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M.A. Lifshits and M. Zani
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Abstract

Let X(t),t € [0,1]¢ be an additive random field. We investigate the
complexity of finite rank approximation

X(t,w)~ Y &lw)en(t).
h—1

The results obtained in asymptotic setting d — oo, as suggested
H.WozZniakowski, provide quantitative version of dimension curse phe-
nomenon: we show that the number of terms in the series needed to
obtain a given relative approximation error depends on d exponentially
and find the explosion coefficients.

Key words: approximation complexity, dimension curse, Gaussian pro-
cesses, linear approximation error, random fields, tractability

1 Introduction

Let X(t) = > 2, &ew(t),t € T, be a random function represented via ran-
dom variables ¢, and the deterministic real functions p. Let X, (t) =
Y i &ker(t) be the approximation to X of rank n. How large should be
n in order to make approximation error small enough? Provided a functional
norm || - || is given on the sample paths’ space, the question can be stated in
the average and in the probabilistic setting. Namely, find

n®(e) :=inf {n : E||X — X, ||* <&},
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or

nP"(g,9) :=inf {n : P{||X — X, || > ¢} < d}.

In this work we mostly consider the additive random fields X of tensor
product-type with 7 C R? The word ”"additive” means that X can be
represented as a sum of terms depending only of appropriate groups of coor-
dinates.

In the first part of the article we investigate the problem for fixed X, T,
and d.

In the second part we consider sequences of related tensor product-type
fields X@(t),t € T c R?, with d — oo and study the influence of dimen-
sion parameter d. It turns out that the rank n that is necessary to obtain
a relative error € increases exponentially in d for any fixed €. The explosion
coefficient admits a simple explicit expression and does not depend on e¢.
Interestingly, the phenomenon of exponential explosion does not depend on
the smoothness properties of the underlying fields. Recall that exponential
explosion of the difficulty in approximation problems that include dimension
parameter is well known as ”dimensionality curse” or ”intractability”, see
e.g. [11], For more recent results on tractability and intractability, see [12].
On ideological level, we were much inspired by this work.

Throughout the article, we use the following notation: for integers let
N={0,1,2,...} and N* = {1,2,...}. We write a,, ~ b, iff lim, a, /b, = 1.

The article is organized as follows. In Section 2 we specify the class
of random fields to work with and introduce the necessary notation. After
recalling some basic known approximation results in Section 3, we handle a
given additive field in Section 4 while Section 5 is devoted to the asymptotic
setting: we deal with a series of random fields with parameter dimension
d — oo. Finally, in Section 6 we give some extensions of our results to more
general class of random field.

2 Additive random fields

In this article we investigate additive random fields. The simplest example
of additive field is given by

X(t) =) _Xt), teR’
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where X; are independent copies of a one-parametric process. The behavior
of X was studied in [2] and in some other works. During last years, the
additive fields of higher orders also attracted the interest of researchers. In
this general case, the additive d-parametric random field is a sum of i.i.d.
fields, each depending on a smaller number of parameters. To give a precise
definition, we need some notation. Let us fix d,b € N such that d > b > 1,
and let T; = [0,1]¢, T, = [0,1]*. We denote by D and D, the following sets
of indexes:

D={1,---.d}y, Dy={ACD,|A =b}.

For each A = {ay, -+ ,ap} € Dy, we define the projection 114 : T, — T}, by
HA(t) = (talv T 7t0«b) :
We consider the following process defined for every t € T, by

X(t) = Z Xa(ITa(?)),

A€eDy

where X4 are i.i.d. copies of a b-parametric random field and call X an
additive random field of order b.

The additive structure becomes especially important if the order b is much
smaller than time dimension d. Since in this article we are mainly interested
in the role of dimension, we are going to discuss the families of additive
random fields with varying d and b. In this setting, it is quite natural to
assume that X is actually generated by a one-parametric process via taking
tensor degrees.

Recall the notion of tensor product for second order random fields. Given
two centered fields {Yl(tl)}tlerl and {Y'Q(tg)}tzgd2 with covariances Ky (-, -)
and Ky (-, -), respectively, we define their tensor product {(Y1®Y2)(t) }rery, 4,
as a centered second order random field with covariance

K ((t1,t2), (1, 15)) v= Ki(t1, 1)Ko (ta, t5).

The definitions of multiple tensor products ®?:1 Y; and tensor degrees Y ®
are now straightforward.

Let now {Y(u)}ucp,1) be a given second order one-parametric process
expanded with respect to an orthonormal basis (;);en € Lo([0, 1]):

Y () = 3 A (w)s:
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where A(i) > 0, Y2 A(4)? < oo and (&);en are non-correlated random
variables, E(&;) = 0 and Var(¢;) = 1. For any integer b > 1 the b-th tensor
degree of Y writes as

X(t) = Y®(t) ZHAklwkltlfk, teT,

keN? [=1

where the variables (&)yene are non-correlated, E(&;) = 0 and Var(§) = 1.
Now the d-parametric additive random field of order b generated by Y
has a form

Xoplt) = > Z(HA (k)ow, (A1) >) £t

= > > (H )‘(ka)HSDka(ta>> & (2.1)

If ky denotes the covariance function of Y, ie. Cov(Y(u),Y(v')) =
ky (u,u’) we easily see that

COV(de( ) de Z H /{iy ta,t

AEDy acA

For the rest of this section, we make the following assumption that substan-
tially simplifies the calculations:

Assumption 2.1
YVu € [0,1], @o(u) =1.

This assumption leads to the principal results in a more direct way. How-
ever, we will show later in Section 6 that it can be dropped, at least some-
times. We are, of course, not the first to notice the advantages of this as-
sumption. See for example a recent work [4] where important random fields
satisfying this property are handled.

Under Assumption 2.1 we have the following lemma.

Lemma 2.2 Let k, k' € N? and A, A’ C D. If Assumption 2.1 is valid,

then the functions V(t) = [[,c4 Pk, (ta) and ' (t) = [[,ca or: (ta) are either
identical or orthogonal in Lo(Ty).



Proof: We are interested in the scalar product
(W, 4) = [ DO (t)dAa(t), (2.2)
Ty

where \; is the Lebesgue measure on T,;. We can represent this integral as a
product of three factors:

(w, wl) = I IL113

where

Hl = H /01 gpka ng/ t)dt

acANA’

H2 - H / Pk (ta)dta )
aca\ar ¥ [0:1]

]___[3 = H / (pk:z (ta)dta .
acAna 0]

In the first factor II;, whenever k, # k., the integral is null, since the func-
tions (p;) are orthogonal. In the second factor Ily, if k, # 0, it follows from
the orthogonality of the family (¢;) and Assumption 2.1 that the integral
f[0,1] ¢k, (ta)dt, is null. The same argument applies to the third factor IIs.

We see that II;II;I13 does not vanish only if k, = k) for a € AN A" and
ko =0, k!, = 0 elsewhere, and the assertion follows. O

Notice that in expression (2.1) different sets A can generate the same
product [], ., ¢, (ta). Therefore, it is more convenient to write X, in a
different way:

Xap(t) ZZ S T ertta) [T AED Do A0) 20, (2.3)
h=0 %CD ke(N*)C acC aeC I‘T}g‘ Db\C;l)

where k& € NCUF is made of k by adding zeros. We can simplify this expression

to
Xap(t) Z Z Z H Pk, (ta) H A(ka) 7707 (2.4)
h=0 0cD | ke(N*)C acC aeC

proces?2

proces3
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where (7”)cep are non-correlated centered random variables of variance
Var(n®) = C4Z1A(0)0=R)

Expression (2.4) is convenient to handle, since by Lemma 2.2 all terms in the
right hand side are orthogonal in Lo(7Ty).

The spectrum of the covariance operator of Xy, can be described as
follows. For every fixed h € {0,--- ,b}, and every k € (N*)" take the eigen-
value C5—1 [HLI )\(k;l)} ’ A(0)2=) of multiplicity C% coming from C# differ-
ent choices of subset C' C D. It is more convenient to us not to identify the
equal eigenvalues generated by permutations of (k).

3 Approximation of simple tensor products

In this section we recall some results of the paper [8] on approximation of
tensor product random fields. In terms of Section 2 the setting of [8] cor-
responds to the ”"elementary” case b = d which does not contain additivity
effect. The facts known about this case will be the starting point of our
study. According to (2.1), for b = d let X (t) = X4,(t) be a random field
given by

Xt =Y ] k& [ ent),  telo1]

keNd [=1
where (¢;) is an orthonormal system in L»[0,1] and & are non-correlated
random variables.

3.1 Fixed dimension

Assume that d is fixed and that the assumptions
A=) A(i)? < o0, (3.1)
i=1

(@) ~ pi~"(logi)? (3.2)

are satisfied with g > 0,7 > 1/2,q # —r. We approximate X by a finite sum
X, corresponding to the n maximal eigenvalues. Recall that approximation
cardinality n®9(e) is defined as

n®(e) =inf{n; E||X — Xn||%2(Td) <e?}.
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Then we have the following theorem:

Theorem 3.1 ([8]) Under assumption (3.2) it is true that

avg
g

By ]10g8|”5 1/(r=1/2)
g) ~ ;
() (\/§(r — 1/2)rB+1/2 € )

where for ao = q/r

By = pil, B=(d-1)+da if a>—1,
By = pd'SY4 V. g=qa if a<—1,

_ - N1/r _ [(a+1)¢
S = ;/\(z)/, Hd_m.

3.2 Increasing dimension

Suppose d — oo and assume that
> log A(#)[*A(i)* < oo
i=1

The total size of the field X is characterized by
E|X|* = A”.
As above, define the cardinality associated to the relative error
g (e) = inf{n; E|X — X,|l7,r,) < A%}
Then we have

Theorem 3.2 ([8]) Under assumption (3.6) it is true that

2

where A= Ae*™ and M = -5 7, log)\(i)’\(/? .

We stress that no regularity assumption like (3.2) is required.

3)

(3.6)
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4 Approximation in fixed dimension

In this section, we fix d and b and consider the quality of approximation to an
additive field X;; by means of the processes of rank n, as n — co. Namely,
we approximate Xy, with the finite sum X,, from (2.4) corresponding to n
maximal eigenvalues of covariance operator. As a measure of approximation,
we use
n®™(e,d,b) = inf{n; E|Xqp — XHH%Q(Td) <¢e?}.

Analogously to (3.2), we will consider here the practically important case
described by the following

Assumption 4.1 A(i) ~ pi~"(logi)?, i — oo, for some p >0, r > 1/2,
and q # —r.

We write @ = ¢/r. For any h € {1,--- ,b} and k € (N*)"  let us write

h

A= H N (k)

=1

and (Xiﬁ ,n € N) for the decreasing rearrangement of the array (\2),k €
(N*)". We know from [8] that

Mo~ B (logn)*? . n— oo, (4.1)
_ o Dletn™ \'
where o a > —1: B =p (F(h(a“))>
f=(h—1)+ha
B, = Iuhr [Z /\(Z)l/r} (h=1)r
e a<—1: ¢21
f=a

Note that equivalent results can be found e.g. in Cséki [3], Li [7] Papageor-
giou and Wasilkowski [9] (for ¢ = 0) and especially in Karol’, Nikitin, and
Nazarov [5] for even more general case than we need here.

Proposition 4.2 Under Assumptions 2.1 and 4.1 we have:
a) If « > —1, then

2r

09 (2, d,b) ~ [C1]75 (

B log £|8Y =172~
ety

V2(r —1/2)r8+1/2 €
(1.2



b) If a« < —1, then

(r—1/2)"1
1 ro
n‘“’g(e,d)w( Vo [ log €] ) . e—0,  (43)
V2(r —1/2)ra+1/2 €
where
b 2r
- (Z c<h>%ﬂ> and C(h) = CLMCHP AP B (4.4)

h=1

Proof:

If a > —1, then 8 depends on h, hence, in asymptotic setting, the only rele-
vant eigenvalues are those corresponding to the maximal (3, i.e. the asymp-
totics is determined by the array of eigenvalues corresponding to h = b. In
this case, A(0) does not appear in the array and we have

> Moy ~ B22r — 1)\ (log n) > | (4.5)

m>n

where 8 = (b — 1) 4+ ba. We look for

n®(e,d,b) = C4-inf{n; C4 > A, < %)

m>n
and the result follows from (4.5).
If @« < —1, then 8 does not depend on h. Therefore, the eigenvalues Xi’h
have the same order of decay for all h. For a given h € {1,--- b}, we have to
consider eigenvalues Csj,}ixz7h)\(0)2(b_h) of multiplicity C%. We include, say,

np maximal terms in approximating process of rank n. The contribution of
the non-included terms to approximation error for this given h is

Z o Z)\mhA(O) 2020 o C(h)(2r — 1)l (log np)?, np — o0,

m>nh
i

where C'(h) is defined in (4.4).
Let us denote by f the function defined on [1,00[" by

b
flxr, -, x ZC’ (2r — 1) te 7 (log 2,)*" .

h=1

ass_err



s:increasing‘

We want to minimize f under the constraint x; + --- + x;, = n. This leads
to the optimal values nq,--- ,n,. We derive

which gives

Fna, - ) ~ Q(2r — 1)1t~ (log )2 |

where @ is defined in (4.4). The result of Proposition 4.2 b) is now immediate.
|

5 Approximation in increasing dimension

We study the approximation of X;; by a finite sum X,, when the dimension
d is increasing. We still work under Assumption 4.1 and consider two basic
different situations:

a) the case where the additivity order b is fixed,

b) the case where b goes to infinity and the positive limit limg_,, b/d exists.
In order to deal with relative errors, we compute the total size of the additive
process:

B Xapl? iz = ch > HA k)2CUA(0)20M (5.1)

h=0 ke(N*)h k=1
= CdZC,?Ah)\ R
= Cd( () ) = Can’.

where A = 37 A\(i)? and A = > A(i)> We want to evaluate the relative
average approximation complexity:

n(e,b,d) = inf{n; E|Xqp — Xulli,mz,y < CoA°e*}. (5.2)

For both cases a) and b), the idea is to compare (in terms of cardinality) the
contribution of each array for a fixed h.

10



prop_bfixed

5.1 Case b fixed

We have the following approximation.

Proposition 5.1 Let Assumptions 2.1 and 4.1 hold. When b is fixed and

d — o0,
b

(e, b d) e SN ()

and the asymptotics of ny"?(g) is given in (3.3).

Proof: Recall that the spectrum of covariance operator of additive process
of order b can be obtained as follows. To any fixed h = 1,--- , b associate an
array of eigenvalues

=T k) ke ()"}

to which two operations are applied:

a) every eigenvalue \? is multiplied by C5—F\(0)20=M

b) the array is taken with multiplicity C?%.

If we forget about all arrays except for the last one corresponding to
h = b, then Theorem 3.1 provides the required lower bound

b
ﬁavg(é, b, d) > 03 nZUg(gAb/Q) ~ % A—b/(27‘—1) nzwg(g),

as d — 0.
Now we give an approximation construction providing the upper bound

for 79%9(g, b, d). Fix a small § and include in approximation part C4 ny*? (eA%?)

terms from the last array (b = h) and C* n]"(L;,0eA%?) terms from every

array with 1 < h < b — 1, where

By= [0l = St
| Ci Cacn,

The squared approximation error for each h < b — 1 can be evaluated by
Cg . Lah(pg?/\b . Odb:Z)‘(O)z(b_h) — 525202Ab . )\(O)Q(b_h)’

hence the total squared error is bounded by §2e2C5A° 22;11 A(0)20=h) | Taking
into account the error in the last array, we see that the total squared relative

11



error of our procedure does not exceed (1 + 623207 A(0)2(0=) ) e? which can

be made arbitrary close to € as 6 — 0.
Finally, let us evaluate the number of terms in approximation part. For
each h < b — 1 there exist constants ¢;(b, h,d) such that

Ch n§™9(Lyy, 0eAY?) < O ci(b, h, 8) nit?(eA¥?)

h
< o ca(b, h,0) n?”g(eAbﬂ)
< d" es(b, b, 6) niI(eA?).

Hence the total number of terms in approximation part is bounded by

db db
(a + Cg(b, h, (5) db_l) nzwg(gAb/Q) ~ E

as required. 0O

AT/ ng Y (e), d — oo,

5.2 Case b — o0

In this case it is insightful to look at the relative weight of each array of
eigenvalues for h = 1,---  b. Let us fix h and compute the weight of the
array, that is the sum of the eigenvalues, taking into account multiplication
and multiplicity (see the beginning of the proof of Proposition 5.1).

h
Wi = G CiZp M0207 3 [T AM)? = €3 CPA(0)*¢PA",
ke(N*)h I=1
and the relative weight
Wh h b—h,h
e e = O (1 - p) (5.3)
B\ Xasll2, 0y "

where

==

p —=
. [e'e) . )\(Z)2 2M
Recall the notation M =)~ (—log A(7)) K A=e*MA.

We see from (5.3) that the distribution of the relative weights is the
Binomial distribution B(b,p). If b — oo, the main contribution is given by
the arrays with h such that hA/b ~ p. This observation yields the following
result:

12



Proposition 5.2 Assume b,d — oo with b/d — 5 € [0,1] and let Assump-
tions 2.1 and (3.6) be valid. Then

1 ~avg
iy 1087 (g,b,d)

Jim yi = logV, (5.4)

where
V=(1- ﬁp>fl+ﬁpﬁfﬁp<1 _ p)(lfp)ﬁAﬁ )

Proof: We first give an appropriate approximation procedure. Let H =
H(d,p) ={h € N: pd—d'® < h < pd+ d'/*}. We include in the error term
all arrays with h ¢ H and include in approximation part C” 723"?() terms
for any h € H. According to (5.3) the total squared error is

S Wi+ Wy < (B(b,p)(N\H) + &%) C4A".

hgH heH

By Moivre-Laplace central limit theorem, B(b,p)(N\H) — 0, as d — oc.
Hence the relative error of our procedure is at most ¢ + o(1).
Now we will evaluate the number N of terms included in the approxima-

tion part. Recall that
V=Y che

heH

Under our assumptions on b/d and by the choice of H Stirling formula yields,
uniformly over h € H,

d

lim (€)Y = Jim (= R R CORLINCE)

d—00 d—o0 d

)—(d—h)/d(
Moreover, Theorem 3.2 yields
A9 5 A, h— oo

where A = ¢2M A and M = Yo (—log )\(i))k(;f. It follows that, uniformly
over h € H,

h
b

_ .

==
e

fn 0 = f )

We obtain

Tim (Cgng" ()Y = (1 = fp) =17 (Bp) =P A%

13



Coming back to the constants associated to the full sequence of eigenvalues,
we obtain

5 2
M—%M—i—log)\(())- AO) —%—Hog)\(O)(l—l),
p

A
hence
AP —  2Mpjp _ 2M+2(1-p)log A(0) (pA)?
= (2MA) AT = A pATA(L = p)]
= ApP(1—p)" 7,
therefore

lim (Clnt™(e))1 = (1 — Bp) " g=9(1 = p) P47 (5.6)

d—o00

as required. Finally, notice that the size of H grows polynomially and does
not influence the logarithmic limit. Therefore, our approximation procedure
has all required properties.

We will now provide a lower bound for approximation cardinality. Let
the set H be as above and let d be so large that (by Moivre-Laplace theorem)

1
> W< 5 G
h¢H

Fix € > 0 and let X,, be an n-term approximation of X,; such that

mmm—xmmwgﬁﬁM.

Write the expansion X := Z?L:o X, gz), as done in (2.4). Similarly, we can

expand X, := ZI;LZO XM In view of orthogonality we have

52 CsAd > EHXd,b - Xn”%z(Td)
b
h
= Z EHXC(l,b) - Xéh)H%ﬂTd)
h=0

h
> ST EIXS) - XD, . (5.7)

heH

14



On the other hand,

1
h
> EIXG Iy = D Wa = 5 CiAY (5.8)

heH heH

By comparing (5.7) and (5.8) we see that for some h € H
h h
BlXgy = XMy < 26 BIXG 1,1,

This means that the relative approximation error for X g;) is small. Recall

that the spectral structure of X g;) differs only by multiplication and multi-
plicity from the field X considered in Section 3 if we put there b = d = h.
Multiplication of eigenvalues does not influence relative approximation error.
Multiplicity of eigenvalues should be taken into account when we compute
approximation cardinality. We see that

n > Ch a9 (V/2e).

By using Theorem 3.2 and (5.5) we get

h. b
b'd

lim (7*%(e, b, ))'"* 2 liminf inf (C})'/* (n}(v2e))F

d—00

= (1= 8p) a1 —p)tPPAP =V,
as required. 0O

Comments : Let us describe more precisely what happens in some spe-
cial cases:
o If =1, we get
(1-p) 1 —p'PA = A,

This essentially corresponds to the case considered in Section 3.
e [t is surprising to note that for 8 < 1, the result depends on p = /~\/A. We
can examine some special values of p:

» if p = 0, there is only one eigenvalue, hence A =1, and V = 1. There
is no exponential explosion.

» if p=1, then A\(0) =0 and V = (1 — 3)*"137F AP,
o If 5 =0, then V = 1. There is no exponential explosion, and this includes
the case b fixed and d — oo.

We can prove the following more precise statement:

15



Proposition 5.3 Assume b,d — oo with b/d — 0 and let Assumptions 2.1
and 3.6 be valid. Then

lim logn™9(e, b, d)
d—oo  blog(d/b)

Proof: Since the idea is the same as in the previous statement, we omit
the details. Now Stirling formula yields

log C 1 d d—h d d
— = %[log (m) —log(27h)] + - log (d — h) + log 7 + o(1).
(5.10) |beta00

We have to compare different terms in expression above. Since d/b — oo,
b,h — oo and b/h — p, it is clear that

1 d
ﬁlog (d_ h> - 0(1)7

1
o log(2h) = o(1),

d;hlog <dfh> = 0(1).

Hence the main term is log(d/h) and
log C%
h

= p. (5.9)

~ log(d/h) ~ log(d/b).

~avg

Recall that for any & > 0 it is true that log 713" (¢) ~ Ah. Hence,
log (C} - 713" (e)) ~ hlog(d/b) ~ pb log(d/b),

and the proof is complete along the same lines as above. O

6 Some extensions

s:general

6.1 Approximation arguments based on /-numbers

We now briefly remind some precise arguments for elimination of negligible
parts from expansions. Let X be a centered Gaussian vector in a Banach
space L. The ¢-numbers ¢,(X) are defined by

(a(X)? = inf {EHX =Y vl e € LG ~ N (O, 1)} - (61)

=1
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It is clear from (6.1) that for any vectors X; and X, and any n,m € N
U (X1 + Xo) < 0,(Xq) + 6n(X2).
By the same argument,
Crvm(X1) = Lo (X1 + X2) — Xo) < L ( Xy + X2) + €, (Xo).
It follows that
Crsm(X1) =l (Xa) < Lp( X1+ Xo) < Uy (X7) + i (Xo). (6.2)
Hence the following is true.

Lemma 6.1 Let (a,) be a reqularly varying sequence. Assume that random
vectors X1, Xy satisfy £,(X1) ~ a, and €,(Xs) = o(ay,). Then £,( X1+ Xs) ~

Q.
Proof: Let us fix § > 0 and set m = m(n) = [on]. Then (6.2) yields
£n<X1 + X2) < gnf[én] (Xl) + g[&n] (XZ)

We have
limsup ———=
n—00 (7%
g”_ n X n—[on . l n X n
< limsup o (X1) @ 5 1 im sup o) (X2)  afsn)
n—00 Ay —[5n) (075 n—o00 Q[sn] an,

< 1-(1=08)*+0-07

where « is the non-positive regularity index of (a,). By letting 6 — 0 we

obtain
(X1 + Xo) <

lim sup 1.

n—oo an

The lower bound follows along the same lines. O

We stress that no independence or any other condition is assumed on
X1, X5 in this lemma.

While the definition of /-numbers applies to any Banach space, in the
Hilbert space case they are particularly easy to handle. Namely, if

X =" Nwi&,

j=1
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where (¢;) is an orthonormal system in L, (&;) i.i.d. standard normal and
A; a non-increasing positive sequence, then (see [1], [6] or [10], p.51)

LX) =E[ Y Nesgll = Y N
Jj=n+1 j=n+1

We observe that ¢,(X) is just the inverse sequence to n®9(e) for X. There-
fore, we can restate Lemma 6.1 as follows.

Lemma 6.2 Let g be a reqularly varying function defined in a neighborhood
of zero. Assume that random vectors X1, Xs satisfy

n®(Xy;e) ~g(e) and n*(Xge) =o0(g(e)) ase—0.

Then n®9(X; + Xo;¢) ~ g(e).

6.2 Approximation without Assumption 2.1

In this subsection we explain how to get rid of restrictive Assumption 2.1.
Let Y(u),u € [0,1] be arbitrary centered second order process. Let denote
I = fol Y (u)du, o* = E[I?%], and r(u) := cov (Y (u),I) /o?. We split Y in
two non-correlated parts; one of them is degenerate (has rank one), while
another satisfies Assumption 2.1. Namely, let

Y (u) = Yo(u) + V(u) == [Y — k(u)] + r(u)l. (6.3)
Indeed, Y has rank one and for all ug, u € [0, 1] we have

cov(Yo(uo), Y(u)) = E[(Y (uo) — r(uo)]) k(u)]]
= r(u) [cov(Y (ug), ) — K(ug)o*] =0

and

/OIYO(“)‘Z“ = -0 /01 cov(Y (u), Idu - I

_ {1 _ o~2cov (/01 Y (w)du, I)} =0

It follows from the latter identity that Y satisfies Assumption 1.1 with A(0) =
0. The parts of the decomposition (6.3) are not orthogonal in Ls[0,1]. The
same is true for multi-parametric expansions based on (6.3).

18



Now we recall some elementary algebra of tensor products. Given a finite
sequence of fields {Y}(t)}terj, 1 < j < b, each of them being decomposed in
two non-correlated parts Y; = Yo 4+ Y}, we have

é :Z®ﬂy

i€{0,1}b j=1

where the terms of the right hand side are pairwise non-correlated. This
formula is obvious if we look at the respective covariances.

For tensor degrees of a one-parametric process Y = Y, + Y] the above
formula yields

b
yer = Z ®Yij
ie{0,1}b j=1
A b—|A
= > I @ v I ().
AcC{1,...,b}

Applying this to (6.3), we obtain

vy = 3 v () @ PR (ML () - Z Za.

Now let us consider the approximation properties of each term in this expan-
sion.

Assume that Assumption 4.1 is verified and let o = g/r > —1.

Let us fix A and let h = |A]. Since ) has rank one, the same is true
for Y®®=h)  Therefore, the second factor does not influence approximation
properties. On the other hand, since Y, differs from Y only by a process of
rank one, it inherits from Y the validity of Assumption 4.1 by Weil lemma.
Now we consider separately the main term corresponding to A = {1,...,b}
and all other terms (with A < b). Indeed, under h < b Theorem 3.1 yields

-1
log £|r(h=1)+ha =1/2)
o (<| ogel” )
e
] r(b—1)+ba\ (—1/2)71
_ <(| ogel” ) |
9
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The main term has a larger cardinality asymptotics of the just mentioned
order.
Let us now consider the additive processes. We can write (2.1) as

Xap(t) = > YV ([Ma(t)])

ACD,

where Y/‘?b are non-correlated copies of Y®°, and introduce its main part
generated by Y| as

Xo() = Y Yk (Ma(0)).

ACD,

where YO‘?X are non-correlated copies of Y. Since Yj satisfies Assumption
2.1, Proposition 4.2 applies and we get the asymptotics (4.2) for average
cardinalities of X§,. On the other hand, the difference between Xg, and
Xgp is a finite sum of the fields with lower order of average cardinalities.
Therefore, by Lemma 6.2 for Xgp we get the same result (4.2) as for X7,
We get the following:

Corollary 6.3 If « = q/r > —1 in Assumption 4.1, Proposition 5.1 is true
without Assumption 2.1.

Our arguments do not apply to the case o < —1, where the secondary
terms bring the contribution of the same order as the main term.

It would be very interesting to understand what happens with the results
about additive process with wvariable b in absence of Assumption 2.1. Re-
call that the eigenvalue \(0)? directly related to this assumption explicitly

. . _ A(0)?
appears in the answer via parameter p = 1 — =K Therefore, we can not
expect that the results like Proposition 5.2 will be the same in absence of

Assumption 2.1.
Acknowledgements

We are much indebted to H. Wozniakowski for introduction to this problem.
The work of the first named author was supported by grants RFBR 05-01-
00911 and RFBR/DFG 04-01-04000. He is grateful for hospitality of the
Math Department of Paris-XII University where this work was produced.

20



References

1]

Chenli| [2]

Q
[s9]
&)

s1| [3]

HWW|  [4]

KNN|  [5]

=)

KL

Lil| [7]

=3

LT

[9]
[R] [10]
11
12

Buslaev, A. P., Seleznjev, O. V. (1999) On certain extremal problems
in the theory of approximation of random processes. East J. Approx. 5,
no. 4, 467-481.

Chen, X., Li, W.V. Small deviation estimates for some additive pro-
cesses, Proc. Conf. High Dimensional Probability. III. Progress in Prob-
ability, vol. 55, Birkhauser, 2003, pp. 225-238.

Cséki, E. (1982) On small values of the square integral of a multiparame-
ter Wiener process, In: ”Statistics and Probability. Proc. III Pannonian
Symp. Math. Statistics”, D.Reidel. Boston, 19-26.

Hickernell, F.J., Wasilkowski, G.W., and Wozniakowski, H. (2006)
Tractability of linear multivariate problems in the average-case setting.
Preprint.

Karol’, A.I, Nazarov, A.L, and Nikitin, Ya.Yu. (2003) Tensor prod-
ucts of compact operators and logarithmic Lo-small ball asymptotics for
Gaussian random fields, Studi Statistici N.74, Istituto di Metodi Quan-
titativi, Universita 'L.Bocconi’, Milano. 30 pp. (To appear in Trans.
Amer. Math. Soc.)

Kiihn, Th., Linde, W. (2002) Optimal series representation of fractional
Brownian sheets. Bernoulli, 8, no. 5, 669-696.

Li, W.V. (1992) Comparison results for the lower tail of Gaussian semi-
norms, J. Theor. Probab. 5, 1-31.

Lifshits, M.A., Tulyakova, E.V. (2006) Curse of dimensionality in ap-
proximation of Gaussian random fields. Probab. and Math. Statist., 26,
no 1, 97-112.

Papageorgiou, A., Wasilkowski, G. W. (1990) On the average complexity
of multivariate problems. J. Complexity, 6, 1-23.

Ritter, K. Average-case Analysis of Numerical Problems. Lecture Notes
in Mathematics, vol.1733. Springer-Verlag, Berlin, 2000.

Wozniakowski, H. (1994) Tractability and strong tractability of linear
multivariate problems. J. Complexity, 10, 96-128.

Wozniakowski, H. (2006)Tractability for multivariate problems for
weighted spaces of functions, in: Approximation and Probability. Ba-
nach Center Publ., v.72, Warsaw, 407-427.

21



