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GEOMETRIC LOCAL THETA CORRESPONDENCE FOR DUAL REDUCTIVE
PAIRS OF TYPE II AT THE IWAHORI LEVEL

BANAFSHEH FARANG-HARIRI

ABsTrRACT. In this paper we are interested in the geometric local theta correspondence at the
Iwahori level for dual reductive pairs (G, H) of type II over a non-Archimedean field of charac-
teristic p # 2 in the framework of the geometric Langlands program. We consider the geometric
version of the Iy x Ig-invariants of the Weil representation STH *IG as a bimodule under the of
action Iwahori-Hecke algebras H, and H, and we give some partial geometric description of
the corresponding category under the action of Hecke functors. We also define geometric Jacquet
functors for any connected reductive group G at the Iwahori level and we show that they commute
with the Hecke action of the H, -subelgebra of H; for a Levi subgroup L.

Keywords—geometric representations theory, local theta correspondence, Iwahori-Hecke alge-
bra, perverse sheaves, affine flag varieties.
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1. INTRODUCTION

Let k be a finite field Fy of characteristic different from 2, let F = k((t)) and O = k[[t]]. All
representations will be assumed to be smooth and will be defined over Q,, where ¢ is a prime
number different from the characteristic of F'. The basic notions of the Howe correspondence from
the classical point of view have been presented in [MVW87], see also [Kud86]. Let (G, H) be a
split dual reductive pair in some symplectic group Sp(W) over k and let SA’;)(W) be the metaplectic
group which is the twofold topological covering of the symplectic group Sp(W). Let S be the Weil
representation of %(W) Assume that the metaplectic cover SA';)(W) — Sp(W) admits a section
over G(F) and H(F). Then the local theta correspondence (known also as Howe correspondence) is
a correspondence between some class of representations of G(F') and some class of representations of
1
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H(F). It is well-known that Howe correspondence realizes Arthur-Langlands functoriality in some
special cases. From the classical point of view, we refer to [Ada89], [Art84], [Kud86] [Ral82] and
from the geometric point of view, we refer to [Lys11], [FH13]. It is of great interest to understand the
geometry underlying the Howe correspondence and establish its analogue in the framework of the
geometric Langlands program (see [FGO06], [Bez|, [LL09]|, [Lys11], [FH13|). The unramifed geometric
Howe correspondence for dual pairs (Sp,,,, SO2,,) and (GL,, GL,,) has been studied in [Lys11].
One of our motivations is to extend the results of [Lys11| to the Iwahori (tamely ramfied) case in
the geometric setting and complete the description of the Howe correspondence for dual reductive
pairs of type II already initiated in [FH13]. This will be a new step towards proving the relation
between Howe correspondence and Arthur-Langlands functoriality conjecture for dual reductive
pairs of type IT announced in [FH12, Conjecture 1.2| already proved for dual pairs (GL1, GL,,) for
all m > 1.

In the sequel we will restrict ourselves to the dual reductive pairs of type II. More Precisely,
let Lo (resp. Up) be a n-dimensional (resp. m-dimensional) k-vector space with n < m, and let
G = GL(Ly) and H = GL(Up). Denote by II(F) the space (Uy® Lo)(F) and S(II(F)) the Schwartz
space of locally constant functions with compact support on II(F'). This space realizes the restriction
of the Weil representation to G(F) x H(F). According to Howe and [Min08|, we know that the
Howe correspondence associates to any smooth irreducible representation = of G(F') appearing
as a quotient of the restriction of the Weil representation a unique smooth irreducible non-zero
representation of H(F'), denoted by 6y, ., (), such that m ® 6, ,,(7) is a quotient of the restriction
of the Weil representation to G(F') x H(F).

One of the most interesting classes of representations to be considered for the study of the Howe
correspondence is the class of tamely ramified representations. A representation of G(F) is said to
be tamely ramified if it admits a non zero vector fixed under an Iwahori subgroup Is of G(F).
Let us consider the functor sending any tamely ramified representation V' of G(F') to its space of
invariants V/¢ under Ig. Then, the latter is naturally a module over the Iwahori-Hecke algebra
Hi,. According to [Bor76, Theorem 4.10] this functor is an equivalence of categories between the
category of tamely ramified admissible representations of G and the category of finite-dimensional
modules over Hy,. Moreover, this functor is exact over the category of smooth representations of
G(F). In the tamely ramified case, we can interpret the Howe correspondence in the language of
modules over Iwahori-Hecke algebras. The space S(II(F))!/#>1¢ of [y x Ig-invariants in the Weil
representation S(II(F')) is naturally a bimodule under the action of Iwahori-Hecke algebras Hy,,
and Hj, . We would like to understand this module structure by geometric means. The geometric
analogue of the Schwartz space S(II(F))!#>*1¢ and the action of Iwahori-Hecke algebras of G' and
H on it have been already constructed in [FH13, §3]. Namely, in the geometric setting the space
S(I(F))t#*Ie is the category Pr, x1. (II(F)) of Iy x Ig-equivariant perverse sheaves on II(F), its
precise definition involves some limit procedure. Denote by Dy, x 1, (II(F')) the derived category of
t-adic Iy x Ig-equivariant sheaves on II(F') constructed 1n [FH13] The action of Iwahori-Hecke

algebras is geometrized to an action of Hecke functors H ¢ and H u. Denote by Flg the affine
flag variety of G and by Pr,(Flg) the category of Ig-equivariant perverse sheaves on Flg. These
Hecke functors define an action of Py, (Flg) and Py, (Flg) on Dy, « 1, (II(F')). This geometrization
has actually been done in a more general setting of any dual reductive pair and at the level of
derived categories in [FH13]. While in [FH13, §7] we gave an explicit description of the bimodule
Pr,, <1 (II(F)) in the case of n = 1 and m > 1, in this article, we obtain some partial results towards
the description of the category Py, « 1. (II(F)) as a module over the Hecke functors for any n < m.
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One of the key steps in [FH13] is the description of the simple objects of the category Py, « 1. (II(F'))
that we will use in this paper. Let us recall this result. Let .S, ,, denote the set of pairs: a subset
I, C {1,...,m} of n elements and a bijection s : Iy — {1,...,n}. For N,r two integers such that
N +7>0,let Iy, =t NI/#"II. Fix a maximal torus 7 in G and a Borel subgroup B containing
T. Denote X¢ the lattice of cocharacters of T'. For each pair (A, s) in X¢g X Sy, m, we have introduced
some subvarieties I, . in Iy, for IV, 7 large enough and we obtained the following result [FH13,
Theorem 6.6]: the simple objects of the category Pr,« 1. (II(F)) are parametrized by X¢g X Sy, m.
For any element w = (A, s) in X¢ X Sy m, the irreducible object of Py, «1., (II(F')) indexed by w is
the intersection cohomology sheaf I of Il . for N,r large enough. We also introduced the objects
"', which are extensions by zero of the constant perverse sheaf under 1y, < Uy, Our aim is
to understand as possible as we can the action of Hecke functors on these simple objects.

Summary of results. We construct a filtration on the category Pr, x1.(II(F)) compatible
with the Hecke functors which enables us to control this action. We study some submodules of
Pr,, <1, (II(F)) and give a precise description of those under the action of Hecke functors. Particu-
larly we construct the geometric version of the first term of Kudla’s filtration and we show that it
can be identified with the induced representation from a parabolic subalgebra of Hy,, by geometric
means. Kudla’s filtration is a key ingredient in the study of Howe correspondence for dual pairs of
type II in the classical setting [Min08]. It is also used in the study of Howe correspondence for dual
reductive pairs of type I by Kudla [Kud86].

We also construct a geometric version of Jacquet functors of the Weil representation at the Iwahori
level and show that they commute with the Hecke action of the subalgebra H;, of Hj, for some
Levi subgroup L. The Jacquet functors of the Weil representation have been studied in the classical
representation theory by Kudla [Kud86] and Rallis [Ral82] at the unramified level. A part of these
classical results at unramified level have been already geometrized in [Lysl1]. Our construction is
an extension of geometric Jacquet functors at the unramified level obtained in [Lys11, Corollary 3]
to the Iwahori level. In [Lys11], one of the key results used to prove the commutativity of the Hecke
actions and Jacquet functors is the hyperbolic localization functor of Braden introduced in [Bra03].
There is another construction of geometric Jacquet functors in the case of real reductive groups
due to Emerton-Nadler-Vilonen using D-modules and nearby cycles on the flag variety [ENV04].
Although the construction in [ENVO04] is done in an algebraic way, the underlying geometric in-
terpretation is explained in [ENV04, §5] and relies on the hyperbolic localization used in [Lys11] .
THis is also the case in our construction and can be seen in Corollary 5.10.

Let us briefly discuss how the paper is organized. In section 3, assuming n < m, we introduce a
filtration on Pr, x 1, (II(F")) indexed by Z and show that it is compatible with the natural grading
of Pr.(Flg) given by the connected components of Flg and by the action of Hecke functors.
This filtration on Py, 1, (II(F)) is expected to be compatible with the filtration already studied
on the conjectural bimodule K(X') in [FH13, §8] describing the geometric local Arthur-Langlands
functoriality at the Iwahori level for some map between corresponding dual Langlands groups.

Consider the element w = (0, (I,wy)) € Xg X Sp,m, where I = {1,...,n} and wo : I — {1,...,0}
is the longest element of the finite Weyl group of G. We obtain some results on the submodule
in Py, <1, (II(F)) generated by Z%° (resp., Z""). In subsection 4.1, we consider the case n = m.
The submodule in Dy, 1, (II(F)) generated by Z%°' over Pj(Flg) is free of rank one (and is also
preserved by Pr,, (Fly)). We also precise an equivalence of categories & : Pr, (Fly)= Pi,(Flg)
which defines at the level of functions an anti-involution of the Iwahori-Hecke algebras Hj, and
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‘Hr1, . By means of this equivalence we relate the actions of Hecke functors for H and G on the
submodule generated by Z%° (resp. Z%°'). In subsection 4.2, we assume n < m and we consider the
submodule O in the Grothendieck group K (D, x1,(II(F))) of Dy, x1o(II(F))) under the action
of K(P,(Flg)) generated by the elements Z#, where I, runs through all possible subsets of n
elements in {1,...,m}. We show that the submodule © is free of rank C, over K (Pr,(Flg)). The
elements 7 form a basis of this module over K (Pr, (Flg)). The submodule © is a key object in the
proof of the classical Howe correspondence. It is indeed the first term of the Kudla’s filtration defined
over the Weil representation in [MVW8T7]. The considerations in this subsection are essentially on
the level of Grothendieck groups, we formulate them on the level of derived categories however when
this is possible. Let Sy be the Qg-subspace of K (Dy,, x 1, (II(F)) ® Q, generated by elements of the
form Z(*wo)' where w runs through AW/G the affine extended Weyl group of GG. The space Sy is a
free module of rank one over Hj,. We consider the standard Levi subgroup M of H corresponding
to the partition (n,m — n) of m and we recall briefly the construction of the subalgebra Hj,, of
the Twahori-Hecke algebra Hp,, and some properties according to [Pra05]. Then we endow Sy with
a right action of H,, and by parabolic induction we construct an induced module. We obtain the
two following results: The space Sy is a submodule of K (D, (II(F))) ® Q, for the right action
of Hr,,. The adjunction map a : S @, Hi, — STuxIe(TI(F)) is injective and its image equals
© ® Q. In the rest of this subsection we show that the action of the Iwahori-Hecke algebra of the
factor GL,, of M identifies with the action of H;, via the anti-involution & defined in Theorem
4.11. The action of the Iwahori-Hecke algebra of GL,,_,, is by shifting by [—¢(w)], where ¢ denotes

the length function on Wg.

At last in section 5, we construct a geometric analogue of Jacquet functors of the Weil representation
in the Iwahori case. These functors are a key step in the geometric proof of the Howe correspondence
in the unramified case in [Lys11]. Moreover, we prove that they are compatible with the Hecke action
of the Hj, -subelgebra of Hy,. We also show that they preserve pure perverse sheaves of weight
Zero.

In Appendix 6 we recall the construction of Hecke functors from [FH13] and in Appendix 7 we
present a complete calculation of the Hecke functor corresponding to H in the special case of
objects ZH.

Acknowledgement: The author would like to thank her advisor Sergey Lysenko for initiating
her to this subject and sharing his insights and ideas and also acknowledge support from DFG
International Research Training Group GRK1800 Moduli and automorphic forms.

2. NOTATION AND SETUP

Let k be an algebraically closed field of characteristic p > 2 and let F' = k((¢)) be the field of
Laurent series with coefficients in k and O = K|[[t]] be its ring of integers. Denote by ¢ a prime
number different from p. Let Lg (resp. Up) be a n-dimensional (resp. m-dimensional) k-vector space
with n < m, and let G = GL(Lg) and H = GL(Uy). Denote by {es,...,e,} the standard basis of
Lo and {uq,...,un} the standard basis of Uy and {u],...,u},} its dual basis. Denote by II(F') the
space (Up ® Lo)(F) and S(II(F)) the Schwartz space of Q-valued locally constant functions with
compact support on II(F). Let T (resp. Ty ) be the standard maximal torus of diagonal matrices in
G (resp. H) and Bg (resp. By) be the Borel subgroup of upper triangular matrices containing T
(resp. Tyr). Denote by I (resp. Iy) the Iwahori subgroup of G(F') (resp. H(F')) corresponding to the
standard Borel subgroup B¢ (resp. By). Denote by (Xg, R, X, R, A) the root datum associated
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with (G, Tg, Bg). Throughout this article we denote by X the characters of T and X denotes
the cocharacter lattice of T¢. The set R is the set of roots and R is the set of coroots and Ag is
the basis formed by simple roots. If there is no ambiguity we will omit the subscript ¢. We denote
by W¢ the finite Weyl group associated with the root datum (Xc;, R, X¢, R). Let WG be the affine
extended Weyl group which is the semi-direct product Wg X Xg. Denote by ¢ the length function
on Wg. Let Xar be the set of dominant elements in X¢.

For any scheme or stack locally of finite type over k, we denote by D(S) the bounded derived
category of constructible Q,-sheaves over S. Write D for the Verdier duality functor and we denote
by P(S) the full subcategory of perverse sheaves in D(.S). Denote by K(P(S)) the Grothendieck
group of the category P(S). Let X be a scheme of finite type over k. For Z a smooth d-dimensional
irreducible locally closed subscheme of X and ¢ : Z — X the corresponding immersion, we define
the intersection cohomology sheaf (IC-sheaf for short), IC(Z) as the perverse sheaf iz, (Q,)[d].

Assume temporary that the ground field k is the finite field F,. Denote by H;., the Iwahori-Hecke
algebra of G which is the space of locally constant, Ig-bi-invariant compactly supported Q,-valued
functions on G(F') endowed with the convolution product. There are two well-known presentations
of this algebra by generators and relations. The first is due to Iwahori-Matsumoto [IM65] and the
second is by Bernstein in [Lus89] and [Lus83]. We will use the second one.

Denote by Gr¢ the affine Grassmanian associated with G. The G(O)-orbits on Grg are parametrized
by Wg-orbits in X and for a given \ in Xg, the G(O)-orbit associated to Wg.\ is G(O).t}
denoted by Grg, where t* is the image of ¢t under the map A : F* — G(F). The Ig-orbits on Grg
are parametrized by cocharacters A in X¢g. For any A in X, denote by O* the Ig-orbit through
t*G(O) in Grg and by O its closure. Each orbit is an affine space. The category Pg(0)(Grg) of
G(0O)-equivariant perverse sheaves on Grg is endowed with a geometric convolution product making
it a symmetric monoidal category [MVO07]. Denote by Flg the affine flag variety associated with
G and denote by Py, (Flg) the category of Ig-equivariant perverse sheaves on Flg. The category
Dy, (Flg) is endowed with the geometric convolution denoted by x, (see [Gai0l]), and we have
K(PIG (]:lG)) ® QZ:/)HIG'

Let R be a k-algebra. A complete periodic flag of lattices inside R((¢))™ is a flag
LyCLyCL;C...

such that each L; is a lattice in R((t))", each quotient L;;1/L; is a locally free R-module of rank
one and L4 = t~'L; for any k in Z. For 1 < i < n, set

Air = (@1t Rl[t]]le;) @ (B4 Rl[tlley).
For all 7 in Z, we set Aj1pn,r = t_lAi’R. This defines the standard complete lattice flag
ALrRCANRrRCMRC...
denoted by Ao g in R((t))". For any k-algebra R, the set Flg(R) is naturally in bijection with the

set of complete periodic lattice flags in R((¢))” and is an ind-scheme.

Assume that k is finite. For any w € AW/G we will denote the Schubert cell Iqwlg/Ig by FI§. It
is isomorphic to AY "), For w € Wg, denote by j,, the inclusion of Fi¢ in Flg, and let L,, =
JusQ[l(w)](£(w)/2) be the IC-sheaf of Fi&. We write Ly = juQ[(w)](€(w)/2) and L. =
JuwxQq[l(w)](£(w)/2) for the standard and costandard objects. They satisfy D(Lq.) = Ly. Remark
that in the notation of L, and L. we wrote the Tate twists as we assumed that we are working
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on a finite field. To any element G in P (Flg) we attach a function [G] : G(F)/Ig — Q, given
by [G](x) = Tr(Frs,G.), for x a point in G(F)/Ig and Fr, is the geometric Frobenius at x.
The function [G] is an element of the H;.. In particular [L,,] = (—1)5("’)q;1/2Tw and [Ly.] =
(—l)z(w)qi/ 2 7;_11, where ¢, = ¢/ . Here T,, denotes the characteristic function of the double
coset Igwlg. Remark that in this paper as we will work over an algebraically closed field, we will
forget the Tate twists. The map sending A to Lyx,, for any A in X ér extends naturally to a monoidal
functor
R(T) — Dy, (Flg).

The image of A\ under the above functor is usually called a Wakimoto sheaf. There are two conven-
tions for defining the Wakimoto sheaves. The first convention is due to Bezrukavnikov in [AB09]. We
will use the convention due to Prasad in [Pra05| by letting © = Lyx for A dominant and ©y = Lx-
for A anti-dominant. In any case Wakimoto sheaves verify the following: A € X, if A = A\ — Ay where
A; are dominant for ¢ = 1,2, then ©) ~ O,, x ©_,,. According to [AB09, Theorem 5], these are
actually objects of the category Py, (Flg) (a priori they are defined as objects of the triangulated
category Dy, (Flg))).

As mentioned above the space S(II(F))!#*{¢ is naturally a module over Iwahori-Hecke algebras
Hi, and Hy, of G and H. The action is defined by convolution. The geometric analogue of the
(H1g, Hr, )-bimodule S(II(F))!#*1¢ is constructed in [FH13, §3] that is the category Pr, « 1. (II(F))
of I'y x Ig-equivariant perverse sheaves on II(F) in the derived category Dy, « 1. (II(F')) under the
action of the two Hecke functors:

He Pr.(Flg) x Dryxie(I(F)) — Dryxre (IL(F))
and
Hy : Pry(Flig) x Diyrg (1(F)) — Dyyyero (T(F)).

For the sake of the reader, we recall briefly the construction of these Hecke functors in Appendix 6
following [FH13]. The goal is to understand these two Hecke functors as much as possible.

For any two integers N, 7 such that N + 7 > 0, let Iy, = t~VII/t"II. Let U* be the dual of U. A
point v in II(F) may be seen as a O-linear map v : U* — L(F). ForvinIly ,, let U, , = v(U*)+¢" L.
Then U, is a O-module in L(F') and may be seen as a point of Grg. Let @1 = (1,0...,0) be the
highest weight of the standard representation of G, let wy be the longest element of the finite Weyl
group Wg. For A € X such that for any v in Wg. A

(2.1) (v,1) <r and (—v,01) <N,

let Iy, C Iy, be the locally closed subscheme of v € Iy, such that U, , lies in Igt*"G(O).
According to [FH13], the H(O) x Ig-orbits on IIy, parametrized by elements X in X satisfying
(2.1) are exactly IIy ,. Let Sy, ., be the set of pairs (s, I,) such that I, is a subset of {1,...,m} of
n elements and a bijection s : Iy, — {1,...,n}. Let w = (A, s) € Xg X Spm, where A = (a1, ..., ay)
and assume a; < r for all i. Denote by H}‘\’,’T the I'g X Ig-orbit on Il , through the element v given
by

v(uf) =t%iey forie I
(2:2) { v(uf) =0 for i ¢ I.

The closure of Il . in Iy, will be denoted by ﬁ%,r' The simple objects of Pr, 1. (II(F)) are
parametrized by X¢g X Sy, [FH13, Theorem 6.6]. For any element w = (A, s) in Xg X Sy, the

simple object of Pr,, x 1, (II(F)) indexed by w is the intersection cohomology sheaf 7 of ITf; = for
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N, r large enough. The object of Pr,, x1.(II(F)) so obtained is independent of N, r, so our notation
is unambiguous. We denote Z%' the objects which are extensions by zero of the constant perverse
sheaf under the inclusion I . < Iy .

3. FILTRATION AND GRADING

In this section, we construct a filtration on Py, x 1. (II(F)) indexed by Z. There is a natural grad-
ing of Py, (Flg) given by the connected components of Flg. We will show that the filtration on

Pr,, <1, (II(F)) is compatible with the grading on Pj,(Flg) and Hecke functor Eg. This enables
us to control the action of the Hecke functors on the category P, « 1, (II(F)).

Denote by 71 (G) the algebraic fundamental group of G which is formed by the elements of length
zero in the affine extended Weyl group of G. The connected components of Grg and Flg are indexed
by 71 (G). This yields a following natural grading

B P (FiE) = Pre(Fla).
peni(G)

Denote by w,, the character by which the group G acts on det(Ly), i.e. &, = (1,...,1). We may iden-
tify 71 (G) with Z via the map 6 — (0, w,,). This grading is compatible with the convolution product
on Dy (Flg). There is also a grading H}_, k € Z of the Iwahori-Hecke algebra H,, see [Lus89).

Besides the isomorphism between K (Pj(Flg)) ® Q, and H;. becomes a graded isomorphism.
For an integer a in Z, let Filt® be the full subcategory in Pr, 1. (II(F)) defined as the Serre

subcategory generated by the objects Z%, where w = t*7 are elements of X¢g X S, ,, satisfying
(A, Wpn) > a. This defines a filtration on the category Pr, <1, (II(F)) indexed by Z.

Let w = t*r and u = t“v be two elements in X x Sp,m- The condition that oy, lies in the closure
of Iy ,. implies that (, @n) > (X, @p). Indeed, for any point v of Iy ., the dimension of U, ,./¢t"L
can only decrease under specialization. For the orbit II}, | lying in the closure of I}y, the number
(i, @n) can be arbitrary large. This number depends on r is not uniformly bounded.

Lemma 3.1. Let wy = t* 7, and we = t>‘27'2, be two elements in Xg X Sy m. Fori=1,2 choose
two integers N; and r; such that the following conditions are satisfied : for any v € Wg;

<l/, (.D1> <r, <l/, (.D1> <o, and <—l/, (.Z)l> < N;.
Let v be an element in H}’\’[;Tz C II, », and glg be an element in ]—'lgl. Fori=1,2 let u; be a
dominant cocharacter lying in WagX;. Then there exists a cocharacter i smaller than or equal to
w1 + po such that gv belongs to 11, . 4p,.

Proof. The lattice U, ,, = v(U*) + "L lies in O** C Gri?. Thus g(U,,,) lies in gO*2. Since
gG(0) € O C Grl!, we have

It G(O)2G(0)/G(0) C Gria T
and this implies the assertion. O
Proposition 3.2. Let wq = t*7, and wy = t*2 1y, be two elements in X¢g X Sp,m. Fori=1,2
choose two integers N; and r; such that the following conditions are satisfied : for any v € Wg;
(v,an) <y, (v,w1) <o, and (—v,w1) < N;.

Then He(Luw,,T%) lies in Filt® with d = (A1 + Ag, o).
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Proof. The sheaf 72 is the IC-sheaf of the orbit IIy? which is a subscheme of IIy, ,,. In the
notation of Appendix 6, we have Fi5' C o Fla- Choose r > r{ +r9 and s > Ny + ro. The space
Hn,,r, X Fl&t is the scheme classifying pairs (v, gl¢), where gl is in FI&' and v is in ¢~ V2 gIT/¢"11.
We have the following diagram

Tr o jwr ACtes
HN1+N2,T HN27T2X}—ZG1 KS\(HNz,m)a

where 7 is the projection sending (v, glg) to v. Let Z%2 ngl be the twisted exterior product of
Z%2 and L, over Iy, ., xFI5' which is normalized to be perverse. Then by definition

He(Lu, , T%) —Sm(T"*KLy,).

S
such that U, , lies in O*. The part of the fibre of the map 7 over v that contributes to m(Z%2 ngl)
is

In our case Z%?N L, is the IC-sheaf of act;l(ﬁﬁim). For a point v in Iy, 4N, ., let g be in Xg

{9lc € Fig! lg v € ﬁ?\}i,m}.

The latter scheme is empty unless (u, @) > (A1 4+ Aa, Op). It follows that Hg(Lwl,I“’z) lies in Filt?

Theorem 3.3. Assumen < m. The filtration Filt? on Py, ;. (IL(F)) is compatible with the grading
on Pr, (Flg) defined by the connected components. Namely set w; = M7 with T in Snom, A1 N

X¢, and let mqy = (A, @n). Then Hg(Ly,,.) sends an irreducible object of Filt? to a direct sum of
shifted objects of Filtd™™1 .

Proof. We use the notation of Lemma 3.1. For gl in FI5', let L' = gL and equip L' with the flag
L; =gL; fori=1,...,n. Let v be the map from U* to t "2 L//tTL such that its composition with

N L N L e g

lies in the closure of the orbit (Uy,,, ® L')“2. The latter scheme is the corresponding orbit on
Unyry ® L. The relative dimension formula gives us

dim(L, L) + dim(L , o(U*) 4+ "2 L") = dim(L, v(U*) + t"2L).
Moreover, we have
dim (L', o(U* 4+ t"2L")) > (A, @)
and
dim(L, L") = (A1, @),
This leads to dim(L, v(U* + t2L")) > (A1 + Az, @,). On the other hand/ we have t'L C t"2L so
dim(L,v(U*) +t"L) can not be strictly smaller than dim(L,v(U*) +t™L"). O

As a consequence of this theorem, K (Pr, x 1, (II(F))) is a filtered module over Hj,,, so that graded
part @deZFﬂtd/Filth is a left Hj,-module.
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4. KUDLA’S FILTRATION AND SOME SUBMODULES

4.1. Case n =m.

In this subsection we will assume n = m. We will show that the submodule in K (Dy,, « 1. (II(F)))
generated by %' over K(Ps,(Flg)) is free of rank one (and is also preserved by the action of
P, (Flg)). We also precise an equivalence of categories ¢ : Py, (Flg) = P, (Flg) which defines
at the level of functions an anti-involution of Iwahori-Hecke algebras H;., and Hj,,. By means of
this equivalence we relate the actions of Hecke functors for H and G on the submodule generated

by Z%° (resp. Z%°').

Denote by wqy the longest element of Wg. Let Z%° be the IC-sheaf of the orbit H:)”ﬁ. Let ITzwo
be subscheme of Hom(Uy, Lg) consisting of elements v such that v sends Vect(uy,,...,u}_; ;) to
L; = Vect(ey, ..., e;), for i = 1,...,n. Note that Ilzw, is an affine space, the closure of I15. Thus
Z™° is the constant perverse sheaf on Ilzw,. For any w in the affine extended Weyl group Wg, let

us describe Hg(Ly,Z"°). Let w = t*1, where 7 € W and A\ € Xg. Let N,r be two integers with
N + r > 0 such that the following condition is verified: for any v in Wg. A we have

(4.1) (v,w1) <r and (—v,w;) < N.

For any element glg of Fl%, we put L' = gL and we equip L'/tL' with the flag L] = gL;, for
i=1,...,n. Let Ilzwy , x FI% be the scheme classifying pairs (v, gl¢), where gl is in FI% and v
is a map U* — L'/t"L such that the induced map

(4.2) v:U*/tU* — L' JtL’
sends Vect(u},,...,uy,_;) to Lj ,, fori=0,...,n — 1. Let

T HI“’O’r;&]_—lg — HN,T

be the map sending (v,gl¢) to v. The second projection pr : Iz, xFI% — FI& is a locally
trivial fibration with fibres isomorphic to the affine space. Let Q,XL,, be the perverse sheaf
pr* Ly, [dim. rel(pr)]. Then by definition

He(Ly, %) —=m(Q,XL,).

Remark that the condition (4.1) initially appears in the construction of the irreducible objects Z%
in Py, x1o(II(F)) in [FH13].

Lemma 4.3. For any w € WG the perverse sheaf T%"° appears in Hg(Ly,, Z*°) with multiplicity
one.

Proof. Consider the open subscheme V' in Iz, x FI% given by the conditions that g/ € FI&, and
that the map (4.2) is surjective. Clearly, 7(V') is contained in II\"°. So, 7 can be viewed as a map

. & w wwo
T HI,TX]:lG — HN,T

The restriction of the complex Hg(Ly,Z"°) to I, C Iy, identifies with Z%"°. O

Proposition 4.4. For any w in WG there is a canonical isomorphism Hg(ng,Iw‘)!):Iwwo!.
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Proof. Let H%wo’riflg C Hzwo X FI% be the open subscheme of pairs (v, gI) such that gl is in
Fl¥ and the map 7 in (4.2) is an isomorphism. For any points (v, gI¢) in this subscheme the map
T is an isomorphism between Vect(u,...,u;,_;) and Lj, |, fori=0,...,n — 1. Let

) n—u

70 MGuy X FlEG — Ty

be the restriction of 7 to ., ,. X FI&. Thus by definition we have

He(Lut, T —70(Q,RL,)
wwo

The image of ©° is equal to IT"," and the map 7° is an isomorphism onto its image. O

Definition 4.5. For )\ in Xg and 7 in Wg, let w — w be the map from WG to WG defined by
N
This is an anti-automorphism of Wg. Note that Wy = wy.

The following analog of Proposition 4.4 for H instead of G is proved similarly.

Proposition 4.6. For w in WH, the complex H g (L1, T is canonically isomorphic to Zwwo!,

The sheaf Y0 occurs in I?H(Lw,l'wﬂ) with multiplicity one. O

The following example shows that H (L., Z%°) is not always irreducible and gives us some inter-
esting objects in Dy, « 1, (TI(F)).

Corollary 4.7. Let 1 <i < n. Let w be the transposition (i,i+1) in Wg, A= (0,...,0,1,0,...,0),
where 1 appears on the it" position, and w' = t*wy. Then

He (L, T") =T o 7"
Proof. The variety FI¢ classifies lattices LE) endowed with a complete flag of lattices LLl C LB C
L) C ... such that L, =t"'L; for all i, and L; = L; unless j = i mod n. Here L; is the standard
flag on L(F). So, Fl% identifies with the projective space of lines in L;1/L;—1. Let Y; be the closed
subscheme of Il 1 given by v(W;) C L; for j # i. Here {W;} is the flag on U preserved by Bpy.
Note that Y; is an affine space. Define a closed subscheme YZ-/ of Y; consisting of elements v of Y;
such that v(L;) C L;_;. Then Y; is also an affine space.
Let HI>~<}'Zg be the scheme classifying pairs (v, gl¢), where gl is in FI¢% and v : Uy — Lg such
that v(W;) C gL;, for all 1 < j < n. We have the diagram

Y, < T x Flg 25 FIE.

By definition of the Hecke operators one has

He(Ly, T%) = m(Q,XLy,).
For a point v in YZ\YZ/ the fibre of the map m over v is reduced to a point and the map 7 is
an isomorphism over Y;\Y;. The restriction of Hg(Ly,Z%) to Y;\Y; is isomorphic to IC(Y;) =
Q¢[dim(Y;)]. On the other hand, the space Y; identifies with II"?. The fibre of 7 over a point v of

’ . . . . . . . .
Y, is isomorphic to P!. Since Y] is an affine space of codimension 2 in Y;, we are done. (Il

Proposition 3.3 about the filtration in the special case of Z"° yields the following:
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Corollary 4.8. Let w = t*r, where X is in Xg and 7 is in Wg. Then if d = (N, Wn), there exists
K in Filt?™ such that Hg(Ly,Z"0), = I%"0 ¢ K. [

It also follows that for n = m, the space @®gezFilt? / Filt®™! is a free module of rank one over Hie
generated by Z“°. Note that the homomorphism of H;-algebras Hj, — S(II(F))!#*1¢ sending

S to Hg(S,T%") is injective. The submodule generated by Z™°' is a free module of rank one over
each one of the Iwahori-Hecke algebra H;. and Hy,,.

We may stratify Iy, in a slightly different way. Let 6 be any element of 71 (G) and let A be a lift
of f in X satisfying condition (4.1). We define a locally closed subscheme H?VJ of Il v, as follows:

%, = {v: U* — ¢t NL/t"L such that dim(U,,/t"L) = dim(t*L/¢"L)}.
This definition is in fact independent of the lift .
For a given w = t*r in Wg, let 6 be the image of A in m1(G). Let 7% be the extension by zero of

I“’|H]ev on Il ;. Then we have the following result:

Proposition 4.9. For any w in Wg, we have two canonical isomorphisms
Ho(Ly, I")==I""  Hp (L, T =17,
where the anti-involution w — w is defined in Definition 4.5.
Proof. We show the assertion for H g, the case of H gy may be proved similarly. As in Proposition

4.4, consider the open subscheme I1%.,., x F1% inside zwo . X F. I given by the additional condition
that the map

v U JtU* — L' JtL
is an isomorphism. Thus the restriction
7 H%wg,'r XFlg — Ty,
of the map = is locally a closed immersion. Therefore by definition
He(Ly, TN —=7)(Q,X L, ) =T,
O

The map from G(F) to G(F) sending g an element of G(F) to g~! induces an equivalence of
categories
*: Pro (Flg)—=Pis(Fla).

The similar equivalence of categories holds for Py, (Flgr). Hence for w in the affine extended Weyl
group, we have canonical isomorphisms

# (L) =—Ly-1, % (Lit)=Ly-11,  * (Luws) = Ly-14.
At the level of Iwahori-Hecke algebras «* : Hj, — Hj, is an anti-isomorphism of algebras.
Definition 4.10. Assume that n < m. For any T in Py, (Flg) and K in P, « 1. (II(F)), we define
the right action functor Hy(T,K) of Pr, (Flu) on Pr,x1,(II(F)):

Hu(T,K) = Hu(:(T),K).
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The anti-automorphism defined over WG in Definition 4.5 sending any w to w may be extended to
an anti-automorphism of the group G(F) itself. It suffices to take the morphism sending any g an
element of G(F) to its transpose g. Denote by o the anti-involution defined over G(F') sending g
to wolgwp. This anti-involution preserves the Iwahori subgroup I and induces an equivalence of
categories (still denoted by o):

g P]G (flG):PIG (flG)

Remind that n = m. We have the following result:

Theorem 4.11. There exists an equivalence of categories
o: P, (Flg)— Py, (Fly)
(412) Lw — Lwoﬁwoa

Additionally it verifies the following properties: for any w and w in WG we have

He (L, T H yy (0(La), T

and
o(Lu+Lyy) = o(Lyy) % o(Lu),

where x is the convolution product in Pr,(Fla).
Proof. The assertion follows from Propositions 4.4 and 4.6 and 4.9. ]

The two anti-isomorphisms ¢ and +# defined above commute and their composition is an algebra
1

isomorphism. We will denote this composition by &, i.e. for any g in G(F), 5(g) = wo'g™ wp.

4.2. Sub-modules © and S;.

We assume in this subsection that n < m and we consider the module © generated by the elements
7M | where I , runs through all possible subsets of n elements in {1,...,m}. This is a submodule in
the Grothendieck group K (D, x1, (II(F))) of D1, x1,(II(F))) acted on by K(P;,(Flg)). We will
show that the submodule © is free of rank CJ over K (Pj,(Flg)) with an explicit basis formed by
T The submodule © is a key object in the proof of the classical Howe correspondence [Min08] and
[Kud86]. Tt is indeed the first term of the Kudla’s filtration defined over the Weil representation in
[MVWS8T7]. The considerations in this subsection are essentially on the level of Grothendieck groups,
we formulate them on the level of derived categories however when this is possible.

Let Sy be the Qg-subspace of K(Dy,, «1.(TI(F)) ® Q; generated by elements of the form Z(w-wo)!
where w runs through WG the affine extended Weyl group of G and the action w . w is defined
below. The space S is a free module of rank one over Hy.,. We consider the standard Levi subgroup
M of H corresponding to the partition (n,m — n) of m and we recall briefly the construction of
the subalgebra Hj,, of the Iwahori-Hecke algebra Hj, and some properties according to [Pra05|.
Then we endow Sp with a right action of H,, and by parabolic induction we construct an induced
module. We show that the adjunction map a : Sy ®;,,, Hr, — Staxls(TI(F)) is injective and its
image equals © ® Q,. This gives the first therm of Kudla’s filtration as an induced module. In the
rest of this subsection we show that the action of the Iwahori-Hecke algebra of the factor GL,, of
M identifies with the action of H;, via the anti-involution & defined in Theorem 4.11. The action
of the Iwahori-Hecke algebra of GL,,_,, factor of M is by shifting by [—¢(w)], where £ denotes the
length function on Wg.

We let the affine extended Weyl group WG of G act on the set X x Sy, 1, in the following way:
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Definition 4.13. Let w = tM 7, be an element of WG and (X, s) in Xg X Spm. We define a left
action:

wa(As) =N +711(N),118),

where 115 is the composition I, —— {1,...,n} —= {1,...,n}.

We will consider the affine extended Weyl group WN/G as a subset of X X S, . More precisely
to a given w = t*r we associate the element (X, 7) in Xg X Sp,m with I, = {1,...,n}. Let
I,, ={1,...,n} be asubset of {1,...,m} and wq : I,, — {1,...,n} be the longest element of the
Weyl group We¢. By the above convention the element wy becomes the element (0, wp) in Xg X Sy, m-

For any strictly decreasing map v from {1,...,n} to {1,...,m}, denote by I,, the image of v and
denote by p: I,, — {1,...,n} the inverse of v. Thus p can be viewed as an element of X¢g X Sy, 1,
by assuming that the corresponding term on X vanishes. Let ﬁg’l be the closure of Iy x Ig-orbit
Hg,l in Iy, ﬁg}l is an affine space. Denote by Z# the IC-sheaf of Hg,p it is the constant perverse
sheaf on its support.

Denote by Uy C Uz C --- C Uy, = Up the standard flag on U/tU. We consider Iy, the space of
maps v : L* — U/tU such that the domain and the range are both equipped with a flag preserved
by v. Thus ﬁ&l is the space of maps v : L* — U/tU such that v(e}) lies in U, ;) foralli =1,...,n.
In other terms the map v sends Vect(e},, ..., ey _;) to Uy foralli =0,...,n — 1. An element v
lies in Hg,1 if additionally the map sending Vect(e,, ..., ey, _;) to Uym—i)/Uy(n—i)—1 is non-zero for
all i = 1,...,n. We may also consider the element v in Iy ; as a map from U* to L/tL, so v lies
in ﬁg’l if and only if v sends Vect(u,, ..., “Ly(j)) to Lj_q for all j =1,...,n. Moreover, the map
v lies in TIff ; if in addition v(u;(j)) ¢ Ly forall j =1,...,n. Let w = t*7 be an element of We.
Choose two integers N and r with N + r > 0 such that for any v in Wg.A the following condition
is satisfied (condition (4.1)):

(v,wn) <r and (—v,w,) < N.

For a point glg in .7-"7[5”, we set L' = gL and equip L,/tL/ with the complete flag L; = gL; for
i=1,...,n. Here (Ly C ... C L, = L/tL) is the complete flag on L/tL preserved by Bg. Let
ﬁf x FIZ be the scheme classifying pairs (v, gI), where gl is in FI&, and v : U* — L'/tTL such
that the induced map

v U JtU* — L' JtL
sends Vect(uf,,. .. ,u;(j)H) to L;‘71 for all 7 =1,...,n. We have a proper map
T ﬁf%fifé — Iy,
sending any element (v, gls) to v. By definition of Eg,
He (L, T")==m (QELy),
where Q,XL,, is normalized to be perverse.

Proposition 4.14. Let w be an element of Wg. Then Hg(Ly, TH) is canonically isomorphic to
Iw.,u!'
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Proof. Let w = tAr with A = (a1,...,a,) in Xg and 7 in Wg. Let Hﬁi]—'lg be the open sub-
scheme of ﬁfi]—"ilg given by the additional conditions that gl lies in FI# and that the map
v : Vect(u),,.. .,u:j(j)) — L;. is surjective for j = 1,...,n. Denote by 7° the restriction of 7 to
this open subscheme. The image of m° consist of the Iy x Ig-orbit on Il through v such that
v(uj(j)) =t%We,; forall j =1,...,n and v(u;) = 0 for k € I,,. Therefore the image of the map

70 is IIy" and 7% is an isomorphism onto its image. Thus

He (L, T =T
0

Definition 4.15. Let © be the K (P, (Flg))-module in K(Dy, x15(IL(F))) generated by the ele-
ments TM, where I,, runs through all possible subsets of n elements in {1,...,m}.

It is understood that for each such subset I, there is a unique strictly decreasing map u : I, —
{1,...,n}, so we may view p as the element (0, u) in X¢g x Sy, as above.

The subspace © ® Q¢ C K (Dy,, <1, (II(F))) ® Qg is different from the group K(Dy, x 1. (II(F))) ®
Q. For example, each function from © ® Q, vanishes at 0 in II(F). This submodule © is the
geometrization of the first term of the Kudla’s filtration on K(Dy,, x1, (II(F))) ® Qp.

Our calculation yields the following generalization:

Proposition 4.16. The module © is free module of rank C, over K (Pr,(Flg)). The elements T,
where I, runs through all possible subsets of n elements in {1,...,m}, form a basis of this module
over K(Pr,(Flg)).

Our purpose now is to show that © is a submodule with respect to the right action of K (Pr, (Flg))®
Q; on K(Dy,x1,(II(F))) and identify © as the induced representation from a parabolic subalge-
bra. The considerations are essentially on the level of Grothendieck groups. Let us simply denote
K(Dr,yxr.(TI(F)) ® Q; by S. Remind that Sy is the Qg-subspace of S generated by the elements

Z(wwo)! " wwhere w runs through Wg.
Denote by M a standard Levi subgroup of H, and by W), the corresponding finite Weyl group.
Let Iny = M(F) N Ig. Denote by T, the characteristic function of the double coset TwI for any w

in Wy. The algebra H;,, is the subalgebra of H,, generated by (T, )wew,,, and by the Bernstein
functions (0)xex, - Remind that our convention for the Wakimoto objects is the one in [Pra05].
According to [Pra05, § 5.4, each coset Wy, \Wx has a unique element of minimal length. Let MW
be the set of such elements. If Ay, denotes the simple roots of M then

My = {w € Wi|w(a) >0 for each & in Ay}

Any w in Wy can be written as w”w/, where w” and w’ are respective elements of Wy, and MWy
satisfying £(w) = ¢(w ) + (w ). Therefore T,, equals T, T, . We recall that H;,, is a free module
over Hy,, generated by {T,/|w in MWy }. We are going to prove the two following results:

Theorem 4.17. The space Sy is a submodule of S for the right action of Hy,,.

The inclusion of Sp in & is a homomorphism of right H;y,,-modules and left H;, -modules. By
adjonction, we get a morphism

a:Sy K, Hi, — S
of right H, -modules and left H,-modules.
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Theorem 4.18. The map « : So ®n,,, Hr, — S is injective, and its image equals © ® Q.

The rest of the section is devoted to the proof of these two theorems. The following lemma proves
that Sy is a free module of rank one over Hy,,.

Lemma 4.19. For any element w in Wg, we have

EG(Lwla Iwo!)g)l-(w.wo)!'

Proof. For a point gl in FI%, let L' = gL and equip L' /tL’ with the flag L; =g(L;), for 1 <i < n.
Let Izwo , x FI& be the scheme classifying pairs (v, gl), where gl is in FI&, and v is a map from
U* to L' /t" L such that the induced map

v U*/tU* — L' JtL’

sends uy,, ..., u5,  to zero and Vect(u,,...,u},_;) to Lj , fori=0,...,n — 1. Let

) n—u

(420) VI HI“’O’r;&]_—lg — HN,T

be the proper map sending a couple (v, gI) to v. By definition we have H g (Ly,, Z%°)—=m (Q,XL.,).
Let H%wom X F1% be the open subscheme of Izw, x FI% consisting of pairs (v, I) such that gl is
in FIg, and the map v : Vect(uy,,...,u)_;) — Lj, is an isomorphism for i = 0,...,n — 1. Then

) n—u

Hg(ng,Iw‘J!):mO(@gng), where 79 : H%r;(]:ﬁé — Iy, is the restriction of 7. The image of

70 equals IIy"° and 7 is an isomorphism onto its image. Thus we have HG(Lyy, T ) == (w-wo)!,
O

Now let w = t*r be an element of WH The cocharacter A\ in Xy is of the form (aq,...,a,) with
a; in Z. Choose two integers N, r such that —N < a; < r for all i. Denote by Uy C Uy C --- C U,
the standard flag over U/tU. We define the scheme Ilzwo , x FI% in the same way we did for G.

For any point hly in Fl};, we put U = hU and equip U//tUl with the complete flag UZ-/ = hU;.
Then Ilzw, » x FIY is the scheme classifying pairs (v, hlp), where hlg is in FI% and v is a map
from L* to U /t"U such that the induced map

v: LY JtL* — U JtU

*
n—u

sends Vect(ef, ..., ek _.) to Ui/+1 foralli=1,...,n — 1. Let m be the projection

7 Hzwo » X Flfy — .

Then by definition we obtain ;IH(LU,, W) —m (@ZQL“,). Let 1., .~ X Flj be the open subscheme

of Tlzwo » x FIY defined by the additional condition that the above map v : L*/tL* — U, is an
isomorphism. Let

(4.21) 70 MGy, x Flfy — My p
be the restriction of . Then we have
Hpr(Luy, T —=70(Q,KL,).

Lemma 4.22. Assume that A= (0,...,0,an41,-..,am) and that the coefficients a; are non nega-
tve. If T is a permutation acting trivially on {1,...,n} and permuting {n+1,...,m}, we have

H it (Lot T ST [\, ) — £(w)].
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Proof. In this case, the image of the map 7% (4.21) is exactly the orbit Iy9. and the fibre of 70
is an affine space. We need to compute the dimension of the fibres. Note that Hg’f; has dimension
(r—1)ymn+ w The scheme 15, . x F€Y; is of dimension £(w) —n(\, Op) + (r—1)nm + %

This implies that the dimension of the fibre of 7% equals £(w) —n(\, &,,). This yields the result. [J
Proposition 4.23. Let 7 be in Wy. Then

Hy (Lo, T =17,

where v = (0, wor 1) is an element of Xz x Sp,m and r is the dimension of the fibre of the map
7% in (4.21).

Before proving this proposition we will need the following lemma:

Lemma 4.24. Let Uy C --- C U,, = Ug be a complete flag on Uy. Consider a partial flag
wcWwc.---cV,Ccl

inside Uy. Let T be a reflection in the finite Weyl group Wy of H. Denote by Y the variety of
complete flags

V,c--CV,
which are in relative position T with respect to the standard complete flag Uy C - -+ C U, such that
Vi/ =V, foralli=1,...,n. Then the variety Y is isomorphic to a finite dimensional affine space.

Proof. The stabilizer of the complete flag U; C --- C U, = Uy in H is the Borel subgroup By . For
it =1,...,m fix a basis u; of Uy such that U; = Vect(us,...,u;). The variety H/Bpg is identified
with the complete flags in Uy. Given a vector subspace V of Uy of dimension k, we associate to this
subspace a subset I(V) of k elements in {1,...,m} defined by I(V) = {1 <i < m|dim(V NU;) >
dim(V NU;_1)}. Thus, for w in Wy, the orbit BywBg /By is the variety of complete flags

u,c---cu,
on Uy such that 1 < i < m we have I(U;) = {w(1),...w(i)}.
Let V,, be a flag Vi C --- C V,, C Uy such that dim(V;) = i. The space Y is the variety of complete
flags Vll C---C V,;L lying in the orbit BywBpy /By and satisfying Vi/ =V, foralll <i<n.In
order that the space Y be non-empty, we must have I(V;,) = {w(1),...w(n)}. Assume that this
is true. Given a subset of k elements Ij in {1,...m}, denote by Z;, the variety of subspaces V of
Up such that I(V) = I, (in particular we have dim(V') = k). Given another subset Iji1 of k + 1
elements containing I, let Zj, 1, ., be the variety of pairs (V C V/), where V' lies in Zj, and V'
lies in Zj, . Denote by 7 the projection from Zj, ;,., onto Zj, sending (V C V') to V. Let us
prove that the map 7 is By-equivariant affine fibration.
For V in Z;, denote by U, the image of U; under the map Uy — Up/V. Then U; = U,_; if and only
if ¢ lies in Ix. Denote by s the single element of I;,1 — Ix. The fibre of the map 7 identifies with
the variety of 1-dimensional subspaces V' /V C Uy/V such that V'/V is a subset of U, and V' /V
is not contained in U,_;. This fibre is affine and since the space Zj, is By-homogeneous, the map
7 is a By-equivariant affine fibration.

For r > n denote by Y, the variety of flags V; C --- C V,, C V7;+1 C --- C V. such that I(V;) =
{r(1),...,7(0)} for n <i < r. We have the forgetful maps

f m f m—1

Y,, ==Y, 1 — ... fnty Y,, = Spec(k).
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Any of the map f; above is obtained by a base change from the map 7 for a suitable pair (I, C Ix41)-
The fibre of a map f,. depends only on VT,_I and not on the smaller Vj/ for j < r —2. As any affine
fibration over an affine space is trivial this leads to the result and Y is an affine space of dimension

r for some r > n. O
Proof of Proposition 4.23. Let us precise the definition of v: v = (0,wor~!) is an element of
XH X Spm, where the set I, -1 is the set 7({1,...,n}) and wor™! : L, -+ — {1,...,n} is

the corresponding bijection. Consider the map
7T0 : H%WOJ X fl}r_l — HO,l-

The fibres of the map 7° are affine spaces according to Lemma 4.24. We denote by r their dimension.
Since the image of 7 is the orbit IIf ;. We obtain that Hy(Lpy, TN —=T""[r]. g

Remark 4.25. If the permutation T is a actually a permutation of {1,...,n} and acts trivially on
{n+1,...,m} then the shift in the above formula disappears and the map ©° will be an isomorphism
onto its image 113 ;.

Let M be the standard Levi subgroup in H corresponding to the partition (n,m —n) of m. Then M
is of the form M; x My, where M;—GL,, and My=—GL,,_,,. Write H;,, for the Iwahori Hecke
algebra associated to M viewed as subalgebra of Hy, . We have naturally Hr,, —™Hr,,, ®g, Hiu,-
We will denote by Xy, the coweight lattice of M;, for ¢« = 1, 2. The space S is not a Hjy,,-submodule
for the natural left action of Hy,, on S(II(F))#*!¢ For instance, if A = (1,...,1,0...,0) where 1

appears n times, then the complex H gy (L , ") doesn’t occur in Sy. We will consider this right
action and will show that Sy is a right Hy,,-module under this right action. Remind that the right
action of Hy,, commutes with the left action of Hp,,.

Lemma 4.26. For 1 a simple reflection in the finite Weyl group War of M, H (L, T") lies in
So.

Proof. According to Lemma 4.23, we have
(4.27) Hu (Lo, T S Hp (Lo, T ST,
where v = (0, wo7) is viewed as an element of Xy X S, 1. Thus EH(LT!7Iw0!) occurs in Sp. O

Lemma 4.28. Letw = (1,...,1) be in Xp, p1 = (a1,...,a,) be in Xpr, and pz = (Gpt1s-- -5 am)
be in Xnr,. Let X be the coweight p11 + po in Xy and assume that if m > i >n > j > 1 then a; > a;.
We also fix two integers v, N such that —N < a; < r for alli. Let v be a O-linear map from L* to
tAU/t"U such that for 0 < i < n, the induced map

T LY JtLY — AU MU
sends Vect(el,...,ek_;) isomorphically onto Vect(t™ uq,...t%+ u,41). Denote by v the element

(wo(p1),wo) in XG X Sp,m. Then v is an element of the orbit TIY; ..

Proof. Let Uy = Ouy @ -+ - ® Ou,, and Us = Ouypg1 @ - - - ® Oty Then the map v can be written
as a pair (v, v2), where v; : L* — t"iU,; /t"U; for i = 1,2. Let Ng C Bg be unipotent radical of
the standard Borel subgroup of G. Acting by a suitable element of Ng C Ig on v, one may assume
that vi(ef) = t**0®) uy,, ;) modulo t* T,
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Furthermore consider the groups
I ={g € GL(U;) | g = id mod t}

and

IG,O = {g S GL(L) ‘ g = id mod t}.
Acting by a suitable element of Ig o x I; we may assume that vy (ej) = t*»o®u,, ;). This implies
that Ty vanishes. Now viewing v as a map from L* to t~~ L, we observe that r can be replaced by
1+ min{a,41,...,am}. Hence v is an element of % .- a

Lemma 4.29. Let A = (a1,...,a,,0,...,0) be a anti-dominant cocharacter in Xg, in particular
all a;’s are nonpositive. Then we have a canonical isomorphism

Hy (Lo, T "STHN, 256 — 2pm) + (n — m)A\, @],

where p = (wo (), wo) in Xg X Sp,m and wy is the longest element of the finite Weyl group of Mj.
We identify My with G.

Proof. Consider the map

70 H%wmri}'ﬁlﬁ — IIn,
defined in (4.20). By applying Lemma 4.28 to w = t*, we see that the image of 7° is the Iy x Ig-
orbit on I, passing through the map v from L* to t NU/t"U given by v(e}) = t*“o®u,, ;) for
1 < i < n. This orbit corresponds to element p = (wo(A), wp) in Xg X Sy m. Restricting 70 to its
image we get a morphism

(4.30) 79y M X FLly — |

whose fibres are affine spaces. One has dim(]—'ﬁg) = (A, 2pg). For any point hly in }'ﬁt];, let
U’ = hU. Then

dim(Home (L*, t* U /t"U)) = nm(r — 1) — n(\, @pm).
Thus the affine space of maps from L* to hU/t"U sending Vect(e,...,eX_,) to U;H for i =

1,...,n —11is of dimension "2;” +nm(r — 1) — n{\, &y, ). Finally

n2—|—n

dim(I19.., , % Flf) = (A, 2pm) +

+nm(r — 1) — n(\, ).

Moreover, we have the following isomorphism

0 .7170 ot —m
'/TG . HIwO,’r‘XflG ‘)HN,T"

By using dim(fﬁgox) = (A, 2pq), we get that the dimension of Il equals
n?+n
2
and hence the dimension of the fibres of the map (4.30) equals
(A 2(pa — pr)) + (m = n) (A, Om)
which allows us to calculate the announced shift in the Lemma. Additionally this proves that
H g (Lo, T lies in Sp. O

+nm(r — 1) — m\, &m) + (A, 256)

Remind the following two properties due to [AB09],
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(1) If wy,wy € W verify (wrwg) = £(wy) + £(w2) then we have a canonical isomorphism
(4.31) Lusys % Ly —= Luy -

Under the same assumption, and by duality the same result is true for L,,.
(2) Denote by e the identity element of W then for any w € W, we have

(432) Ly *wal*:Lw—l* *Lw!:L@
Hence the perverse sheaf L, is an invertible object of Dy, (Flg).

Proposition 4.33. Let A = (ay,...,a,,0,...,0) be an anti dominant cocharacter in Xy, in par-

ticular all a;’s are non-positive. Then H g (L,—x.,T"°") occurs in Sp.
Proof. According to Lemma 4.29, we have
H g (Lon, I%0)==T"[d],

where the shift d equals [(X\, 206 —2p1) + (n—m) (A, @, )]. Moreover according to (4.32), Ly—x, * Ly
is isomorphic to L, where e is the identity element in the finite Weyl group of M;. Combining these
two isomorphisms we obtain

TU TS H g (Lyse + Lyt T =S H gy (Lyae, TM)[d]
S Hy (Lo, Hg(Lywgoor, T%°))[d]
(4.34) — H¢g(Lywoory, Ha (Li-x«, %)) [d],

where the third isomorphism is due to Lemma 4.19 and the last one is due the fact that the actions
of H and G commute. Applying Hg(L; wox)=,.) to both sides of (4.34), we obtain

(4.35) He(Lywoone, T S Hpy (Lyre, T%)]d).

Since Sy is a left Hj,-module, the left hand side of (4.35) lies in Sp. Thus so does the right hand
side. g
Lemma 4.36. Let A = (0,...,0,ap41,...,am) be a dominant cocharacter of M. If apy1 > -+ >
am > 0 then

H iy (Ly—s,, T =T (N, 251) — n(\, @m)]-
Proof. Lemma 4.22 applied to w = t* (7 being the identity) gives us
HH(Lt)\! ,Iwo):Iwo [’I’L</\, (I)m> - </\2ﬁH>}
This implies the assertion for L;—x,. O

Proposition 4.37. Let A be a dominant cocharacter in Xy that can be written as the sum of two
cocharacters A1 and A2 in Xy, and Xy, respectively. If v = (—wo(A1), wo) then

Hy (Lo, T "S5 H g (Ly, %) ST, 256) — O\ 25m) + (mAn — n, &m),

where we identify My with G and hence pyr, with pa. Thus HH(LW,IWO!) occurs in Sgp.
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Proof. Set —\ = (a1,...,an,) and choose two integers r, N such that —N < a; < r for all i. By
Lemma, 4.28 the map

0. 170 St
T Mgw (XFly — I,

factors through II%, . by a map ng;, where v equals (—wo (A1), wo). The dimension of 1., , %fét,;k

n? +n

equals nm(r — 1) + n(\, &) + 257 + (X, 2pg). We have the isomorphism

0 ~ = wo(r ) —— 1))
15w, - X Fly —>HN7T

and this allows us to calculate the dimension of Iy X Ig-orbit I} .. Namely

dim(FeL ") = (—wo(M), 256) = (M1, 256).

Remind that wg is longest element of the finite Weyl group of M;——G. This yields

n2+n

dim(IT;, ,.) = nm(r — 1) + m{A1, Op) + + (A1,206).

So the dimension of a fibre of the map 7% is (X, 2pm) — (M1, 2pG) + (A — mA1, @, ). This justifies
the shift in the formula announced above and the assertion follows. O

Remark 4.38. In Lemma 4.37 if X2 equals 0 then the corresponding map 7% is an isomorphism
and the shift in the above formula disappears.

Proposition 4.39. For any X in X}, the compler H (L, T%)[d] occurs in Sy. Besides for a

dominant cocharacter i in X;;, the complex PIH(LtW! * Lix,, %) occurs in Sy as well.
Proof. The equality (4.32) combining this with Proposition 4.37, we get :
T S Hpy (Lyss % Lyx1, T "5 Hyg (Lyny, T9)[d]
TS Hp (Lo, Ha(Ly-wooon, 7)) [d)
(4.40) SH(Ly-wors Hit (L, TY))[d],

The shift d is also the one defined in Proposition 4.37. The third isomorphism is due to Lemma 4.19

and the fourth holds by using the commutativity of the action of G and H. Applying H (Ltwo(x)*, )
to both sides, we get

H(Lywoor, T = Hp (Lyr,, ) [d).
This complex occurs in Sy. Now consider the isomorphism
HH(Ltfu! * Lt/\,HIuIOI):HH(Lt’“Ia HG(Ltwl)()\)*)ZwO))[_d]
(4.41) —He(Lywoon o, Hu (Li-ny, I°))[—d].

By Lemma 4.37, the complex H g (L1, Z%°") occurs in Sp. Since Sy is a H;,-module we can apply
the functor Hg(Lyuwyr,,) to Hpr(Ly—w,Z%"). Then the result will still occur in Sp. O
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proof of Theorem 4.17 : The assertion follows from (4.27), Lemmas 4.29 and 4.36, Propositions
4.37, 4.33 and 4.39.

Proof of Theorem 4.18 : Lemma 4.23 and Proposition 4.16 imply that the image of the map «
is exactly © ® Q,. More precisely, if 7 runs through Wy the elements L, form a basis of the left
‘Hr1,,-module Hy,,. Hence for w and 7 runs through WG and MWy respectively, the objects

(4.42) Hy (Lo, He (Lo, T9))

form a basis of So ®%,,, Hi, over Qy. An element v in Wy lies in MWy if and only if v is strictly
increasing on {1,...,n} and on {n+1,...,m}. For 7 in MWy let u = wor and I, = 7~ 1({1,...,n}).
Consider p as a map from I, to {1,...,n} and so as an element of X¢g x S, ,,. The map T wyg -
{1,...,n} — I, is strictly decreasing because 77! : {1,...,n} — I, is strictly increasing. According
to Lemma 4.23 we have .

H g (Ln, T =TH[r].
By Proposition 4.14 we have Iflg(Lth“)f—va'“[d/] for some d and hence the image of (4.42)

under the map « is Z%*'[d"] for some shift d .

The Iwahori-Hecke algebra Hj,, identifies canonically with My, ®g, Hi,,- The right action of
Hr,, and Hy,,, on Sy commute with each other. We are now going to define the action of the
Wakimoto sheaves on Z"o".

Lemma 4.43. We have the following isomorphisms:
(1) For any A in Xy,
H (Lo, T =S H gy (L, T ST [— (X, 251, )].
(2) For X\ in Xy,

—

(4.44) Hpg(Ly-xe, T =T [(N, 2p1,)].
(3) For any X in X,

Hp (0,7 ==T" [~ (\, 2as,)),
where O is the Wakimoto sheaf associated to .
(4) For w in Wg and X in Xy,

HH(@M I(w.wo)!):z(w.wo)! [_<)‘7 pl\/12>]'

Proof. The first formula is obtained by applying Lemma 4.37 to the case where A\; = 0. The second
one is obtained from the first and from the isomorphism (4.32). The third one holds by definition
of ©, using the two first isomorphisms. Finally we prove the fourth one:

Hy (05, TN =S H (05, Ha(Lut, T%)) = H g (Lut, Hi (65, T%Y))

(4-45) :EG(LUN ; Ive [_<>‘7 2pM2>D:I(w.wO)! [_<)‘7 2ﬁM2>]‘

Corollary 4.46. For any object K in Sy and any A in X, we have

FIH(@/M K)—K[~(\, 2pm,)]-
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Proposition 4.47. For any w in the finite Weyl group of My we have
Hr (Lot T S H g (L1, T0) —S 70 [ (w)].

Thus, at the level of the functions, the Iwahori-Hecke algebra Hrp,,, acts on So by the character
corresponding to the trivial representation of May(F) ~ GLy,_,(F'). Moreover,

Hu(Or % Lo, K) S K[\, 2/0s,) — ()]

Proof. At the level of functions, for any w in WG the character of H;,, corresponding to the trivial
representation sends T}, the characteristic function of the double coset Icwlg, to ¢“). In our

geometric setting, for any w in WG this character becomes the functor Hg(Ly,,) sending K in Sp.
to K[—¢(w)]. Remind that the object L., corresponds to ¢~*(*)/2T,,. O

Remind that M is identified with G. Now let us analyse the structure of Sy as a right H Iy, -module
and its relation with the left H,-module structure.

Lemma 4.48.
(1) For any T in the finite Weyl group of My,
Hy (L, T00) =707,
(2) For any X in Xl\—th’
Hpr (L, T%) =T ™ and He (Lo sy T~ H gy (Lyry, ).
(3) For any X in Xy,
H (05, T =S H (O (3, T).
(4) For any 7 in the finite Weyl group of My and any A in Xy,
Hpr (O % Loy, T%) "S5 H (O —wy * Luogrugts T°).

Proof. The first isomorphism is obtained from Proposition 4.23. The second one is a consequence
of (4.2). For the third one, choose A; and Ay on X;FI N Xas, such that A = Ay — Ay. By definition of
Wakimoto sheaves, ©) = L;-x,, x Lyt in ‘Hy,, . The isomorphism in 2) yields that

Hp(Lisyt, Hi (Ly-xoe, 7)) =S H g (Lypsyt, Ho(Lywg vy, T9°))
S HG(Lywovarey Hir (Lynyt, T0Y)

(4.49) :Hg(Ltwo(,\Qw,Hg(Ltwa(Az)z,Iwo!).

The element —wgAs is dominant if Ay is dominant. This implies the third assertion. The fourth
isomorphism is obtained formally in the following way:

Hp(Ox % L, TS H g (L1, Ha (O oy 7))
TSHG(O gy, Har (Lo, 7))
TS H (0w Ho(Lugrwg, T90Y))
©

(4'50) —Hg —woX ¥ Lonwo!aIWO!)'
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Corollary 4.51. The subspace Sy is a free right Hr,, -module of rank one generated by Two',

Proof. The assertion follows from Lemma 4.48 and the fact that if A and 7 runs through Xj;, and
W, respectively the elements Oy x L,y form a basis of Hip, - O

Combining Lemma 4.48 with Corollary 4.51 we obtain the following proposition:

Proposition 4.52. There exists an equivalence of categories
o PIM1 (.FlMl):P]G(}—lg)

such that for any w in Wy, , & sends Ly, t0 Loy g-14,, (W is the anti-involution defined in Definition
4.5). Additionally for any T in Pr,, (Flur,) we have

Hy(T, T Hea(5(T), 1.
At last, For any A a cocharacter of My, we have
5'(@)\ * LT!):@—’W(})\ * Lw07w01~

In the case n = m, the anti-isomorphism reduces to Proposition 4.11.

5. WEAK GEOMETRIC ANALOGUE OF JACQUET FUNCTORS AND COMPATIBILITY WITH HECKE
FUNCTORS

In this section we place ourselves in a more general setting. Let G be a split reductive connected
group over k, T be the maximal standard torus of G and B be the standard Borel subgroup B in
G containing T. Denote by I the corresponding Iwahori subgroup. Let P be a parabolic subgroup
of G containing B and U its unipotent radical. Let L be the Levi subgroup of P isomorphic to
P/U. Let My be a faithful representation of G, and let M = My ®x O. Denote by S(M(F)) the
Schwartz space of locally constant functions with compact support on M (F'). In the classical setting,
an important tool is the Jacquet module S(M(F))y(r) of coinvariants with respect to U(F). We
will define a weak analogue of Jacquet functors in the geometric setting. Let Vj be a P-stable
subspace of M, endowed with a trivial action of U. Set V = Vj ®x O, we have a surjective map of
L(F)-representations
S(M(F))y ) — S(V(F))
given by restriction under the inclusion V(F) — M (F'). We will geometrize the composition
S(M(F)) — S(M(F))yry — S(V(F))

at the Iwahori level. Recall that the geometric version of the Ig-invariants of the Schwartz space
S(M(F))’e constructed in [FH13| is Dy, (M (F)). We will define Jacquet functors

Jp,Jp : Dig (M(F)) — Dy, (V(F))

which are exchanged by Verdier duality. While the functor J3 should be thought of as the classical
Jacquet functor defined in representation theory, the functor Jl!p has no analogue at the level of
functions. The functor J3 is a key object in the proof of Howe correspondence at the unramifed level
for dual pairs (GL,,, GL,,) [Lysll, §5]. We will show that in the Iwahori case, geometric Jacquet

functors commute with the action of Hecke functors H . This construction extends to the Iwahori
case the one done in [Lys11, Corollary 3] at the unramifed level. In the classical setting the Jacquet
functors of the Weil representations have been studied in [Ral82] and [Kud86]. The key ingredient to
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prove that geometric Jacquet functors commute with the action of Hecke functors in the unramified
case is the hyperbolic localization due to Braden [Bra03]. There is also an algebraic construction of
geometric Jacquet functors due to Emerton-Nadler-Vilonen in the case of the real reductive groups
by means of D-modules and nearby cycles on the flag variety [ENV04]. The geometric interpretation
underlying all these constructions seems to be the same.

Let Ip be the preimage of the Borel subgroup B under the map P(O) — P. Denote by By, the
image of B in L. It is a Borel subgroup of L. In the same way consider the map L(O) — L and
denote by I, the preimage of By under this map in L(O). Hence I is an Iwahori subgroup of
L(F). Finally we have a diagram

Iy «— Ip — Ig,

where the first map is induced by the natural projection P(O) — L(O). According to [FH13], the
categories Dy, (M (F)) and Dy, (V(F)) are well-defined. We are going to define the Jacquet functors

JpsJp : Dig(M(F)) — Dy, (V(F)).
Let N,r be two integers such that N +r > 0. Set Vi, = t’NV/t’"V. Denote by iy, the natural

closed embedding of Vv, in My ,. For any s > 0, let K be the quotient of I by the kernel of the
map GO) — G(O/t°0). Let Ip; denote the image of Ip under the inclusion

Ip — P(O) — P(O/t°0).
Similarly let I, 5 be the image of I, under L(O) — L(O/t*O). We have the following diagram

L(O/t50) =< P(O/t50) ——= G(O/t°0)

]

I, s Ip K.

For s > N + r, we obtain a digram of stack quotients

iN,r

IP,S\VN,T IP,S\MN,T L>KS\MN,T

ql
I \VN.r,

where p comes from the closed inclusion Ip, < I s. Set a equal to dim My — dim Vj.
For any s > N + r, we have the following functors:

Jb N dpne: D, (Myy) — Dy, (V)

defined by
q" o Jp y,[dim rel(q)] = (in,)"p*[dim .rel(p) — ra
q*o J1!37N)T[dim xel(q)] = (in.,)'p*[dim .rel(p) + ra).
The sequence
1 —UO/t°0) — Ips — I s — 1
is exact. Hence the functor

q"[dim rel(q)] : D1, . (VNr) — Dip (V,r)
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is an equivalence of categories and exact for perverse ¢-structure. The functors J y ,. and JI!)’ Nor
are well-defined. They are compatible with the transition functors in the ind-system of categories
defining Dy, (M (F)) and Dy, (L(F')) defined in [FH13]. By the taking the inductive 2-limit, we
obtain the two well-defined functors J} and Jp which do not depend on the choice of a section of
P — P/U. The Verdier duality functor D exchanges J} and J};, i.e. we have canonically

Do Jp——Jp oD.

As in the case of the affine flag variety, we can define the k-space quotient P(F')/Ip and define F¢p
to be the sheaf associated to this presheaf in fpqc-topology. The space F¥¢p is an ind-scheme. Let
X be a projective smooth connected curve over the field k. Let z be a closed point in X and X*
be equal X — {z}. Denote by O, the completion of the local ring of X at x and by F, its field of
fractions. We choose a local coordinate at the point x, denoted by ¢, and we may identify O, = k][[t]]
and F, = k((t)). Let D = Spec(k[[t]]) and D* = Spec(k((¢))). Then F{p classifies (Fp, 3, ¢€), where
Fp is a P-torsor on D, the map [ is a trivialization of Fp over D*, and e is a reduction of Fp|, to
a B-torsor. We have the diagram

(5.1) Flp &= Fop 22 Flg,

where tp (resp. tz) is given by extension of scalars with respect to P <— G (resp. P — L). Let Flp
be the P(F)-orbit through 1 in Flg viewed as an ind-subscheme with a reduced scheme structure.

The reduced ind-scheme F/p,.q gives a stratification of F¢p . There is a Hecke action Hg of

Dy (Flg) on the category Dy, (M(F)) and a Hecke action Hy, of Dy, (Flp) on Dy, (L(F)). Our
aim is to prove that the functor Jj commutes partially with these Hecke actions. In the unramified
setting there exists a geometric restriction functor from the category Pg(0)(Grg) to the category
Pr0)(L(F')) verifying some properties [BG02, Proposition 4.3.3]. Denote G (resp. L) the Langlands
dual group of G over @, (resp. L). One can define a restriction functor Rep(G) — Rep(L) with re-
spect to the map L — G. Then, the geometric restriction functor gRes : Pe0y(Gra) — Proy(L(F))
corresponds via Satake isomorphism [MV07] to Rep(G) — Rep(L). The slightly different version of
this geometric restriction functor has been defined in [Lys11] taking in consideration a factor G,,
which corresponds to the maximal torus of Arthur’s SLs. We are going to define the same kind of
geometric restriction functor at the Iwahori level, i.e.,

gRes : Dy (Flg) — Dy, (FLL).

For s1,s2 > 0,1et . P(F)=PF)n,  G(F) and Flp=_  P(F)/Ip,, where

G(F):={g € G(F)|t>*V C gV Ct™*2V}.

51,82

The ind-scheme _ _ Flp is a closed subscheme of F¢p. Similarly we define

L(F):={g € L(F)|t>*V C gV C t~%2V},

51,892

and Flr, =, ., L(F)/Ir. Thus the map t; in (5.1) induces a morphism (denoted again by tr,)

51,892
from | 2}'lp to, ., Fly. For s > s1 4+ s3 + 1 we have a diagram of stack quotients

51,8



26 BANAFSHEH FARANG-HARIRI

I\, ., Flr) <2 1Ips(,, ., FlL)

81,82

tr
Ip\(,, ., FlP)
tp

KN, Fla) <=—1Ip\,. ., Fla

$1:52

Moreover, the functor
qr[dim.rel(qr)] : Dr, (., ., Flr) — D1, (., ., Flz)

is an equivalence of categories and exact for the perverse t-structure. For any perverse sheaf K
extension by zero from  _ Flg to Flg, we may define gRes(K) by the isomorphism

q7.gRes(K)[dim .rel(qr)]— (tp)tp&" K[dim .rel(§)].

S1, 51,52

Lemma 5.2. For any dominant cocharacter A of G, we have
gRes(Lin)—Lin[— (A, 2(pc — pr))l,
where pa (resp. pr,) denote the half sum of positive roots of G (resp. positive roots of L).

Proof. Let Up be the unipotent radical of B. The space ]—'ﬁg is the Ug(O)-orbit through t*Ig
on Flg. Thus L, is the extension by zero from a connected component of F¢p. The map
Upt*p/Ip — ]-'l}j is a trivial affine fibration with affine fibre of dimension (\,2(p¢ — pL))
and the result follows.

([l

Lemma 5.3. For any w in the finite Weyl group of L, we have
gRes(Ly)——Ly, gRes(Ly)=——Ly1, gRes(Lyx)=— Lys-

Proof. The P-orbit through Ip gives a natural closed subscheme L/B,—P/B — Flp. For any
w in the finite Weyl group of L, the double coset BwB is contained in P. Thus L, initially
defined over F{s is actually an extension by zero from a connected component of F¢p. Hence
gRes(Ly1)— Ly, Moreover, BwB/B in G/B actually lies in P/B, so gRes(L,,)—L,,. The same
result holds for L,,,. O

Theorem 5.4. Let T be a perverse sheaf in Pr,(Flg) which is an extension by zero from a
connected component of Flp, and K be in D, (M(F)) then we have

JpHe(T,K)=>Hy(gRes(T), JpK) (A, 7 — fi)],

where X is the cocharacter whose image in w1 (L) is 6, U is the character by which L acts on det(Vp)
and fi is the character by which G acts on det(Mp).

Proof. The connected components of F/p are indexed by 1 (L). For ¢ in (L), denote by F¢% for
the corresponding connected component which is the preimage of F 19L under the map t;, defined in
(5.1).

Let s; and sy be two non negative integers and 7 be the extension by zero from _ FlY, =
FlpN }'é%. For N +r >0 and s > max{N +r,s; + s2 + 1} consider the diagram

1,82
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VN,T X o1,s0 P(F) act VN+S1,T—S1
qp qu
VN,T‘ 7 VN,T X 31,52]'7?9 acta.r IP,S\VN+81,7’781
iN,r N, Xid IN+sq,r—sq
MN,T‘ <L MN,T X 31,52]'7?3 m IP,S\MNjle,rfsl
p

acty

pr 0
1,82 flG - KS\MN+81,T7817

MN,',- -~ MNJ. X

s

where the map act sends (m, p) to p~*

quotient under the action of Ip.
Moreover, the second line of this diagram fits in the following diagram

m, the map ¢p sends (m, p) to (m,plp), and gy is the stack

actq, p

0
VNr X Sl,sgflp

s

IP,S\VN+51,T—51

idX{L q

actq, p

0
VN,T X flL ——— IL,S\VN+51,T—51-

$1,82

At the level of reduced ind-schemes the map _ . F 19, — Flg is a locally closed embedding, thus

the perverse sheaf 7 may be viewed as a complex over _ F1%. For a given K and large enough
N, r, by definition, up to a shift independent of ' and 7 we have

Ha(T, K)—pri(act; p(K) @ pry(T)),

where pr : Ks\(MNyriswz}"lg) — Ks\sw2 Flg is defined in Appendix 6. Thus by definition of
gRes and Jp and the commutativity of the diagram above, we get

JpHa(T,K)—H(gRes(T), JpK)[7],

To determine the shift, one may consider the following special case where K is the constant perverse
sheaf Iy on M and 7 equals L;a, where A is a dominant cocharacter of G. For N, r large enough,
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we have the following diagram

(5.5) My, < My, % FI

4

ay ~ A
< t
VN Vo,r xFlt .

Remind that F1% is the Up(O)-orbit through t*Ip in Flp. The scheme My, X Flb is the scheme
classifying pairs (gIp,m), where glp lies in Flp and m is an element of gM/t" M. Similarly the
scheme me;(flpt)\ is the scheme classifying pairs (glp,v), where glp lies in flf: and v is an
element of gV/t"V. For large enough r, we have gV Nt"M = ¢"V. So the right vertical arrow in
Diagram (5.5) is a closed immersion. Denote by IC the IC-sheaf of Mg . x F l?. We have canonically

]?G(Ltk!, Io):OzM! (IC),

and additionally
dim (Mo, X FIi) = (X, 25¢) + rdim My — (A, ),

Hence we have

JpHG(Lyny, Lo)—iy rann (IC)[—ra

(5.6) —ay1Q[(\, 2p¢) + rdim Vg — (A, i1)].
The map ay factors through
(5.7) Vo XFO5 — Vo p xFOL 25 Vi,

where the first map is a trivial affine fibration with an affine fibre of dimension (\,2(pg — pr))-
This gives us
dim (Vo X FOL ) = (X, 2p1) + rdim Vy — (A, ).

By definition we have
(5.8) Hi (L, Io) apn(10).
This gives us the desired shift as follows
(5.9) JHEHa (L, L) ——aviQ,[(\, 2pg) + rdim Vg — (), f1)]

—apnQ[(\ 7 — i —2(pc — pr))]

—Hp(Lix, o) [(A 7 — o = 2(pe — pr))]

—H(gRes(Ly), Io)[(X, 7 — )],

where the first isomorphism is due to (5.6), the second is due to (5.7), the third is due to (5.8) and
the last one is due to Lemma 5.2. This shift is compatible with [Lys11l, Lemma 5]. ]

Let 0y : G X My — My be a linear action, whose fixed points set is V). Assume 0y contracts M
onto Vy. Let 7 be a integer, denote by v : G,, — L the cocharacter of the center of L acting on
V by & — 2". Now consider the case where ¢y is the map sending = in Gy, to v(z)z~". For any
z in Gy and m in My, consider the action of Gy, on My, defined by (x,m) = zm. Let K be a
Gm-equivariant perverse sheaf in Py (M (F')) with respect to this action of G,, on My . Then for
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any w in I/ng, both K and Hg (L, K) are Gy-equivariant with respect to the dy-action on M (F).
We get a new version of Proposition 5.4 as follows:

Corollary 5.10. Let K be a Guy-equivariant perverse sheaf in Pr (M (F)) for the dy-action on
Mp 5, for N,r large enough. Assume that k admits a K -structure for some finite subfield K of k,
and as such is pure of weight zero. Then J5(K) is pure of weight zero.

This is an analogue of [Lysl1, Corollary 3] in the Iwahori case affirming that the geometric Jacquet
functors preserve the pure preserve sheaves of weight zero.

6. APPENDIX A

The construction of Hecke functors has been done in [FH13, §3]. We will recall here its main
lines for sake of completeness. Let G be a split connected reductive group over k. Let Tz be the
maximal standard torus and Bg be the standard Borel subgroup containing 7 in G. Denote by
I the corresponding Iwahori subgroup. Let My be a faithful finite-dimensional representation of
G and let M = My ®x O. The definitions of the derived category Dy, (M (F)) of ¢-adic sheaves
on M(F) and the category Pj.(M(F)) of ¢-adic perverse sheaves on M(F) are given in [FH13,
§3]. For any two integers N,r > 0 with N + 7 > 0, set My, =t~V M/t"M. The subgroup G(O)
acts on My, via its finite dimensional quotient G(O/tN*"0). Denote by I the kernel of the map
G(O) — G(O/t*0). The Iwahori subgroup Ig acts on My, via its finite-dimensional quotient
I /IN4r. For s > 0 denote by K the quotient I /Is. Let s1,82 > 0 and set

(6.1) G(F)={geGF)| t*M C gM Ct~**M}.

$1:52

Then _ . G(F) C G(F) is closed and stable under the left and right multiplication by G(0O).

Further ,Fla =, ,,G(F)/Ig is closed in Flg. For sy > 51 and s, > so, we have the closed
embeddings 5, s, Flg — s S/QJ-YG and the union of g, 5, F/¢ is the affine flag variety Flg. The map

) s1,s

sending g to g~! yields an isomorphism between ,  G(F) and , G(F). Denote by ji in X* the
character by which G acts on det(Mp). The connected components of the affine Grassmannian Grg
are indexed by the algebraic fundamental group 1 (G) of G. For 8 a cocharacter in 71 (G), choose A
in X* whose image in 71 (G) equals 6. Denote by GrZ, the connected component of Grg containing
Gr}. The affine flag manifold Flg is a fibration over Grg with the typical fibre G/B. Hence the
connected components of the affine flag variety Flg are also indexed by 71 (G). For 0 in 7 (G),
denote by ]-"Z% the preimage of Gr% in Flg. Set SMQ}"I‘9 = fl% N ., ., Fla. According to [FH13,
Lemma 4.2, There exists an inverse image functor

s

act’ : Dy, (M(F)) x Do (Flg) — Dig(M(F) x Flg)

which preserves perversity and is compatible with the Verdier duality in the following way: for any
K in Dr,(M(F)) and F in Dy, (Flg) we have

D(act (K, T))—act;(D(K), D(T)).

Given N,r,s1,82 > 0 with r > s; and s > max{N + r,s; + s2 + 1}, one can define the following
commutative diagram
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My, %, .,G(F) o My, ...,
q9G qm
s act
MN,r o MN,r X 31,52‘7:ZG - KS\MN+517T*51
acty s
K\M,, <" K\(M,, %,  Flg) — K\ (., Fla)

The action map act sends the couple (v, g) to g~tv. The maps pry, pra and pr are projections. The

map ¢ sends the couple (v, g) to (v, glg). All the vertical arrows are stack quotients for the action
of the corresponding group. The group K acts diagonally on My . x _ _ Flg and the map acty is
equivariant with respect to this action. This functor sends (K, 7)) to

KXT = (acty JK) @ praT [dim(K) — ¢ + sy dim Mo]
where ¢ equals (6, i) over | FIZ,.

For any N, 7, s1, so greater than zero satisfying the condition s > max{N + r, s; + s3 + 1}, consider
the projection

s

pr: Ks\(MN,T X flG') I KS\MNJ‘

81,82

For any K in Dy (M(F)) and 7 in Dy_(Flg), the Hecke functor

—

He(, ) Di1g(Fla) X Digxry (I(F)) = Dirgxi, (IL(F))
is defined by
Ha(T,K) = pri((KXT))

Moreover, this functor is compatible with the convolution product on Dy, (Flg). Namely, given
71,73 in Dy, (Flg) and K in Dy, (M (F')), one has naturally

HG(IZVLHG(’]’QaK:)):HG(?rl *757IC)-

An example of computation of Hecke functors. Let R,7 > 0 and t"M C V C t ®M be an
intermediate lattice stable under Ig. Let K € Py, (Mpg,) be a shifted local system on V/t"M C
t=BM/t" M. We are going to explain the above construction explicitly in this case. Let 7 be in
Dis(,, ., Flg). Choose r1 > 7+ s1. If g is a point in _ _ Flg then "' M C gV. So we can define
the scheme (V/t"M)x_ . Flg as the scheme classifying pairs (g9/g,m) such that gl¢ is an element
of Flg and m is in (gV)/(t"*M). For a point (m, g) of this scheme we have g='m in V/t" M.

51,82

Assuming s > R+ r we get the digram

MR+S27T1 L (V/trM);( s9 flG a&f Kg\(V/trM)7

51,
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where p is the map sending (g/g, m) to m. For gG(O) in GrY,, the virtual dimension of V/gV is (0, j1).
The space (V/t"M)x . FlZ is locally trivial fibration over _ _ Fl¢ with fibre isomorphic to an
affine space of dimension dim(V/t™ M) — (6, f1). Since K is a shifted local system, the tensor product
acty (K @pr3T is a shifted perverse sheaf. Let K X7 be the perverse sheaf acty (K @pr3 T [dim]. The
shift [dim] in the definition depends on the dimension of the connected component and hence on i

as explained above and is such that the sheaf act; (K ® pr37 [dim] is perverse. Then Hg(7, K) =
p(KRT).

7. APPENDIX B

The aim of this appendix is to compute the complex EH (L.,Z") in the category Dr,, x 1. (IL(F))
for any L, in Py, (Flg). We will first consider the case of 7 being a simple reflection the finite
Weyl group of H then for 7 being the unique simple affine reflection in WH. The action of length
zero elements being obvious, this completes the action of simple objects of Py, (Fly) on IV in
the derived category Dy, 1. (II(F)). For any point hly in Flj, we write U, = hU; and we fix a
complete flag U; € --- € U, on U JtU'. Let ﬁlfi]:l}{ be the scheme classifying pairs (v, hlp),
where hly is in Fl}, and a v is a map from L* to U’ JtU. such that v(e}) € U;(i) foralli=1,...,n.
Let

(7.1) 7 Iy % Fly, — Moy

be the map sending (v, hly) to v. By definition we have
EH<LT7IM):W!(@€®LT)'

Let Hi‘%f/l}l be the open subscheme in TTj X FI}, consisting of pairs (v, hly) in TI§ X FIF; such that
v(el) ¢ UV(Z.)i1 for all i = 1,...,n. If 7° is the restriction of 7 to the open subscheme I} x Fi7;,
then we have

Hy (L, TM) ) (QNL, ).
For 1 < i < m we will denote by 7; the simple reflection (¢,7 + 1) in Wg.

Proposition 7.2. Let ¢ be an integer such that 1 <i <m
(1) Ifi ¢ I, then the complex I?H(LTi,I“) is canonically isomorphic to TH @ RT(PL, Q,)[1].
(2) Ifiel, then

Imiov @ ITi-1ev if i>1and i—-1¢1,

p [0 P 7
Hy(Ly, V) — { 7" @ IC(Y") otherwise,

where Y is a specific locally closed subscheme of Iy 1 (whose construction will be given in the proof
below).

Proof. The scheme FI7,; is the projective space of lines in U;1/U;—1.
(1) Consider the projection py : Flg — Gryg. Then pgi(L,,) is canonically isomorphic to
RI(P!,Q,)[1]. This implies that
Hy(L,,, T")—=T" @ RT(P', Q,)[1].

(2) Let us describe the image of the map 7 in (7.1). It is contained in the closed subscheme Y~
of Iy 1 given by the following two conditions:
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a) For j #v1(i), v(e}) € Uy,
b) For j =v~'(i), v(e}) € Uita.
Let Y be the closed subscheme in Y consisting of elements v such that v(e}) belongs to

U;_1 if j = v=1(i). Over a point of Y" the fibre of the map (7.1) is P! whence over a point
of Y —Y" the fibre of the map (7.1) is a point. Thus

Hy(L,,T")=IC(Y ) s IC(Y").
Now we need to identify Y and V.
Ifi+1¢ 1, let I, be thesubset of {1,...,m} obtained from I, by throwing i away and

adding i+1. In this case Y is isomorphic to ﬁgﬁl so IC(Y") is canonically isomorphic to Z* .

Now let ' : {1,...,n} — {1,...,m} be strictly decreasing with image 1. Considering
V' as an element of S, ,,, we get that Iy, =TIfy ;.

Ifi+1 eI, let v o {1,...,n} — {1,...,m} be the map v composed with the
permutation 7;. The image of v/’ is the subset I, u(but V' is not strictly decreasing). Viewing
v as an element of Sn,m enables us to identify Y’ with the closure of the Iy x Ig-orbit
I0g ;.-

Thus, in both cases ¥ = 7; o v is the composition {1,...,n} 2% {1,....m} =
{1,...,m} and IC(Y") is isomorphic to Z7:°".

Ifi>landi—1¢ 1, thenr,_jov:{l,...,n} — {1,...,m} is strictly decreasing and
Y" is isomorphic to the closure of Hgfl‘lou. So we get IC(Y”) = Z7i-1°”_ This proves the
assertion.

O

Proposition 7.3. Let ¢ be an integer such that 1 <i <m
(1) If neither i nor i + 1 is in I, then

Hy(L,,, T")=T" @ RO(P!,Q,)[1]

(2) Ifi is not in I, and i+ 1 is in I, then the composition T; o v is again strictly decreasing

and there is a distinguished triangle

I#![fl] — HH(LT“IH!) SN I(T-;OV)! Ll)

(3) Ifiisin I, and i+ 1 is not an element of I, then there is a distinguished triangle

70— Hy(Lr, T") — T[] 25

(4) If both i and i+ 1 are in I, then there is a distinguished triangle

Proof.

Tt H (L T — 701 L
(1) This is straightforward as in Proposition 7.2.

(2) Let Y’ be the locally closed subscheme of Il ; given by the conditions :

a) For 1 <j <n, v(e}) € Uy
b) For j # v~ (i +1), v(e}) ¢ Uygy-1-
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¢) For j =v'(i+1), v(e}) ¢ Uy(j)—2-
The scheme Y’ is the union of two Iy X Ig-orbits corresponding to v and 7; o v. Moreover,
we have
dim(Ilg ;) = 1+ dim(Hgff”).
Hence

HH(Lﬂ ) IH'):IC(YI)[_ 1]
and the assertion follows.
(3) Let Y be the scheme classifying elements v in IIy ; such that :
a) For j # v=1(i), v(e}) € U,y and v(e}) ¢ Uy jy—1-
b) For j =v~'(i), v(e}) € Uiy1 and v(e}) ¢ U 1.
Then Y’ is the union of two orbits I, and II§'7". Thus }_IH(LT“I’“) is the extension

by zero of IC(Y/) from Y to ITy,1. Hence we have a distinguished triangle
T 1oy — 1) A5

(4) Let Y be a locally closed subscheme ITy,1 be the scheme given by the conditions:
a) For v(j) #i,i+ 1, v(e}) € Uy \ Upj)—1-
b) For j =v~'(i), v(e}) and v(e}_,) belong to Uy 1, and their classes modulo U;_; form
a basis of U;+1/U;_1.

Then H g (L,,,T") is isomorphic to IC(Y") extended by zero to Ily ;. The scheme Y is the
union of two orbits IIf ; and TI§'}”, and we have a distinguished triangle
7o) L 1ey’y — 1) £
]

Proposition 7.4. Let w be the affine simple reflection, i.e. w = t*r where A = (—1,0...,0,1) and
7= (1,m) is the longest element of Wyy.

(1) If neither 1 nor m lies in I,, then

Hy(Ly, ") =T @ RI(P*, Q,)[1].
(2) If1 is not in I, and m lies in I,,, let N\ = (-1,0,...,0), and w' = (/\,,7'01/) be an element
of Xg X Sp,m. There is a distinguished triangle
T s Hyp(Ly, T") — 7#[1] L .
(3) If1isin I,, and m is not in I,,, let N = 0,...,0,1), and w = ()\,,7'01/) be an element of
Xa x Spm, then there is a distinguished triangle

TM[-1] — Hp (Lo, T — 70[1] L .

(4) If 1 and m are both in I, let \' = (=1,0,...,0,1) and w = (\',7 o v) then there is a
distinguished triangle

’

T Hy (Lo, T") — T%[1] &5 .
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Proof. Denote by U_1 C Uy C Uy C --- C Uy, = U C Upy,41 the standard flag of lattices in U(F).
Assume m > 1. A point hlg in FI% is given by a line Uy/U_; in Uy /U_,. We set U, = t~'U,. Let
I+ >~<]-'7l1“} be the scheme classifying pairs (v, hiy), where hiy is in .7:717;’1 and v is a map from L* to
Upnt1/U-1 verifying:
a) For v(j) # m, v(e}) € U,(.
b) For v(j) # 1, v(e}) € Up(j) — Up(j)-1-
c) Form e I,, v(e}) € u, -, .
(The condition m € I, is equivalent to v(1) = m).
d) If 1 € I, then v(eX) € Uy — U,
(The condition 1 € I, is equivalent to v(n) = 1).
Now let
(75) Tl Hugfil}‘} h— Homo(L*, Um+1/U_1)

be the projection sending a couple (v, hIy) to v. The scheme II*x FI is smooth. Write IC for the
intersection cohomology sheaf of II*x F1%. The sheaf IC is nothing but the constant sheaf shifted
to be perverse. Then

Ht(Ly, T") == (IC).
We can now prove the assertions.
(1) This is straightforward as in Proposition 7.2.
(2) The space Homp (L*, Uy, 41/U1) is an O-module on which ¢ acts trivially, hence it is a vector

space. By definition H z(L,,,Z") may be considered as a complex on Home (L*, U,y 1/Uy).
Let Y be the subscheme of Home (L*, Uy,11/U1) given by the conditions:

a) For j > 1, v(e}) € Uyj) — Uy(jy-1-

b) The vector v(e}) does not vanish in Uy,11/Up—1.
Then ;IH(Lw,I”!) is isomorphic to IC(Y)/ extended by zero to Home (L*, Up,41/U1). The
subscheme Y is the union of two I x Ig-orbits, the closed orbit corresponds to H‘](,,T and
the open orbit passes through maps v given by

v(ey,) = Up(ny, - - -, V(€3) = Uy 2y, v(e]) = t .
The map v can be written as follows:
a) For j € I, — {m}, v(u}) = e ()
b) For all other k # 1, v(uy) = 0; and v(u}) =t~ le;.
So this open orbit corresponds to the element w = ()\,,T ov) in Xg X Spm, where N =
(—1,0,...,0). This leads to the desired distinguished triangle.

(3) In this case H g (L, T") is naturally a complex over Homo(L*,U,,_1/U_1). The space
Homo(L*,Up,—1/U—1) is an O-module on which ¢ acts trivially, hence is a vector space.
Denote by Y’ the subscheme of Homo(L*,U,,—1/U—_1) given by the conditions:

a) v(er) e Uy —U_;.

b) ’U(e}f) € Uu(j) — U,,(j),l for 1 <j<n.
Then the fibres of the map (7.5) identify with A'. So H (L, Z") is the sheaf IC(Y")[—1]
extended by zero to Home(L*,Up,—1/U—1). The scheme Y’ is the union of two Iy x Io-
orbits, the open corresponding to v and the closed one passing though v given by

v(ey,) = tum,v(en_1) = Upm—1),---,V(€]) = Up(1)-
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Let w' = (A, 7o) be in X¢ X Spm with A being equal to (0,...,0,1). Then we have a
distinguished triangle

T#[-1] — Hy (Lo, T") — 7% F4

We have v(1) = m and v(n) = 1. Let Y be the subscheme of Homo(L*, Upy1/U_1)
classifying maps v satisfying the conditions:

a) Forall 1 < j <n, v(e;) € U,,(j) - Uu(j)fl-

b) v(er) e Uy —U_;.

C) ’U(BT) S Um+1 —Up_1.

d) {v(e}),tv(e})} are linearly independent in Uy /U_;.

Then the map (7.5) is an isomorphism onto Y”. Hence H p(L,,,Z"') identifies with IC(Y")
extended by zero from Y’ to Homo(L*,Up,+1/U—1). The scheme Y’ contains the closed
subscheme which is the Iy x Ig-orbit corresponding to . The complement of the latter
scheme in Y is the Iy x Ig-orbit passing through v given by

v(ey) = t_lul,v(eg) = Upy(2),---,V(en_1) = Upn—1),v(€),) = tUp,.

Let w' = (\, 7 0v) where A = (—1,0,...,0,1). Then there is a distinguished triangle
"1

v !

—IC(Y) — 71
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