption (AS), we have

—a 1/«
m C(G) _ (anOIa)l/a _ (nOF(2 )) ,

810 91/ In f|*~= a—1

too dz r2-a)
Ia—/o (e _1+z)zl+a_a(a71)'

The first step in the proof of Proposition 6.4 is the following lemma.
Lemma 6.5 We have

where

L 0O)

m
90 g1/

= +o00. (6.4)

Proof: Note that
‘]E (elr=2m+%0 —1 - ¢())

so that, in view of (6.3), we have

E (X0 —1- (), = 0(0),
Since e* > 1+ x, we also have E (X — ((0)), = O(0). Therefore
¢(

. Xo )\
%%E(el/a 91/cv>+ 0

If we had lim infg o ((6) /6% = X € [0, +00), we would deduce from Lemma 6.3
and Fatou’s Lemma that

LB -1 g(a))+’ < (77— 1) E(eX0) = 0(0),

E(Z -\, =0.

Hence P(Z < X\) = 1. However, the support of the random variable Z (which
is a one-sided stable random variable of order «) is the whole real line. This
proves (6.4) by contradiction. o

The next lemma provides some estimates for the moment generating func-
tion of the process X, defined by

X’t:Xtth/( —1)yv(dy) — ZAX]I{AX>0}, t>0.

0<s<t
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Lemma 6.6 We have, for all p > 0,t >0,
E (epfft) — ot? ),
with
Bo= [ g vy, pzo 69
—00,0

Morover, for any a € [ag,0) and any p > 0, we have
paHa(p) — Vg — pf/a < QB(P) < PVq + PaHa(P)7
where al
Ve = v((—00,a]), Uy = / (e_y -1+ y) v(dy)
0

and

lalp Y
H,(p) = /0 (e7* —1+2)) Mdz.

Zl+a

Proof: First, note that (6.5) is deduced from (6.1) by analytic continuation.

Now, fix p > 0 and a € [ag,0). We have,
#() = /( (L ple = 1) V() + )
with the notation

Galp) = / (7 — 1 p(e¥ — 1)) v(dy), p>0.

For y € (—o0,a], we have —1 < ef¥ — 1 — p(e¥ — 1) < p. Therefore

Pa(p) —va < @(p) < @alp) + pra-
On the other hand,

lal B
@a(p) = /0 (e_py -1 p(e—y _ 1)) y(Hya)dy

3

la] _ lal
:/0 (e7?Y — 1+ py)) Z(H%i)dy—p/o (e7¥ —1+y) y(

We have e™¥ — 1 +y > 0. Hence

lal _
—p /O (e —1+y) Z(H‘Z)

where

al _
Ya(p) = /O (77 — 1+ py)) Z(Hi) dy

n(==2/p)

lalp
- pa/ (e — 1+ 2)) Tt dz = p* Ha(p).
0 z

dy +va(p) < @alp) < Yal(p),

dy.
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<o

The crucial step in the proof of Proposition 6.4 is an asymptotic estimate
for the tail of the distribution of Xy/0'/* as 6 approaches 0. This will be given
in Lemma 6.8. We first give a preliminary uniform bound.

Lemma 6.7 Let a € [ag,0). There exists a positive constant C, such that, for
all @ >0, t >0, we have

X 1 _1 o
1n]P’<91/ >t> < C0 F T — Jo(a)taT,

where

with

oo d re2-
n*(a) = sup n(u) and I, = / (e —142) 1f = (
u€(a,0) 0 ziTe

ala—1)"

Proof: For any p > 0, we have, using Markov’s inequality and Lemma 6.6,
Xo 5 1/
—pt pXo/0
P<91/0>t)§e E(e 0 )
— o ptefe(p/0Y?)
< e*PteP“Ha(P/Gl/“)Jr@l*%pva

1
—pt_p°n*(a)Io+0"" @ pr,
<e e (a) )

where the last inequality follows from H,(p) < n*(a)l,. By choosing p =

(m) 1/(a71), we get

X J= 2 1—L, 1
P (gl/a > t) < exp (—Ja(a)ta—l +C,0 ata—l) ,

with C, = (om*(a)[oé)_ﬁ Vg- o

We are now in a position to prove the main estimate for the proof of
Proposition 6.4.

Lemma 6.8 Denote, for § > 0, Zy = 01/ . We have, for any function £ :

(0, +00) — (0,400) satisfying lgfgg(a) +o0,

: £(9)) ~lim __a-t
lim ﬁ = —J,(0), where J,(0) = laT0 Jala) = (aanofa)ﬁ

nP(Z,
o0 (€0

vl\/
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Proof: We first prove

) |
limsup ———
040

Hence

and (6.6) follows by letting a go to 0.
In order to derive a lower bound for the liminf, we proceed as follows.
Given any p > 0 and any ¢ > 0, we have

E (epz’) =K (epze]l{Zeq}) +E (eng]l{zezt})

Zg _
=E (/ pepst]l{Zg<t}> +E (epZG]]‘{Zth})

— 00

+o0 >

< 1+E(/O peps]l{0<sgze<t}d8> +E(€p26]1{292t})
‘ B _

<1 +/ pe”P(Zy > s)ds+E <€pZ9]1{Ze>t}) )
; >

It follows from Lemma 6.7 that P (Zg > S) < exp (GﬁlféSﬁ - Ja(a)5ﬁ>7
so that
B t _a =
E <6p29) <1 +pFa(0,t)/O epsmIa@Ws g 4 B (epz"]l{zezt}) > (67)

with

1
F,(0,1) = ecael apaT

For notational convenience, let

&:L, so that a—1=——
a—1 a—1

and A
fo(s) = ps — Jala)s®*, s>0.

We have f/(s) = p — dJo(a)s* !, so that the function f, is increasing on the
interval [0, s3] and decreasing on [s, +00), where

5= ()~ ()
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We now fix ¢ > 0 and choose p = M tﬁ, where M is a constant satisfying

1
M > J,(0)a = —2J,0) = — .
(0”70]&)&71

a—1

We then have M > J,(a)é& for all a € [ag,0), so that
M a—1 p a—1
t — t = =s".
< () (7ta) =

Vs € [0,8],  fols) < fo(t) = pt — Ja(a)t® = t* (M — Ja(a))

Therefore

so that .
/ efr () ds < tefr® = texp (t* (M — Ja(a))) .
0

Going back to (6.7), we get
E <eMtalZ"> <1+ MtﬁFa(H,t)t exp (t* (M — Ja(a))) + E (eMtalZ"]l{ZeZt})
= 1+ Mt*F,(0,t) exp (t* (M — Jo(a))) +E (eMtd_lZ"ﬂ{zgzt})(GB)

On the other hand, we have, using Lemma 6.6,
E (eMt“llZe) - F (eMtque/el/a)
= exp <0¢(Mté‘*1 /ol/a))
Mtd71 o o N Mtdcfl B
zexp |:9((91/04> Ha(Mt 1/91/ )_V’l_gl/aya>:|
= exp (t*K,(M,0,1)) Go(M,0,1), (6.9)
where
Ko(M,0,t) = M*H,(Mt*1/0*) and  Go(M,0,t) = e 0ve—MO =t v,
Combining (6.8) and (6.9), we have

E (eMtLlZ"]l{Zgzt}) > ot Ka(M,0,1) (Ga(M,e,t) _ ot Ka(M,0,0)

—Mt*F,(0,t) exp (t* (M — Jo(a) — Ko(M, 0,1)))) .
(6.10)

In order to study the sign of the quantity M — J,(a) — K,(M,0,t), which is
equal to M — M®H,(Mt*~1/§'/*) — J,(a), we introduce the function

VYo (M) =M — M®nols, M > 0.
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We have
wl (M) =1- aMa_1770[a-

(e

Since M > —L—— we have 1/,(M) < 0. Therefore

(emola) =1

Ya(M) < Yo (Ja(0)d)

1
~ v <<anofa>ail>

_ (anolla)ﬂll (1 _ ;) — 7.(0).

Since limgpo Jo(a) = Jo(0), we also have, for a close to 0,
Vo (M) < Jo(a).

Now, consider any function & : (0,4+00) — (0,+00), such that limg o £(0) =
+oo. We will apply (6.10) with ¢t = £(6). Note that limg o K,(M,0,£(0)) =
Mnol,, so that

191{8 (M - Ja(a) - Ka(M,G,f(Q))) = wa(M) - Ja(a’) < 0,

and

Fa(0,€(9)

i <§&(0)(;a(A4)9,§<g))ex1>[§d(9)(ﬂlJd(a)J(G(A4,975(9)))]> —0

For the last equality, we observe that ﬁﬁ’ig(ggg» behaves like e

for some C > 0. Therefore, we deduce from (6.10) that

a—1 7
IE (M€ O%T 50
£4(9)

cola—D/aga—1(g)
)

lim inf > lim K, (M, 0, £(0)) = M®no1L,,.
im in = lim ( £(9)) nola

(6.11)
Now, it follows from Hélder’s inequality that, for any ¢ > 1,

B (7O 5,0 < (B (7O [P (202 o)
—exp |2 (a1 0)/07) | [P (20 2 50) .
Hence
(1= 2 ) mE (20 = €0) 2w [5 (€O )
> In [E (eMgafl(e)Z"]l{Zezs(e)})}

1

—Vael_EMg&_l(e) _ Mafd(e)qa—lHa (
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where the last inequality follows from Lemma 6.6. We now deduce from (6.11)
and from the fact that lim,_, H,(p) = nola

1\, WmP(Z>£06) _ o, a1
<l—q>11r&bnfm2M nola(l—q )

Hence _

InP (Zy > £(9))
£4(0)

and, by taking the limit as ¢ goes to 1,

L
> Moo, =L,
q—1

lim inf
610

P (Zs > £(0)) .
e > —(a—1)Mnol,

lim inf
610

Since M is arbitrary in ((anola)ﬂ%ll,+oo), we can take the limit as M goes
to (anola)a;—ll, so that

InP(Zy > £(0 I,
lim in M > (o — 1)7707& = —J,(0)
010 £4(9) (anola)=—
o
Proof of Proposition 6.4: We first prove
0
O > (anoh). (6.12)

inf ——————
010 gl/|Ing|'~=
We deduce from (6.3) that

E (e(T75)9+X9 11— C(9)> = (r—10)0+ o(0).
+

We have the decomposition Xy = Xy + X§ — 0 [(e¥ — 1);v(dy), where the
processes X and X are independent and E (eXg) = eef(ey_l)”(dy), so that,
by conditioning with respect to X,

E (e(’rf(s)e‘i’Xe 1 C(@))Jr >E (e(rﬂs)ew’cg 1 <(9)>

+
>E((r—0)0+Xs—(0), >E(Xo—¢(9), -
Hence, with the notations of Lemma 6.8,

1 ! ¢(9)

E (Zy — 5((9))+ < (r—20)0'"5 +0(f*" =), where ((0) = pija

We deduce thereof that there exists a positive constant C' such that, for 8 close
to 0,

mE (Z —((9)), < (1 - i) Inf+C. (6.13)
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Now, given any 3 > 1, we have
E(Zy —<(0)), > (8= 1)C(O)P (Zs > BC(0))
so that
E (Zg —¢(0)), > W[(3 - 1)¢(0)] + P (Zs > 5(6)) -
Since limgyo ¢(#) = +o0, we have In[(8 — 1){(#)] > 0 for 6 close to 0. Hence
(

InE (Zg — ¢(0 o
lim inf (_Ga « ))+ > lim inf ikl - = —Ba1.7,(0),
010 =10 040 C=o1(0)

where the last inequality follows from Lemma 6.8, applied with £(8) = 3{(6).
Going back to (6.13), we deduce

Therefore

which proves (6.12).

In order to derive an upper bound for lim supy, #, we first de-
| 1ln a

duce from (6.3) a lower bound for E (eXe -1- C(G)) . We have
+

E (e(r“”@”@ —-1- <(9))+ =E (6“_5)9”"]1{Xezln(1+<(e))—(r—6>e})
—(14¢(0)P(Xo > In(14¢(0)) — (r—0)8).
Note that

B(Xo = In(1+((0) ~ (= 8)9) = B (- > =GR Z =0,

Since Xy/ 61/ weakly converges to a finite random variable Z as 6 | 0 and
limg,o ¢(6)/0Y* = +o00, we have

. Xo _ In(1+¢(0)) —(r—29)0
%ﬁ}P (91/a z gL/ )

Note that we also have

. (T*5)0+X97 o —
191&)11E<e 1 g(a))+ 0.
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Therefore

HmE (¢ Lix, 2m(1+¢(0) - (r—5)9)) =0

and
E (=97 1 ¢(0)) = E(*Lix,marcon-o-o0)
—(1+¢(0))P(Xe = In(1 +¢(0)) — (r — 0)0) + 0o(0),
so that, using (6.3),
(r=0)0 =E (e* — (1+¢(9))) Lix,>ma+co)-r—s)y + 0(0)
<E(eX —1-¢(0)), +0(0). (6.14)

Using the decomposition Xy = Xy erg —0 [(e¥ —1)4v(dy), the independence
of X and X°, and the equality EeX? = 1 (which follows from Lemma 6.6), we
have

E (e —1-¢(0), <E (X —1-¢(0))
=E ((eXg - 1) eXo 4 eXo 1 C(0)>+
<E((¢X 1)) +E (X —1-¢(0))

= S g g (Ko -1 ()
+

+

_ 9/(ey —1)w(dy) + B (5~ 1-¢(0))+0(0)
Hence, going back to (6.14),
(7‘ - /(ey - 1)+1/(dy)> §<E (effe 11— g(e))+ told).  (6.15)

Introducing the notation {(6) = In(1 + {()), we have

E(eX - 1-¢(0), —E(c5 - @)

Xo
=E(1, 5% / eYdy
( {Xe2>1(0)} 10) )

+oo
<[ er(tazy)dy
I(

+

+

+oo _
= 91/"/ 0P (Xo > 291/a) dz,
1(0)
with 1(0) = 1(0)/6'/<. Tt follows from Lemma 6.7 that, given any a € [ao, 0),
we have

1

P (Xg > 201/0‘> < exp (Cat?l*ézﬁ — Ja(a)zﬁ) .



American Put in an Exponential Lévy Model 31

Now, fix € > 0. Since limg  {(f) = +00, we have, for € close to 0,

o

Yz > 1(0), 20Y% 4+ C0' wzaT <ezacT.

8

Hence, with the notation & = %5,

“+o0
E (eX" -1- C(9)> < 91/’1/ e~ (Jala)=2)=% g,
+ 1(6)

We can assume ¢ close enough to 0 so that J,(a) > ¢, and

+oo & 1 400 . N
/ e~ (Jal@)=)=" g, < . —— / &(Ja(a) — g)za—le—(JQ(u)—s)z dz
1) &(Ja(a) —e)(U(0)* Jio)
_ LI o~ (Jala)—)I"(0)

Going back to (6.15), we deduce

r—5— [ (¥ =1)4v -3 ! o~ (Ja(@) =) (6) o (g1
(==l 0wt )08 < o0,

so that, for € close to 0,

gt < G —Ga@-aro)
IRUG)

where C; is a positive constant. Hence

(1 - ;) 9 < —(Ja(a) — )I*(8) +In ((1(9(;%1) ’

and

<1 - 1) limsup ~20- < —(Ju(a) —e).

& 910 1%(0)

Since a and € can be arbitrarily close to 0, we get, in the limit,

In6 « —1
lim sup = < ——Jo(0) = —(amplp)o—T.
owplé‘(a)_ a—1 (©) (armolo)

Note that limg g % =1, so that we can conclude that

lim sup S0

1
o0 || — (aoo)
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6.2 Estimating the difference b, — b

Proposition 6.9 Under assumption (AS), we have

. be(t) — b(t)
lim sup ————
t—>Tp (T —t)Y/«

Proof: It follows from the variational inequality and the inequality P/0t < 0
that, for t € (0,T) and = € (b(t), K), we have

(r—é)xz—f(t,x)—&—/ (P(t,xey) — P(t,x) — xz—i(t,x)(ey - 1)) v(dy) > r(K—x).

Note that, since [(e¥ — 1);v(dy) < oo, we may write

/(0,+oo) <P(t’x6y) - Plte) - I?Tp(t,x)(ey - 1)) v(dy) =

T

Y) — x))v —xa—P x ey —1v
[, Pl =P vy oG [ (@ 1) v

so that, using the notation

it :rfaf/(ey—mu(dy),

oP y
d+$87(t733) + /(0,+oo) (P(t,ze’) — P(t,2)) v(dy)

a0 - | sup |P(t,ze?) — P(t,z)| v(dy).
(0,400) b(t)<z<K

Note that, due to the Lipschitz property of P(t,.), we have, for x € (b(t), K)
and y > 0,

0< P(t,x) — P(t,ze?) <z(e — 1)< K (e — 1),

and
P(t,x) — P(t,ze¥) < P(t,b(t)).
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Since lim;—,r P(¢,b(t)) = P(T, K) = 0, we deduce lim;_,7 J(¢t) = 0. Now, for
x € (b(t),be(t)), we have (with 6 =T —t)

Oty < by < &

Ox Ox
where 0_ refers to left-hand derivatives, the first inequality follows from the
convexity of P(,t,.) and the second inequality follows from the fact that x —
(P — P.)(t, ) is non-increasing (see Corollary 3.4). Observe that

(t,be(t)) = —E (6_59+Xe]l{bc(t)e(“"*‘”ﬂxe SK}) )

E (X0, eonvociy) = E (€ XD somx,<miircon)

—00+X
=K (6 + 9]1{ (r=8)0+Xg _In(14+¢(6) ) .

ol/a =7 gl/a

Using (6.4) and Lemma 6.3, we derive

. —50+X,
mE [ e=%0+Xo] (r=8)0+Xy _ In(1+¢(9)) =1
0—0 or/e

pl/a =

Now, for z € (b(t), K) denote

I(tz) = /( . (P(t,:cey) P(ta) - :cg—i(t,:v)(ey - 1)) V(dy).

It follows from the above discussion that

lim inf inf I(t,z) > d"K. (6.16)
t—=T  ze(b(t),be (1))

We will now derive an upper bound for (¢, z), for b(t) < z < K. We have

I(tz) = /( s (P(t,xe )= Plt,2) ~ a5 (1, 7)(" - 1)) V(dy)

x

Y) — x —xaj x)(e¥ — v
" /(lnw) (Plt.aen - Pl0) - 25 (. a)(e? = 1)) ),

For y <In ?, we have

P(t,ze¥) — P(t,x) — xg—];(t,x)(ey —1)= (K —ze¥) — P(t,x)
oP

—x%(t,z)(ey -1
< (K — ae¥) — (K — )
oP v
—x%(t,m)(e -1

I
8
7/ N
—_
+
Q
S
—
“@F
)
N—
N———
—
—
|
o)
=
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For y € (In(b(¢t)/x),0), we have, using the convexity of P(t,.),

P(t,xe¥) — P(t,x) — mg—];(t,a:)(ey —1) <z(e¥ — 1)%(12336?’) - xa—f(t,x)(ey -1)

— (g];(t,x) - g];(t,xey)> (1—ev).

Therefore

It,z) <z <1 + g];(t,x)) /(Oo’ln o (1 — e¥) v(dy)

oP OP . o
+/(1nb<;>,o) * (&U(t’x) — 5, (bae )) (1—e¥)v(dy). (6.17)

Due to (6.16), there exists n > 0 such that for t € [T —n,T),

d+
inf  I(t,z)> ——. 6.18
xe(b(lg)l,be(t)) () 2 2 ( )

From now on, we assume ¢ € [T —n,T) and, for £ € (0,In(b.(¢)/b(t))) we set
91(§) = P(t, b(t)ef).
Note that the derivative of g; is given by

() = blt)es L

and, due to the smooth fit property, g;(0) = —b(t). We also have |g;(§)| <
be(t) < K. Applying (6.17) with o = b(t)ef, we have, using (6.18),

(£, b(t)e),

dTK , p ¢ e
S 2O -g0) [ a-emay
| @O g+ - e i)
(=¢€,0)
Note that
1(€) — gi(0)es —e)v = (g;(&) — g; —e)v
(61O i) | A=ty = @@ —aio) [ 0=y
1(0)(1 — €8 1—e¥)v(dy).
O [ a-eu

For & € (0,1n(b.(t)/b(t))), we have, for any ¢ > 0,

et — —eY)v et —1) v ((—o0, — e ¥ — —eY)v
-0 [ G s (s [ e o) 0=

—¢,0)
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Therefore

lim sup (ef -1) / (1—-eY)v(dy) =0.
=T ee(0,In(be (1)/b(1))) (—00,—¢]

By taking 7 smaller if necessary, we can now assume that, for ¢t € [T —n,T)
and £ € (0,1n(b.(¢)/b(t))), we have

dtK

SO gy [ a-e)vy

4 / (6 — g€ +m)e?) (L — ) w(dy). (619
(—¢,0)

Now, take a € (0,1n(b.(t)/b(t))). By integrating (6.19) with respect to & from
0 to a, we get

T o< i) + o)
where
j1(a) :/0 d¢ (g;(€) — 9:(0)) </(_ " (1- ey)V(dy)>
and

a
iala) = [ ds [ vld) (G1(6) - 6+ e ) (1 - ).
0 (=¢£,0)
In order to estimate ji(a) we note that, for £ € (0,a),

opr
£ L

ox
0P

or

9:(&) = b(t) (£, b(t)e®)

< b(t) (t,b(t)e") = e %gj(a) < e “gj(a),

where the first inequality follows from the convexity of P(t,.) and the second
one from g;(a) < 0. Hence

i1(a) < (e %gy(a) — g, ad —e)v(d
i) < (e gito) = gi(0) [ 5(/(_00’_5]@ ><y>)
0 an(—y)
= (e7gi(a) —92(0))/ v(dy) (1 —e) (/0 d£> :

—00

Note that e~?g;(a) — g;(0) = b(t) (1 + 2E(t,b(t)e®)) > 0. Using the assump-
tions we have on v, we can find 8 < 0 such that, for y € (53,0),

20
Vidy) < |yt +e

dy,
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so that, using e¥ > 1 + v,

; 70, l y 2770dy oy (an—y)
jile) = (e (a/ ooﬁ] v -e )+/ﬁo) |yt +e (-e )</o df))
11 210d
( +/ dg/ IyTl)+z )

) (s )
210 2—a
= (e*a i ( <a1/ %a )

2—-a)(a—1

Note that a € (0,1n(b.(¢)/b(t))) and lim; ,7 In(be (¢ )/b( )) = 0. So, for ¢ close
enough to T, we may assume a € (0,1], so that a < a®>~% (recall 1 < a < 2).
Therefore, for some C > 0,

ji(a) < Ca®=* (e"g;(a) — g,(0))
= Ca** (gi(a) — g1(0)) + Cgj(a)a®=* (7" — 1)
< Ca* “(gy(a) — g4(0)) + CKa*"*. (6.20)

We now study ja(a). Note that, for y < 0,
oP oP
319 - site + ) =000t (5F (100 - 5 (1oest)) 2o,

Since a € (0,In(be(¢)/b(t))) and lims_,7 In(be(¢)/b(t)) = 0, we may assume
a < |B| and write

A / 2 y (91(€) — gi(E+y)e ) (1 —¢¥)

£,0) |y|1+a
— 219 / d¢ / W (g1(6) — gl — wer) (1 - e7)
d
< 2, / e / y—i(g;@) — g€ —p)e),

where the last inequality follows from 1 — e~ ¥ < y. Hence

) < 2770/ / d€ (94(€) — g:(€ — y)e¥)

y

= 2770/ /o (9¢(a) — gi(a —y)e’ — gu(y) + g:(0)e).
dy “dy,
; —gila—y) — 9:(y) + 9:(0)) + 2no yfa(e = 1) (9:(0) — ge(a =)

0

dﬁ

gt<ay>gt<y>+gt<0>>+znof<a/0“j§<ey1>,
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Oé

a
dy
where the last inequality follows from ||g;||cc < K. Note that a / (e¥—1)
0
Ca®*™“ for some C' > 0. On the other hand, we have, for y € (0, a),
v /!
9@~ gula—) = [ gila )iz
0
v L,OP
= b(t t, b(t d
| w5 ) a:
Y LOP
< b(t t,b(t)e")d
< [Tuter 5 b a:
x

< [Mo0 50 (b0 dz = i) (100 =y g0,

where the first inequality follows from the convexity of P(t,.) and the second
one from 0P/0x < 0. Similarly, we have

() = 0) = [ i1z = [ e G o) d:
> [ b(t)ezg—P (t,b(1)) d=
0
oP

Hence

/a d% (ge(a) — gela —y) — g:(y) + g:(0)) <
oY

Yy
dy /
< / 2 (a4(@) ~ g3(0))

a27a

+(a+ (e* — 1))K2 —
< Ca™* (g1(a) — :(0)) + Ca’~*,
for some C' > 0, so that we have
j2(a) < Ca*™* (gi(a) — g;(0)) + Ca®=* (6.21)

Putting (6.20) and (6.21) together, we conclude that, for some positive con-
stant C, we have

dTK

a < Ca® " (gy(a) — g;(0)) + Ca®~*
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or, equivalently,

d*K -1 3C 2— / /
(03 _ «@ < _ .
o (1 ) < i) - 6i0)

For t close enough to T, we have, for all a € (0,1In(b.(¢)/b(t))), a*~* < d_K
hence

'K
o < ()  61(0).

We now integrate this inequality with respect to a from 0 to a; = In(b.(t)/b(t))
to derive

ai’ < C(gi(ar) — argi(0) — g:(0)),

where C' is a positive constant. Hence

(be(t) — b(t))" < P(t.be(t)) + b(t) In be(i? )
)

< P(t,0e(t)) + be(t) — () — (K = b(t))
= P(t,be(t)) = Pe(t, be(t)) < rK(T = 1),

where the last inequality follows from the Early Exercise Premium Formula. ¢

P(t,b(t)

Ql=
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