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A note on complete hyperbolic operators with log-
Zygmund coefficients

Ferruccio Colombini, Daniele Del Santo, Francesco Fanelli and Guy
Métivier

Abstract. The present paper is the continuation of the recent work [7], and it
is devoted to strictly hyperbolic operators with non-regular coefficients. We fo-
cus here on the case of complete operators whose second order coefficients are
log-Zygmund continuous in time, and we investigate the H*® well-posedness
of the associate Cauchy problem.

Mathematics Subject Classification (2000). Primary 35L15; Secondary 35B65,
35550, 35B45.

Keywords. Hyperbolic operators, non-Lipschitz coefficient, log-Zygmund reg-
ularity, energy estimates, well-posedness.

1. Introduction

The present paper is, in a certain sense, the continuation of the recent work [7]: it
is devoted to the study of strictly hyperbolic operators with log-Zygmund in time
coefficients. In particular, we want to prove the H well-posedness of the Cauchy
problem related to a complete second order operator,

N N
Lu = 0fu — Y 9 (ajult, ) hu) + Y bj(t,x) dju + ct, z)u, (1.1)

k=1 7=0

(with 9y = 9;) whose highest order coefficients satisfy such a regularity assumption
(see also relation (2.3) below).

The core of the proof is to establish suitable energy estimates for L.

It is well-known (see [14]; see also e.g. [13, Ch. IX] or [18, Ch. 6] for analogous
results) that, if the coefficients a;j, are Lipschitz continuous with respect to ¢ and
only measurable in z, then the Cauchy problem for L is well-posed in H! x L2, If
the a;i’s are Lipschitz continuous with respect to ¢ and Cp° (i.e. C*° and bounded
with all their derivatives) with respect to the space variables, one can recover the
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well-posedness in H*T! x H*® for all s € R. Moreover, in the latter case, one gets,
for all s € R and for a constant Cj depending only on it, the following energy
estimate:

sup <||U(tw)||Hs+1 n ||atu<t,'>|Hs) < (1.2)

0<t<T

T
< G <|u(0,~)||Hs+1 + 10:u(0, ) 7+ +/ [t )| s dt)
0

for all uw € C([0,T); H*TYRY)) n C}([0,T); H*(RY)) for which Lu belongs to
LY([0,T]; H*(RY)). Let us explicitly remark that previous inequality involves no
loss of regularity for the function u: estimate (1.2) holds for every u of class
C%([0,T); H*(RY)) and the Cauchy problem for L is well-posed in H> with no
loss of derivatives.

If the Lipschitz continuity (in time) hypothesis is not fulfilled, then (1.2) is
no more true. Nevertheless, one can still try to recover H°-well-posedness, with
a loss of derivatives in the energy estimate.

The first case to consider is the case of the coefficients a;; depending only

on t:
N

Lu = Ofu — Z a;i(t) 0;0ku .
Jk=1
In [5], Colombini, De Giorgi and Spagnolo assumed the coefficients to satisfy an
integral log-Lipschitz condition:

T—e 1
/ laji(t +¢) — aji(t)|dt < Celog (1 + 5) ; (1.3)
0

for some constant C' > 0 and all € €]0, T]. They obtained an energy estimate with
a fized loss of derivatives: there exists a constant § > 0 such that, for all s € R,
the inequality

sup (||u<t,->||Hs+1-s + ||atu<t,->||Hs-s) < (1.4)
0<t<T

T
< Cs <|u(07’)||HS+1 + (19 (0, )|+ +/ [ Lut, ) || s dt)
0

holds true for all u € C2([0,T]; H*(RY)), for some constant C, depending only
on s.

Let us explain briefly the main ideas of the proof, which are actually the basis
to establish also the next results we are going to quote. The authors first smoothed
out the coefficients using a mollifier kernel (p.)_. Then, by Fourier transform, they
defined an approximated energy FE.(&,t) in the phase space, where the problem
becomes a family of ordinary differential equations. At that point, the key step was
to perform a different approximation of the coefficients in different zones of the
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phase space, which was realized setting e = |¢|~1. This particular choice allowed
them to obtain the result.

Let us remark that if the coefficients a;;, are not Lipschitz continuous then a
loss of regularity cannot be avoided. In fact, in paper [3], Cicognani and Colombini
proved that, if the regularity of the coeflicients a;i is measured by a modulus of
continuity, any intermediate modulus of continuity between the Lipschitz and the
log-Lipschitz ones entails necessarily a loss of regularity, which, however, can be
made arbitrarily small.

Recently Tarama (see paper [19]) was able to prove an analogous result,
and the consequent H*° well-posedness of the related Cauchy problem, when the
coefficients satisfy an integral log-Zygmund condition: there exists a constant C' >
0 such that, for all j, k and all € €]0,7T/2][, one has

T—¢ 1
/ lajr(t+¢) + ajp(t —e) — 2a;,(t)|dt < Celog (1 + 6) . (1.5)

It’s obvious that, if the a;i’s satisty (1.3), then they satisfy also (1.5): so, a more
general class of functions is considered. The improvement with respect to paper
[5], however, was obtained defining a new energy, which involved (by derivation in
time) second derivatives of the approximated coefficients.

In paper [10], Colombini and Lerner considered instead the case when the
coefficients a; depend both on time and space variables. In particular, they as-
sumed an isotropic punctual log-Lipschitz condition, i.e. there exists a constant
C > 0 such that, for all { = (7,£) € R x RV, ¢ # 0, one has

sup lajk(z +¢) — aju(z)] < C[¢] log (1 + 1) .

z=(t,z) ERXRN |<‘
The analysis was based on a broad use of the Littlewood-Paley decomposition
and paradifferential calculus. As a matter of facts, one cannot use the Fourier
transform, due to the dependence of a;; on z. Also in this case, a different ap-
proximation of the coefficients in different zones of the phase space was required:
this was obtained setting ¢ = 277, where 2¥ is the “size” of the frequencies in the
v-th ring of the Littlewood-Paley decomposition (see also section 3). In the end,
they got the following statement: for all s €]0,1/4], there exist positive constants
B and C and a time T* €]0, T such that

sup (Ilu(ta')|Hs+15f +||at“(t7')||H55‘> < (1.6)
0<t<T*

.
< ¢, <|u<o, WMa—oss + 195u(0, )| - + / |Za(t, g dt)
0

for all u € C2([0,T]; H*(R")). Let us point out that the bound on s was due to
this reason: the product by a log-Lipschitz function is well-defined in H® if and
only if |s| < 1. Note also that this fact gives us a bound on the lifespan of the
solution: the regularity index —s + 1 — 87 has to be strictly positive, so one
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can expect only local in time existence of a solution. Moreover in the case the
coefficients a;j are Cp° in space, the authors proved inequality (1.6) for all s: so,
they got well-posedness in H* with a loss of derivatives increasing in time.

The case of a complete strictly hyperbolic second order operator,

N N
Lu = Z By, (ajk Oy, u) + Z (b Oy, u + 0y, (cju)) + du

J,k=0 7=0

(here we set y = (t,z) € Ry x RY), was considered by Colombini and Métivier
in [11]. They assumed the same isotropic log-Lipschitz condition of [10] on the
coefficients of the second order part of L, while b; and c; were supposed to be -
Holder continuous (for some « €]1/2,1[) and d to be only bounded. The authors
headed towards questions such as local-in-space existence and uniqueness, and
finite propagation speed. Note that the restriction on a was due to the local-in-
space study the authors performed (in particular, in order to have traces on the
boundary well-defined): see for instance papers [10] and [9], were no bounds on
the Holder regularity were required.

Trying to mix up up a Tarama-like hypothesis (concerning the dependence
on the time variable) with the one of Colombini and Lerner (with respect to x)
is at this point a natural step. More precisely, we want to consider a pointwise
log-Zygmund condition in time and a pointwise log-Lipschitz condition in space,
uniformly with respect to the other variable (see conditions (2.3) and (2.4) below).
Under this assumption, it’s possible to prove an energy estimate analogous to (1.6).
The first result in this direction was due to Colombini and Del Santo, in paper [6]
(see also [12], where smoothness in space was however required). Nevertheless, they
had to restrict themselves to the case of space dimension NV = 1 (see also [9] for the
case of a complete operator). The result in the general instance N > 1 was only
recently proved in paper [7]. Even if the difficulty of the additional space variables
seems to be just technical, the approach assumed in [7], i.e. of paradifferential
calculus depending on parameters, actually gives a more general and complete
point of view of the problem.

The aim of the present note is to extend the result of [7] for homogeneous
second order operators to the case where also lower order terms come into play. In
particular, according with the results of [10], [11] and [9], we will assume the first
order coeflicients to be Holder continuous in the space variable, and the zero order
coefficient to be just bounded. From an energy estimate analogous to (1.6), we
will infer, for smooth in space coefficients, the H> well-posedness of the related
Cauchy problem with a finite loss of derivatives.

To complete the general picture of the state of the art, let us recall that in
the already quoted paper [19], Tarama proved also an energy estimate with no loss
of derivatives for coefficients a;x(t) which fulfill a (integral) Zygmund hypothesis.
This result has been recently generalized in [8] to the case of a;;’s Zygmund con-
tinuous both in ¢ and x (assuming also Hélder first order coeflicients and bounded
zero order coeflicient), but only in the space H 1/2 % H=1/2 1f an isotropic Zygmund
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assumption implies or not loss of regularity for general initial data in H® x H*~!
is still an open problem.

Our paper is organized in the following way.

In the next section, we will state our main results.

A brief presentation of the tools we need in order to prove them will follow,
in Section 3: we refer to [7] for a complete description. These tools mostly come
from Fourier analysis. In particular, we will recall some basic facts on Littlewood-
Paley decomposition and paradifferential calculus, both in its classical version (see
e.g. [1], [2] and [16]) and in the one depending on a parameter (see [15] and [17]).
We will also recall some basic facts on functions with low regularity modulus of
continuity.

Section 4 is devoted to the proof of energy estimates for our strictly hyperbolic
operator with non regular (both in ¢ and z) coefficients: this is the most involving
part. We will just give a sketch of the analysis of the higher order terms (already
treated in [7]), while we will give the most of the details about the lower order
ones.

Finally, in Section 5 we will show how the just proved energy estimates allow
to recover the H* well-posedness of the related Cauchy problem, in the case of
coefficients which are smooth in the space variables.

2. Main results

Let us consider the operator over [0, 7] x RV (for some Ty > 0 and N > 1)

N N
Lu = d}u — Z 0 (a;k(t, ) Opu) + ij(t,x) dju + c(t,x)u (2.1)

J,k=1 7=0

(with the notation dy = 9;) and let us suppose L to be strictly hyperbolic with
bounded coefficients, i.e. there exist two positive constants 0 < Ag < Ag such that,
for all (t,z) € Ry x RY and all £ € RV, one has

N

NlEP < D7 amta) €& < Ao lél” (2.2)

Jik=1

Moreover, assume that the a;;’s are log-Zygmund continuous in the time
variable, uniformly with respect to z: there exists a constant Ky > 0 such that,
for all 7 > 0, one has

1
sup |a;i(t + 7, 2) + a;p(t — 7,2) — 2a;,(t, )| < Ko7 log (1 + ) . (23)
(t,2) T

The goal of the present paper is to prove the following H* well-posedness
result.
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Theorem 2.1. Consider the operator L defined in (2.1), under the strictly hyper-
bolicity condition (2.2).
Let us suppose the following conditions on the coefficients of L:
(i) the aji’s are log-Zygmund continuous in time, i.e. (2.3) holds;
(i) the ajr’s are also of class Cy° with respect to x;
(iii) b;, for all 0 < j < N, and ¢ belong to L>=([0,Ty]; C°(RY)).
Then the Cauchy problem for L,

(CP) { lu=71

Ujg=0 = U0, 8tU|t:0 = U1,
is well-posed in H*(RYN), globally in time.

Recall that the notation f € Cp° means that f is of class C*°, and it is
bounded with all its derivatives.

The proof of the previous result is essentially based on finding energy esti-
mates for L: we will establish them when the coefficients satisfy minimal regularity
assumptions also with respect to the space variable. This means that we will focus
on log-Lipschitz continuous a;’s and Hélder continuous b;’s, while the 0-th order
coefficient ¢ can be taken just bounded (see also [10], [11] and [9] about these
hypothesis).

So, assume that there exists a constant K7 > 0 such that

1
sup |a;i(t,z +y) — aji(t,z)| < Kily| log <1 + |y|> (2.4)
(t,x)
for all y € RY \ {0}. Suppose also the following on the lower order terms:
b; € L®([0,To;C*(RY)), 0<j< N, and c € L®([0,Ty] xRY), (2.5)

for some real number 0 < w <1 (with C¥ := B% _ if w=1).

00,00

Theorem 2.2. Let L be the operator defined in (2.1), whose coefficients fulfill con-
ditions (2.2), (2.3), (2.4) and (2.5).

Then, for all fized 6 €10, min{w, 1}[, there exist a constant B* > 0, a time
T > 0 and a constant C' > 0 such that the estimate

sup (||u<t,~>|He+1m n ||atu<t,~>||Hm) < (2.6)

0<t<T
T
<C ('u(ov')”H—‘H’l + 106w (0, ) || zr-o +/ ”Lu(tv')”Heﬁ*tdt)
0

holds true for all u € C%([0, T); H>®(RY)).

We will explain in Section 5 how one can recover the H*® well-posedness for
(CP) from the energy estimates of Theorem 2.2.
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Remark 2.3. It’s natural to wonder if a similar result still holds true under an
isotropic log-Zygmund condition. Let’s make some considerations. Firstly, in our
proof, we will use the fact that the high frequencies of a log-Lipschitz function
behave as the ones of a log-Zygmund one (see Propositions 3.10 and 3.11). The
low frequencies of a log-Zygmund function, instead, have an additional logarithmic
loss with respect a log-Lipschitz function: the idea, however, is that this loss can
be absorbed as in our proof. Therefore, we expect to find a positive answer to the
previous question, which will be matter of next studies.

3. Functional toolbox

The present section aims to give an overview of the tools, based on Fourier analysis
techniques, we need to prove our results. We refer to paper [7] (in particular Section
3) and the references therein for a more complete and detailed treatment.

Let us start with a definition. We set! II(D) := log(2 + |D|), i.e. its symbol

is 7(€) = log(2 + [¢]).
Definition 3.1. For all a € R, we define the space H5T*1°8 as II-*H*, i.e.

feH™ e o Tofe HY o %€ (1+1¢?)7 fle) e L2,

These logarithmic Sobolev spaces were introduced in [11]. Due to the low
regularity of the coefficients of L, this kind of spaces will come into play in our
computations.

3.1. Littlewood-Paley theory and paradifferential calculus

Let us now define the so called Littlewood-Paley decomposition, based on a non-
homogeneous dyadic partition of unity with respect to the Fourier variable. We
refer to [1], [2] and [16] for the details.

So, fix a smooth radial function x supported in the ball B(0,2), equal to 1
in a neighborhood of B(0,1) and such that r — x(re) is nonincreasing over R
for all unitary vectors e € RY. Set also ¢ (&) = x (&) — x (2£) .

The dyadic blocks (A;);ez are defined by
Aj:i=0if j<—1, Ag:=x(D) and A,:=p(279D) if j>1.
We also introduce the following low frequency cut-off operator:
S;u:=x(27'D) = ZAk for j>0.
k<j
The following classical properties will be used freely throughout the paper:
e for any u € &', the equality u =}, Aju holds true in &

e for all v and v in &', the sequence (S;_zu Ajv)jeN is spectrally supported in
dyadic annuli.

I Throughout we agree that f(D) stands for the pseudo-differential operator u — F~1(f Fu).
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Let us also mention a fundamental result, which explains, by the so-called
Bernstein’s inequalities, the way in which derivatives act on spectrally localized
functions.

Lemma 3.2. Let 0 < v < R. A constant C exists so that, for any nonnegative
integer k, any couple (p,q) in [1,+00]? with p < q and any function u € LP, we
have, for all A >0,

1

(i) supp@ C B(O,AR) = |[VFulpe < CFFNHNG=8) || ;
(i3) suppd C {€ € RN |r)\ < [¢] < RA}
= C " N ulle < IVFulle < CMTENFJull Lo

By the Littlewood-Paley decomposition, we can characterize the new Sobolev
class introduced in Definition 3.1 (see [16, Prop. 4.1.11]).

Proposition 3.3. Let s, « € R. A tempered distribution u belongs to the space
Hstelog if and only if:

(i) for all k € N, Agu € L2(RYN);

(ii) setting &y = 2 (1 + k)* || Agul| 2 for all k € N, then (6;), € ¢*(N).
Moreover, ||ul| pe+aios is equivalent to ||(x), |l -

Littlewood-Paley decomposition allows also to define operators associated
to low regularity symbols, via the so-called paradifferential calculus. For reasons
which will appear clear in the sequel, we have to resort not to the classical version,
as introduced by Bony in [2], but to the one depending on a parameter v > 1 (see
e.g. [17] and [15]). Let us recall here the main ideas of the construction.

Hence, fix v > 1 and take a cut-off function v, € C*°(R™ x RY) which verifies
the following properties:

e there exist 0 < 1 < €9 < 1 such that

1 for |n| <ei(v+I€))

0 for |n|=ex(v+I£]);

e for all (B,a) € NV x NV there exists a constant Cj ,, such that
107084, (n,€)] < Cpa (v +1€)77

Remark 3.4. We remark that €1, €2 and the different Cs,’s occurring in the
previous estimates must not depend on ~.

1/17(777 f) = {

For instance, if ¥ = 1, one can take

+oo
Gy (0,6) = b1 (0,€) =D xai-a(m) ¢u(€),
=0

where x and ¢ are the localization (in the phase space) functions associated to a
Littlewood-Paley decomposition. Similarly, if v > 1 it is possible to find a suitable



Hyperbolic operators with non-regular coefficients 9

integer p > 0 such that

+oo
Uy (€)= xu() Xpr2(§) + D xu=s(n) @u(§) (3.1)

l=p+3
is a function with the properties just described.

Define now G% as the inverse Fourier transform of ., with respect to the
variable n:

G (2,€) = (F,'0y) (2,€).

Lemma 3.5. For all (3,a) € NN x NV there exist constants Cg, o, independent of
v, such that:

10708 G ()| oy S Coa (v +1EDTHT (3.2)

H| ] log (2 n |1|) D800G (-, €) G (v + ) 1HI71 . (3.3)

IN

LY(RY)
log(1+7 + [¢])

Thanks to G¥7, we can smooth out a symbol a in the 2 variable and then
define the paradifferential operator associated to a as the pseudodifferential oper-
ator related to this smooth function. We set the classical symbol associated to a
to be

Ua(l'vf) = (%(Dmvf) a) (x7£) = (wa(‘,f) *z a(vf)) (.’E) )

and then the paradifferential operator associated to a:
T, := o4(z,D,),

where we have omitted ., because the definition is independent of it, up to lower
order terms (see [17]).

Remark 3.6. Let us note that if a = a(x) € L™ and if we take the cut-off function
1, then T, is actually the usual paraproduct operator. If we take 1) as defined
in (3.1), instead, we get a paraproduct operator which starts from high enough
frequencies, which will be indicated with T (see [11, Par. 3.3]).

Let us point out that we can also define a ~-dyadic decomposition. First of

all, we set
1/2
A&y) = (P + 1EP)" .
Then, taken the usual smooth function x associated to a Littlewood-Paley decom-
position, we define

Xv(&7) = x (277AE) s S) = xu(Dayy), AY = 8], - S
The usual properties of the support of the localization functions still hold, and for
all fixed v > 1 and all tempered distributions u, we have

—+oo
u = g AYu in S
v=0
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Moreover, with natural modifications in definitions, we can introduce the space
Hsto1%8 as the set of tempered distributions for which

ulsaror = / A%(E,) log® (1 4+ [E]) [ dE < oo
g
For the details see [17, Appendix B|. What is important to retain is that, once we
fix ¥ > 1 (for example, to obtain positivity of paradifferential operators involved in
our computations), all the previous construction is equivalent to the classical one;
in particular, the space H;j+a log coincides with H*T21°8 | the respective norms are
equivalent and the characterization given by Proposition 3.3 still holds true.

3.2. On log-Lipschitz and log-Zygmund functions

Let us now recall some definitions and properties about the low regularity condi-
tions we assume on the second order coefficients of L. If not otherwise specified,
one can find all the proofs to next results in [7, Section 3].

Definition 3.7. A function f € L>(RY) is said to be log-Lipschitz, and we write
f € LL(RY), if the quantity

[f(z+y) = f@)|

|floL = sup < oo
z,y€RV, Jy|<1 \ |y| log (1 + ﬁ)

We set || fllor :== | fllLe + [flLL-

Let us define also the space of log-Zygmund functions. We will give the general
definition in RY, even if the one dimensional case will be the only relevant one for
our purposes.

Definition 3.8. A function g € L>°(RY) is said to be log-Zygmund, and we write
g € LZ(RY), if the quantity

l9lLz = sup l9(z+y) + 9(x —y) — 29(z)|

z,y€RN, |y|<1 ly| log (1 + T;\)

< +00.

We set |lgllz = llglle= + lglrz-

Remark 3.9. Let us immediately point out that, by monotonicity of logarithmic
function, we can replace the factor log (1 + 1/]y|) in previous definitions with
log (1 +v+1/]y|), for all parameters v > 1. As paradifferential calculus with
parameters will play a fundamental role in our computations, it’s convenient to
perform such a change, and so does also in hypothesis (2.3) and (2.4) of section 2.

Let us recall also the following characterization of the space LZ.

Proposition 3.10. The space LZ(RY) coincides with the logarithmic Besov space
Bl7log e the space of tempered distributions u such that

00,00 7

sup<2" (v+1)71 ||Ayu||Lx> < +00. (3.4)
v>0
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On the one hand, from definitions 3.7 and 3.8, it’s obvious that LL(RY) —
LZ(RY): Proposition 3.3 of [10] explains this property in terms of dyadic decom-
position.

Proposition 3.11. There exists a constant C such that, for all a € LL(RN) and all
integers k > 0, we have

1Akall e < C(k+1)27" [lallzz - (3.5)

Moreover, for all k € N we have
la = Skallpe < C(k+1)27" [lallzz (3.6)
[Skallcon < C(k+1)|allLe- (3.7)

Recall that, again from Proposition 3.3 of [10], property (3.7) is a character-
ization of the space LL.

On the other hand, we have also Bl ., < LL: the Zygmund condition entails
a logarithmic loss in the first variation. As the next lemma states, this instance
actually occurs also for log-Zygmund functions. For our purposes, it’s enough to
consider a log-Zygmund function a depending only on the time variable ¢, but the
same reasoning holds also in higher dimensions.

Lemma 3.12. For all a € LZ(R), there exists a constant C, depending only on the
LZ norm of a, such that, for ally > 1 and all 0 < |7| < 1 one has

sup |a(t +7) — a(t)] < C|r| log® (1 +v+ 1) . (3.8)
teR 7|

Now, given a log-Zygmund function a(t), we can regularize it by convolution.
So, take an even function p € C°(R;), 0 < p < 1, whose support is contained in
the interval [—1, 1] and such that [ p(¢)dt = 1, and define the mollifier kernel

pe(t) = * p(t) Ve €]0,1].

e\e
We smooth out the function a setting, for all e €]0, 1],
as(t) == (pe * a) (t) = / pe(t — s)a(s)ds. (3.9
Rs
The following proposition holds.
Proposition 3.13. Let a € LZ(R). There exist constants C such that, for all v > 1,

1
lac(t) —a(t)] < Cla|Lz € log (1 + v+ €> (3.10)
1
0ia.(t)] < CllallLz log2(1+’y+ E) (3.11)
) 1 1
|07a-(t)] < CllallLz Slog(l+y+- ). (3.12)
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3.3. Low regularity symbols and calculus

Let us now consider symbols a(t, x, ), which are LZ; — LL,,, and investigate prop-
erties of the corresponding paradifferential operators, built as explained above.
As we will have to make use of the paradifferential calculus with parameters,
we will allow the symbols to depend also on some v > 1.
We point out that in our calculus the time can be treated as an additional
parameter, while £ represents, as usual, the dual variable to x.

Definition 3.14. A symbol of order m+4log (for m,§ € R) is a function a(t, z,&,7)
which is locally bounded on [0, 7p] x RV x RY x [1, +-00[, of class C> with respect to
¢ and which satisfy the following property: for all & € NV, there exists a constant
C, > 0 such that

|02a(t,z,&,7)| < Ca (v +1€)™ 71 1og? (1 4+~ + I¢]) (3.13)
for all (t,x,&,7).

So, take a symbol a(t,z,&,v) of order m > 0, which is log-Zygmund in ¢ and
log-Lipschitz in x, uniformly with respect to the other variables. Now we smooth
a out with respect to time, as done in (3.9). Next lemma, whose proof can be
found in [7], provides us estimates on classical symbols associated to a. and its
time derivatives.

Lemma 3.15. The classical symbols associated to a. and its time derivatives satisfy:

080a.| < Caly+le)™
9202 < Cpa(y+ €)™ 1P 1og (14 4 + 1))
070800, < Cpaly+1€ og (1+7+1¢
o m— |« ]‘
onnl < Colrtle)™  log (1404 1)
m— |« — ]'
0708000 < Coa (v+IED™ A tog (144 +1¢]) 2
o m— |« 1 1
oo < Catrtl)™ iog(140+ 1) ]
m— |« — 1
HOEoora.| < Cpo (YHIE)" T log (Lt y +1¢]) 5

where all the constants which occur here don’t depend on the parameter ~.

Note that first and second inequalities are satisfied also by the symbol a (not
smoothed in time).

Now let us quote some basic facts on symbolic calculus, which follow from
previous lemma. Before doing this, we recall a definition (see also [17, Def. B.8]).

Definition 3.16. We say that an operator P is of order m + §log if, for every
(s,a) € R? and every v > 1, P maps Hi‘*‘o‘log into H,(stm)ﬂo‘*é) 18 continuously.

Proposition 3.17. (i) Let a be a symbol of order m which is L in the x variable.
Then T, is of order m, i.e. it maps H3t*1°% into H5~mFelog,
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(i1) Let us take two symbols a, b of order m and m’' respectively. Suppose that a,
b are LL in the x variable. The composition of the associated operators can
be approximated by the symbol associated to the product of these symbols, up
to a remainder term:

TaOTb: ab+R-

R has order m +m' —1 —log: it maps H5T*'°% into Hﬁfm*mlﬂﬂaﬂ)log_

(iii) Let a be a symbol of order m which is LL in the x variable. The adjoint
(over L?) operator of T, is, up to a remainder operator, Tg. The remainder

operator is of order m —1+log, and it maps H;j+°‘ log into H$7m+1+(a+1) log

Let us end this subsection stating a basic positivity estimate. In this situation,
paradifferential calculus with parameters comes into play.

Proposition 3.18. Let a(t,z,£,7v) be a symbol of order m, which is LL in the x
variable and such that

Re a(t,z,&,7) = Ao (v+ €)™ -

Then, there exists a constant A1, depending only on |a|rr, and on Ay (so not
on ), such that, for v large enough, one has

Re (Tauvu)LQ(ng) > A Hu”iIm/Z .

Remark 3.19. If the positive symbol a has low regularity in time and we smooth
it out by convolution with respect to this variable, we obtain a family (a.)_ of
positive symbols, with same constant A\q. Now, all the paradifferential operators
associated to these symbols will be positive operators, uniformly in e: the constant
A1 of the previous inequality can be chosen independently of &.

Then we have the following corollary, which turns out to be fundamental in
our energy estimates.

Corollary 3.20. Let a be a positive symbol of order 1 and suppose that a is LL in
the x variable.
Then there exists v > 1, depending only on the symbol a, such that

ITalye ~ lullms

for all uw € HY(RN).

4. Proof of the energy estimates

Let us now tackle the proof of Theorem 2.2.

The analysis of the higher order terms, which is the most involving part, was
already performed in [7]: so, we will give just a sketch of it.

We will give the most of the details, instead, when treating the lower order
terms. In doing this, we will follow a different approach than the one used in [9],
based on the Bony’s paraproduct decomposition (as done in the quoted work [7]
for the second order part).
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4.1. Approximate and total energy

We first regularize coefficients a;j, in the time variable by convolution, as done in
(3.9), and define the 0-th order symbol

1/2
—1/2
oe(t,2,6) = (P + 1) P+ et n) & &
jik
We take e = 27% (see also [10] and [6]), and (for convenience) we will miss out

the ¢ in the notation.
We immediately fix a real number v > 1, which will depend only on Ay and
on the sup; ;. |ajk|; , such that (see Corollary 3.20)

)\o

)\0
||Ta—1/2 wHLz = ||w||L2 and ||Ta1/2(72+|£|2)1/2 wHL2 =

[wll s (4.1)

for all w € H*. Recall that the choice of 7 is equivalent to the choice of the
parameter y in (3.1) (see Remark 3.6): hence, from now on we will consider para-
products starting from this p, according to definition (3.1), even if we will omit it
in the notations.

Consider in (2.1) a function u € C%([0,Tp]; H*). We want to get energy
estimates for u. We rewrite the equation using paraproduct operators by the co-
efficients a:

N
O*u = Lu+ Zaj (ajr Opu) — ij(t,x) Oju — c(t,z)u
§=0

3k
= s 0 (T ) o) - > (1, +8) o (1+0)

where Ejkﬁku = ((ajk — Tajk)(?ku) and analogous for Ej and C. Let us apply the
operator A,: we get

aful, Za ajk 8ku,, ZTb Ojuy, — Teu, + (4.2)

+(Lu), + Z( ( Jkaku))V = ; (E@-u)u ~ (Cu) +

+ Za (AL, Ta,,) Oku) = > (AT, ] 05u — [A,, Tl u,
J
where we have set fu = A, f and [A,,T,] is the commutator operator between A,

and the paramultiplication by g.
Now, we define

’Ul,(t, LU) = Ta*1/2 8tu,, — Tat(a—1/2) Uy
wy(t’ JZ) = Tal/z(w2+|§|2)1/2 Uy

z(t,x) = uy
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and the approximate energy associated to u,:
2 2 2
ev(t) = llou (Ol + w72 + 20 @) - (4.3)

Remark 4.1. Note that ||wy(t)||2Lz ~ ||Vu,,||2LQ ~ 2% ||u,||3., thanks to hypoth-
esis (2.2) and the choice of the frequency p from which the paraproduct starts,
recall also (4.1).

Now, we fix a § €]0, 1], as required in hypothesis, and we take a 8 > 0 to be
chosen later; we can define the total energy associated to the solution u as

B(t) =) e 2Hig=20 e (1), (4.4)
v>0
It’s not difficult to prove (see also inequality (4.8) below) that there exist
constants Cy and C, depending only on the fixed 6, for which one has:
(EO)' < Co(|0au(0) -0 + [ul0)]lgr-o1) (4.5)
(B@)'? = Choaut)llg-o-s-e + [u®)]lg-os1-51) ,

where we have set 8* = 8 (log2) "

4.2. Time derivative of the approximate energy

Let’s find an estimate on the time derivative of the energy. We start analysing
each term of (4.3).

4.2.1. z, term. For the third term we have:

d
—lz Oz = 2Re (uy, druw) 2 - (4.7)

Now, we have to control the term 0;u,: using positivity of operator T, 1,2, we get
10|l < C [ Ty-1/200us | 12 (4.8)
< C(Inlie + L) S Ce)”.

Toy a2y

So, we find the estimate:

d
12Ol < Ceu(t). (4.9)
4.2.2. v, term. Straightforward computations show that

8tv,,(t,x) = Ta_1/28t2u,, - Ta?(a—l/Q)uD.

Therefore, keeping in mind relation (4.2), we get:

d
(B3 = —2Re (vy,Taf(a_l/Q)uy) + (4.10)

L2

+22Re ('U,/,Ta—l/2 (8j (Tajkﬁku,,) — Ty, 05u,, — Tcu,,))L2 +
ik

+2Re (UV,Ta—l/Q (Zu)

v

)L2 + 2Re (vl,,Tafl/qu)Lz s
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where we have defined

Lu = Lu+ 26j (/Nljkaku) — Zéjaju —Cu

Xu = Za v Ty akquZ (A, Ty,] 0u + (A, T u
J
Obviously, we have

2Re (v,,, T,-1/2 (Eu) ) < C (el,)l/2 H (Eu) , (4.11)
v/ L2 v L2
while from Lemma 3.15 and the choice € = 27" one immediately recovers
’2Re (vl,, To2(q-1/2)u ) ‘ < Cw+1)e,. (4.12)

The other terms (paraproducts, commutators) of (4.10) will be treated later.

4.2.3. w, term. We now differentiate w, in time. A systematic use of symbolic
calculus (see |7, Par. 4.2.3] for the details) leads us to

d 2
% ||U),,HL2 = 2Re (UU, Ta71/2Ta2(72+‘§‘2)uy)L2 + R,, (413)

where R, is a suitable remainder term which can be bounded by the localized
energy, at the cost of a logarithmic loss:

R, < Clw+1)e,. (4.14)

Remark 4.2. The analysis of the remainder term R, is performed by use of the
symbolic calculus, introduced in Section 3. Let us point out that, concerning the
regularity in = of the symbols, only the first order derivatives come into play. This
fact will be relevant in Section 5, in particular in Lemma 5.1.

Let us now consider the paraproduct terms. First of all, we pair up the second
term of (4.10) with the first one of (4.13). As proved in [7], we have

2Re [ vy, T, ~1/2 Za a]kakul, +T 02 (v2+¢[2) U < Cw+1l)e,, (4.15)
L2
where the constant C' depends on the log-Lipschitz norm (with respect to space)
of the coefficients a;;, and on the fixed parameters y and +.
For the lower order terms, instead, we just use continuity results for the
paraproduct operator (and (4.8) for j = 0 below):

12Re (vy, Ty-1/2Teuy) 2| < Cey (4.16)

N
Z 2Re (’Ul, s To=1/2Th, 63'“V)L2 < Cey, (4.17)
§=0

where the constants C' depend on |[c[| Lo ([o,1]xr~) and sup; [[b; | Lo (o, 15}:c+)-



Hyperbolic operators with non-regular coefficients 17

To sum up, from inequalities (4.9), (4.11), (4.12), from the analysis of the
paradifferential operators in (4.15), (4.16) and (4.17), and from the estimate for
the remainder term (4.14), we can conclude that

d

Zel) < GE+Ded + et |(Tu) o]  + @)

L2
+]2Re (vy, Tp-1/2X0) 2] .

4.3. Commutator terms

Let us now focus on the commutator terms. We will recall also the most of the
details concerning the analysis of the higher order terms, because conditions over
B* and T in Theorem 2.2 will follow from it.

So, first of all let us consider the quantity
ZRG (’Ul, ; Ta_l/zaj [AuaTajk] 5‘ku)L2
gk
We start remarking that

“+o0
Ay, Toy Jw = [Ay, Suaji)Supaw + > [Ay, Simsaze] Aw,
l=p+3

where p is fixed, as usual (see Remark 3.6). Consequently,

8]- ([Ay,Tajk] 8ku) = 8j ([Ay, S#ajk} 8k(5#+2u)) +
+o0

+0; [ Y (AL, Si-sa;i] Ok(Au)
l=p+3

The support of the Fourier transform of [A,,S,a;i] Ok (Su+2u) is contained
in {|¢| < 2#T*} and moreover [A,, Sy a;k] O (S,u42u) is identically 0 if v > p + 5.
Then, from Bernstein’s inequality and [4, Th. 35] we have

105 ([Av, Spajk] Ok (Sps2w)l 2 < Cp (SUPHGMHLLz) [ Spt2ullre ;

J.k
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hence, putting all these facts together, we find

+oo
Z e—2B(v+1)tg—2v0 Z 2Re <’U,,, T.,-1/2 aj ([A,,, Suajk]ak(su+2u))> <  (4.19)

v=0 ik L2

pt4 nt2
Cu (S_up ||ajk||LLm> I it 9 (Z ||uh||L2>
3k V=0 h=0

IN

<, (sup ||ajk||LLm> P tB)T o(u+4)0 o
gk
pt4 pt4
« Z e—ﬁ(y+1)t 2_V9||UVHL2 Z e—ﬁ(h+1)t 2—h0Huh||L2
v=0 h=0
pt4
<0, (sup ||ajk||LLm> eBu+5)T o(u+4)0 Z e 28(v+1)t 2721/06,,@) .
3k v=0

Next, let’s consider
+o00o
3]' Z [Al,, Sl_gajk] 8k (Alu)
l=p+3

Looking at the support of the Fourier transform, it is possible to see that

Ay, Si—3a;i] Ok (Au)
is identically 0 if |l — v| > 3. Consequently the sum over [ is reduced to at most 5
terms: @([Au, Sl,_5ajk] ak(Au_w)) + 4 aj([Ay, Sy_lajk] 8k(Al,+2u)), each of
them having the support of the Fourier transform contained in {|¢| < 21}, Let’s
consider one of these terms, e.g. 9;([A,, Sv—3a;i] Ox(A,u)), the computation for
the other ones being similar. We have, from Bernstein’s inequality,

10 ([Av, Sy-sajr] O (Avu))l 2 < C27|[[[Ay, Sy—sa;k] Ok(Avu)l| > -
On the other hand, using [4, Th. 35] again, we get
1AL, Sy —3a;1]0k(Avu)|2 < CIIVS,_sajkllL= |Avul L2,

where C' does not depend on v. Consequently, using also (3.7), we deduce

10 ([Av, Sy—sa;k] Oc(Apu))|l . < C27 (v +1) <Sup||ajk|LLz> [Avullre .

J.k
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From this last inequality and similar ones for the other terms, we infer

+oo
ZRG ’U,hTaﬂ/zaj Z [AV,Sl,;),ajk]ak(Alu) <
7,k I=p+3 2

<C (sup ||Cij||LLm> (v + Deu(t)

J.k

and then, keeping in mind also (4.19),

—+oo
D eI N "9 Re (v, Ty-1/205 Ay, Ty, ] Oput) | < (4.20)
v=0 7.k

+oo
<C Z (1/ + 1) e—25(1/+1)t 2—21/9 6V(t),
v=0

where C' depends on u, sup; ;. ||ajx|/zz,, on € and on the product 57

Let us now deal with the commutators coming from the lower order parts.
As the analysis is analogous to just performed one, we will only sketch the line
of the argument. Moreover, let us consider only the b;’s terms, which are actually
worse than the commutator [A,, T.].

First of all, we focus on the case of space derivatives: so, we take 1 < j < N.
As before, we can write

+oo
[Al,, Tb]} 8ju = [Al,, Sﬂbj] @-S,ng + Z [Au, Slfgbj} @-Am.
l=p+3
From Bernstein’s inequality and [4, Th. 35], one gets
A, Subj]0;Sutoull . < ClIVSubjllLee [|Sp+oullre
< Culibslles 1Sur2ullze ;

hence, exactly as done in estimate (4.19), we finally have

“+oo N
Z e—25(y+1)t2—2y0 Z 2Re (’Ul,, Ta*1/2 [Al,, S;Lbj] ajSIU‘JrZU)LQ S

v=0 j=1
<0, <Su_p||bj||cw> AT ontD0 Bt
J

Moreover, also in this case, the series over [ reduces to a finite sum, due to spectral
localization of operators S; and A;. As before, it’s enough to consider only the term
for I = v: [4, Th. 35] tells us, once again, that

I[Av, Su—3b] 0 Auull o < CVSy—sbjllr=[[Avull 2 < C27|[bjllc || Avull 2,



20 F. Colombini, D. Del Santo, F. Fanelli and G. Métivier

and therefore we have

+o00 N +oo

e 28(+1)tg—200 2Re | vy, T, -1/2 Ay, S;—3b;] 0;Apu <
Z vyLo—1/ vy PI=30;5]U; 2k >
v=0 j=1 I=p+3

L2
<c (su_pnbjnc»o) E().
J

The term involving the time derivative of u, instead, requires us a little bit
harder work because we can no more shift the derivative on the coefficient by (as
done before thanks to [4, Th. 35]). It’s not difficult to see that the kernel of the
operator

[Au, SnbO] )

for all k > 0, is the function

k(z,y) = 27N @27 (z —y)) (Skbo(z) — Skbo(y))

where we have set ¢ to be the inverse Fourier transform of the localization function
¢ (defined in subsection 3.1). So, by Schur’s Lemma the operator norm of the
previous commutator over L? is controlled by

(A, Skbolllz(z2y < Cllbollew 2747

This having been established, we consider now the term [A,, , S,,bo] Sy+20.u.
From the previous estimate we get

180, Subo] Suseduulla < C lollcs 27" |Sysadhul s
and arguing as for the (4.19) leads us to
+oo
Z 6_2’6(U+1)t 2_2”92Re (’UV, Ta71/2 [Ay, Sﬂbo] S#JrzatU)LQ S

v=0
< C|lbo|| e BWA5)T o(ut4)(0-w) E(t).

The same arguments give an analogous estimate for [A,, S, _3b9] A, Oyu. Therefore
the commutator term with first order coefficients can be bounded by

“+o0 N
D e NN " 9Re (v, Tyoryz (A, Ty, 05u) .| < CE(),  (4.21)
v=0 j=0

where C' depends also on sup; ||b;||c-
As already said, the commutator term [A,, T¢] is actually better, even if ¢ is
only L, because there are no derivatives acting on u. The estimate is finally
+o0
Z eiQﬂ(VJrl)t 2721}9 2Re (’Uy, Ta—1/2 [Ay, TC} U)Lz <C ||C||L°° E(t) : (422)

v=0
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In the end, putting inequalities (4.20), (4.21) and (4.22) all together, we get

“+o0
> e 2= 09Re (v, Ty 172 X0) 10| < (4.23)
v=0
+oo
< 03 Z(V + 1)672ﬂ(u+1)t272ueey(t) ,
v=0

where C'5 depends on u, on the norms of the coefficients on the respective functional
spaces, on ¢ and on the product 87T.

4.4. The analysis of Lu
From (4.18) and (4.23) we get

+oo
%E(t) < (C1 4 Cs—28)> (v 1)e2Piig=20c (1) + (4.24)
v=0

“+o00
+Cy Yy ey (e, ()2 || (Zu) || -
=0

Let us now consider each term of Lu separately. From Hélder inequality we
immediately gather

+oo
S eI =20 (o ()2 |(Lu)y | e < C(BE)Y? || Lult)ll g-o-see . (4.25)
v=0

Applying Holder inequality for series again implies (see also [7, Sect. 4.4] for the
details)

+oo
Do g2 (e, (1) | 20 (Apdiu) || <
3.k

v=0 vilL2

too 1/2
< (Zm 1) =200+t 9200 eu<t>> >0, (Ajdiu) |

v=0 j.k H—0-B*t—%log

and from [11, Prop. 3.4] we have

> 05 (Audiu) <cC <sup||ajk|mm> lull e gis (4:26)
7.k —e—%log

J.k
Ty
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with C' uniformly bounded for s in a compact set of ]0,1[. Consequently,

Z 8j (gjkaku) < C (Sup ||ajk||LLm> Hu”Hl*e’ﬂ*’”% log
Jik H-0—B*t—Llog Jk
+oo 1/2
v=0
and finally
+0o0 N
Do e (e, (1) ||| 305 (Apdk) || < (4.27)
v=0 ik AP
+00
< Oy Z(V + 1)6—26(u+1)t 9—2v0 e(t),
v=0

with Cy4 uniformly bounded for 5*¢ + 6 in a compact set of ]0, 1.
For the lower order terms, let us state a lemma, which is the analogous of
[11, Prop. 3.4].

Lemma 4.3. Given a function f, we define the remainder operator
Fu := fu—Tru.

(i) If f € C¥(RN) for some w > 0 (with f € C¥ := B%, ., if w € N), then F
maps H=*(RY) into H*=5(RY) continuously for all s €]0,w].
(ii) If f is only L°(RYN), then F maps continuously H*(RN) into L2(RN) for all
s> 0.
Moreover, the operator norms of F depend on the norm of f in the respective
functional space, and they are uniformly bounded for s varying in a compact subset
of 10,w|[ and [0,4o00[ respectively.

Proof. (i) We can write
Fu= Y Seoulef = Ts.

K>p—3 K

As each term T}, is spectrally supported in a ball of size 2 and w — s > 0, by
[1, Lemma 2.84] it’s enough to estimate its L? norm. By [1, Prop. 2.79] and
dyadic characterization of Holder spaces (see e.g. [16]), we have

I1Swrou Afllzz < ISn2ullre [Axflre < Ol fllew lullm—s 257" Ax,

for a sequence (), € (2. Therefore we immediately get

|Pul < Clflles Nl
HUJ s
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(ii) Thanks to continuity properties of the paraproduct operator, we have
1Ty ull e < Cllfllze [Jullae

for any s € R: in particular, if s > 0 the L? norm can be bounded by the
previous quantity. Moreover, if s > 0, obviously

[fullze < fllzee llullee < Ifllpee [l as -

The lemma is completely proved. O

Let us come back to our estimates. As done before, we find

+o00 N _
Ze—2ﬁ(u+l)t2—2u9 ZQRQ (’UV,TOF1/2 (Bj&jU;) ) ) <
v=0 =0 v/ L
+o0 1/2 N
< <Z e~ 28w+t 9—200 9—2vw ey) Z Ej(?ju
v=0 7=0 Hw—0—p*t
At this point, Lemma 4.3 immediately tells us
“+o00 N _
26—25(v+1)t 9—2v0 ZZRe (1},,, T.,-1/2 (Bj@ju) ) , < C5E(t), (4.28)
v=0 =0 v/ L
where the constant C5 depends also on sup; [|b;]|ce-
For Cu we argue as before: by Holder inequality we have
+oco N _ _
Ze*w(’jﬂ)tZ*z”e ZZRe (UV7Ta—1/2 (C’u) ) < CEY? HC’UH ,
v/ L2 H—-0-B*t
v=0 §=0
and so, applying Lemma 4.3 again,
“+o0 N N
26—25(u+1)t2—2u6 Z2Re (v,, s Too1/2 (Cu) ) S Cs E(t), (4.29)
v/ L
v=0 Jj=0

for Ce depending on ||c|| o« (jo, 1) x &) -
4.5. Final estimates
Now we take 3 > 0 (recall that 8* = B(log2)~!) and T €]0, Tp] such that
B*T =6 < min{l,w} — 0; (4.30)

in particular, we have 0 < § <0+ "t <0+ < 1.
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Therefore, putting inequalities (4.25), (4.27), (4.28) and (4.29) into (4.24) we
finally find

+oo
CE) < (K- 28) (4 1)e ety ()
dt s

—+oo
£y Y eI (e (1) (Lu(®) I
v=0
where we have set K = C + C4Cs + C3 + C5C5 + CgCs.
Now we fix § large enough, such that K — 28 < 0: this corresponds to take
T > 0 small enough in (4.30). Hence, we finally get the estimate
4
dt
by Gronwall’s Lemma and relations (4.5) and (4.6) we infer estimate (2.6). O

B(t) < Co (B()"? | Lu(®) go-se ;

Remark 4.4. Let us point out that condition (4.30) gives a bound on the lifespan
T of a solution to the Cauchy problem for (2.1). It depends on 6 €]0, 1] and on
B* > 0, hence on constants C ...Cg. Going after the guideline of the proof, one
can see that, in the end, T" depends only on the index €, on the parameter u defined
by conditions (4.1), on constants Ay and Ag defined by (2.2), and on the quantities

Sup; g |ajly, 5, sup; e lajkl . » sup; 105l L (0,1p);c) and [lcl| Lo (0, 70) xr ).

5. The well-posedness in H*°

In this section we want to sketch how recovering the thesis of Theorem 2.1 from
Theorem 2.2. We will follow the outline of the proof in [10] for isotropic log-
Lipschitz coefficients.

So, let us impose more regularity with respect to x on the coefficients. A
preliminary lemma is in order.

Lemma 5.1. Consider the operator L defined by (2.1), with coefficients a;i, fulfilling

conditions (2.2) and (2.3).

Assume that ajr, € L°([0,Ty]; CZ2(RN)), while b and ¢ € L>([0,Tp); CL(RN)).
Then there exist a * > 0, a time T > 0 and a constant C > 0 such that

estimate (2.6) holds true also for 6 = 0.

Proof. First of all, we note that, thanks to the additional regularity on the principal
part of L, it makes sense to consider the problem in H' x L?.

Now, it’s enough to retake the same steps of the previous proof.

The fundamental fact is that, taking into account the additional regularity
of the coefficients of L, the logarithmic loss disappears whenever space derivatives
of the coefficients are involved. Nevertheless, this is not the case when the time
derivative 0; acts on the symbol a: the loss in the energy estimates comes from
these terms. O
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Taking into account Remark 4.4, note that the lifespan T" depends only on
the constants A\g and Ag (recall (2.2)) and on the norms of the coefficients of L in
their respective functional spaces.

Let us now analyse what happens to the space derivatives of w.

Lemma 5.2. Consider the operator L defined by (2.1), with coefficients a;i, fulfilling

conditions (2.2) and (2.3).

Assume that coefficients aji, bj and c all belong to the space L> ([0, Tp]; Cg°(RY)).
Then, for all m > 0, there exists a constant C,, > 0 such that, for all,

u € C%([0,T]; H®(RYN)), one has the following estimate:

sup (IIu(tw)leﬂﬁ*t +|6tu(t7')||Hm5**> < (5.1)
0<t<T

T
<C (14T (Hu( Mrmes + 1000, ) + / ||Lu<t,->||Hm-mdt>.

Here, the “loss index” B8*, the time T and the constant C' are the same of those in
Lemma 5.1.

Proof. The proof is analogous to that of [10, Th. 2.3]. Hence, let us just give a
sketch of it.
For notation convenience, we define

Xon(t) = / () gmssser + 18eu(r) | gms- )

and the energy of the data
t
U(t) = [u(0)[smss + [u(0)]|n + / | LT smo- dr

We set moreover A(Dy) := (1+ |Dx\2)1/2.
From Lemma 5.1, for any m > 0 we immediately get

XI(1) < co< / I[L. A™(D.)]u (T)HHB*T> dr .

Now, differentiating equation (2.1) with respect to z, for any multi-index 7 such
that |n| = m we find

L(Du) — D7(Lu) Z > 0 (D2ajk 0x D) u) +

J,k=1 1<]e|<m

N
-3 Y D;o;DI°u— > DEcD]u

J=0 1<]o|<m 1< ol<m

and we apply Lemma 5.1. Second, third and fourth terms on the right-hand side
of the previous equality are obviously of lower order. Hence, we finally get

Xf/n(t) S COZ/{(t) + Cme(t)a
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for a constant C,, depending only on the L° norms of the coefficients of L and
their space derivatives.
Therefore, by Gronwall’s inequality we infer
Co

Xm(t) S me(jmtu(t),

which immediately implies estimate (5.1). O

Now, Theorem 2.1 easily follows from Lemma 5.2.

Let us just point out that the global in time issue can be obtained remarking
that the constants which come into play in the previous proof depend only on the
operator L (or better, on its coefficients), and not on the initial data.
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