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Abstract

We consider the continuous time consumption-investment problem originally for-
malized and solved by Merton in case of constant relative risk aversion. We present a
complete solution for the case where relative risk aversion with respect to consumption
varies with time, having in mind an investor with age-dependent risk aversion. This
provides a new motivation for life-cycle investment rules. We study the optimal con-
sumption and investment rules, in particular in the case where the relative risk aversion
with respect to consumption is increasing with age.

JEL code: G11

Keywords: Merton’s problem; Hamilton-Jacobi-Bellman equation; marginal indi-

rect utility; life-cycle investment

*Address: Department of Mathematical Sciences, Universitetsparken 5, DK-2100 Copenhagen, Denmark;

Phone: 4535320789; Mail: mogens@math.ku.dk



1 Introduction

In classical consumption-investment problems with constant relative risk aversion with re-
spect to consumption the optimal demand for stocks is constant, see Merton (1969, 1971,1990).
There are several ways to generalize the problem such that the solution deviates from this
simple rule. In this article we return to the original consumption-investment problem and
account for a possibly time-varying risk aversion with respect to consumption. By this
we mean that we allow the curvature of the instantaneous utility function with respect to
consumption to vary with time. Henceforth, we speak of this as time-varying risk aversion
although the Arrow-Pratt risk aversion was originally introduced in connection with the
indirect utility of wealth rather than consumption.

The primary example is an individual with a decreasing risk aversion over time or,
equivalently, with age. This appears to be a plausible motivation for time-dependence in
portfolios. Many authors have studied the evidence for variation in risk tolerance in relation
to age and other characteristics like gender, education etc. Recently, Al-Ajmi (2008) and Ho
(2009) found evidence that risk aversion increases with age. Although we have increasing
risk aversion in mind, we emphasize that our results hold for general time-variation. A
related study based on different techniques can be found in Aase (2009).

Time-varying risk aversion with respect to consumption or wealth has certainly been
studied on macro-level in connection with formation of asset prices, see e.g. Li (2007), and
in connection with fluctuations in wealth and consumption, see e.g. Brunnermeier and Nagel
(2008). Habit formation and generalized investment opportunities may also result in time-
varying or possibly even stochastic risk aversion with respect to wealth, see e.g. Campbell
and Viceira (2002) and Munk (2008) . However, we go back to Merton’s original formulation
and model time-variation directly via the investor’s preferences over the life-cycle: How to

invest when the shape of your instantaneous utility function follows the shape of your back?



We choose to present the result in the simple Black-Scholes-Merton market in order to
stay focused on the main idea. Generalizations to include multidimensional complete mar-
kets and/or mortality is straightforward once this idea is understood. The idea is simple and
the source of inspiration is Lakner and Nygren (2006). They solve a different intertemporal
choice problem where they use that the marginal indirect utility obtained from intermediate
consumption and terminal wealth is the same even in the case where the utility functions
are different.

We approach the problem by dynamic programming and establish a Hamilton-Jacobi-
Bellman equation that characterizes the value function of the problem. Motivated by Lakner
and Nygren (2006) we are able to come up with a solution to the Hamilton-Jacobi-Bellman
equation that leads us to the optimal consumption rate and demand for stocks. The solution
is, of course, more involved than in the classical case with constant relative risk aversion.
Actually, the separation of the value function in two functions relating to the state variables
time and wealth, respectively, does not hold.

Our main result is a complete characterization of the optimal consumption rate and
demand for stocks for an investor with time-varying relative risk aversion. Furthermore,
we study the behavior of the optimal decision rules and derive the dynamics of the optimal
demand for stocks. The complete characterization is shown to specialize to Merton’s classical
result in case of constant relative risk aversion. In case of increasing risk aversion with age,
we find that the optimal consumption rate is a convex function of wealth. Moreover, we
show how the optimal demand for stocks increases with wealth. We learn that, for increasing
risk aversion, the optimal demand for stocks from investors who are globally less risk-averse
than the log-utility investor, has a negative drift. Also investors who are globally more risk
averse than the log-utility investor have a globally decreasing optimal demand for stocks but

their optimal demand has a locally positive drift in times where the optimal consumption



rate is relatively low.

The paper is organized as follows. In Section 2 we present the decision problem and a
characterization of the solution via a Hamilton-Jacobi-Bellman equation. In Section 3 we
explain how the solution is constructed based on the ideas of Lakner and Nygren (2006). In
Section 4 we verify that our candidate for the value function is actually the value function
and present the optimal controls. In Section 5 we present Merton’s solution as a special case

of our results. In Section 6 we study the optimal decision rules in more detail and conclude.

2 The decision problem and a characterization of its

solution

We assume that the individual operates in a standard Black-Scholes-Merton financial market

with two assets, a bond (B) and a stock (5) the dynamics of which are given by

dB(t) = rB(t)dt,
BO) = 1,
dS (1) = S (t)(adt+ odW (t)),
S(0) = so,

where r, @ and ¢ are constants and W is a Brownian motion.
We denote the demand for stocks by 7 and the consumption rate by ¢ such that the

dynamics of the wealth of an investor with initial wealth z( are given by

AX (t) = (r+7(t)(a—1)X () dt+7(t)oX (£)dW (t) — c(t) dt, (1)

X(O) = Xo-

We consider the objective to maximize expected utility of future consumption until the end



of a deterministic time horizon T,

sup F
(e,m)eA

T
/ F(t,cu))dt] 7
0

and for this we introduce the value function

V(t,l’): sup Et,m
(e,m)eA

/t F (s,c(s)) ds} . (2)

Here A is a set of admissible controls which essentially means that they admit a unique
non-negative solution to (1).

More specifically we focus on the case that can be formalized by

L@ ) o=
Y ® - (3)

F(t,c) =
Here, v is a deterministic time-varying relative risk aversion. If 7 is constant we are in the
classical case of constant relative risk aversion. The function w is a deterministic positive
time weight function that we for notational convenience take to the power of v without loss
of generality. The special case with constant rate of time preference p can be specified by

letting w be defined by

w® (t) = e Pt (4)

We emphasize that the time-variation of w, essentially corresponding to time-variation of
the subjective discount factor, is just introduced for the sake of generality. It is the time-
variation of 7 which is central for what follows. We focus on the finite time horizon problem.
However, the solution to the infinite time horizon problem can essentially be found by letting
T go to infinity below. Note, however, that in the infinite time horizon problem, we expect
that the optimal controls remain time-varying, even for a constant rate of time preference,
due to the time-variation of risk aversion.

The value function is characterized by the so-called Hamilton-Jacobi-Bellman equation.

Denoting partial derivatives by subscript, the result states that if we have a sufficiently



regular solution to the system,

Vi(t,x) +sup [(r+7(a—7))z—c)Vy(t,z) + %0’271'2332‘/;;1; (t,x) + F (t,c)| = 0,(5)

c,m

V(T,z) = 0,

then this solution is indeed the value function and the optimal control functions are given
by

1
argsup [((r+m(a—7r))xz—c)V, (t,z) + 502772$2VM (t,z)+ F (¢, o),

e
with F specified in (3).

Taking derivative under the square brackets in (5) with respect to ¢ and 7, respectively,
and equating to zero gives the following functions as candidates for the optimal control

functions,

w () VOt @),

Ca—r Vi(tz)
0?2 aVy (t,x)’

o
*
—
\‘H~

8
~

|

The optimizers ¢* and 7* are indeed maximizers if the double derivatives under the square

brackets are negative leading to the conditions,

=y ()@ () eI <, (6)

Viz (7)< 0, (7)

which has to be checked at the end.

Plugging the control functions back into the Hamilton-Jacobi-Bellman equation gives the



following partial differential equation,

‘/t(t,l')+TZIIV£(t,$)—2 \% (t 117)_

<
=
&
I
\_O

where we have abbreviated the market price of risk,

To proceed from here we need a qualified guess on the solution to (8). In the classical
case of constant relative risk aversion, we assume separability of V and end up with a value

function in the form
1

V(t,z) = T

)t (9)

for a deterministic function f. With time-varying risk aversion, separability does not hold
and in the next section we provide the economical motivation for the generalized solution

that replaces (9).

3 Motivation for a qualified guess

In this section we motivate a better guess on (8) than (9). We stress that the arguments in
this section are informal. We do not have to account for all details here since this is just
what puts us on the right track. The formal verification that our guess indeed solves (8) is
provided in Section 4.

To come up with a better guess we get our inspiration from Lakner and Nygren (2006).
They solve a problem which combines utility of consumption with utility of terminal wealth.
The important part of their argument is that they allocate the initial wealth into one part
for intermediate consumption and another part for terminal wealth. They then solve each of

the two problems separately. The fact that each of the two problems are actually formulated



as constrained problems plays no role for us. Finally, they determine the optimal allocation
of initial wealth such that the marginal indirect utility from the two problems coincide. This
algorithm is found to hold, even when the functions that measure utility from consumption
and terminal wealth, differ. This inspires to a qualified guess on a solution to our problem
with time-dependent risk aversion.

We guess that the value function can be constructed in the following way. At time 0 we
allocate the initial wealth into a continuum of infinitesimal terminal wealth problems without
intermediate consumption. For all time points 0 < s < T', we allocate an infinitesimal initial
capital z§ which we determine later on, to consumption at time s. For every problem in
this continuum of problems, we let the wealth develop similarly to the wealth dynamics in
(1) with an investment strategy 7° and no consumption. We then consider the investor’s

problem to maximize utility of time s terminal wealth,

1

5 (g 1=(s) i
T ) (10)

sup B |w®) (s)

The solution to the time s optimization problem (10) is related to the following value function
VS

Ve (t,a%)= 1__%Jw (t)’y(s) ($5)1—’Y(S) t<s, (11)

see Merton (1990). Note that this problem is namely blind to the time-variation of relative
risk aversion between time 0 and time s. Only the relative risk aversion at the terminal time
point s matters when there is no intermediate consumption between time 0 and time s.
The question is now how to allocate the initial wealth z to this continuum of terminal
wealth problems and here we assume that the idea of Lakner and Nygren (2006) holds in our
case. We equate the marginal indirect utility from this continuum of infinitesimal investment

problems such that V? (¢,2°) is constant in s but not in ¢ and the total wealth z. Ie., we



assume that there exists a function k (¢, z) such that
Vi@t = 101 @) 7 =kt o). (12)

By isolating z® in (12) we can then represent the allocation z*® in terms of the marginal

indirect utility k£ which is yet to be determined,
a® = f5 () k (t,2) ). (13)

Our hypothesis is that (13) forms the optimal capital allocation to the time s consumption.

Plugging this allocation into (11) gives us the value function V in terms of k,
T
Vita) — / VS (£, 2% ds
t

_ /T 1 f5 (t)’Y(S) (:Cs)lf’Y(S) ds
B ¢ 1=7(s)

_ /T — 1 k)t s (14)
¢ 1—7(s) ’

What remains is to determine k. But this is determined by the budget constraint that the

continuum of allocations has to sum up to x,

T T
T = / 2°ds = / ) k() ds. (15)
t t

In general, we are not able to isolate k in the non-linear equation (15). But for a concrete
function ¢, the function k£ can easily be determined by approximating the integral. This
concludes our motivation for guessing that the solution takes the explicit form (14) with k
determined by the non-linear equation (15). We emphasize that we need not to show that
the arguments above inspired by Lakner and Nygren (2006) formally hold in our case. They

just lead us to our guess which now has to be formally verified.

4 Verification and optimal controls

We recapitulate that our guess on V is formed by the system of equations,



V (t,x)

L |
/ gl 0k (t,2) %) ds, (16)
/ £t 5(5) g, (17)

We assume that there exists a unique solution to this system. Furthermore, we assume suffi-

8
|

cient differentiability for all operations below to be valid. Both existence of a unique solution
and differentiability below relies on a sufficiently regular relative risk aversion function v and
on a sufficiently regular weight function w. A sufficient condition which is typically fulfilled,
is that they are continuous and bounded from above and from below away from zero.

First we concentrate on the derivatives in ¢. Introducing a function h defined as

h(t,) /'¢ )£ (1) ()~ ds, (18)

we form the partial derivative V; in terms of k and k; from (16),

1

W(t’x):_m

T
FL) k() W4 /t 1%%?) F2 ) k(tz) ) ds—ky (t,2) b (t,2) .
(19)

We then form the partial derivative k; by differentiating with respect to ¢ on both sides of

(7).
0 = £ k) [ k) ds = S () =
—[t @k () 4 [Tk ()" ds
ke (t,z) = i) . (20)
Plugging (20) into (19) gives
RS S R EPTO N M 160 g
Vilta) =t Ok () ™0 - [ s Ok ) T s )

Now we turn to the derivatives in . We form the partial derivative V, in terms of k£ and
k. from (16),

Ve (t,x) = —ky (t,2) R (t,x) . (22)

10



We then form the partial derivative k, by differentiating with respect to = on both sides of

(17),

ke b, /¢ )£ k() s = =B
ke (t,2) = z o) (23)

Plugging (23) into (22) gives
Ve (tb,2) =k (t,2), (24)
and, consequently,
Vaw (6, 2) = kg (¢, 2) . (25)
Note here the connection between the role of k in our motivation for the guess in Section
3, and the relation (24). The function k was introduced as the marginal indirect utility for
each of the continuum of terminal wealth problems leading to V. From (24) we learn that

this coincides with the total marginal indirect utility:.

We are now, finally, ready to plug (21), (24), and (25) into (8) to get
1)

IS Y S O N SRS E ()
e 16) g+ e (1) Lg2 P BT)
| T k) ds v 1,0) - L
@)
First, we note that in (26), (1) = 0 if
frey=w. (27)

Second, we note that, by (17), zk (¢,z) in (2') can be written as

/ fs 1 ¢(S) d

Third, we note that, by (23), & o Ei i; (2") can be written as

T
—h(t,z)k(t,x) = 7/t o (s)f* () k (t,m)1_¢(s) ds.

11



We conclude then that (2') = 0 can be written as

T s 1 2 s 1 s 1-¢(s) —
[ (w5860 50 - (=5 0) k) ds 0.
However, this is seen to be true if
0 =(1=0() 7+ 36%0(9) 1 0. (29)

This ordinary differential equation in f together with (27) has the solution

£5 (1) = e~ (9D (r+3026() (5= ().

Note that ¢ (s) rather than ¢ (t) appears in the differential equation for f. This relates to
the fact that all of the terminal wealth problem that forms the continuum on which our
guess is based, are blind to time-variation of relative risk aversion and sees only the relative
risk aversion at the horizon s.

This concludes the verification that our guess (16) with (17) is indeed a solution to (8).
What remains is to specify the optimal control functions and check the conditions (6) and

(7). The optimal control functions are

¢ (tx) = w(t)V, O (ta)=w(t)k(ta) ", (29)
. a—r Vy(t,r)  a—r k(t,x) a—rh(tx)
™) = - 02 2V (t,x) o2 wky(t,z) o2 x (30)

The conditions (6) and (7) can now be written as

—.(t) wY(®) (t) cTY®-1 —y(t)w (t)*l k(t, ) 1:(1(;) <0,
k(t,x
me ta = kx t? = -
(t,z) (t,z) h(t,x)<0

Since f if positive it follows directly from the definitions of these quantities that £ > 0 and
h > 0 such that the conditions are fulfilled.
Before we take a closer look at the optimal decision rules (29) and (30), it is time to

check that the classical results by Merton appear as a special case.

12



5 Merton’s solution as special case

If we take v to be a constant, Merton’s problem appears and we should get his classical

result. But in this case the defining relations for k and h are

8
I

T
b (t o) / £ (t) ds,

h(t, )

T
ok (t, x)*¢/ £5(t) ds,
t
such that
-
x
k (t, Jf) = ( T > ’
/, L fe(t)ds

h(t,x) = ¢z

The value function and the optimal decision rules then turn into

T Y
Vi) — 1_17</t fS(t)ds> 2,
w (

_w(t) o
S ety ds
T(t,x) = ¢Of—7"

c(t,z) =

b

o2

that can be recognized as Merton’s solution.

6 The optimal decision rules

We now take a closer look at the optimal decision rules. For a general function v one cannot
say much about the behavior of the optimal decisions. For this section the hypothesis is that
monotonicity of v is somehow inherited in the optimal decision rules. We focus on the case
of increasing risk aversion but opposite effects could be obtained by assuming decreasing
risk aversion. Increasing risk aversion was often reported but recent studies find that the

effect of age on risk tolerance is more complex, see Al-Ajmi (2008) and references therein.

13



When studying the behavior of the optimal decisions, it turns out convenient to introduce

the following functions

T
h (t2) = / " () f* () k (. 2) ) ds, (31)
t
such that hg (t,z) = z, hy (t,2) = h(t,z), and the following rule applies,

0
Z - 1
ax hO (ta Z‘) )
0 hn+1 (t, fE)
L (t, Bt %) S g 39
gz (b2 o) (32)

Hereafter, subscript after h refers to (31) rather than partial derivative.
We start out by looking at the optimal consumption rate (29). Using (23) we can

calculate the marginal optimal consumption rate,

¢ (H)w(t)k(t,a) "

@)= T )

Thus, this marginal consumption rate is positive as we would expect. It is more interesting
to calculate the second order derivative in order to learn about the shape of consumption
as a function of wealth and compare it with the linear rule in case of constant relative risk

aversion. We find that

C::x (t’ .’E) =

o (yw () k (t,z)~ " ho (t, )
W2 (1, 7) @@‘ﬁwm>

From the definition of h we realize that ¢ (¢t) — ha (¢, z) /hy (¢, z) is the difference between ¢
evaluated at time ¢ and a weighted average of future ¢ with weights given by ¢ (s) f* (¢) k (¢, z)
Thus, we can immediately conclude that this term is positive for increasing « corresponding
to decreasing ¢. This means that for « increasing, the optimal consumption rate is a convex
function of wealth.

We now focus on the optimal investment strategy. Plugging in the expression (17) for x

and the definition of h we see that 7* can be written in the following way,

a—r [T o(s)f* () k(t,z) ) ds

7w (t,x) = o2 ftT s (t)k(t,z)—lﬁ(s) ds

14
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The last term forms a weighted average of future inverse relative risk aversion with weights
given by f° (t) k (¢, z)_¢(s). From this observation we can again immediately recognize Mer-
ton’s proportion for constant relative risk aversion.

The optimal demand for stocks in terms of h™ becomes

0 hl (t, .’L')

me) =

From this presentation and the rule (32) we can immediately calculate the marginal optimal

demand for stocks,

hz(t,:v) _ hl(t,w)
0 mite) ~ ho(ta)
S

m (tx) = .

(33)
From the definition of h™ we realize that both ratios in the numerator are actually weighted
averages of the same function ¢. However, in the first ratio, ha/h;, the weights from the
second ratio, hy/hg, are multiplied by ¢. One has to be careful here, since ¢ is now both
the average function and what actually differs the weights in the two averages. So, since the
difference in weight function ¢ is a decreasing function for increasing =y, the average in the
first ratio is formed with relatively more weight on the ’small’ s values than in the second
ratio and, correspondingly, relatively less weight on ’large’ s values. Furthermore, since
the average function ¢ is decreasing, the difference in weights means that the first ratio is
larger than the second ratio, and we conclude that the numerator is positive. From this we
conclude that the optimal demand for stocks increases in wealth for a fixed time point. This
is an important observation in itself. We will also use the form (33) to derive the dynamics
of . In the Appendix we prove that they are, suppressing the argument (¢, X (¢)) of the

functions h,,,

dr* (t, X (1) = Z‘W <Z; - ¢(t)> dt (34)
+6? (Zi - Z;) (1 - Z;) 7 (¢, X (1)) dt
+6 (Zi - Z;) 7 (£ X (£) dW (1) .



The three terms in the dynamics of 7* in (34) have different interpretations. In the first
term appears the expression hi/ho — ¢ (t). From the definition of h we realize that this is
the difference between a weighted average of future ¢ and ¢ evaluated at time t. Thus, we
can immediately conclude that that this term is negative for increasing - corresponding to
decreasing ¢. This term forms a direct first order effect from consumption. Inspired from
the motivation for our guess we can say that the consumption at time ¢ is connected with
investment at inverse relative risk aversion ¢ (t) whereas the residual wealth is reinvested in
accordance with the future ¢. This gives a drift corresponding to the first term of (34).

In the second term in the dynamics for the optimal demand for stocks, (34), reappears
the term ha/hy — h1/ho from the marginal optimal demand #%. Thus, we already argued
that this term is positive. This term is now multiplied by 1 — hy/hg, where again hi/hg is
a weighted average of ¢. If v > 1, 1 — hy/hg > 0 and the second part of the drift of 7*
is positive. Otherwise, if v < 1, 1 — hy/hg < 0, and the second part of the drift of 7* is
negative. This term forms a second order effect from expected capital gains on wealth but
can be positive or negative depending on the level of risk aversion.

In the third term in the dynamics for the optimal demand for stocks, (34), reappears
again the term ho/hy — hy/hg. This is again positive and just reflects the diffusive effect on
the optimal demand for stocks following from the diffusive capital gains.

Finally, we return to the observation above, that the second order effect can be positive
or negative, depending on whether v > 1 or v < 1. We see that for v < 1 we always have
a decreasing (expected) optimal demand for stocks since both terms of the drift of (34)
are negative. For v > 1, however, the second term of the drift is positive and we do not
have a generally decreasing (expected) optimal demand for stocks. Over the whole term of

the decision problem the optimal demand does indeed decrease. This is clear since, for a

16



sufficiently regular -,

9 h1 (0, 3130)

O XO)
; hO (0’ ATO) =1 (tv X (t)) .

7 (0, 20) = T o hy (X (1) e

> ng(T)

Here the inequality follows since hi/hg is a weighted average of future decreasing ¢ which
is larger than the terminal value of the decreasing function ¢. But locally we can have an
increasing (expected) optimal demand for stocks. This occurs in times where the second
term in the drift of #* dominates the first term. This situation is easily obtained by a
sufficiently low optimal consumption rate, here parametrized by a low weight function w.
But as long as the first order effect from consumption dominates the second order effect
from capital gains, the optimal demand for stock is decreasing for all investors.

The observations in this section contribute to the understanding of the connection be-
tween optimal demand for stocks and fluctuations in consumption and wealth. Our insight
explains how fluctuations in risk aversion leads to fluctuations in the optimal demand for
stocks partly as a consequence of fluctuations in wealth which is partly driven by fluctua-
tions in consumption. But note that we do not take into account a possible reverse effect
saying that fluctuations in wealth should have an effect on risk aversion. This would require
explicit modelling of dependence of v on e.g. wealth. However, results by Brunnermeier and
Nagel (2008) suggest that such effects do not exist.

Going back to the second order effect, it may appear counter-intuitive that we can
construct a situation where investors with relatively high risk aversion increase their optimal
demand for stocks while investors with relatively low risk aversion decrease their optimal
demand for stocks. However, this is just an optical illusion since the initial demand for
stocks by the 'more risky’ investor is larger than the initial optimal demand for stocks by
the ’less risky’ investor. And even after the reverse corrections of holdings at time ¢, the
‘more risky’ investor will, of course, have a higher optimal demand for stocks than will the

"less risky’ investor.
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Moreover, it may appear counter-intuitive that the second order effect does not have
the same qualitatively influence on all investors. However, this may have to do with the
well-known fact that, in our problem formulation, we do actually not distinguish between
relative risk aversion and elasticity of intertemporal substitution. Actually, an increasing -y
gives immediately a decreasing elasticity of infinitesimal intertemporal substitution ¢.

We have here presented a complete solution to Merton’s problem with time-varying rela-
tive risk aversion. Allowing the risk aversion to increase with age provides a new motivation
for life-cycle investment. Inspired by Lakner and Nygren (2006) we have learned what re-
places the usual separation of variables in the value function. This is important insight in
a classical problem. Furthermore, the explicit solution gives access to studying the opti-
mal decision rules explicitly. However, there are still important things to be discussed, in
particular in relation to recursive utility and incomplete markets. We propose that future
research clarifies if and how the approach presented in this article can be generalized to
recursive utility. By this we mean a problem with time-varying relative risk aversion and
time-varying elasticity of infinitesimal intertemporal substitution. Furthermore, we propose
that future research clarifies if and how our approach can be generalized to an incomplete
market setting. For both recursive utility and incomplete markets, the idea from Lakner
and Nygren (2006) does not apply directly from an intuitive point of view. For recursive
utility the continuum of infinitesimal terminal wealth problems that leads us to our guess,
are linked via the recursion and cannot be solved separately. For the incomplete market
additional information from unhedgeable risk requires reallocation of capital between the
different future time horizons over time. Adaptation of the solution presented in this article

to these situations are topics for future research.
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Appendix

Proof of (34): From (33) and (32) we calculate the second order partial derivative of 7* in
x, here suppressing the argument (¢, z) everywhere,
hy _h3  hp ) (ha
. O0T\RI TR T hohi T hZ h1 ~ ho

T o 1’2

hohs _ hoh3 _ ohs | ohy
h% h? 2h1 + 2h0

o 2

T T
+ [ o0 s @k s R [0 6 0k ds

g (B —00) 41 (00) — f2) g (0 ko0ds

h 192 (13
Lo i)+ 30 (- )
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From the derivatives of 7* we can go to the dynamics of 7* via a plain Ito calculation,

dr* (t, X (1))

) eﬁajxm(%—¢@0+wm(@—ﬁ%+gﬁ(%—h9ﬁ
o )

N X (t
s an (r+7 X 1) (a—1) X (£) — ¢ (t, X (¢)) dt
gz —m
—i—; 1X (t)O (6, X () o X (t)dW (¢)
Wt s ks T :
35 XZ 0 o m*e (¢, X (1)) X* (t) dt.

Now, after inserting 7* (¢, X (¢)) in the drift, a lot of terms vanish and we are left with

dr* (¢, X (1)) = eﬁgigw)02—¢@0dt (35)
+i<2—%)%<l—z>dt

+9C§—%ﬁquXﬁ»ﬂV@.

Inserting 7* back into the second line of (35), we reach at (34).
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