Asymptotic Analysis, in a Thin Multidomain, of
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Abstract. We consider a thin multidomain of R?® consisting of two vertical cylinders,
one placed upon the other: the first one with given height and small cross section, the
second one with small thickness and given cross section. The first part of this paper is
devoted to analyze, in this thin multidomain, a ”static Landau-Lifshitz equation”, when
the volumes of the two cylinders vanish. We derive the limit problem, which decomposes
into two uncoupled problems, well posed on the limit cylinders (with dimensions 1 and 2,
respectively). We precise how the limit problem depends on limit of the ratio between the
volumes of the two cylinders. In the second part of this paper, we study the asymptotic
behavior of the two limit problems, when the exterior limit fields increase. We show that in
some cases, contrary to the initial problem, the energies of the limit problems diverge and
we find the order of these energies.

Résumé. Nous considérons un multi-domaine mince de R? se composant de deux cylin-
dres verticaux, superposés I'un sur ’autre : le premier possede une taille donnée et une petite
section transversale, le second a une petite épaisseur et une section transversale donnée. La
premiere partie de cet article est consacrée a analyser, dans ce multi-domaine, une équation
stationnaire de type Landau-Lifshitz, quand les volumes des deux cylindres tendent vers
0. Nous montrons que le probleme limite, se décompose en deux probemes découplés, bien
posés sur le domaine limite. Ensuite, nous précisons comment le probleme limite dépend
de la limite du rapport des volumes des deux cylindres. Dans la deuxieme partie de cet
article, nous étudions le comportement asymptotique des deux problemes limites, quand les
champs extérieurs limites augmentent. Nous prouvons que dans certains cas, contrairement
au probleme initial, les énergies des problemes limites divergent et nous précisons l'ordre de
ces énergies.
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1 Introduction

This paper is devoted to an asymptotic analysis, in a thin multidomain of R?, of minimizing
maps with values in S2. Precisely, let Q, C R3, n € N, be a thin multidomain consisting of
two vertical cylinders, one placed upon the other: the first one with constant height 1 and
small cross section 7,0, the second one with small thickness h,, and constant cross section
©, where 7, and h,, are two small parameters converging to zero (see Figure). By denoting

\/

HY(D,S?) = {ve H(D,R3), |v] =1 a.e. in D} for an open subset D C RY (N =1,2,3),
we consider the following minimization problem:

min { / UDV(xl,x2,gg3)\2 — 2‘/(1’1,.172,xg)Fn(x1,$2,$3):| d(xy,z9,3)
" (1.1)
Ve Hl(Qn,S2)},

where F,, € L*(Q,,R?). Problem (1.1) describes the classical 3d system for the static
isotropic Heisenberg model (see [26]), where V is the spin-density with finite magnitude
and F,, an external magnetic field. The Euler system associated to Problem (1.1) is

AV +|DVPV + Fy— < V,F, >V =0,

which is equivalent to the time independent spin equation of motion (see [20]). The time
dependent spin equation of motion was first derived by Landau and Lifshitz (see [23]) and
it plays a fundamental role in the understanding of nonequilibrium magnetism. See [18] and
[20] about links between harmonic maps and the Landau-Lifshitz equation of the spin chain.



The first part of our paper is devoted to study the asymptotic behavior of Problem (1.1),
when 7, — 0 and h, — 0, as n — 400 (see Section 2). After having reformulated the
problem on a fixed domain through appropriate rescalings of the kind proposed by P.G.
Ciarlet and P. Destuynder in [6] and having imposed appropriate convergence assumptions
on the rescaled exterior fields, we derive the limit problem which depends on the limit of the
ratio between the volumes of the two cylinders (see Subsection 2.1). More precisely, if these
two volumes vanish with same rate, i.e. h, =~ r2, the limit problem decomposes into two
uncoupled problems, well posed on the limit cylinders, with dimensions 1 and 2, respectively:

win 01 [ e Paes 2 [ ([ e e a0 ) wias ey .
we H'(0,1] 52>},

min{/@|DC(xl,m2)|2d(x1,x2)—2/@ (/01 fb(xl,mg,xg)dxg) C(21, 20) d(y, 22) -

(1.3)

¢ € H1<@,S“">},
where f® and f° are the L?-weak limits of the rescaled exterior fields in the upper cylinder
and in the lower cylinder, respectively (see (2.5) and (2.10) in Section 2); and w’ stands for
the derivative of w. If h, << r2, the limit problem reduces to Problem (1.2). If h,, >> r2,
the limit problem reduces to Problem (1.3). In all cases, strong convergences in H'-norm
are obtained for the rescaled minimizers.

The proofs of these results make use of the main ideas of I'-convergence method in-

troduced by E. De Giorgi (see [10]) and they develop in several steps: a priori esti-
mates, construction of the recovery sequence, density results and l.s.c arguments (see Sub-
section 2.2). The main difficulty with respect to [11], where the asymptotic behavior of
the Laplacian is studied when h, ~ r2, arises from the fact that the set of the admis-
sible vector valued functions of Problem (1.1) is not a convex set, due to the constraint
|V ((1, 22, 73))] = 1. This difficulty is overcome by working with a projection from R? into
S% = {(x1, 29, 73) € R®: |(21, 29, x3)| = 1}, introduced in [4] (see also [1]), and by using the
Sard’s Lemma. Moreover, point out that the cases h, << r2 and h, >> r2 are not treated
in [11].
Remark that it is not necessary that the two cylinders are scaled to the same one or that
the first cylinder has height 1. In fact, the results do not essentially change if one assumes
Qp = (1,9, x [0,1)) | (Byx] — hy, 0]), with ©2, 8° C R?, (/ € ©° and [ €]0, +o0.

In the second part of this paper (see Section 3), we consider the following problem:

min { / [|DV(.¢1:1, Ty, 23)|> 4+ AV (21, 2o, 23) — F (1, 33273;'3)|2] d(zy, g, x3) :
" (1.4)
Ve HI(QH,SQ)},

where F}, : Q, — R3 is a measurable function such that |F},((x1, 22, 73))] = 1 a.e. in Q, and
A > 0. Remark that Problem (1.4) reduces to Problem (1.1), up to the additive constant:
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2|Q2,]A. Consequently, for A fixed, by passing to the limit as n — +o0, one obtains limit
problems (1.2) and (1.3), up to the additive constant: 2|O|\. If we assume that |f*| =1, f*
is independent of (x1,25), |f°| = 1 and f° is independent of x3, then the limit problems can
be rewritten as follows:

min {|@| /01 [|w’(x3)|2 + AMw(zs) — fa(xg)ﬂ drs : w e H'(]0,1], 52)}, (1.5)

min{/ |:‘DC<.’E1,Z'2)’2 +)\|C(:1:1,;E2) - fb(ml,xQ)lz} d(zy,29) = C € Hl(@,SQ)}. (1.6)
o

Note that, since smooth maps are dense in H'(0,S5?) and in H'(]0,1[,S?) (see [4]), the
infimum in (1.5) (resp. (1.6)) does not change if we replace H'(©, 5?) (resp. H'(]0,1[, S?))
by C1(©,5%) (resp. C'(]0,1[,.S%)). This property does not hold true for initial Problem (1.4)
(for instance, see [19]).

The second part of the paper is devoted to study the asymptotic behavior of prob-
lems (1.5) and (1.6), as A — 400, that is when the exterior limit field increases. The
interesting cases occur when f* ¢ H'(]0,1[) or f° ¢ H'(©), otherwise the asymptotic anal-

ysis is trivial. We examine some cases (see Subsection 3.1). For instance, if F,, = — in

]
1
(1.4), one obtains (1.5) and (1.6) with f* = (0,0,1) and f* = )l (21, 22,0), respec-
1,42
tively (see (2.10) in Section 2). Remark that f° ¢ H'(©), although ‘% € H..(R? S?).
x

In this case, energy (1.6) diverges, as A — +oo. By adapting some results proved by F.
Bethuel, H. Brezis and F. Hélein in [3], we show that mlogA + ¢ is an upper bound of
energy (1.6), for A large enough. It provides that every sequence of minimizers of Prob-

1
(21, 25)|

a technique introduced in [27] in the case of the Ginzburg-Landau energy, we prove that

l/'{minf/ A Ga(w1, 32) — fb<l'1,l'2)‘2d(371,$2) < +o00, where ¢, solves (1.6). This result al-
——+400 o

lows us to obtain, by an integration by parts, the existence of a diverging sequence {\x }ren

for which corresponding energy (1.6) is bounded from below by mlog \x — c.

lem (1.6) converges to (71, 2,0) strongly in L?*(0), as A — +oo. Moreover, with

By choosing F,,(z1, 2, x3) = (21, 29, x5 — 7y), with v €]0, 1], in (1.4), one

1

|($17$2;$3 —7)|

obtains (1.5) and (1.6) with f%(z3) = (0,0, |x3 — 7| and f°(zy, 12) =
T3 —7°

(21, 23, =)
respectively (see (2.10) in Section 2). Remark that F, € H} _(R3 S?), f* € H(©,5?), but
f* ¢ H'(]0,1]). In this case, by using suitable test functions, we derive the upper bound
|0|2v/27v/ X of energy (1.5). It provides that every sequence of minimizers of Problem (1.5)
I3 — 7
|23 — 7
an auxiliary scalar problem, we obtain the lower bounds |©[(2 — €)v/A of energy (1.5), for
A > \.. The proofs of this results will be developed in Subsection 3.2.
For the study of thin structures and multi-structures we refer to [5], [7], [9], [21], [22],
[24], [28] and the references quoted therein. For a thin multi-structure as considered in this

converges to | 0,0, strongly in L?(]0,1[), as A — +o00. Moreover, by virtue of
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paper, we refer to [11], [12], [13], [14], [15] and [17]. Precisely, the model, described in [11]
and [12] through its integral energy, and in [13] through the related constitutive equations,
is a quasilinear Neumann second order scalar problem. A fourth order problem is examined
in [17]. The case of the linearized elasticity system in R? is studied in [15]. The spectrum of
a Laplacian Problem is considered in [16].

For n fixed, Problem (1.4) is studied in [8] and in [19]. The authors show that any
minimizer of (1.4) is regular if A is small enough; while, if A is large and F,, is not a strong

x

limit of smooth maps in H'(,,, S?) (for instance, this is the case when F,(x) = ﬁ)7 then
x

any minimizer of (1.4) possesses singularities. In this case, a minimizer of (1.4) is of the

T — X

type: R , where R is a rotation, near each singularity xq. It is also shown that

|z — o |
any minimizer for (1.4) tends to F;, weakly in H', as A tends to +oo.

2 First part: derivation of the limit model

In the sequel, * = (1,79, 73) = (2/,x3) denotes the generic point of R* and, D, and D,,
stand for the gradient with respect to the first 2 variables x1, x5 and for the derivative with
respect to the last variable x3, respectively.

Let © C R? be a bounded open connected set with smooth boundary such that the origin
in R?, denoted by 0/, belongs to ©, and {r,}, s {hn}nen Cl0, 1] be two sequences such that

limh, =0 = limr,. (2.1)

For every n € N, let Q2 = 7,0 x [0,1], Q° = Ox] — h,,0[ and Q,, = Q2 UQ° (see Figure).
For every n € N, let F, € L*(,,R3) and

J,: Ve H(Q,,5*) — [ |DV(x)|*dx — 2/ V(z)F,(z)dx. (2.2)

Qp n

By applying the Direct Method of Calculus of Variations, for every n € N there exists a
solution U,, € H'(,,, 5?) of the following problem:

Jo(U) = min {J,(V) : V € H'(Q,,S5?)}. (2.3)

As it is usual (see [6]), Problem (2.3) can be reformulated on a fixed domain through
an appropriate rescaling which maps €2,, into Q = ©x] — 1, 1[. Namely, for every n € N by
setting

| ul (2, x3) = Up(rpa’,x3), (2/,23) a.e. in Q% = ©x]0, 1], o
up(z) = 2.4
ub (2, w3) = Up (2, hpws), (', 23) ae. in Q0 = Ox] —1,0],

fi(a! x3) = Fp(rpa’,xs), (2, x3) a.e. in Q% = ©x]0, 1],
fulz) = (2.5)
(2, 23) = Fo(2, hps), (2, 23) a.e. in Qb = ©x] — 1,0,
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V, = {(v",v") € H(Q% 5%) x H'(Q",5%) : v*(2',0) = v"(r,2’,0), for 2’ a.e. in O}, (2.6)

2

1
gn v = (040 €V, — (—Dxxva, Dmv“> — 20 fedx+
Qa Tn
(2.7)
—i—% D’ iD v° 2 — 0t fldx
T%L Qb o hn s e
it results that u, € V,, solves the following problem:
Jn(ty) = min{j,(v) :v € V,,}. (2.8)
1
Remark that we have also multiplied the rescaled functional by —.
To study the asymptotic behavior of Problem (2.8), as n — 400, assume that
Dy
hqgng =qc [07 —f—OO], (29)
and
f*— f* weakly in L*(Q",R®),  f° — f® weakly in L*(Q° R?). (2.10)

Moreover, set

i we HY0,1[, %) — |0 /01 ! (3) 2 dazs — 2/01 w(zs) (/@ f“(x’,arg)dx’) ds,
(2.11)
j*:¢e HY(O,5?%) — /@ |D¢(2) ] da’ — 2/@(@’) </01 fb(x’,acg)dxg) da’. (2.12)

where w’ stands for the derivative of w.

2.1 Convergence results when n — +o0

The main result of this section, describing the asymptotic behavior of Problem (2.8) when
q €]0, 400, is the following one:

Theorem 2.1. For everyn € N, let u,, = (u®,u) be a solution of Problem (2.6)-(2.7)-(2.8),
under assumptions (2.1), (2.9) with q €]0,+oo[ and (2.10).

Then, there exist an increasing sequence of positive integer number {n;}ien, u® € {w €
HY(Q2,5?) : w is independent of 2’} ~ H'(]0,1[,5?) and u® € {¢ € HY(Q", S?) : ¢ is inde-
pendent of x3} ~ H(©,5%) (u® and u® depending on the selected subsequence) such that

ulh — u® strongly in H'(Q%, 5%), up, — u” strongly in H'(Q", 5%), (2.13)

as i — 400, and u®, u® solve the following problems:
74(u®) = min {j*(w) : w € H(]0,1[, S?)}, (2.14)
7 (u”) = min {5°(C) : ¢ € H'(©, %)}, (2.15)
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respectively, with % and j° defined in (2.11) and (2.12), respectively. Moreover,

1 1
— Dyu® — 0 strongly in L*(Q* R®), h—Dgc3 b — 0 strongly in L*(Q°,R?),  (2.16)
Tn
as n — +oo. Furthermore, the energies converge in the sense that
lim j, (u) = j*(u®) + q5°(u"). (2.17)

If ¢ = 0, the following result holds true:

Theorem 2.2. For everyn € N, let u,, = (u®,u) be a solution of Problem (2.6)-(2.7)-(2.8),
under assumptions (2.1), (2.9) with ¢ =0 and (2.10).

Then, there exist an increasing sequence of positive integer number {n;}ien and u® €
{w e HY(Q S?) : w is independent of '} ~ H(]0,1[,5%) (u® depending on the selected
subsequence) such that

ul — u® strongly in H'(Q*, 5%), (2.18)

as i — +o0o, and u® solves problem (2.14). Moreover,

1
—Dyul — 0 strongly in L*(Q% R%),

n

Vhn,

T'n

1
——— D, u’ — 0 strongly in L*(Q°,R?),
/hnrn 3 n

as n — +o0. Furthermore, the energies converge in the sense that
h?En]n(un) = ja<ua)' (2'20)
If ¢ = +00, the following result holds true:

Theorem 2.3. For everyn € N, let u,, = (u®,u) be a solution of Problem (2.6)-(2.7)-(2.8),
under assumptions (2.1), (2.9) with ¢ = 400 and (2.10).

Then, there exist an increasing sequence of positive integer number {n; }ien and u® € {C €
HY(QP,8%) :  is independent of x5} ~ H*(0,S%) (u® depending on the selected subsequence)
such that

u’ — 0 strongly in H*(Q°,R?), (2.19)

ufh — u® strongly in H'(Q°, S?), (2.21)
as i — +o0o, and u® solves problem (2.15). Moreover,

1
h‘DJ»’ZSn

T'n

\/_
\/_

as n — +o0o. Furthermore, the energies converge in the sense that

lim (;—’%jn(un)) = j°(ub). (2.23)

n n

— 0 strongly in L*(Q°,R?),

— 0 strongly in H'(Q% R?), (2.22)

Dyu® — 0 strongly in H'(Q* R®),



As regard as the asymptotic behavior of original problem (2.3), as n — +o0, from the
rescaling (2.4)-(2.5) and Theorems 2.1, 2.2 and 2.3, the result below follows immediately.

Corollary 2.4. For every n € N, let U, be a solution of Problem (2.3), under assumptions
(2.1) and (2.10) with { f, }nen defined by (2.5), and let q be given by (2.9).

Then, there exist an increasing sequence of positive integer number {n;}ien, u® € {w €
HY(Q2,5?) : w is independent of 2’} ~ H'(]0,1[,5?) and u* € {¢ € H'(Q,S5?) :  is in-
dependent of x3} ~ H*(0,5?) (u® and u® depending on the selected subsequence) such that

1) if q €]0, +o0],
1
lim 7/ Uy, — ] + | Do Up,|* 4 | Dy Up, — Dygu® da | =0, (2.24)
¢ T T, ©x]0,1]
1
lim —/ |Un, — ub|2 + | DUy, — Dx/ub|2 + |Dy, U P dz | =0, (2.25)
¢ hm O x]—hn,;,0]
. Jn(Un ar a .
lim 7(42 ) = j(u®) + ¢ (u’);
2)if ¢ =0,
1
lim T/ Uy, — u®* + | Do Up,|* + | DayUp, — Dyyu®* dz | =0, (2.26)
¢ Tri Jra;©x]0,1]
1
lim (—2/ \Up|? 4 | Doy U |” + | Do, Un|? d:z:) =0,
n \Th JOx]—hn,,0]
. Jn<Un) 40 a
lim Ea (u®);
3) if ¢ = +o0,
1
lim (—/ U,|* + | DU, |” + ]DmsUn|2dx) =0,
n \ rn©x]0,1]

lim (i/ U, — " + | DUy, — Dptl®|* + | Dy, U,
v hm O x]—hn,;,0

2dm> =0, (2.27)

Aall) _ jpaty

and u® and u® solve problems (2.14) and (2.15), respectively.

lim
n

Remark 2.5. If problem (2.14) (resp. (2.15)) admits a unique solution, then the first con-
vergence in (2.13) and convergence (2.18), (2.24) and (2.26) (resp. the second convergence
in (2.13) and convergences (2.21), (2.25) and (2.27)) hold true for the whole sequence.



2.2 Proof of Theorem 2.1, Theorem 2.2 and Theorem 2.3

Proof of Theorem 2.1. The proof of Theorem 2.1 will be performed in several steps. In the
sequel, |Al;, i = 2,3, denotes the R*-Lebeasgue measure of a measurable set A C R*.

1) A priori estimates. Being ((0,0,1),(0,0,1)) € V,, for every n € N, by virtue of (2.9)
with g € [0, +o0o[ and (2.10), there exists a constant ¢, independent of n, such that

hn
Jnluy) < —2/ (0,0,1)fedx — 272/ (0,0,1)f%dx < ¢, V¥Yné€N., (2.28)
a n Qb

Consequently, by taking into account that ¢ €]0, 00|, |u,| = 1 a.e. in Q for every n € N and
(2.10), there exist an increasing sequence of positive integer number {n; };cn, u® € H'(Q%, S?)
independent of 2/, u* € H*(Q, S?) independent of x3, £&¢ € L*(Q% RS) and £ € L*(Q°, R?)
such that

uf — u® weakly in H'(Q% 5?), up — u® weakly in H'(Q2°, S?), (2.29)
1 1
— Dyu®, — & weakly in L?(Q%, R, h—Dmuﬁ, — €% weakly in L*(Q°,R?), (2.30)
,r.ni % n; %

as i — +o00, Remark that u* € H'(]0,1[, $*) and u* € H'(©, §?).
2) Recovery sequence. Let (w, () € C([0,1],5%) x C*(©, S?) such that and w(0) = ¢(0').
This step is devoted to prove the existence of a sequence {v, }nen, with v, € V,,, such that

lim jn (va) = 5% (w) + 5" (C). (2.31)

For every n € N, set

w(zs), if = (2, 23) € OX|ry, 1],
n(z) = wm)? n g<rnx/)7"”r_ T ifa = (2, 23) € O x [0,12], (2.32)
(2, ! ! if v = (2/,23) € Q.

Remark that, for every n € N, gn, € C1(©x]0,7,]). Moreover, assumption (2.9) with

q €0, +o0o[ and, in particular, the transmission condition w(0) = {(0) provide (for the proof,
see (4.11) and (4.12) in [12]) that

2
dx =

1
(©x]0,rn])

n TTL

(2.33)

Of course, g% € H'(Q%), ¢° € HY(Q), and ¢%(2,0) = ¢°(r,2’,0) for 2’ a.e. in ©; but
lgn(2)| < 1 for every x € ©x]0,r,[. Then, g, is not an admissible test function for Problem
(2.6)-(2.7)-(2.8). To overcome this difficulty, for y € B1(0) = {z € R®: |2] < :}, introduce
the function

y(y —x) +/(y(x —y)? + |z —y2(1 — [y[?)

x—y) e S?
P— (z —y)

my e € Bi(0)\ {y} =y +




projecting x € B1(0) \ {y} = {z € R : |z| < 1} \ {y} on S? along the direction z — y (see
[4] and [1]). It is easily seen that

m,(r) =z, VxS (2.34)
and there exists a constant ¢ > 0 such that
’Dﬂy(m)‘z < el Yy € B%(O), Vo € B1(0) \ {y}. (2.35)

The idea is to choose y € B% (0) opportunely, and to define v,, = 7, 0 g,. To do that, one
has to be careful that the set {z : g,(z) = y} is "sufficiently small”.
By setting G = U {y € B%(O) : Jo € ©x]0,r,[ with g,(z) = y and rank((Dg,)(z)) < 3},

neN
Sard’s Lemma assures that meas(G) = 0. Moreover, for every n € N and for every y €

B1(0)\G, the set Gy = {z € Ox]0,7[: gn(2) = y} has dimension 0 (see [25], ch.13, par.14).
Consequently, for every n € N and for every y € By (0) \ G, the function 7, o (g”\ﬂ\c ) is
well defined and, by virtue of (2.35) there exists a constant ¢ > 0 such that

/Bé N /<ex}o,rn D\Gn

2
dzdy <

(li/ (my(9n(2))) ; D (”y<g”<x))))

Tn

2

1
[ Om)an) | (D). Drsga(a) )| oy <
B (00\G /(@104 )\Giny T
1 1 2
————— || = Dugn(x), Dyygn() || drdy =
B1(O\G J(©x]0,D\Gny |9n(®) — y[" | \Tn

1 1 2
C/ / (1— XGn,y)—Q (_Dx/gn(x)a Dmsgn(x)) drdy <
By (0\G J (©x]0,r]) |gn () — n
1 1 2
c/ / ——dy ‘(—Dm/gn(x),Dmgn(x)> dx <
©x10) \ /B (O\G |9n(7) = Y| T'n

1 1 2
c/ / —dz ‘(—Dx/gn(x),nggn(:v)> dr =
©x10.a) \ /B30 [2] T'n
1 1 2
c —dz —D1gn(2), Dyygn () dr, VYn €N,
B4 (0) 121> Joxjorap | \Tn

where / ]z|_2dz < 4+00. Consequently, there exist a constant C' > 0 and a sequence
B3 (0)
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{Yn}nen C B1(0) \ G such that

2

1 2
/ (—mWMwmumm%%mw i <
(@X]07TH[)\GH79n n
1 2
C <—szgn(x),D23gn(x)> dr, VneN,
©x]0,rn]) | \Tn
from which, by virtue of (2.33), it follows that
1 2
lim (—mmw%w»au%@mm)m=o (2.36)
" J(©x10,rn)\Gnyy, | \T

Finally, for every n € N set v, = m,, o <9"IQ\G ). Then, by virtue of (2.32) and (2.34),
it results that ’

w(xs), if v = (2/,23) € Ox]ry, 1],
vp(x) =< Ty, (w(rn)iﬁ + ((rp2)) an— x?’) if 2 = (2, 23) € (© x[0,r,])\ Gy, (2.37)
¢(2), ! ! if v = (2/,23) € Q.

At first, remark that v? € H'(QP, S?). Indeed, v? € H'(©x]|r,, 1], 5%). Moreover, since v? €
L*(©x]0,7,[,S%) and Dv?® € (L*(©x]0,7,]))? (see (2.36)), it results that v* € H'(©x]0,r,[, S?).
Furthermore, since v? € C((© x [0,7,]) \ Gny,) and G, ,, has dimension 0, the trace

of Uz‘@x]o,rn[ on © x {r,} is equal to w(r,). Consequently, these properties provide that

v® € HY(Q% S?). On the other hand, it is evident that v2 € H'(Q°, 5?), and v%(2’,0) =

v2(r,2’,0) for 2’ a.e. in ©. In conclusion, for every n € N, v, € V,. Now, it remains to

prove that {v, },en satisfies (2.31).
By virtue of (2.37), it results that

In(vn) =

[ 0wl ~2ep)de = [ (D0l - 205) dos

Ox]0,rn|
1 2 (2.38)
/ U (_D:c’ (g, © gn) s Dag (Ty, © gn)) — 2(7y, © gu) [y | da+
(©x107a)\Gnyn [| \T
hn 2 b
— [ (DO = 2¢f,) du.
T Jab
On the other side, convergence (2.10) provides that
lim [ wfidx —/ wfdz, lim/ Cfhdr = / ¢ fodz, (2.39)
n Qa a n Ob Ob
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lim ([(Dyyw)|? = 2wfe) dz =0, lim (T, © Gn) f2dz = 0. (2.40)
nJox]0,r| " J(©x10,rD\Gryy,

Then, by passing to the limit, as n diverges, in (2.38) and by taking into account (2.39),
(2.40), (2.36) and (2.9) with ¢ €]0,4o00[, one obtains that

i j(on) = | (D) =205%) do+a | ((DrOF =20) do =j*(w) + ()

3) Density result. Let (w,() € C'([0,1],58%) x C(6©,5?%). This step is devoted to prove
the existence of a sequence {(wy, (i)} een C C*([0,1],5?) x CH(©, S?), with wy(0) = ((0)
for every k € N, such that

(wr, ) — (w, ¢) strongly in H'(]0,1[, $%) x H'(©, 5%).
For every k € N, set
Or = w(0)pr + (1 — pr)C,
where ¢y, is the solution of the following problem:

1
k

min / | Doy (2))?da’ < o € Ca(B
By ()

1
k

(0); ¢p =1in By (07), 0 <@ <1o,

with By (0') = {¢/ € R*:|2/| < 4} and B (0) = {2’ € R?: [2/| < 5 }. Remark that (for

1
k
instance, see (3.4) in [12])

lim | DO.(2")|” da’ <
b BB, (@)
k K2
(2.41)
2t 10C0 @B, O + (0O + Ko [ D) i | <o

Since ), : © C R? — R? is a C! function, it results that = (0. Consequently,

U 0:(0)

keN 3

now it is easier than in the previous step to apply the projection 7, for obtaining S*-

value functions. Indeed, for every k € N and for every y € B 1 (0)\ U 0:(0), the function
keN

T, 00, € C1(©, 8?) and, by virtue of (2.35), there exists a constant ¢ > 0 such that

- / 1Dy (6u(2"))) [ da'dy <

1(0\B_1_(0)
k K2

1
c/ —de/ | DO ()|? da!, Yk € N.
By |27 JBy o0 @)

1 1
k %2

12



Consequently, by taking into account (2.41), there exists a subsequence, still denoted by {k},
and y € By (0)\ U 0:(©) such that
keN

lim [D(my(6i (")) da’ = 0. (2.42)
" BB ) '
k

Now, for every k € N set wy, = w and ¢}, = myo0. Then, it is evident that {(wg, C&) bren C
C([0,1], 5%) x C1(O, S?), with (;(0") = wi(0), and wy, — w strongly in H'(©, S?). Moreover,
it results that ¢, — ¢ strongly in H'(©, 5%). In fact, by taking into account that (see (2.34))

w(0), if o’ € B (0),
Gla) = 4 iy (O)pr(a) + (1 = pe(a))C), i’ € By ( N\By(0),  VkeN, (243)
¢(x'), if 2/ 6@\31( ",
and (2.42), it results that
liin/e G — (|Pda’ = liin by (75 0 0)) — ([*da’ = 0,

and

lim / |D¢y — DCJPda’ =
kJe

IN

lim / |D(my 0 6) — DC[2d’ +/ \DC|2de’
k By (0)\B 1 (0) B (0)

k2

im {2 D (5 0 0) d’ + 3| DC 2w )| B2 (0)]2 | = 0.
k B1(0)\B 1 (0) *

4) Conclusion. By using a l.s.c argument, from (2.9) with ¢ €]0, 4o00[, (2.10), (2.29) and
(2.30) it follows that

/ €22 dx + ja(u“)—i—q(jb(ub)—i— / |§b|2dx) < liminf jy,, (up,). (2.44)
Qa Qb i

On the other hand, by virtue of step 2, for every (w, () € C([0,1],5?) x C(©, S?) with
w(0) = ¢(0'), there exists a sequence {v, }nen, with v, € V,,, such that

lim sup jn, (tn,) < limsup i, (vn,) = lm g (va) = j*(w) + q5°(C)- (2.45)

3 K3

Then, by combining (2.44) with (2.45), one obtains that
€7 P dee + j%(u") + ¢ (jbwb) + / \ﬁ%x) < liminf jy, (un,) <
a b 1
“ “ (2.46)
lim sup ji, (un,) < 5°(w) + q5°(C),

)
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for every (w, () € C([0,1],5%) x C*(0, S?) such that w(0) = ¢(0').
Step 3 provides that inequality (2.46) holds true for every (w,() € C([0,1],5%) x
CY(©, 5?). Moreover, since C*([0, 1], S%) x C1(0, S?) is dense in Hl(]O, 1[, S%) x
(see [4]), inequality (2 46) holds true also for every (w, () € H*(]0,1[,S?) x H*(©, 5?). Con-
sequently, it results that
=0, &=0, (2.47)

u® and u® solve problems (2.14) and (2.15), respectively, and
lim jy, (un,) = 5% (") + q5" (u”). (2.48)

Really, convergence (2.48) holds true for the whole sequence (so (2.17) is proved), since j*(u®)
and j°(u’) are independent of the selected subsequence, being the minimum of problems
(2.14) and (2.15), respectively.

Finally, by combining (2.9) with ¢ €]0, +o0], (2.10), (2.29), (2.30) and (2.47) with (2.48),
and by using the Rellich-Kondrachov compact embedding Theorem and the uniform convex-
ity of the space L?) it is easy to see that convergences (2.29) and (2.30) occur in the strong
sense, i.e. (2.13) and (2.16). O

Proof of Theorem 2.2. A priori estimates (2.28) hold true also if ¢ = 0 in (2.9). Conse-
quently, by taking into account that ¢ = 0, |u,| = 1 a.e. in Q for every n € N and (2.10),
there exist an increasing sequence of positive integer number {n;};cn, u® € H'(Q?, S?) inde-
pendent of 2/, £€* € L2(2¢,R®) and 2° € L?(02°,R3) such that convergence (2.19) holds true,
and

uf — u® weakly in H'(Q", S?), (2.49)

1
—Dyuy — £ weakly in L*(Q%,R%), (2.50)

ng

1
\/h_—Dx3u’lf)lz — Zb Weakly in LQ(Qb,Rg), (251)
ni'n;
as i — +o00. Remark that u® € H*(]0, 1[, S?).
By using a l.s.c argument, from (2.10), (2.49), (2.50) and (2.51) it follows that

[ lerpdo o) + [ | <
1 2 Dy ub 2h,,
lim inf / <—D stun> —2ug,f;j.dx+/ sl | 2’ub  da
i a TTLi ! ' Qb \/ hmrni /r "

< liminf jy,, (up,)-

(2.52)
On the other hand, for every w € C*([0, 1], S?) the sequence {v, }nen, defined by v¢ = w
and v2 = w(0), belongs to V,, and satisfies

limstuni (un;) < limsupjni<vni) = h}}ljn(vn) = j*(w). (2.53)

K3 7
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By combining (2.52) with (2.53), and by taking into account that C'([0,1], 5?) is dense
in H*(]0,1[, S?) (see [4]), one obtains that £ = 0, 2® = 0, that u® solves problem (2.14), and
the convergence of the energies (2.20). One achieves the proof of Theorem 2.2, by arguing
as in the last part of the proof of Theorem 2.1. Il

Proof of Theorem 2.3. Being ((0,0,1),(0,0,1)) € V,, for every n € N, by virtue of (2.9) with
g = 400 and (2.10), there exists a constant ¢, independent of n, such that

2 2
Tngoun) < =2 [2(0,0,1) fod — / 2(0,0,1)f’dzx < ¢, VneN. (2.54)
hn I Qa Qb

Consequently, by taking into account that ¢ = +o0, |u,| =1 a.e. in 2 for every n € N and
(2.10), there exist an increasing sequence of positive integer number {n; };en, u® € H*(QP, S?)
independent of z3, £ € L*(Q°,R?) and 2% € L?(Q2°,RY) such that convergence (2.22) holds
true, and

1
\/—h_anzqu — 2% weakly in H'(Q* R?), (2.55)
ul, — u strongly in H'(Q2°, S?), (2.56)

1
TD%ufu — ¢ weakly in L*(Q°,R?), (2.57)

as i — +o0o. Remark that u® € HY(©, S?).
By using a lL.s.c argument, from (2.10), (2.56), (2.57) and (2.55) it follows that

#Pdo ') + [ JEde <
Qa Qb

lim inf /

2

ot (245, (1) ).

uz

2

D — 2“22» ffh dr | <

ng

b
D b D$3 uni
x’ uni Y h
g

2r2
— —uy frdr+
hni e Qb

1
Vo

(2.58)

On the other hand, for every ¢ € C*(0,5?%), such that ¢ is constant in a neighbourhood

of 0/, the sequence {v,, }nen, defined by v2 = ((0') and v2 = ¢, belongs to V;, (for n sufficiently
large) and satisfies

2 2 2
i sup (720 ) < imsup (72000 ) =t (720000 ) = 0. 259

7 n; g n

Obviously, step 3 of the proof of Theorem 2.1 is independent of ¢ € [0, +00]. Moreover, a
careful reading of this step (in particular, see (2.43)) shows that the space {¢ € Ccl(e,5?%):
¢ is constant in a neighbourhood of 0’} is dense in C'(©, S?) with respect to the H'-norm.
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Consequently, by combining (2.58) with (2.59), it results that

2
|2%|2dx + 7°(uP) +/ €2 dx < lim inf (;ijn(un)> <
Qa Qb 7

n;

]

2
i sup (127, ) ) £ Q). ¥ € 'O, 5,

from which, by taking into account that C*([0, 1], 5?) is dense in H'(]0, 1[, S?) (see [4]), one
obtains that 2¢ = 0, € = 0, that u® solves problem (2.15), and the convergence of the
energies (2.23). One achieves the proof of Theorem 2.3, by arguing as in the last part of the
proof of Theorem 2.1. O

3 Second part: analysis of the limit model

For every n € N and A € [0, +o0], consider the following problem:

Jur:V € H(Q,,5%) — /Q |DV (z)|*dx + )\/ \V(z) — F,(2)|dz, (3.1)

n

where F, : Q,, — S? is a measurable function.
Remark that J, y has the same minimum points of the functional:

Tor: Ve H(Q, 5%) — / DV ()2 — 2\ / V() Fy(x)dz,
Qn Qn

since J, A (V) = :]vn,,\(V) +2X|Q,|, for every V € H'(,,5?). Consequently, after a rescaling
as in Section 2, by passing to the limit as n — +00, one obtains all the results of Subsection
2.1 with

i) = ol | o o) P g — 22 / () ([ e ') o+ 20001, -

vu € H'(0,1[, 5?).
10 = [106F @ -2 [ o) ([ i) o'+ 20), -
V¢ e HY(O, 5?),

where f@ and f° are given by (2.10), and w’ stands for the derivative of w. Remark that,
since | f¢(z)| = 1 a.e. in Q¢ and |f°(x)| = 1 a.e. in QP for every n € N, weak convergences in
(2.10) are always satisfied for a subsequence.

If [f(z)] = 1 a.e. in Q¢ f* is independent of 2/, |f°(z)] = 1 a.e. in Q° and f° is
independent of z3, then functionals (3.2) an (3.3) can be rewritten as follows:

Ja(w) = \@I/0 [ (23) " + Mw(s) = f*(x3)[* dzs, V€ H'(J0,1[, %), (3-4)
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() = / D¢+ M) — PP de, ¢ e HY(O,5?). (3.5)

In the sequel, wy and ¢, denote solutions of the following problems:

Jy(wy) = min {|@|/0 |w/(I3)]2 + AMw(zs) — fa(l’3>|2 drs : w € H'(]0,1], 52)} . (3.6)

j§<g>=min{ 1D Al - P e ceH1<@,52>}, (3.7)

respectively.

This section is devoted to study the asymptotic behavior, as A\ — 400, of Problem (3.6)
and Problem (3.7). Remark that, if A\ = 0, the solutions of Problem (3.6) and Problem (3.7)
are the constants of S2.

3.1 Convergence results when A\ — 400

If f* e H'(]0,1[,5?), from (3.6) it follows that

1
2 a a 2
||(w>\)/||(L2(]0,1[))3+)‘||w>\_f ||?L2(]0,1[))3 S/ [(f*) (z3)|" dxs, VA €]0, 400,
0

((wy)" and (f*)" stand for the derivative of wy and f%, respectively) which provides that
wy, — f* weakly in H'(]0, 1[, S?),

for any diverging sequence of positive numbers {\, },en. Moreover, by using a l.s.c. argument,
it results that

a 2 . . 2 . . -a
O[(f >,||(L2(0,1 = O] lim inf ||<wx\b)/||(L2(o,1 )3 = liminf j§ (wy,) <
] [ L } [ L

. -a . -a a a 2
limsup j§, (wy,) < limsup 55, (f*) = [O[1(f*)(2o.1p* »

L

for any diverging sequence of positive numbers {\, },cn, from which it follows that
Al_i)fj{loojf(wﬂ =[O ”(fa)/H?L?(]O,l[))?’ :
Similarly, if f> € HY(©, S?), one has that
¢y, — f? weakly in H'(©, %),
for any diverging sequence of positive numbers {\, },cn, and
Jim (6) = D (paey

Then, interesting situations occur when f@ ¢ H(]0,1[), or f* ¢ H(©).
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1
(2',0). Remark that i (z/,0) ¢ H'(©) (although

1
At first, consider the case: f° = | q
x

€ H}.(R? S?)). Consequently, it results that

]

/\hrf 72(¢)) = +oo. (3.8)

In fact, by arguing by contradiction, if (3.8) does not hold true, then there exists ¢ €]0, +-00|
and a diverging sequence of positive numbers {\;}ren such that jf’\k((’)\k) < ¢ for every k.
Consequently, Cy, — f° weakly in H'(©, S?), which is false, since f* ¢ H'(0) .

On the other hand, the following a priori estimates hold true (the proof will be performed
in Subsection 3.2):

/
Proposition 3.1. For every A € [0, +o0|, let ¢ be a solution of Problem (3.7) with f°= (’$;| )

Then, there ezist ¢y and Ay €0, +00| such that
J(G) < mlog A+, VA €]y, +odl. (3.9)

Moreover, there exist a diverging sequence of positive numbers { A }ren and ¢z, c3 €]0, +00[
such that

A’
mlog Ay — c3 < jf\k(C,\k), for k € N large enough. (3.11)

/\ka(ﬂf’)— )’ < 2, VkeN, (3.10)

Remark 3.2. If one can prove estimate (3.10) for A large enough, the proof of Proposition
3.1 shows that also estimate (3.11) holds true for A large enough.

Proposition 3.1 immediately provides the following convergence result:

/
Corollary 3.3. For every A € [0, 400[, let () be a solution of Problem (3.7) with fb:(ﬁ, 0) .
T

Then, it results that
¢y, — f° strongly in L*(©, S?),

for any diverging sequence of positive numbers {\,},en.
There exists a diverging sequence of positive numbers { A }ren and ¢ €]0, 400 such that

/ G (@) = fo2) P da’ < —, Wk €N,
o Ak

and "
j)\k (gAk> —
k—+oo log A

/

0) 4O
xe — [3,0), where (o, [3)

Obviously, {¢y, }.en does not converge weakly in H'(0, S?), since f* = (

1
o=z —g) @@

One obtains the same results, if f° =

is a fixed point in ©.
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Tr3 —

Consider, now, the case: f* = (0, 0, ﬁ), where 7 is a fixed number in ]0, 1[. Ob-
T3 —7

viously, f¢ ¢ H'(]0,1[) (remark that f* € H'(]0,1[,S?) if v € {0,1}, and wy = (0,0, 1) if
v =0, wy,=(0,0,—1) if v = 1). Consequently, it results that

AETOOJ’\<w)‘) = 400. (3.12)

In fact, by arguing by contradiction, if (3.12) does not hold true, then there exists ¢ €]0, +-00|

and a diverging sequence of positive numbers { g }ren such that j§ (wy,) < c for every k.
Consequently, wy, — f weakly in H'(]0,1[,S?), which is false, since f* ¢ H'(]0,1[) .

When f* — (o,o,ifiiiﬁﬁ

|23 — 7]

performed in Subsection 3.2):

, the following a priori estimates hold true (the proof will be

Proposition 3.4. For every A € [0, +00], let wy be a solution of Problem (3.6) with f* =
z3

(0,0, 7 ) and v €)0,1].
23 — 7
Then, it results that

F(wy) < [012v21VA, VYA €]0, o], (3.13)
Moreover, for every e €]0,2] there exists \. €]0,+o0[ such that
012 — VA< (), YA €A, ool (3.14)
Estimate (3.13) immediately provides the following convergence result:

Corollary 3.5. For every A € [0,+00], let wy be a solution of Problem (5.6) with f* =
(0,0, 370 and v €]0,1].
23 —
Then, it results that
wy, — f* strongly in L*(]0, 1], S?),

for any diverging sequence of positive numbers {\,}.en.

Obviously, {wy, },en does not converge weakly in H*(]0, 1[, S?), since f* = (O, 0, %) ¢
T3 — 7
H'(]0, 1]). By making use of estimate (3.13) and by arguing as in the proof of estimate (3.10)
it is easy to prove the following result:

Proposition 3.6. For every A € [0, +00], let wy be a solution of Problem (3.6) with f* =
(0,0, i B ) and v €]0, 1].
23 — 7
There exist a diverging sequence of positive numbers { A\, }ren and ¢ €]0, 400 such that

c

, VkeN.
VA

1
/ o (3) — £ () day <
0
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This subsection ends by showing some situations when the considered cases:

a __ T3 — 7 b __ 1 . .
= (0B T) P e -0,

appear in the limit problem.
In the sequel, (o, 3) denotes a fixed point in R? and ~ in R.
For instance, by choosing in (3.1)
1

(1 = rn, 22 = 3,33 —

Fn(l’l,l’g,l’g) = )| (Il — IrpQ, Ty — Tnﬁaxfﬂ - 7)a

convergence (2.10) gives

fi(w3) = (07(), i )7 fb(371,$2) =

( Y Y )
x]_ l‘fz -7 ).

|(371,56'27 -

Remark that F,, € H. (R3,5?%), f¢ ¢ H*(]0,1]) & v €]0,1[, f* ¢ HY(O) & v = 0.

By choosing in (3.1)
1

(1 — o, w0 — B, 23 — hyy

Fn($1,9€2,$3) = )| (£U1 —047$2—ﬁ,903—hn7)7

convergence (2.10) gives

IS S b _ 1
o, —Brag) @ Pm) Flenm) =gy

Remark that F, € H} (R? S?), f* € H'(]0,1[,5?), f* ¢ H'(©) & (a,) € O.

By choosing in (3.1)

[ (w3) = (r1 — o, x5 — 3,0).

1

|(ZE1 — T'nQ, Ty — T?’Lﬁa xr3 — h?’b,y

Fn(xh 952,$3) = ($1 — IO, Ty — 13, T3 — hn7)7
)|

convergence (2.10) gives
1
(1, 22)|

(R?, 5%), f* € H'(]0,1],5), f* ¢ H'(©).

fa(xg) = (0, 0, ].) y fb(xl, l’g) == (ZL’l, T, O)

Remark that F,, € H}

loc

3.2 Proof of Proposition 3.1 and Proposition 3.4

Proof of Proposition 3.1. To obtain estimate (3.9), for 7, A\ €]0, +oo[ introduce the function-
als:

B CeBNCO).8) = [ D@+ A6 - £
T o’
and denote with (y, a solution of the following problem:

Irr(Gar) = min {53,.(¢) = ¢ € H'(C,(0)),8%), ¢ = f" on OC(0)},
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where C,.(0") = {2/ e R? : |2/| < r}.
By arguing as in Lemma III.1 of [3], it is easy to prove that

. . 1
ji,r(gm) < mlog A+ 2mlogr +jf,1(§171), Vr €]0, +oo[, VA > ot (3.15)

Let 7 €]0, 4o00[ be such that © C C-(0'). Then, by virtue of (3.15), it results that

. . . 1
NG < BG) S mlog At 2mlog T+ 5 (Ga), - VA > —,

1
which provides estimate (3.9) with \; = — and ¢; = 27 log7 + 3 ().
71 b
The next step is devoted to prove that

liminf [ A|G(a') — Fo()|* da’ < +oo. (3.16)
— 100 @

The proof of (3.16) makes use of a technique introduced in [27] in the case of the Ginzburg-
Landau energy.
Since, for A > A, it results

GG = 53EG) = 53(G) = A6,

one derives that the function A\ €]0,+o0o[— j4(¢y) €]0,+o0[ is increasing, and therefore
derivable a.e. in ]0, +oo[, and that

(g) i( )_ <CAX) ‘72( ), YA €]0,400[, VA €]), 00|, (3.17)
36) - f“*) > A6)- f@, VA0 bool VAEhtool  (318)

Consequently, by passing to the limit in (3.17) with A — A" and in (3.18) with A — A\~ one
obtains that

dj
.])\ CA / ‘Q ’)‘2dgg’, for A a.e. in ]O, +OO[,

ie. Bo) - 2 / (/ G b(x/)fdm’) dp, VA €0, +o0[. (3.19)

To prove (3.16), by arguing by contradiction, assume that
lim [ A|G() = foa)] da’ = +oo.
A——+00 o
Consequently, there exists Ay €]1, +00[ such that

)\/ |G (2') — fb(x’)fdm’ >7m+1, VA€, +ool. (3.20)
e

21



By combining (3.9) with (3.19) and (3.20), one obtains

rlog A+ e > 24(G) = 34(C) / (/ G \de')duzjf@lw

/:1 (/ekﬁL(f’)—fb(flf ¥ dw)dw/hi(/@u\@ fb(rv’)Ide'> dp >

jﬁ’\l(Ql) + (m+ 1)(log A —log A1), VA €]max{A, A2}, +0o0l,

which gives
>+ 1.

So estimate (3.16) holds true. In particular, (3.16) provides the existence of a constant
cg €]0, +00| and of a diverging sequence of positive numbers {\; }ren satisfying (3.10).

The next step is devoted to prove estimate (3.11).

Let 7 €]0, 1] be such that Cz(0') C ©. Then, it results that

/ DGy, () Pda’ =
C(0"N\Cr(0")

[ D)+ e - ) a2 1)
Cr(0\Cr(0V)

[ PPz [ DPEID (G ) - ) de
C#(0\Cr(0) C7(0O\Cr(0)

vr €]0,7], VkeN.
Consequently, by integrating by parts the last integral in (3.21) and by recalling that
/
ft= (x—, 0), it follows that
||

/of<o’>\or<o'>

2

- N opbyd AZ> / »
22/ (0N (0) ((Ckk)a(lf) fa(17 )) dx , Vr 6]0,7’[’ Yk € N,

a=1

/

" +22/ (C,\k)a(x/)—%>l)x vda'+

|| || (3.22)

0NCH (7))

where v denotes the exterior unit normal to C7(0") \ C,.(0"), and (y, = (({n)1, ()2, (G0)3)-
On the other hand, it is evident that

/CF(U’)\CT(O’)

xl

D—

2
1 1
|2/] CH(0) "

\Cr(0") |2/[2

22



and

22/

since D% v =0o0n J(C:(0') \ C,.(0')).

In what concerns the last integral in (3.22), by recalling that ALe

( (G)al') — ”“"_“) D% vdy! =0, Vr €)0,7, Vk €N,  (3.24)
A(CH0N\Cr(07)) |2/| 2]

Lo

|z ! |22

and by ap-
plying the Holder inequality, it results that

2

JZ, b ZL‘, Lo
Q/Of(o')\cxo/)az;:((g’“)"‘( ) = fal@h) A o |d

2 (/ |G () — fb(x')}zdx') (/ —4dx) , Vrelo,7], VkeN.
CHON\CH(07) crone- ) 17

Consequently, by taking into account estimate (3.10) and that

1
1 2 1 1)\2
(/ /4dx/) :ﬁ(_72+—2> < ﬁ, vr €]0,7[, VkeN,
CHONC () 7] 72 -

it follows that

N =

2
T 2,/027T1 .
> ((¢ ) A—dx —, Vre€lo,7, VkeN. (3.25
o) 2 Ao fa(@)) ] v 10,7 (3.25)

Finally, by combining (3.22) with (3.23), (3.24) and (3.25), one derives that

267 1
2T e elo,f[, VkeN,
\/ e T

1
7% (Cy) = 2mlog — + 2mlog 7 —

from which, by choosing r = with & € N large enough, one obtains (3.11) with

c3 = —2mlog T + 2y/coT. O]

Proof of Proposition 3.4. To prove estimate (3.13), for every ¢ €]0, +o00[ introduce the func-
tion:

-
e

1
2zt 23 €]0,1]— t,0,253 — ) € S2.
0wz €]0,1] t2+(x3_7)2( 3 —=7)

Since z; € H'(]0,1[, S?), from (3.6) it follows that

2
Zt(xfﬂ) - (Oa 07 u) ‘ dl’g,

|933—’Y’

. 1 . 1 1
) <181 [ |(a) ) daa + O
0 0

(3.26)
vt €]0,+o0[, VA €]0,+o0],

23



where (z;)’ stands for the derivative of z;.
An easy computation shows that

O e i A=

d$3 =

1 11 =
- / ——dy = —= Y + arctany =
t ) o (1—|—y2> t2 1—|—y2 —1

t

11/ t(1—17) ty 1—vy gl
;5 (t2+(1_7)2+t2+72+arctan T +arctan(;> .

Consequently, since

1 t(1— t 1—
lim {— < ( ) + 7 5 + arctan <T’y> + arctan (%))] = g,

t—0t [2 \ 2+ (1 =) 247
and A1/ #(1-7) 1
tl—7y ty —7 gl
% {5 (t2 n (1 — 7)2 + o 72 + arctan (T) + arctan (;))] =
t2(1 — 12
S € k) S s B N N

2+ (1 —=7)2) (12 +92)?
it results that

1
1
/ [(z20) (a5)]” dy < g;, Vt €]0, +o0]. (3.27)
0
On the other hand, an easy computation shows that

1! 7\ 2 2 ! -

—/ z(x3) — (0,0, T3 7 ) drs = — — - |73 — drs =

tJo ‘$3—7| t tJo 4/(;,;3_7)24_#

2
Z (1 Fo— P2 (1— 7)2), Wt €]0, +00].
Consequently, since

lim E(H%—\/m—m)} —4

t—0t

and

| N

%{ (1+2t—\/t2+fy2—\/t2+(1—fy)2)] =

7’ (1—9)°
9 (7_\/?772)—2((1—7)— t2+(1_7)2) <0, Vtelo,+ool,

24



it results that

2
drs <4, Vt€]0, +oo]. (3.28)

P e (00 222)

By combining (3.26) with (3.27) and (3.28), it follows that

w1

Ji(wy) < |©)| (—; +4)\t) Vt €]0, 400, VA €]0,+o0],

from which, by choosing ¢ = , one obtains estimate (3.13).

To prove estimate (3.14), at first remark that

1 1
Jy(wy) > |©] min {/ \v'(xg)\zdxg + )\/
0 0

v(xg) — dxg :

’553 ’Y’
(3.29)

v € H*(]0, 1[,R)}, VA €]0, +o0l.

For every A €0, +o0], the last minimum is attained in the solution vy € H*(]0, 1[) of the
following problem:

oy = A2 L in0, 10N0 ),

|I3—’V"

v (0) =0 =wy(1),

that is in
—(2=NVA _ VA
€ € z3VA —z3VAY _ ;
g (e +e )—1, in]0,~],
vx(73) = (3.30)
T 6_(%2)&61"3& + P i eﬂﬁe*‘“ﬁ +1, inly 1]
e=2VA — 1 e=2VA — 1 ’ T
By combining (3.29) with (3.30), it follows that
1 1
Jy(wy) > |©| min / [V (23)|?dxs + /\/ v(xz) — dacg
0 0 |='U3 7|

v e HY(]o, 1[,R)} =

1 —2(y+1)VA —22-VA _ o=4VA _ o201V _ —29VA
o) +e +e e e 2\/— WA €]0, +o00],

)

25




from which, since

. 1 -+ 6_2(’7+1)\/X —+ 6_2(2_7)\/X — 6_4\/X — 6_2(1_7)\/X — 6_2'7\/X
lim 5 =1,
A——+o00 (672\& . 1)

one obtains estimate (3.14). O
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