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Abstract

We consider optimal stopping problems with finite horizon for one-dimensional diffusions. We assume
that the reward function is bounded and Borel-measurable, and we prove that the value function is
continuous and can be characterized as the unique solution of a variational inequality in the sense of
distributions.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

In a recent paper with M. Zervos (see [10]), we studied optimal stopping problems with
infinite horizon for one-dimensional diffusions. In particular, we proved that, under very general
conditions, the value function is the unique solution (in the sense of distributions) of a stationary
variational inequality. The purpose of the present paper is to examine optimal stopping problems
with finite horizon and bounded Borel-measurable reward functions. We will prove that the
value function is continuous and can be characterized as the unique solution (in the sense of
distributions) of a suitable variational inequality.

The connection between optimal stopping and variational inequalities goes back to the work of
Bensoussan and Lions [3] and Friedman [6]. This approach is very general and applies to multi-
dimensional problems, but it requires uniform ellipticity of the diffusion and some regularity of
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the reward function. Note that the techniques of viscosity solutions do not require ellipticity, but
generally impose some continuity conditions on the reward function and the coefficients of the
diffusion. For our results, we will not need any regularity assumption on the reward function, and
we will deal with very general one-dimensional diffusions. On the other hand, our analysis will
be limited to one-dimensional situations (cf. Remark 2.3).

The paper is organized as follows. In Section 2, we present our assumptions and the main
results. In particular, we give the proper formulation of the variational inequality. In Section 3,
we prove the continuity of the value function. In Section 4, we essentially relate the value function
to the Snell envelope. Section 5 is devoted to the analytic interpretation of the supermartingale
property. The proof that the value function satisfies the variational inequality is given in Section 6.
Uniqueness of the solution is proved in Section 7. In the last section, we have gathered a number
of auxiliary results, which are classical in somewhat different contexts, but which require some
justification under our assumptions. In particular, we derive regularity estimates for the semi-
group of one-dimensional diffusions (see Theorem 8.11 and Corollary 8.13), which we have not
found in the literature.

2. Assumptions and main results

We consider an open interval I = («, f) (with —oco < o < B < +00) and a stochastic
differential equation

dXt = b(Xt) dr + O'(Xz)th, XO =X € I, (1)

where W i1s a standard one-dimensional Brownian motion, and b,o0 : I — R are Borel-
measurable functions satisfying the following condition.

AL Forallx € (&, B), 07(x) > 0,and 3¢ > 0, [77 “-7ldy < co.

Under assumption Al, we have existence and uniqueness in law of a weak solution of (1) up to
a possible explosion time (cf. [9, Section 5.5C]). In fact, we will also assume that the diffusion
is non-explosive. This assumption can be expressed in terms of the so-called scale function p(x)
and speed measure m(dx), defined by

px) = /x exp (_2/y b) dz) dy, forx el, (2)

02(2)

m(dx) = dx, (3)

o2(x)p’(x)
where c is an arbitrary fixed element of /. The condition for no explosion can now be written as

follows, according to Feller’s test (see Theorem 5.5.29 in Karatzas and Shreve [9]).

A2. We have limy |, [(x) = limy4g [(x) = 00, where
X
l(x) = f [p(x) — p(y)Im(dy), forx €l
C

Throughout the paper, assumptions Al and A2 are in force. A weak solution of (1) is defined by
a triple [(Q, F, (Fi=0,Py), W, X], where ({2, F, (F1)i=0, Py) is a filtered probability space
with the filtration (F;);>0 satisfying the usual conditions, W = (W;);>¢ is a standard (F;)-
Brownian motion and X is a continuous adapted process satisfying (1). Given such a weak
solution, we denote by (]-"[0) +>0 the natural right-continuous filtration of X.
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We now introduce an optimal stopping problem with a discounting rate (or interest rate) r. The
function r : I — R is assumed to be non-negative, Borel-measurable and locally bounded on /.
We denote by ’Z;O (resp. ’Z_;O) the set of all stopping times with respect to the filtration (J:t());zo,
with values in the interval [0, ¢) (resp. [0, 7]). Given a bounded Borel-measurable function f on
I, we introduce the functions u ¢ and vy defined on (0, +00) x I as follows:

up(t,x) = sup By [e™ p(x0)] @
teT?
vy (t.x) = sup By [e™ f X0 ] 5)
reT?
where

t
A; :/ r(Xy)ds.
0

Note that, due to the fact that we consider stopping times with respect to the natural filtration, the
functions u y and vy depend only on the law of X, which is uniquely defined under assumptions
ATl and A2. On the other hand, let Z; (resp. 7;) be the set of all stopping times with respect to the
filtration (F;);>0, with values in the interval [0, 7) (resp. [0, 7]). If we define by i s (resp. v ) the
value function where 7, (resp. 7,°) is replaced with 7; (resp. 7;), we have i f = u s and oy = vy
(see Section 8, Remark 8.7).

We obviously have u ¢y < v¢. Our first observation is the following result, the proof of which is
quite similar to the one given for infinite horizon problems (see [10], Lemma 7), and is therefore
omitted.

Proposition 2.1. Let f : I — R be a bounded Borel-measurable function on 1. Denote by f the
upper semicontinuous envelope of f:

fx) =limsup f(y), xel.

y—>x

Then we have
uf = l/tf.

Our next result concerns the joint continuity of the value function. The following theorem will
be proved in Section 3.

Theorem 2.2. We have uy = vy and the function vy is jointly continuous on (0, +00) x I.

Remark 2.3. The fact that we have a one-dimensional diffusion is essential for the continuity of
the value function. Indeed, consider a two-dimensional Brownian motion (th, le),zo and let
f be the indicator function of the singleton {0}. Since Brownian motion starting from x # 0 will
never hit O with probability one, we clearly have (with similar notations as above) uy = vy = f,
so that vy is discontinuous. In fact, crucial to the continuity of the value function is the fact
that the diffusion hits any given point close to the initial point with positive probability. Note
that the regularization procedure that we develop in Section 5 also depends heavily on the one-
dimensional setting.

In order to write the variational inequality satisfied by the value function, we need to introduce
the infinitesimal generator L of the diffusion. For a twice continuously differentiable function
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u, Lou is defined by

2
Lou(x) = GT(x)u”(x) +b(x)u'(x), xel.

As should be expected, the variational inequality will involve the operator —% + L, where
the operator L is defined by
Lu(t,x) = Lou(t,x) —r(x)u(,x), (t,x)e 0, 4+00)x 1.

In fact, in order to be able to apply the operator to possibly non-smooth functions, we will rather
consider the operator A, where

2 a
e 2 (o).

The following proposition is the key to the extension of .4 to irregular functions, in the sense of
distributions.

Proposition 2.4. If u € C2((0, +00) x I), for any C™ function ®, with compact support in
(0, +00) x R, we have

/f Au(t, x) @(t, x)drdx = // u(t, x) (88—? + E@) (t, x) dt m(dx).

Proof. It follows from integration by parts with respect to time and from the definition of the
speed measure that

_// 2 a”t )®(t, x)ded —// (¢ )M(t ) dt m(dx)
ma(,x (t,x X = u,xE,x m(dx).

On the other hand, using the fact that the scale function p satisfies

d (1Y 2b1
dx \p')  o2p"’

we have

. a?p’ (1 8%u N 2b 1 du o?p’ 3 (1 du
u = —_— —_— | = _ ——].
0 2 \p ox? o2p ox 2 9x \ p/ox

Hence, integrating by parts twice with respect to x,

/f mﬁou(hﬂ@(hﬂdtdx = f/u(t,x)ﬁo@(t,x)dtm(dx).

The result now follows easily. ¢

In view of Proposition 2.4, it is natural, given a locally bounded measurable function # on
(0, +00) x I, to define the distribution .Au by setting, for any smooth test function @,

(Au, &) = // u(t, x) (88_215 + E@) (t, x) dtm(dx).
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Remark 2.5. We will also need the distribution flu, defined, for u locally bounded on (0, 7)) x 1
(where T is a fixed positive number) by

(Au, §) = //u(t,x) (—Z—f +ng5) (t, x) dtm(dx),

for ¢ smooth with compact support in (0, 7') x I. Note that one can prove, as in Proposition 2.4
thatifu € C12((0,7) x D), Au = 25 (+4; + L) u.

We can now state our main result. Recall that f denotes the upper semicontinuous envelope of f.

Theorem 2.6. The value function vy is the only continuous and bounded function on the open
set (0, +00) x I satisfying the following conditions.

1. On the set (0, +00) x I, we have v > f, and the distribution Av satisfies ,A4v < 0.
2. We have Av = 0 on the open set U :={, x) €(0,+00) x I [v(t,x) > f(x)}.
3. Forevery x € I, lim, g v(t, x) = f(x).

3. Continuity of the value function

This section is devoted to the proof of Theorem 2.2. At the end of the section, we also include
a proposition concerning the behaviour of the value function for small time (see Proposition 3.4).
The equality u f = v is an easy consequence of the following proposition.

Proposition 3.1. Let T be a stopping time with values in [0, t]. We have

Ec[em f(Xo] = lim_ By [e™ f(Xor0)|.

s—t,5<t
Proof. We have

Ex [em f(Xen0) | = Be [e ™ F (X0 ey | 4 B [ F (X Nz | ©
and

By [e™ f (X ez | = B [ £ (X1 |

+ E, [f(Xs) (e_Asl{tZs} — e_A’l{f:t}>:| .

By dominated convergence,

lim E, [e_Aff(Xr)l{Ks}] =E, [e‘A’f(Xf)l{m}] :

s—t,s<t

and

lim B[ £(X) (6™ przg) = ¢ M=) = 0]

s—t,s<t

We now want to prove

lim_ K, |f(X,) — f(X)] =0. (7)

s—>1,5<

This is clearly true if f is continuous. If f is arbitrary, we have

Ex [f(Xs) = F(XD] < Ex [ f(Xs) — o(Xs)| + Ex [0(Xs) — o(X1)]
+ Ex lo(X0) — f(X0)].
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So, in order to prove (7), we need only prove that, given ¢ > 0, one can find a bounded continuous
function ¢ such that
sup Ey [f(Xy) — o(X5)| < &.

t/2<s<t

From Corollary 8.13 we know that, given x € Z, there exists a constant C,, > 0 such that, for all
t>0and X = 0,

1
Pih(x) < Cx (1 + \—/;) ANl L2y &)
Now assume that f € Lz(m) (the extension to f bounded on [ is straightforward). Given ¢ > 0,
one can find a continuous function ¢ with compact support such that || f — ¢|l;2(,, < &, so that
(using (8) with h = | f — @)

sup Ey | f(Xs) —o(X5)| < Cx (1 + \/_§> g,
t/2<s<i Jt

which completes the proof of (7). ¢

Remark 3.2. The proof of Proposition 3.1 relies on the convergence (in probability) of f(X;) to
f(X;), when s — ¢, for f bounded and Borel-measurable. As proved in [4], this is related to the
relative weak compactness of the laws of the random variables X. The argument we give can be
seen as a way of proving this property.

For the proof of the continuity of the value function, we will also need the following lemma.

Lemma 3.3. Let (2, F, (F1)i=0, Py, W, X) be a weak solution of (1). For y € I, define
7y =inf{r > 0 | X, = y}.

We have limy_, Py (ty < o0) = 1 and, for all t > 0, limy_,, Py (ty > t) = 0. We also have
limy_,, E, (e_Afx) = landlimy_,  Py(zy > 1) =0, forallt > 0.

Proof. It is well known that the function (x, y) — E,(e™ ™) is jointly continuous on / x I (see
for instance [8]). In particular, we have lim,_, , E,(e”™) = 1. We have

Pe(ty >1) =Py (1—e ™ >1—¢"") <

Hence, limy_,, P, (7y > f) = 0. A similar argument gives lim, ., Py(zy > t) = 0. Since
Py(ty = 00) < Py (ty > 1), we have limy_, , P, (1) < 00) = 1.

On the other hand, we have E, (e~ /=) > E,(e""4u) = E (e~ o (+r(X)dsy and we also
have that (x, y) — E,(e™ Jo" (7 (X))ds ) 1s jointly continuous on I x [ (see for instance [8]), so
that lim,_, , Ey(e™ forx(l"'r(XS))ds) = 1. Hence, lim,_, , Ey(e_/lfx) =1. <

Proof of Theorem 2.2. As mentioned above, the equality u y = v follows easily from Propo-
sition 3.1. On the other hand, since u y = u ; = v 7, we also have vy = v ;. It is known that if f
is upper semicontinuous, so is vy (see [2], Proposition 17 or [5]). It remains to prove that v is
lower semicontinuous.

Fix (t,x) € (0,400) x [ and T € ’Z_;O. Since 7 is a stopping time of (]—',0), we have {t = 0}
€ ]—"8 , and we deduce from the zero—one law (cf. Remark 8.4) that P, (tr = 0) € {0, 1}.
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Suppose P, (t = 0) = 1. We then have E, (e_Aff(X,)) = f(x). On the other hand, we
have, for any (s, y) € (0, +00) x I, with M = SUp ¢/ [ f (],

vp(s. ) 2 By (740 f(Xen0)) 2 By (€74 F(Xeund)lpn, <)) — MPy (3 2 )
= fOEy (e " 1, <) — MPy (13 = 5).

Hence v (s, y) > f(X)Ey (e‘Atx )—2MPy (7 > s5). Using Lemma 3.3, we have

limy_, E, (e_Afx) = land limy_, , P, (7, > #/2)= 0. Hence f(x) < liminf(s y)_ .x) vy(s, y).
We now assume that P, (7 = 0) = 0. From Proposition 3.1, we know that, given ¢ > 0, there

exists § € (0, 7) such that, forall s € [r — 6, 1],

B (€4 f(Xens)) = Ex@ ™ f(X0)| <o, ©)

Obviously, this inequality is also true for s > ¢. Now, we have, for all (s, y) € (0, +00) x I,

E, (C_Amsf(XfAs)> = [E, (e_Amsf(XrAs)l{rySI/\sO
+ E, (e_Amsf(Xr/\s)l{ry>r/\s}> .
We have

E, (G_AMSf(Xr/\s)l{1'y>r/\s})‘ = MPx(Ty > T AS).

On the other hand, with the notation t° for T A s, we have

A _ _ (TS —1y)+
Ex (C A f(XT‘Y)l{TyETS}> — Ex (e Afy l{tyf‘l,""}e fO r(XG)def(XTy+(Ts—ry)+))

Ty

_ (T —1y)+
< E, (l{ty<oo}e Jo r(Xe)def(Xry+(r"'—Ty)+)>

_ (T —1y)+
= Py (ty < 00)E, (e Joo TR £ s ) LTy < oo)-

Note that, conditionally on {z, < oo}, [(2, F, (Fr,10)9=0, P), (Wr 10 — Wr,), (Xr,40)] is a
weak solution of the stochastic differential equation with starting point y, and (7° — 7)) 4 is an
(]-}y+9)9 ~0-stopping time. Hence (using Remark 8.7)

Ex (™ f(Xe)(r2e)) = Palty < 00 (s, 3).
Therefore, we have

By (™4 f(Xras)) = Pelry < 00)us(s, 3) + MPy (1, > T As).
Now, take s € [t — §, +00). We have, using (9),

E (7 f(X0) =& < By (74 (X))
< Py(ry < 00)vp(s, y) + MPi(7y > T AS).
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It follows from Lemma 3.3 that lim , x Py (7, < 00) = I and lim( ) (/,x) Px(zy > T As) = 0.
Hence

E, (e—Af f(X,)) < liminf v (s, ).
(s,y)—(,x)
We conclude that v ¢ is lower semicontinuous. ¢

The following Proposition clarifies the asymptotic behaviour of the value function as time
goes to zero.

A

Proposition 3.4. We have lim; gvs(t, x) = f(x).

Recall that f is the upper semicontinuous envelope of f. In view of Proposition 3.4, it is natural
to extend the definition of v ¢ (z, x) at t = 0 by setting v¢(0, x) = f(x).

Proof of Proposition 3.4. Note that r — v (¢, x) is clearly non-decreasing, so that the limit
exists. Since vy = vz, we have vy(f,x) > f(x), so that lim, o vy (2, x) > f(x). Now, let
T € ’Z_;O. For any ¢ > 0 such that (x — &, x +¢) C I, we have
E, (e_Arf(Xr)> =< sup F(y) +sup fPr(Tyr—e A Txye <1).
ye(x—e,x+e) 1

Hence

Uf(t’x) = sup F)+sup f (Pr(tx—e < 1) +Pr(Thqe <1)).
ye(x—e,x+¢€) 1

Observe that lim; o Py (ty+s < 7). Therefore lim, g vy (¢, x) < SUPye(x—e.x+e) f(y), and by
making ¢ go to 0, we get lim; g v (Z, x) < f(x). o

4. The value function along the paths

The main result of this section is the following.

Theorem 4.1. Fix a positive number T and let f : | — R be a bounded, non-negative and upper
semicontinuous function. For any weak solution (12, F, (Ft)i>0, Px, W, X) of (1), the process
V defined by

V,:e_A’vf(T—t,Xz), 0<t<T,

is a supermartingale. Moreover, if T = inf{t > 0 | v¢(T —t, X;) = f(X;)}, the process
(Vint)o<i<T is a martingale.

This result is not surprising. It appears in various forms in the literature (see for instance [5]).
However, since, under our assumptions, it does not seem to follow directly from known results,
we will give a complete proof.

The proof of Theorem 4.1 will be based on the following lemma.

Lemma 4.2. Let f : I — R be bounded, non-negative and Borel-measurable. For all T > 0
and for all T € TTO, we have

Vi el B (e Mvp(T -1, X0) = vp(T, ).
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Proof. For the proof of this lemma, we will need the strong Markov property. So, we will work
with the canonical realization of the process X. More precisely, denote by (2, ) the canonical
space, where (2 is the set of all continuous functions on R, with values in 7, and F 0 is the
o-algebra generated by the finite-dimensional cylinder sets. We endow this space with the right-
continuous natural filtration (-7::0 ) of the coordinate mapping process X defined by X;(w) = w(?),
forr > 0 and w € 2. This space supports the family of shift operators (6;, 1 > 0), defined by
0;(w) = w(t + ), fort > 0 and w € (2. Given an initial condition x € I, we denote by P,
the (unique) law of a weak solution of (1). The fact that we have the strong Markov property for
the family of probability measures (P, x € I) on the canonical space follows from the Markov
property and the fact that the semi-group preserves continuity (the weak Markov property and
the fact that the semi-group preserves continuity are proved in Section 8, and the strong Markov
property can be deduced by classical arguments, see [11], chapter III, Section 3).

For (z, x) € [0, T]1xI,setU(t, x) = vy (T —t, x). Note that, since f is upper semicontinuous,
U(T, x) = f(x).Given a finite subset F of the interval /, we denote by 7 TF the set of all stopping
times in TTO , such that, on the set {t < T'}, X, takes its values in F'. We will first prove that

v e TF. E, (e—ArU(r, Xt)> < U0, x). (10)

Suppose F' = {ay,...,a,}, witha; < --- < a,, and let T € ’TTF. Note that, since X7 has a
density (this is an immediate consequence of Corollary 8.13), we have P, (X7 € F) = 0, so that,
with probability 1,

n
e Ut Xo) = MU, X1)lp=ry + Y _ e Uz, a)1ix,=ay)-
i=1

Let p = (po=0<p1 <--+ < pm—1 < pm = T) be a subdivision of the interval [0, T']. For
ief{l,...,n}and j € {1, ..., m}, define
Aij ={pj-1 =t < pj} N{X: = a;}.

We have (using U(T, -) = f)

n m

e MU, Xo) = M F(XD) =y + Y Y e MU (1. a1y,
i=1 j=1

n m—1
= Z Z e_ATU('OJ" ai)la; + e U (v, X) o, <c<1) + €T F(X1) (=)
i=1 j=1

n m—1
+ >3 e (Ur.a) — Ulpj.ai) 1y, (11)
i=1 j=1
We have
Upja) =us(T = pj.a) = sup By (747 f(X0).
reTTO_pj

Fix ¢ > 0 and denote by 7;; a stopping time in TTO_ p;° such that

Upjsai) = Ba (74 f(Xq)) +e.
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Let
n m—1
T =T, <c<1} + Lo<r<p, 1} (f +) > amjo 9r) :
i=1 j=1
This clearly defines a stopping time with values in [0, 7']. Therefore
U, %) > By (e f(X2)

m—

n 1
- _AT T; 7007
= E, (e ATf(XT)l{pm,lf‘cST}> + E Ey <1Aije g f(X‘C—Hijo@f)) .
i=1 1

Using the strong Markov property and A;; € }'0, we have
—Arir; 00, Aztr; 00
E, (1Aije brjof f(xmijogf)) —E, [1A E( S (X pgryyo0,) | ]—'0)]
Ex [1aye™ By (79 f(Xq)) |

> B (1a,6™") (Uoj.a) —e).

Hence, using r > 0,

U©,x) > Ey <e_ATf(XT)1{pm_1§r§T}> +E, (Z 2_: AUe U(/Oj’ a;) — 8))

> Ey (G_ATf(XT)l{pm_lfr<T ) (Z

It follows from (11) that

3&.
'__.

IIM

A,je_A’U(/Oj,ai)) —&.

n m—1

Y o> dae U ) = e MU X)) — e MU X0y, <c<1)
i=1 j=1

n m—1

=Y Y e (U a) — Ulpj.an) 14,

i=1 j=1

Hence

U, x) > E, (e‘ATU(t, Xr)> +E, [(e—/‘f F(Xp) —e MU, X,)) 1{pmfl§r<T}]

(Z 2_: "(U(r,a) = U(pj, a)) lAl-j) —&.
=1

Let |p| = maxj<j<m |pj — pj—1]. By passing to the limit as || — 0, we get, using the continuity
of Uon[0,T) x I,U(0,x) > E, (e‘ATU(r, X,)) — ¢, and, since ¢ is arbitrary, (10) is proved.
Now, suppose T € TTO, and denote by (a,),>1 a dense sequence of elements in /. Set
F,={ai,...,a,} and
T, =inf{t >t | X; € F} AT.

We have 7, € 71, so that, according to (10), E, (e_Afn U(ty, Xz,)) < U(0, x). On the other
hand, the sequence (t,,),>1 1s non-increasing and lim,_, ~, 7, = 7. Indeed, if we denote the limit
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by 7, we clearly have 7, > 7, and, if the inequality were strict, X would be constant on the
interval [7, T ), Which, with probability one, cannot happen, since, in natural scale, X is a time
changed Brownian motion. Since

Ex (e_AT" U(tp, X)) — e U, Xr))

=K, [(e_At" U(ty, Xg,) — e_ArU(T’ Xr)) 1{T<T}] )
we have, by dominated convergence and the continuity of U on [0, 7)) x I,

lim E, (e—Afn Uz, Xrn)) —F, (e_AfU(r, Xr)> ,

n—oo

which completes the proof of the lemma. ¢

Proof of Theorem 4.1. We easily deduce from Lemma 4.2 and the Markov property that V is
a supermartingale. Note that, due to the continuity of vy on (0, T] x I, lim,, V; = V,, for
to < T. Introducing the Doob—Meyer decomposition of V, we have, with probability one,

Vi=M,—A;, 0<t<T,
where M is a martingale and A is a non-decreasing process with Ag = 0.
Now, let (7;) j>1 be a sequence of stopping times in ’TTO, such that lim; _, o, Ey (e_A’j f(th))
= v (T, x). We have V;; > e v f(Xz,). Therefore

B, (7 (X)) = By (Vi) = Ea(My) — E(Aq) = Eo(Mo) — Ex(Ary).

On the other hand, E, (Vp) = Ex(Mp) = ve(T, x) = limj_, o Ey <e_ATJ f(er))- Therefore,
we have 1im; oo By (€79 (v, (T = 7, Xo) = £(Xr,))) = 0 and limjo0 By (4g) = 0.
By extracting a subsequence, we can assume that, with probability one, lim;_,oc A7; = 0 and

limj_, o e v (vf(T — T, X¢,) — f(XTj)) = 0, so that Ajimsupr; = 0 and £ < liminfz;.
Hence A; = 0 and V,,; = M,,; a.s., which proves that (V;,;)o<;<7 1s a martingale. ¢

S. Analytic interpretation of the supermartingale property

We first introduce some notations. For t > 0 and ¢ > 0 and for f : I — R bounded and
Borel-measurable, define the functions P/1 fand U, 6}4 by

P =E (¢4 f(X))  and U f) =E, ( / ooe—qs—AsﬂXs)ds).
0

It is easy to prove that

o0

PAUS @) = U P f () = B ( f e—qs—fo’““Xe)deﬂxtﬂ)ds) .
0

Theorem 5.1. Let F : (t,x) — F(t, x) be a continuous and bounded function on [0, T') x 1
such that, for all s,t € [0, T) with) < s <, P/lsF(t, ) < F(s, ). Then, the distribution AF

(defined in Remark 2.5) satisfies AF < 0in the open set (0, T) x 1.
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For the proof of Theorem 5.1, we will need to approximate F' by more regular functions. Given a
time interval [#1, 2], with O < #; < fp, we will denote by W([#1, t2] x I) the set of all continuously
differentiable functions F on [#1, 2] x I such that for all ¢ € [t1, 2], the partial derivative F (¢, -)
is absolutely continuous and its derivative F, (, -) satisfies the following condition, for every

compact subset K of I:

X

f sup |Fy.(f,x)|dx < oo and lim sup |F) (t,x) — F/.(s,x)|dx = 0. (12)
K

X X
t€lty 1] §—>0JK |t—s|<8

For functions in W([0, T] x I), we have the following version of It6’s formula.

Proposition 5.2. If F € W([0,T] x I) and if (2, F, (Fi)i=0,Px, W, X) is a weak solution
of (1), we have, with probability one, fort € [0, T],
t

t 1 t
Ft/(s,Xs)ds—I—/ F;(s,xs)dxs+§/ F! (s, X)d(X, X)s.
0

F(t, X;) = F(0, Xo) +/
0

0

Proof. Let A = (1o =0 <1t <--- < t, =t) be a subdivision of the interval [0, ¢]. We have

n n
F(t. X)) — F(0, Xo) = Y F(ti. X;)) = F(tio1, X)) + Y _F(ti—1. X;)) = F(tio1, X;,_).
i=1 i=1
t
li—1

Note that F(1;, X,i) — F(ti_q, Xti) =
the function F(t;_1, ), we have

F/(s, X;,)ds. Applying the generalized It6 formula to

li 1 [t
F(ti—1, Xy) — F(ti—1, Xy_,) = / F(ti—1, X5)dX + 5/ Fl (ti—1, X9)d(X, X)s.
t 1,

i—1 i—1

Hence
1
F(t,X;) — F(0,X9) =Aa+ Ba+ ECA,

where

Ap = X;/t lFt/(s, X,.)ds, Bp = Z;/t 1Eg(r,-_l, X,)dX,
1= 1— 1= 1—

and
n t
Ca=) [ Flor x)dx. ).
i=1Y%i-1

If we let the mesh size |A| = SUp|<;<, Iti — fi—1] go to zero, we have

t

t
AA+BA—>/ Ft’(s,Xs)ds—l—/ F;(S,Xs)dXs
0 0

in probability. Therefore, it suffices to prove that Cn — fot F! (s, X;)d(X, X)4 in probability.

X
We have, using the local time L{ of X and the occupation times formula,

t n t;
Ca— f Fl (s, X)d(X, X)s| < Y / |Fl (tim1, Xs) — F{ (s, X9)| d(X, X)g
0 i=1 7ti-1

= /Lf ’ Z}TE|A| |Fl.(0,a) — F/.(0', a)| da.
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The local time a +— L{ is locally bounded and vanishes outside the compact set X ([0, ¢]), so
that, using (12), we have lim 4|0 Ca = 0 almost surely. ¢

Proposition 5.3. Let h : (t,x) — h(t, x) be continuous and bounded on [t, tz] x I (where
0 < 11 < 1) with a partial derivative dh/dt continuous and bounded on [t1,t2] X I. Fix a
positive number q and, for eacht € [t1, 1], let F(t,-) = Uth(t, -). Then, the function F is in
W(t, ] xI).

Proof. We have

(0,]
F(t,x) =&, (f e 5 Aspe, Xs)ds> ,
0

and, by differentiating under the integral,

o
F/(t,x) = E, ( / e A pl (1, Xs)ds) .
0

It is now clear that Ft/ is bounded on [#{, ] x I. On the other hand, we also know (cf. for
instance [8]) that F (¢, -) is the unique bounded solution of the ordinary differential equation
w’ + 2y — 20ta)y 4 2hE) — () This means that F(z, -) is continuously differentiable, that its
derivative is absolutely continuous and that we have

2b(x) 2(r(x) +q) 2h(t, x)

2 T T gy PN a0

We also have the following representation

o (1

=0, dx-ae. (13)

x B
Fit,x) = () / PR yImAy) + () / SR, mdy), x e,

where ¢ and ¢ are the fundamental increasing and decreasing solutions of the homogeneous
ODE u” + =3 2by — 2(r+q) u = 0. The partial derivative with respect to x is then given by

X B
Fl(t,x) = ¢/(x) / YO, yym(dy) + ¥ () / SR, mdy), x €1,

and the time derivative by

x B
F/(t,x) = ¢(X)f Y (WA, yym(dy) + I/f(X)/ ¢ (t, yym(dy), x €.

It is now clear that F is C! on [z, 2] x I. Moreover, it follows from (13) that

2b(x) 2(r(x) +q) 2h(t, x)
o2(x) ¥ 2 LT a0

dx-almost everywhere, so that we have F) (¢, x) = Z?:l @i (x)F;(t, x), where ¢1, ¢2 and @3
are locally integrable, and Fi, F;, F3 are continuous on [f1, f2] X I. The condition (12) is now
easy to check and we conclude that F € W([t1, ] x ). ©

F/ (t,x) = ———F.(t,x) +

We are now in a position to construct a suitable approximation procedure for a function
satisfying the assumptions of Theorem 5.1.
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Lemma 5.4. Under the assumptions of Theorem 5.1, for any decreasing sequence of positive
numbers () j>1, with ¢j € (0,T) and lim;_ . e; = 0, one can construct a sequence of
functions (F}) j>1 satisfying the following conditions.

1. Foreach j > 1, Fj e W([¢;, T —¢;] x I), and SUP(/ xv)ele; . T—¢;1x1 |[Fi(t, )] < | Flloo-

2. For each j > 1, and for all t € [¢j, T — &;], we have (0F;/dt)(t,x) + LF;(t,x) < 0
dx-almost everywhere and (0 F;/0t) + LF; is bounded on [e;, T — €] x I.

3. Forall (t,x) € (0,T) x I, lim;_, o F;(t,x) = F(, x).

Before proving the lemma we will prove Theorem 5.1.

Proof of Theorem 5.1. Take F; asin Lemma 5.4 and let U; = (¢;, T — ¢;) x I. Given a test
function with compact support in (0, 7') x I, for j large enough, the support of @ lies in U; and

we easily deduce from the definition of the distribution AF and the regularity properties of F i

(AF;, ¢) = // Fi(t, x) (—% —|—£¢) (t, x) dt m(dx)

2 (3F; |
:/fv o200 p' (x) ( 51 +‘CF’) (1, 0)@(t, )dtdx <0, if &0, (14)

because (0F;/0t) + LF; < 0 a.e. on U;. On the other hand we have, using (14) and the
convergence of F; to F, limj_mo(/iFj, o) = (le, ®). Hence (AF, ) <O0ford>0. <

Proof of Lemma 5.4. For each positive integer j, let p; be a non-negative C* function with
support in the interval (0, &;), such that fogj pj(s)ds = 1.Fort € [0,T)and 6 € [0, T — 1), we
have

PF(+6,) < F(t,).
Therefore, if t € [¢;, T —¢j]and s € (0, &), we have, for all 6 € [0, &;], PQAF(t —s+0,)<
F(t —s,-), hence

Viele;j, T —¢;],V0 € [0, &;], /PQAF(I —s5+0,)p;j(s)ds < / F(t —s,)pj(s)ds.

Now, fort € [¢;, T —¢jland x € I, let
FPi(t,x) = / F(t —s,x)pj(s)ds.

The function F¥J satisfies PQAF"/(I +0,) < FPi(t,-) fort € [¢j,T —¢;land 0 € [0, &;].
It is continuous on [¢j, T — ¢;] x I, and admits a partial derivative dF”//dt, which is also
continuous on [¢;, T —¢ ;] x I. Now, let (g;) j>1 be a sequence of positive real numbers satisfying
lim;_, o q; = +00. Define

Fi(t,) = q;UAFP (@, ).

It follows from Proposition 5.3 that F; € W([¢;, T — ¢;] x I). Note that, since p; > 0 and
f,oj(s)ds = 1, we have |FPi(t,x)| < |[Flloo, and |F;(t,x)| < |F|c, because quA is a
contraction on L.

Since PHAUq/1 = UqAPé/1 and f > 0 = Uqu > 0, we also have PQAFj(t +0,-) < F;(t,-),
forr € [¢j, T —¢;]land 0 € [0, &/].
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Now, fix t € [¢;j, T — &;) and note that the function (6, x) — F;(t + 0, x) is in the space
w ([O, T —¢;—t]lx1 ), so that, using Proposition 5.2 and the stochastic differential equation
satisfied by X, we have, for 6 close to 0,

0 dF;
e Y F;(t +6, Xg) = F;(1, Xo) +f e~ (a_f - ﬁFj) (t+s,X)ds + M;,  (15)
0
with M; = Oge_AS %(t + 5, X5)o (X;)dW;. Observe that LF; = g (Fj — FP/), so that LF;
is bounded. Since F; and 9 F; /9t are also bounded, the process (M;) in (15) is a martingale and,
by taking expectations, we get

A O _a (9F;
Py Fi(t+0,x)— Fj(t,x) =E e W—F[,Fj (t+s, X5)ds ).
0

Since P{'Fj(1+6,) < Fj(t, ), we deduce that Ey (fy e~ (%2 + LF; ) ¢ +5, X,)ds) <0.

Note that, by construction, d F; /0t is continuous and LF; = g, (Fj — pr), so that LF; is

0 4 LF,-) (t,x) < 0.

We now prove that lim;_, o F;(t, x) = F(t,x). Fix (t,x) € (0,T) x I. For j large enough,
wehavee; <t < T —¢jand F; — F = quq/}FpJ' — quq/}F —I—quq/}F — F. Now, by an
obvious change of variable,

continuous as well. Now, divide by 6 and let & — 0 to conclude that (

o0

4 Ay, 4
(qjUg F* = qjUg F)(t, x) = By (/0 e (pr(t,Xs/q,-)—F(t,Xs/qj))dS)-

Due to the continuity of F, we have, for any compact subset K of 7,

lim sup [FPi(t,x) — F(t,x)| = 0.

J7 X xeK
Therefore, lim; _, oo (F'O/ (1, Xs/qj) — F(t, Xs/qj)) = 0 for all s > 0 a.s., so that, by dominated
convergence lim;_, 5 (q; Uq/} FPi—gq; Uq/} F)(t, x) = 0. We also easily have

lim; o0 q; Uq/} F(t,x) = F(t, x), which completes the proof. ¢

6. The value function solves the variational inequality

The proof that the value function solves the variational inequality is based on Theorem 5.1
and the following result.

Theorem 6.1. Let F : [0, T) x I — R satisfy the assumptions of Theorem 5.1, and let U be an
open subset of (0, T) x I such that

—A
V(t,x) eU, Vo €T ,, E, (e oy (r + 6 AT, Xg/\fl’])) = F(t, x),

where T, = inf{s > 0 | (r + s, X;) € U}.
Then, the distribution AF is null in the open set U.

Before proving Theorem 6.1, we will show that the value function v satisfies the three
conditions in Theorem 2.6. Without loss of generality, we can assume that f is upper
semicontinuous. Note that the proof of the third condition (lim; o v (7, x) = f(x)) follows from
Proposition 3.4. For the first condition, the inequality v > f is trivial, so we need to prove that
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Avy < 0on (0, +00) x I. It suffices to prove this property on the set (0, 7) x I forall T > 0. For
t€[0,T),let F(t,x) = vs(T —t, x). We know from Theorem 4.1 that, for all 7 > 0, the process
V, defined by V; = e vy(T —t, X;), 1s a supermartingale, so that PgAvf(T—Q, x) <vp(T,x),
for 6 € [0, T]. Therefore, we have PsAvf(t —s5,x) < vf(t,x), forall s,z with0 < s < 1.
Apply this with T — ¢ instead of ¢ and 6 instead of s to get PGAF (t+6,) < F(t,-), where
F(t,x) = vy(T —t, x), which means that F satisfies the assumptions of Theorem 5.1. Hence
AF < 0, which gives Av < 0.

We also know from Theorem 4.1 that (V,,;) is a martingale, where T = inf{t > 0 |
vr(T — 1, X)) = f(X,)}, so that forall € T2, E, (e™Mrtv o (T — 0 A%, Xgpz)) = vp(T, x).
Applying this with T — 7 instead of T', we obtain that F'(f,x) = vg(T — ¢, x) satisfies the
assumptions of Theorem 6.1, with U = {(t,x) € (0,T) x I | F(t,x) > f(x)} (U is open
because f is upper semicontinuous and F is continuous). Therefore, we have AF =0on U, so
that Avy = O on the set {vy > f}, and we have established that v satisfies the three conditions
of Theorem 2.6.

Proof of Theorem 6.1. Fix (19, xo) in U. We will prove that the distribution AF vanishes in a
neighborhood of (7, xo). Let ¢ be a positive number such that (o —2¢, t9+2¢) X (xg—¢, xo+¢) C
U. Let

e =infls = 0| X, & (x0 — &, %0 + &)} .

For (t,y) € (to —¢e,t0+¢€) X (xog — &, x9 + &), we have ¢ A T, < r{]. Without loss of generality,
we assume that e < (T —19)/2,sothatt <ty + & = T —t > ¢ and the stopping time € A T, is
in TTO_I. We then have, according to the assumptions of Theorem 6.1,

V(t,y)e (to—¢e, to+¢€) X (xo—¢&,x0+ &),
Ey (e_Agmg F(t+¢& N, Xe/\%)) = F(,y).

Since F satisfies the assumptions of Theorem 5.1, we can take an approximating sequence
(Fj)j>1 as in Lemma 5.4. For j large enough, we have (fp — ¢, 19 +2¢) C (¢, T — ¢;). Let

@j(t, y) =By (74 Fjlt + & A7, Xens))) = Fj(t, 7).
Denote V, = (tg — &, t9 + €) X (xo — &, x0 + ¢). For (¢, y) € V¢, we have

lim a;(t,y) = By (74 Ft 4+ AT, Xenr,) ) = F(1,3) =0,
J—>00

On the other hand, we have, using Proposition 5.2,

ENTe 1 aF]
aj(t,y) =E, (/0 e s <W+L’FJ~) (t—i—s,Xs)ds).

Now, let ¢ be the unique continuous function on [xg — €, xg + €] satisfying
Y(xo—e)=Y(xo+¢e)=0 and LYy +1=0 ae.on(xg—¢&, x9+¢).

We have, fory € [xg — &, x0 +¢], ¥ (y) = Ey ( Org e_ASds), so that, forall y € (xg — ¢, xo + &),

¥ (y) > 0. By dominated convergence, we have

xo+é&

Vie(tp—¢e,to+¢), lim m(dy)y (e, y) =0.

J—+0o0 xXo—e
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On the other hand,

x0+&
/ m( @) (a1, y)

0—¢

Xo+e& ENTe 1 oF:
= f m(dy)y (ME, (/ e s (a_tf + CFJ-) (t +s, Xs)ds)
X 0

0—¢&
& xot+e& A 3Fj

=/°w/ m@m%n%(eS(——+£ﬂ)0+&&ﬂm%0.
0 X0—¢& ot

The process X is symmetric with respect to the speed measure (cf. Proposition 8.9). Using the
symmetry of the killed process at the exit time of (xo — €, xg + ¢) (cf. [7], Lemmas 4.1.2 and
4.1.3), we deduce

xXo+é&
f m(dy)¥ (y)a;(z, y)

0—¢
€ xp+e aFj .
X0—¢€

where we use the notation Py (y) = E, (e‘Asw(Xs)l{KTg}), fory € (xo — &, x0 + ¢).
Note that

SATg
Piy(y) =¥ () +Ey ( /O e—/‘eﬁw(xe)de)

=ww—m(££€“w)zww—&

Let K be a compact subset of (xg—e¢, xo+¢) and 6 = infyex ¥ (y). Note that, since v is positive
on (xo —¢&,x0+¢),8 >0.Fory € K and s € [0, 6/2], we have PS¢ (y) > 6/2. Hence (recall
that (0F;/0t) + LF; < 0)

SAe

2 oF; e
/ ds/ m(dy) (— + EFJ'> &+ s, )P ¥ (y)
0 K ot

SNe

6 [2 oF;
S—/ i dS/ m(dy)(—J—l—EFj)(t—l—s,y).
2 Jo K ot

Now take t = 1y — &', with ' = (§ A €)/4. Going back to (16), we have

to+6'

e , 8 IF;
—f mmw¢WMﬂm—8JOZ——f d{/mmw<——+c@)cyy
X 2 to—¢' K ot

0—¢€
Now, if @ is a smooth test function with support in [7g — &', #p + 8] x K, we have

to+8’

(AFj, d) = / ds/ m(dy) (8i + EFj) (s, y)D(s, y),
1 K ot

0—¢’
so that, for @ > 0, we have limj_mo(AFj, ¢) = 0. Hence (.ZlF, @) = 0, which proves that AF
is null in a neighborhood of (#y, xo). Since (#g, x¢) is arbitrary in U, we conclude that AF =0
onU. ¢
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7. Uniqueness

The proof of uniqueness in Theorem 2.6 will be based on essentially two steps: the first step is
to relate the condition Au < 0 to the supermartingale property (cf. Theorem 7.1). The second step
is to relate the condition .Au = 0 to the martingale property: this will be done in Theorem 7.4.

Theorem 7.1. Suppose F : [0, T) x I — R is bounded and continuous and satisfies AF < 0
on (0, T) x I. Then we have, forall s € [0, T) andt € [0, T — ),

B (™ F(s+1, X)) < F(s, %).
Given an open subset O of R or R?, we denote by D(O) the set of all C* functions with compact

support in O, and by D (O) the set of all non-negative functions in D(O).

Lemma 7.2. Let J be an open subinterval of I and p a Radon measure on J. A continuous
function F : J — R satisfies the equation

d (1dF\ (17)
dx \p/dx ) H
in the sense of distributions if and only if F has the following form
X
Foo = [ P 0MO)y k) +1, x e,
d

for some d € J and constants k,l € R, where M(y) = u((d, y]) for y > d and M(y) =
—u((y,d]) fory < d.

Proof. First note that the meaning of (17) in the sense of distributions is that for all ¢ € D(J),

[y FoE (55) odx = [, pom(n),
We will first prove that the function Fj : J — R, defined by

X
Fo(x) :/d p(yY)M(y)dy, x¢€lJ,
1s a solution of (17). Note that
X
Folx) = / P, yDdy ifx>d and
d
d
Fo(x) = / Py dDdy ifx <d.
so that

FO(X)Z//(1{d<z§y§x}+1{x§y<z§d})P/(y)dYM(dZ)-
7J7

From this expression, we easily derive that, for ¢ € D(J),

o (19 o= [ veom
/J 10 () @ x—/Jw(zm 0.
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which proves that F{ solves (17). To complete the proof of the lemma, it suffices to prove that a
continuous function F satisfies the homogeneous equation

d (id_F) _0 (18)

if and only if F = kp + [ for some constants k and /. It is clear that functions of that form
satisfy (18). Conversely, suppose F satisfies (18). Note that we cannot directly state that F'/p’
is constant, because the definition of the distribution F’/p’ is not clear if p’ is not C*. So, we
have to start from the fact that for all ¢ € D(J),

F( )i (l%>( )ydx = 0. (19)
/J xdx o d x)dx

Fix an open relatively compact subinterval J; = (a1, B1) of J and a function u € D(J) such
that u = 1 on K = [«q, B1]. Since the second derivative of p in the sense of distributions is
locally integrable, we can construct a sequence (py),>1 of C* functions on J such that (p,)
(resp. (p;,)) converges uniformly to p (resp. p’) on K and lim,—, o fK |py(x) — p"(x)|dx = 0.

Now, given g € D(Jy), let ¥, (x) = u(x) f () g(y)dy. We have ¢, € D(J). Therefore,

f ; F (x) I ( 1 dw”) (x)dx = 0. We have, using the fact that ¥ = 1 in a neighborhood of the
support of g,

¥, (x) = u/(x)/ Pr(Medy 4 u(x) py (x)g(x)
@
= u’(X)f Pr(Mg(dy + p,(x)g(x).
Note that, for x < 1, u'(x) [ p,(»)g(y)dy = 0, and, for x > Bi, u'(x) [, p,(Mg(dy =
u'(x) [, p,(»)g(y)dy. Hence, introducing a function & € D(J) such that ii(x) = u'(x) for

x > Brand u(x) = 0 forx < By,

V() = i(x) /J P8y + pl, ()5 (),

and
d (¢, d
dr (—/) (x) = — <—/> (X)/ Pn()g(y)dy
x \p dx
+p,j(( )) '(x) 4 PnP —pnp g,
We deduce from [ F(x)% (%d(}i”) (x)dx = O that

k / Ph(g(Ndy + f F(x) (”’}—(x)g/@) + M(x)g(x)) (x)dx =0,
J J p'(x) P

where k = fJ F(x)% (%) (x)dx. By taking the limit as n — oo, we derive, for all g € D(Jy),

k /J P (MeOdy + /J Fog (0dx = 0,
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which means that F = kp’ (in the sense of distributions) on Jj. Since J; is an arbitrary relatively
compact open subinterval of the interval J, we have F’ = kp’ on J, so that F—kp is constant. ¢

Remark 7.3. Take J = [ in Lemma 7.2 and suppose F solves (17). From the representation
of F, we easily deduce that the derivative of F is given by F'(x) = p’M + kp’, so that the
second derivative of F' in the sense of distributions is a Radon measure (which means that F is
the difference of two convex functions on /). This measure is defined by

F’(da) = p"(a)M(a)da + p'(a)u(da) + kp”(a)da,
so that, using p” = —2(b/o?)p’, F"(da) = p'(a)u(da) —2(b/o?)(a) F'(a)da. Given any weak
solution X of (1), we can apply the Itd—Tanaka formula and write

t

t
F(X)) = F(Xo) + f F/(Xy)o (X,)dWs + f b(Xs)F’(Xs)ds+% / L' F’(da).
0

0

Using the occupation times formula, we have

t
/ b(X,)F'(Xy)ds = / L2
0

o2(a)
where L is the local time of X. Therefore

F’(a)da,

b(a)

02a

t
F(X;) = F(XO)—l—/ F'(Xs)o (X,)dW; —l—%/L; (F”(da)+2 )F’(a)da)
0

t
= F(Xo)-l-/ F'(Xs)o (Xs)dW; +%/L2P’(a)u(da)-
0

Proof of Theorem 7.1. We first regularize F' with respect to time. Fix ¢ € (0, T') and
p € D((0, ¢)), with p > 0 and fog p(s)ds =1.Fort € (¢,T)and x € I, let

T
FP(t, x) :f p(t —s)F (s, x)ds.
0

Note that F* is continuous and bounded on (¢,7) x [ and its time derivative (given by
(0FP/ot)(t,x) = fOT o' (t — s)F (s, x)ds) is also continuous and bounded on (g, T) x I. We
easily deduce from p > 0 and AF <00n (0,T) x I that AF? <Oon (g, T) x I.In particular,
ifp € Dy((e,T)) and y € D, (1), we have

—/dt/m(dx)Fp(t,x)qb/(t)tﬂ(x)—I—fdt/m(dx)Fp(t,x)(p(t)Etp(x) <0.
An integration by parts with respect to time gives
IFP
_ / i f m(dx) PP (1, )¢/ (0 (x) = / di / @) 1, DO (@)

Using the continuity of F* and 0 F”/dt, we deduce that for all + € (0,7 — &) and for all
v € D),

fm(dX)%(t,X)lﬂ(X)+fm(dX)Fp(t,X)/llﬂ(X) <0,
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or, equivalently,
/m(dx) (E — rF'O) (t, x)¢¥(x) + / dxF'O(t,x)i (K) (x) <0O. (20)
ot dx \ p/

This means that, foreach ¢t € (0, T —¢), the distribution <3F er) (1, -)dm—l—% (%)

is a non-positive Radon measure on /. Using Lemma 7.2 and Remark 7.3, we have, for each
te (0, T —¢),and fors > 0,

QP
FP(t, X5) = FP(t, Xo) +/ a—(t,Xe)G(Xe)dWQ
0

1 dFP/d
+5/L2p’< @ (w)( ¢, da).
x P’

It follows from (20) that

oxp = 2@p@ " YT e )™

Therefore, for any two s1, 52, with 0 < 51 < 7,

2 g FP
FP(t, Xs,) — FP(t, Xy,) 5/ 8—(t,Xe)o(Xe)dWe
X

S1

52 dFP
+ f (r(Xan(r, X -2, Xs)> ds. 21

1

Note that this inequality is valid for all # € (0, T — ¢). We are now in a position to prove that if
s€ (0, T—¢e)andt € [0, T —e —5),

E, (e_A’F(s e X,)) < F(s, x). (22)

Denote by t a stopping time such that the random variable fof r(Xp)d6 is bounded. We have, for
s€ (0, T—¢e)andt € [0, T —e—5)

n
e—AtATF'O(S + 1t AT, Xt/\‘[:) — F,O(S’ XO) = ZUZ - Ui—la
i=1

where U; = e FP(s + /', X¢n) and ¢/ = © A (it/n). Note that

U —-U_ =¢ ian(s + 7/, Xon) — e_ATin—l FP(s+ 1" |, Xon) + e_A’in—l A;,
where

A =FP(s+1 1 X n) — FP(s + 1" , X ).

Hence

¥4, (OFP , A
Ui —Ui_1 = e T(S—FQ,XT;!)—F(X@)F (S—|—9,Xfin) do +e Ti-1A;.
T

i—1
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It follows from (21) (applied with t = s + 7/ |, s1 = 7" |, and s = 1"), that

W OQFP
A < f — (s + ‘L’in_l, Xp)o (Xg)dWy
L 9x

Y oF”
—|—/ (r(Xg)Fp(s—FTi”_l,Xg) — T(S-F‘L'in_l,Xg)) do.
T

n
i—1

Using the fact that F*, %Llp and the random variable fof r(Xp)dO are bounded, we easily derive
from this inequality that

n

7 dFP
E(4i | Fp,)<E (/ (r(Xg)Fp(s T X) = (s Ty, X@)) do | frinl> .
1

n
‘El._

Introduce the function G : [0, T — ¢) x I x I — R defined by

oFP
G@O,x,y) = ?(G,x) —r(y)F*@, x).

We now have, by conditioning with respect to .7-}{1 ,

n

ti —An
E, (Ui —U;i_1) = Ey (/ e_AeG(S +6, X, Xg)d@) + E, (e il Ai)
i l

n

L5 An Ti”
<E, ( [, ehGere.xy. Xe)d9) - E, (e [ G X, X@d@)
T T

n n
i—1 i—1

n

Tl —A_n
— E; (/ (GG +6. Xop Xo) —¢ "G5 + 7y, Xo, X)) d@) .
T

i
It follows that

By (674 FP(s +1 AT, Xine) = FP(5, X0))
AN — A
<E, (Z/ (G (s +6. Xor, Xo) — ¢ ’f—lG(s+r{’_1,X@,x9>)d9).
i=177"

Due to the continuity of F”, d F* /dt and to the boundedness of the random variable fOT r(Xp)do,
the right-hand side clearly goes to 0 as n — oo. Hence

E, (e—AW FP(s+1AT, XW)) < F(s, x).

Since this is true for any stopping time such that fot r(Xp)do is bounded and r is locally
bounded, we get (22). By taking a sequence (¢;);j>1 of positive numbers such that lim; , o €;

and p; € Dy ((0, &;)) such that fogj pj(s)ds =1, we have
By (€74 FPi(s +1 AT, Xine)) < FPI (5, )

and lim; ., F”/ = F on (0, T) x I and we obtain, in the limit as j — o0, the inequality of
Theorem 7.1 fors € (0, 7T),t € (0, T — ), and also for s € [0, T') by continuity. ¢
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Theorem 7.4. Suppose F : [0,T) x I — R is bounded and continuous and satisfies AF =0
on an open subset U of (0, T) x I. Then, for all (t,x) € U and for any stopping time 6 with
values in [0, T — t), we have

—A ¢
E, (e U F(t 460 AT, XOAT;])) — F(1,%),
where T, = inf{s > 0 | (r + s, X;) ¢ U}.

Proof. We introduce a distance d on [0, T] x R by setting d (&1, &) = max{|t; — 2], |x1 — x2]},
where & = (t;, x;). For ¢ > 0, define

Us={§ €U |dE, U > ¢}

We assume ¢ small enough so that U, # . Now, given p € D4 ((0, €)), with fog p(s)ds =1, we
denote by F” the function defined on U, by

T
FP(t, x) =/ F(t—s,x)p(s)ds, (t,x) € U,.
0

Note that the function F” is bounded and continuous on U, and that its time derivative d F” /0t
is also bounded and continuous on U,. It is easy to check that AFP =0in U,.

Fix (19, x9) € U and § > 0 such that (g — 8, to + ) X (x9 — 8, x0 + 8) C U,. We will use
the notation Vs = (f9 — 8, tg + 8) X (xo — 8, xo + 6). We have, for all ¢ € D((tg — 6§, to + 5)),
¥ € D((xo — 3, x0 + 8)),

—fdtfm(dx)Fp(t,x)w’(t)w(x)+fdt/m(dx)Fp(t,x)EW(x) =0.

This implies (as in the proof of Theorem 7.1) that, for all + € (f9 — 8,7 + &) and for all
Y € D((xo — 3, x0 +9))

o d [y 2 oFP 2r
/F 0o (—>+/( e R (3 ,(x)cht,x)) ¥ (0)dx = 0.
x \p o“p at o°p

This means that, for each ¢t € (t9 — 6, t9 + 8), F”(t, -) solves the equation

d (9FPfoxy
a( p, )_.](7)7

on the interval (xg — §, xo + &), where

2 Pt x) —

) oF°
Jt, x) = (x)W(t,x).

02p/ Gzp/

Using Lemma 7.2, we have

X
FP(t, x) =f prOYM(t, y)dy + k() p(x) + (1),
X0
where M(t,y) = fxyo Jj (¢, z)dz. We deduce from the continuity of F” and d F”/dt that M is
jointly continuous, so that ¢t +— k(¢) and t +— [(f) must be continuous. We also have, for
(t,x) € Vs,

oF”r / /
W(t, x)=p )M, x)+k@)p (x),
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and
32FP 2r ) FP
St = S 0F () - 2(x)—( x) — 2(x) (t %)
dx-almost everywhere. Note that, on Vg, we have LF* = 0 and
32 FP 3
—(t,x) =Y gi(x) i1, x), (23)
i=1

where @; is continuous on Vs and ¢; is locally integrable on 1.

Now, let V be a relatively compact open subset of U,. One can find a finite number of points
(¢j, xj) and positive numbers §;, j = 1, , N, such that V C U —1 V;j C Ug, where V is the
closure of V and V; = (¢; — 6;,¢; + 8]-) X (xj 8j,x; + ;). Now let (a) be a partition of
unity associated with the V;’s, that is a sequence of functions «; € D(V;), with 0 < «; < 1 and
Z;V:l aj =1on V. Let

N
FP(t,x) =Y aj(t.x)FP(t,x), (t.x)€(0,T)x I.
j=l1
We have F? = F” on V. On the other hand, since F” is C! on each V;, with a second derivative
with respect to x of the form (23), with &; continuous on V; and ¢; locally integrable on I, we
have F? € W([e, T — €] x I) (see the beginning of Section 5 for the definition of the space W).
We can apply Proposition 5.2 and write, fore <t < T —¢,5s € [0, T —t — ¢),
A 7 2 S _p, OF°
0 X

s dFP .
+/ C_Aa (7 +£FP) (t +Cl, Xa)da.
0

Now, let !, = inf{s > 0| (t + s, Xs) & V}. Observe that, since (aﬁﬂ/az) +LFP =00nV,we
\%

have
t

A =~ ~ SAT A 81:“'0
e NVEP( s ATy, X)) = Pt Xo) + / e~ (1 + 4, Xo)o (Xa)dWa,
0 X

so that, for any stopping time 6 with values in [0, T — ¢ — ¢), we have
—A
E, (e GAI{/F’O(I—FQ/\‘E‘I/,XQ/\T(/))=F’0(l,)€).

Since V is an arbitrary relatively compact open subset of U, we can replace V by U, in the above
equality, and by taking the limit as & goes to 0, the proof of Theorem 7.1 is easily completed. ¢

We can now prove the following verification theorem, from which uniqueness in Theorem 2.6
follows easily.

Theorem 7.5. Let f be a bounded Borel-measurable function on I and f its upper semi-
continuous envelope. Let T > 0. Suppose F : [0, T) x I — R is a continuous and bounded
function satisfying the following conditions:

1. On (0, T) x I, we have F > f and the distribution AF satisfies AF <0.

2. On the open set U = {(t,x) € (0, T) x I | F(t,x) > f(x)} we have AF = 0.

3. Forall x € I, limyy7 F(t, x) = f(x)
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Then we have

V(t,x) € [0, T)x 1, F(t,x)=us(T —1,x).

Lemma 7.6. Under the assumptions of Theorem 7.5, we have, for s € [0,T) and x € I,

tim, 7 By [F(s 41, X)) = f(X7)| =0.

Proof. We prove the result for s = 0 (the argument is the same for s > 0). We have

E. F X0 = f 0|+ B [0 = foxn)|.

F@ X = fX7)| < E

+ Ex

As we have seen in the proof of Proposition 3.1 (cf. (7)), lim; _, , [,

fx) = fxp|=0.0n
the other hand, if K is a compact subinterval of 7, we have

E. |F(t, X;) — f(X;)

< Exlix,0x) \F(r, X)) — f(Xp)

Using Corollary 8.13 and the boundedness of F and f, we have, for some C, > 0,

+Edixex) |[F X0 = f(X0)

Ed(x,ex) |F(t, X)) = f(X)

<, (1 + ) MK (F ) = Pz

7)
Jt
Since lim; 7 F(t,y) = f (y) for all y € I, we have, by dominated convergence,

lim |[1x (F(z,-) — f =0.

ti)n} [1x (F(t,-) f)||L2(m)
Moreover

Elix, k) |F(t, X)) = F(X)
with C = || F|lco + || f llco- Therefore

<CP:({3Fs € [0, T] | X5 € K}),

limsup E,
t—T

F(t, X0 = f(X7)| < CP.(3s € [0, 71| X, & KD,

The right-hand side can be made arbitrarily small by choosing K large enough. ¢

Proof of Theorem 7.5. According to Theorem 7.1, the condition AF < 0 implies
Vs €10, T),Vt € [0, T —s), E, (e_A’F(s +t, X,)) < F(s, x).

We easily deduce from this estimate, combined with the Markov property, that, given sg € [0, T'),
the process (V;)o<i<7—s,, defined by V; = e~ A F (so + t, X;) is a (bounded) supermartingale.
Therefore, for all T € TTO_SO, E, (e_AfF(so + T, XT)) < F(sg,x), and, since F > f,

E. (e f(Xz)) < F(so, x). Hence
ur(T —so, x) < F(so, x).
Now define the stopping time
t=inf{t >0 (so+1 X;) €U} =inf{t > 0| F(so+1, X;) = f(X))},

with the convention inf § = T —s¢. Since AF =0inU , we deduce from Theorem 7.4 that, for all
e > 0, we have (with the notation 7, = T — sg — ¢), E, (e‘AMTe F(so + 7, Xca1,)) = F (50, X),
so that Ey (Vra7,) = F(s0, x).
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Note that, since (V;)o<;<7—s, 1S @ bounded supermartingale, the limit lim,_,7_g, V; exists
almost surely, and we deduce from Lemma 7.6 that lim; ,7_5 V;, = e Ar f(Xr). Hence

limg 0 Viar, = e_Aff(Xr) a.s. and, by dominated convergence, [E, (e_Aff(XT)) = F(s9, x).
Hence F(sg, x) < vf(T —50,X) =us(T —s0,x). ©

8. Auxiliary results

8.1. Resolvent and semi-group

Proposition 8.1. Let h : I — R be a bounded Borel-measurable function on I and p a positive
number. Denote by U ,h the unique bounded solution of the ordinary differential equation

%az(x)u”(x) + b(x)u' (x) — pu(x) + h(x) =0. (24)

For any weak solution (§2, F, (F1)i>0, Px, W, X) of (1), we have, for all t > 0,

+00
Uph(X;) =E (/ e P h(X;45)ds | .7-}) a.s.
0

Proof. By a solution of (24), we mean a continuously differentiable function u, with an
absolutely continuous derivative u’, such that (24) holds dx almost everywhere. We refer to [8]
for the existence and uniqueness of a bounded solution of (24). If u is this solution, we have,
using the generalized It6 formula,

t t
e Pu(X,;) = u(Xo) -I—/ e Pu' (X))o (Xs)dW; —/ e P h(X;)ds.
0 0

Since u and h are bounded, the stochastic integral on the right-hand side of this equality is a true
martingale, so that, for 0 < 7 < ', we have

t/
e Pu(X,)) =E (/ e P h(X,)ds | ]—“,) +E (e—f’f u(Xy) | ]—"t> :
t
By letting ¢ go to infinity, we derive

+o00 +oo
u(X;) =E (/ e PO R(X,)ds | ]—",) =E (/ e P h(X;4s)ds | }",) as. ©
t 0

We now define, for a Borel-measurable and bounded f : I — R,

P f(x) = Ex f(Xy),

where X is a weak solution of (1). The following proposition relates P; to the operators U,
p > 0.

Proposition 8.2. For p > 0, let V, = pU,, where the operator U, is defined in Proposition 8.1.
For t > 0 and for any bounded and continuous function f : I — R, we have

Vxel, Pif()=lim (Vo) f(0).
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Moreover, for any weak solution (2, F, (Fi)i>0, P, W, X) of (1), we have, fort,t" > 0,
P f(Xy) =E (f(XH—t’) | ft’) a.s. (25)
Proof. We first observe that if py,..., p, are n positive numbers, we have

Up, .. Up, f(Xn) = / dsy .. 'dsne_(p1S1+m+pnsn)E (f(Xt+sl+---+sn) | ft) a.s.,

n

as follows from Proposition 8.1 and a straightforward induction. We deduce thereof that, for
t,t' >0,

( n/t) f(Xy) —f e /!

R !

%...e_t"/td%E (f (Xt+f1+ +fn> |ft’) (26)

Take t' = 0, so that (Vn/t)n f(x) = EPr+.1, f(x), where Ty, ..., T, are independent

exponential variables with mean ¢, and note that, if f is continuous, t +— Py f(x) is continuous.
Therefore, by the law of large numbers lim,,_, 5 ( f /,) f(x) = P;f(x). Going back to (26),
and taking limits as n goes to infinity, we get (25). <

Remark 8.3. By taking expectations in (25), we have the semi-group property: P, f =
Py P; f, for f bounded and continuous, and, by a monotone class argument, for f bounded
and Borel-measurable.

Remark 8.4. By a monotone class argument, (25) can be extended to all Borel-measurable and
bounded functions f. We also deduce from this property that for any Borel subset A of the space
of all continuous functions on 7/, we have P(X € A | ;) = P(X € A | .7:ZX) a.s., where ]-"tX
is the o-algebra generated by the random variables X, 0 < s < t. Since the filtration (F;);>0
satisfies the usual conditions, it follows that the completion of the filtration (FX),>¢ is right-
continuous, so that j’-"lX and }",0 coincide, up to negligible events. As a consequence, we have the
zero—one law: P, (A) € {0, 1} forall A € f-g.

8.2. Randomized stopping times

Definition 8.5. Let ({2, F, (F;)i>0,P) be a filtered probability space. A randomized (F;)-
stopping time is a mapping 7 : {2 x [0, 1] — [0, 4+00], which is a stopping time on the filtered
probability space ({2 x [0, 1], F ® B, (F; ® B);>0, P ® A), where B is the Borel o-algebra on
[0, 1], and A is the Lebesgue measure on [0, 1].

Proposition 8.6. Let (12, F, (F;)i>0, Px, W, X) be a weak solution of (1). Denote by (.7:"0),>0
the completion of the natural ﬁltratlon of X. For any (F;)- -stopping time T, there exists a
randomized (F, FOy. -stopping time T, such that the palrs (T, X) and (T X ) have identical laws,

where X is the process defined on {2 x [0, 1] by Xt (w, u) = X;(w).

Proof. This is a classical result. A proof can be found in [1]. Since this reference is not easily
accessible, we sketch the proof. First, note that, for r > 0, the event {T < ¢} is conditionally
independent of fo)g, given ]—"tX (where F, o}g is the o -algebra generated by all the random variables
X;,t > 0).Indeed, if A is a Borel-measurable subset of C(R™; ), we have, with probability one,

E (Lrenlien | FY) =B (Lr<n | FY) E (Lxen | 7)),
ascanbe seenusingP(X e A | F;) =P(X € A | }"tX) (cf. Remark 8.4).
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Now, if 0 < s < t, we have
E(E (1r<nlF) 1 7Y) 2 B (E (L=l FY) 1 7Y) =B (1 | 7).

This proves that the process [E (1{T§t}|-7:tx)]t>()

tration (.7:;0)20. Since its expectation (equal to P(T < t)) is a right-continuous function of

is a submartingale with respect to the fil-

t, this process has a right-continuous modification, which we denote by A;. The process A
is in fact non-decreasing. Indeed, we have A; = E(I{Tft}lftx) > E (I{Tss}lftx) a.s., and
E (Lir<s|F¥) = E (Lir<|F)) as., because {T < s} is conditionally independent of F;*
given FX. Now, define, for (w,u) € 2 = 2 x [0,1], T(w,u) = inf{r > 0|A;(®) > u}
and U(w, u) = u. Note that we can embed the space {2 into fZ, and that the random variable
U is independent of F, when ({2, F ® B) is endowed with the probability P ® A. We have
{f’ <t}={A;, > U} e ]:",0 ® B and E (1{f<t} | .7:'[0) = Ay, because U is independent of]:'to.

Hence, for ¢ > 0 and for any Borel-measurable subset B of C(R™; I),
E (l{fgt}l{f(eB}> =K (Atl{XeB})
= E(E (1ranlixen|FY)) =E (Lrzilixen).
where we have used the fact that {T < ¢} and X are conditionally independent given }",X .0

Remark 8.7. Let (£2, F, (F1)i>0, P, W, X) be a weak solution of (1) and let 7 be an (F;)-
stopping time, and T be a randomized (f?)—stopping time as in Proposition 8.6. For a fixed
uel0,1],letT, = f’(-, u). Clearly, T, is an (f?)—stopping time and, therefore is almost surely
equal to an (f?)-stopping time. Moreover, if T takes on values in [0, 7] (resp. [0, t)), the same
is true for 7, with probability 1. It follows that, for any Borel-measurable and bounded function
fiI — R,wehave Ex(f(X7,)) <up(t,x) (esp. Ex(f(X7,)) <vp(t,x)if T € 7y (resp. T €
7;). Since E,f(Xr) = fol Ey(f (X7,))du, we conclude that supy o7 Ex (f (X7)) < uy(s, x) and
supyeq B (f(X1)) < vy (1, x).

8.3. Symmetry with respect to the speed measure

Proposition 8.8. Let g,h : I — R be bounded Borel-measurable, which vanish in the
complement of a compact subset of 1. We have, for all p > 0,

B B
fg(x)Uph(x)m(dx):f h(x)U,g(x)m(dx).

o

Proof. It is well known (cf. [8]) that the ordinary differential equation %az(x)u” (x) +

b(x)u'(x) — pu(x) = 0 admits two fundamental positive solutions ¢, and ¥, with ¢, strictly
decreasing and v, strictly increasing and that, with a suitable normalization of ¢, and ¥, U,h
can be represented as follows:

X B
Uph(x) = ¢y (x) / U (WRIMAY) + iy (x) / 6, (Mh(Imy), x e l.
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An equivalent formulation of this representation is
o (X)Yp(y), ifx =y,
PoWMYp(x), ifx <y.

Note that u, is continuous and positive on / x I, and that u,(x, y) = u,(y, x). The proposition
follows easily from this symmetry property. ¢

B
Uph(x) = / h(y)u,(x,y)m(dy), whereu,(x,y) = {

Proposition 8.9. For t > 0, the operator P, can be extended as an operator mapping L*(m)
into itself and we have, for f, g € L*(m),

(P f,8)r2umy = (fs Pr8) 12(m)>
where (-, ) 12, denotes the inner product on the Hilbert space L2(m).

This can be deduced from Proposition 8.8 by standard arguments. We omit the proof.

8.4. Regularity estimates

Proposition 8.10. We have the following estimate, for h non-negative, bounded and square
integrable with respect to the speed measure, and for all p > 0.

Prd 2 dx )
(GO ) o5 = e Ugh) 2y = p1U 2

Proof. Fix p > 0 and, for simpler notation, set u = U,h. The differential equation satisfied by
u can be rewritten as follows

d [u 2 2
o\ ) Py T, =0
Multiplying by u and integrating from a; to by, where « < a1 < b1 < 8, we get

b] d / bl
/ o (u—,) (Xu(x)dx = f (,Ouz(x) - h(x)u(x)> m(dx).
a X \ P ajy

1

By integration by parts, we have

/bl d (u) uody = L eV wauta) /bl W ))?

Codx \p/ p'(br) p'(ar) P
Hence
b dx b u' (buby)  u'(anu(ar)
/ 2 — h _ 2 d _ )
L Oy =, e e /()

We know that we can write, for x € 1,

X B
u(x) = 6 (x) f RO (M) + ¥ (x) f B (m(dy),

where ¢ is positive and strictly decreasing and  is positive and strictly increasing. Now assume
that 4 is null outside a subinterval [«g, Bo], with @ < g < Bg < B. Then we have, for a; < «y,

Bo Bo
u(ar) = v(a) / h$Im@dy) and u'(ar) = ¥ (a) / () (m(dy),
o 200]
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so that u(a;) > 0 and u'(a;) > 0, and, by a similar argument, for by > By, u(b;) > 0 and

u'(b1) < 0. Hence fabll (' (x))? p‘,j(fc) be (hu — pu?)dm. Note that, with our assumptions on /,

we have h € L2(m) and u € L?(m) and, by making a; — « and b1 — B, we obtain

B . 5 dx B )
/ W@y < f (hu — puPydm.

We have assumed that 42 was null outside a subinterval [«g, Bo]. For an arbitrary bounded, Borel-
measurable and non-negative &, we can approximate 4 by an increasing sequence of functions
h,, which have compact supports, and extend the inequality by approximation. ¢

From the estimate for the resolvent given by Proposition 8.10, we can derive the following
estimate for the semi-group P; (where Py f(x) = E, f(X;)). This estimate seems to follow from
a formal integration by parts (see Remark 8.12), but, for a complete justification, we found it
easier to deduce it from Proposition 8.10.

Theorem 8.11. If h is non-negative, square integrable with respect to the speed measure, the
function x — P:h(x) is absolutely continuous on («, B) and its derivative satisfies

Brd 22dx 1,
/ (amh)(x)) e A @7

Proof. We first observe that the set L%r (m) of all non-negative functions in L?(m) is stable under
U,. By iterating the estimate of Proposition 8.10, we get, for h € Li(m) and for any positive

2
integer n, faﬁ (%U;’h(x)) % < (U/’g_lh — pUgh, Ugh)Lz(m). In terms of the operator
V, = pU,, we obtain

p d n 2 dx n—1 n n
(e ) s = eV = Vi Vi, (28)

We deduce from Remark 8.3 and Proposition 8.9 that the family of operators (FP;);>¢ defines
a strongly continuous and symmetric semi-group on the space L?(m). Therefore, it admits
a spectral representation P = f[o +00) e '*dE,, and the operator V, can be represented as
V, =

f [0.+00) 7 +A —t—dFE,. With this representation, we have

PV h = VIR VIR 20y = plh = Vo, V2" 1) 2

2n—1
A
= f IO IO <dEkh’h>L2(m)
[0,400) P +A \p+2A

2n—1
Now, take p = n/t. We then have ,o—i/-)k (p’ﬁ) <
1A )12

and, going back to (28),

~ |—

" . Hence % (h — V,;h, fot_lh)Lz(m)

St2n 1 L2(m)’

, P/ d 2 2dx _1
lim sup . n/th(x) ox ) < || ||L2(m) (29)
o

n—odo

Now, fix + > 0 and assume /% is continuous and bounded. For n > 1, Let v, = Vrf/th. We
know that v, is continuously differentiable on / and that, for x € I, lim,_, » v,(x) = Pih(x)
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(cf. Proposition 8.2). It follows from (29) that the sequence (v} ),>1 is bounded in Lz(dx /p).
Therefore, P;h must be absolutely continuous and its derivative satisfies (27). We have proved
(27) for h continuous and bounded. The extension to & € Li(m) follows from a straightforward
approximation argument. ¢

2./
Remark 8.12. Using the expression Lou = &2 & (% g—z) for the generator of the semi-group,

1 du

we have (Lou, u)2¢,y = f f % (7 ﬁ) udx, so that, at least for a function # with compact

2
support, ff # (gx—”) dx = —(Lou, u)r2(m)- By applying this with u = P:h, we would be
able to deduce (27) from the classical estimate || Lo P;h|| 2m) = (C/O|ll L2, However, the
justification of the integration by parts in the case u = Pyh does not seem completely obvious.

Corollary 8.13. If h : I — R is non-negative and square integrable with respect to the speed
measure, we have, for o < og < By < B, x € [, Pol and t > 0,

1 N v p(Bo) — P(Oto))
~m([ao, Bol) NG .

Ph(x) < l1hll 20, (

Proof. Set g = ml[ao,ﬁo]- Since fgdm = 1, we have, for x € [«g, Bol,

Pih(x) = /Pth(y)g(y)M(dy)Jr/(Pth(X) — Pih(y)) g(y)m(dy)

Bo
_ f h(y) Prg(»m(dy) + /

0]

( f P/h(z)dz) g(y)m(dy)
y

Bo
< Wl 2 18 220my + f P/h(2)| dz.

0]

where we have used the symmetry of P; with respect to m and the notation P/h for %(P,h).

By writing P/h as the product (P/h/ \/? ) X \/? , using the Cauchy—Schwarz inequality and
Theorem 8.11, we easily conclude. <
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