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Abstract

We consider the problem: —div(pVu) = u?! + A, u > 0in Q, u = 0 on .
Where © is a bounded domain in IR", n > 3, p: Q — IR is a given positive weight
such that p € H'(Q) N C(2), A is a real constant and ¢ = -2%. We study the effect

n—

of the behavior of p near its minima and the impact of the geometry of domain on
the existence of solutions for the above problem.
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1 Introduction

In this paper we study the following problem:

—div(p(z)Vu) = ui~! + Au in Q,
(1.1) w>0 in Q,
u=>0 on 012,

where € is a bounded domain in IR", n > 3, p: Q — IR is a given positive weight such
that p € H'(Q) N C(Q), A is a real constant and ¢ = -2 is the critical exponent for the
Sobolev embedding of H}(€2) into LI(€2).

In [BN], Brezis and Nirenberg treated the case where p is constant. They proved, in par-
ticular, the existence of a solution of (1.1) for 0 < A < Ay if n >4 and for \* < A < Ay if
n = 3, where A1 is the first eigenvalue of —A on 2 with zero Dirichlet boundary condition
and \* is a positive constant.

In this paper, we extend this result to the general case of where p is not constant. The
study of problem (1.1), shows that the existence of solutions depends, apart from param-
eter A\, on the behavior of p near its minima and on the geometry of the domain €.

Set p, = min{p(x), z € Q}, we suppose that p~1({p,})NQ # 0 and let a € p~L({p,}) N
In the first part of this work, we study the effect of the behavior of p near its minima on
the existence of solution for our problem. The method that is mostly relied upon, apart

from the identities of Pohozeav, is the adaptations to the new context of the arguments



developed in [BN].

We assume that, in a neighborhood of a, p behaves like
(1.2) p(x) = p, + Blz — al* + |z — a0 (x),

with k£ > 0, 8 > 0 and () tends to 0 when z tends to a.

Note that the parameter k£ will play an essential role in the study of our problem. Indeed,
2 appears as a critical value for k. More precisely the case k > 2 is treated by a classical
procedure, however the case 0 < k < 2 is less easily accessible. Therefore, in this case,

we restrict ourself to the case where p satisfies the additional condition
(1.3) kB, < ——-———=

Let us notice that if p is sufficiently smooth, then condition (1.2) follows directly from
Taylor’s expansion of p near a.

The fact that 2 is a critical value for k appears clearly in dimension n = 4, therefore, in
this dimension and with the aim of obtaining more explicit results, we assume moreover
that 6 satisfies fB(a,l) %dm < o0o. Let us emphasize that this last condition is not
necessary to prove the existence of solutions.

Moreover, in dimension n = 3, the problem is more delicate, then we treat it in a particular
case; more precisely for p(x) = p, + G|z — al¥, k > 0.

The first result of this paper is the following

Theorem 1.1

Assume that p € HY(Q)NC(Q) satisfies (1.2). Let A be the first eigenvalue of —div(p(x)V.)
on Q with zero Dirichlet boundary condition, we have

1)Ifn >4 and k > 2, then for every X €]0, \{V[ there ewists a solution of (1.1).

2)If n > 4 and k = 2, then there exists a constant ¥(n) = %,@2 such that for
every A €]7(n), \#% there exists a solution of (1.1).

3)If n = 3 and k > 2, then there exists a constant y(k) > 0 such that for every
A €]y(k), \8V] there exists a solution of (1.1).

4)Ifn > 3,0 < k < 2 and p satisfies the condition (1.8) then there exists \* € [ﬁNk”;, AV,
where By = B min[(diam Q)2 1], such that for any X €]\*, X&¥[ problem (1.1) admits
a solution.

5)If n > 3 and k > 0, then for every A < 0 there is no minimizing solution of equation
(1.1).

6)If n >3 and k > 0, then there is no solution of problem (1.1) for every X\ > .

Remark 1.1
In general, the intervals |(n), X[ in 2) and [Bk%z, N[ in 4), may be empty. But there
are some sufficient conditions for which the above intervals are nonempty:

Ve > f(g (;4_)2)262 (diam Q)?, then 5(n) < A&,

Notice that this condition is always true if n is rather large.




Bn?
(n — 2)2 (diam Q)%

2) If p, > then ﬁk"; < )\Cfi”.

The second part of this work is dedicated to the study of the effect of the geometry of
the domain on the existence of solutions of our problem. More precisely, since for A = 0
and p € HY(Q) N C(Q) satisfying Vp(z).(x — a) > 0 a.e in €, the problem (1.1) does not
have a solution for a starshaped domain about a, we will modify the geometry of € in
order to find a solution. Therefore, let 2 C IR", n > 3 be a starshaped domain about a

and let € > 0, we will study the existence of solution of the problem

—div(p(z)Vu) = ui~! in Q.
(L) u>0 in Q,
u=0 on 0f,,

where Q. = Q\ B(a, ¢).

For p = 1 and XA = 0, the problem (1.1) has been first investigated in [C] and an in-
teresting result of existence has been proved for domains with holes. In [BaC], this last
result is extended to all domains having "nontrivial" topology (in a suitable sense). This
nontrivially condition (which covers a large class of domains) is only sufficient for the
solvability but not necessary as shown by some examples of contractible domains €2 for
which (1.1) has solutions (see [D], [Di], [Pa]).

In other direction, [Le| shows that the solution of [C|, on a domain with a hole of diameter
¢ and center xg, concentrates at the point z¢. In [H], the author generalized the result of
[C] for the case where u? is replaced by u? + pu®, where p € IR and 1 < a < q.

In this work, we consider the case where p € H'(2)NC(£) and satisfying Vp(z).(z—a) > 0
a.e on ©\ {a}. The method we use in this part is an adaptation of those used in [C| and
[H]. More particularly, we use the min-max techniques and a variant of the Ambrosetti-
Rabinowitz theorem, see [AR].

The second result of this paper is the following

Theorem 1.2
There exists eg = £0(2,p) > 0 such that for 0 < & < eg the problem (I.) has at least one
solution in Hg(Qe).

The rest of this paper is divided into three sections. In Section 2 some preliminary results
will be established. Section 3 and Section 4 are devoted respectively to the proof of
Theorem 1.1 and the proof of Theorem 1.2.

2 Some preliminary results

We start by recalling some notations which will be frequently used throughout the rest

of this paper. First, we define

S = inf | V|3
u€Hg () lullg=1

3



that corresponds to the best constant for the Sobolev embedding HE(Q) C L(£2). Let us

denote by U, . an extremal function for the Sobolev inequality

1
Use(z) = —, v € IR".
(e+ [z —al?) 2

We set

(2.1) Uae(x) = ((2)Vae(z), z € R",

where ¢ € C§°(2) is a fixed function such that 0 < ¢ <1, and ¢ = 1 in some neighborhood
of a included in 2.
We know from |BN] that

K,
(2.2) Va3 = —= +0(1),
o)
Ko
(2.3) | thae lo= —=5 + O(e)
g 2
and

Ky +01)ifn>5

e 2

“lloge| +O(1) if n=4

(2.4) Il tae 113 =

where K7 and Ky are positive constants with % = S, w, is the area of S® and K3 =

-
I ea—— 0 4 I
re (1 [z?)"2

We shall state some auxiliary results.
For p € C1(Q) or p € HY(Q)NC(Q) and Vp(z).(x —a) > 0 a.e x € Q, we consider

inf Jo Vp(2).(x — a)|Vu|*dx

1
a(p) = =
(v) 2 ueHY(9),u0 Jo lul?dz

We easily see that a(p) € [0, +00[, and we have the following result

Proposition 2.1

1) If p € CL1(Q) and if there exists b € Q such that Vp(b)(b— a) <0, then a(p) = —cc.
2) If p € HY(Q) N C(Q) satisfying (1.2) and Vp(x).(x —a) >0 a.e z € Q, we have
2.a)Ifk > 2 and p € C1(Q), then a(p) =0 for all n > 3.

2.b) If 0 < k < 2 and p satisfies condition (1.3) then for all n > 3 we have

2
"5 (”“2“_2) (diam 2)"~2 < a(p).

Proof. We start by proving 1). Set ¢(x) = Vp(x).(x — a), Vo € Q and let p € C§°(IR")
such that 0 < ¢ <1 on IR", ¢ = 1 on the ball {z,|z| < r}, and ¢ = 0 outside the ball



{z,|z| < 2r}, where r < 1 is a positive constant .
Set ;(z) = ¢(j(x — b)) for j € N*. We have

Q }fﬂ Q(x)’vsoj(x)‘de
(n) < 3 Tt

1 fB(b,zj—T) q(z) |V (z)|*dx
T2 fB(b,Q—T) |pjl2d
J

Using the change of variable y = j(x — b), we get

ﬁ fB(O,Zr) Q(% + b)]Vgo(x)Fdw
2 fB(o,gr) |p|2dz

a(p) <

Applying the Dominated Convergence Theorem, we obtain

JB0,20) V() *da
fB(o,zr) |p*dz

o) < L |aw

Letting j — oo, we deduce the desired result.
Now we will prove 2.a).

Using (1.2) and since p € C*(f) in a neighborhood V of a, we write
(2.5) p(x) = p, + Brlz — al® + 61 (x),

where 0; € C1(V) is such that

(2.6) lim 1)

v—a |z — aF

=0.

Looking at (2.6), we deduce that there exists 0 < r < 1, such that
(2.7) 01(x) < |z —a|® Vz € B(a,2r).

Let ¢ € C§°(IR™) be a function such that 0 < ¢ < 1on IR", ¢ =1 on the ball {z, |z| <},
and ¢ = 0 outside the ball {z,|z| < 2r}. Set ;(x) = ¢(j(z — a)) for j € N*, we have

< }fQ Vp(x).(z — a)|Ve,(z)[*dx
-2 Ja lejlPdx

0 <a(p)

Using (2.5), we see that

N L al*|Vep;(z)Pdx o, VOL@) (= a)|Ve;(z)2dx

k By, T + = J
2 S, lejlPde 2 S, il
¥

2r
B(a,=-
(a‘7 J )

0<a(p) <

Performing the change of variable y = j(xz — a), and integrating by parts the second term

of the right hand side, we obtain

e Sy WIVROPE 5, O+ VTl
2jk72 fB(O,QT) ’80|2d$ 2

0<a(p) < 2
fB(O,Q’I‘) |<)0‘ dx



Using (2.7), we write

KB o0 W IVE()Pde L1 Sz WV (Vo) Py)da
2742 fB(O,27‘) |pl?dx 25+ fB(O,Qr) lp|?dx
Therefore, for k > 2 we deduce that «(p) = 0, and this finishes the proof of this case.

Now, in order to prove 2.b), we need to recall the following Hardy’s inequality, see for
example [CKN| or Theorem 330 in [HLP|.

0<alp) <

Lemma 2.1
Let t € IR such that t +n > 0, we have Yu € H}(Q2)

2
/\$|t\u|2d$§ ()2/ 2. Vul?|z|'d.
Q n+it Jo

2

n+t)2 1s optimal and is not achieved.

Moreover the constant (

Now we prove 2.b). Since p satisfies (1.3), we have for all u € H}(Q) \ {0},
Jo Vo(2).(z — a)|Vu(z)*dx Jo |z = al¥|Vu(z)[*dx
fQ |u(z)|?dx fQ |u(z)|?dx
By applying the last Lemma for 0 < k =2+t < 2, we find

> kp

Vp(x).(x — a)|Vu(z)|?dx n+k—2\% _
fQ ( )} ]u\23i|x @)l > kO <2> (diam Q)k 2
0
This implies that a(p) > %ﬂk(%]f—?)z(diam Q)k=2, g

Let us give the following non-existence result

Proposition 2.2
We assume that a(p) > —oo. There is no solution for (1.1) when X < a(p) and Q is a

starshaped domain about a.

Proof. This follows from Pohozev’s identity. Suppose that « is a solution of (1.1). We
first multiply (1.1) by Vu(z).(x — a), next we integrate over €2 and we obtain

(2.8) /Quq_1Vu(x).(x —a)dr = _n ; 2 /Q |u(z)|?dz,
(2.9) A/QuVu(x).(x —a)dr = —ZA/Q lu(z)|2da
and
i __n-2 z)|Vu(z)|*de
| =divto(@) v Vue)o = ade = "5 [ ()| Vula)a
(2.10) — ;/QVp(x).(x—a)]Vu(:c)]de

1 ou o
- 5 [ ) —aig P



where v denotes the outward normal to 9f2.
Combining (2.8), (2.9) and (2.10), we write
2 11

_/ z)|Vu(z) |*dz — /Vp (z — a)|Vu(z)|?ds =

2)|9dz "A/ () 2da
2 Jo

On the other hand, we multiply (1.1) by 252w and we integrate by parts, we get
n—2
3 [ Pl Vuta) s =
Q

)\/ lu(z)|*dz.
Q
Combining (2.11) and (2.12), we obtain

/\u \dw—/Vp (x —a)|Vu(z)| dx—/ﬂp(xﬂgZZ(m—a).l/dx—O.

If © is starshaped about a, then (z — a).v > 0 on 052, and

(2.12)

1
/\/Q lu(x)|2dx — 3 /Q Vp(x).(z — a)|Vu(z)|*dz > 0.

It follows that

/QVp )o(x — a)|Vu(z)>dx
A> -

2 / |u|?dx
Q

and we obtain the desired result. O

3 Existence of solutions

Let Q € IR", n > 3 be a bounded domain. In this section, we show that (1.1) possesses a
solution of lower energy less than p,S. We will use a minimization technique.
Set

Jop@)|Vu(z)Pde — A [ [u(z)|*da

(3.1) @Qx(u) =
Il 113
the functional associated to (1.1).
We define
(3.2) Sxp)= inf  Qx(w).

u€H(Q),u£0

Let us remark that

Sa(p) = inf /p(x)|Vu(:c)|2das—)\/ lu(z)|*dz.
ueHg (Q),[lullg=1Jq Q

The method used for the proof of Theorem 1.1 is the following : First we show that
Sa(p) < p,S, we then prove that the infimum Sy (p) is achieved.
We have the following result



Lemma 3.1
If Sx(p) < p,S for some X\ > 0, then the infimum in (3.2) is achieved.

Proof. Let {u;} C H}(f2) be a minimizing sequence for (3.2) that is,

(3.4) /Qp(x)\Vuj(x)\de — )\/Q luj(z)|*dz = Sx(p) + o(1) as j — oo.

The sequence u; is bounded in H}(£2). Indeed, from (3.4), we have
[ p@Tus@)Pds = $30)+ A [ Jus(o)Pda + o).
Using the embedding of L9(Q) into L?(£2), there exists a positive constant C7 such that
/ﬂp(a:)]Vuj(x)|2dx < Sx(p) + AChllw |12 + o(1).

Using the fact that

||UJ||q = 17

we obtain

/Q p()|[ Vi (2)Pdz < Sa(p) + AC1 + o(1).

Since 0 < p, < p(z) for every = € 2, we deduce
AC
/\Vu] )|?dx < S )+ PRI TAEL 4 o).

This gives the desired result.
Since {u;} is bounded in H}(£2) we may extract a subsequence still denoted by wu;, such
that

u; —u  weakly in H}(9),

u; — u strongly in L%(Q),

Uj — U a.e. on ),
with [Jullq < 1. Set vj = u; — u, so that

v; =0 weakly in H}(Q)

v; — 0 strongly in L?(Q),

v; — 0 a.e. on (2.

Using (3.3), the definition of S and the fact that minp(x) = p, > 0, we have
)

/ p(2)| V()2 > p, S,
Q

8



From (3.4) it follows that Al|ul|3 > p,S — Sx(p) > 0 and therefore u # 0. Using again
(3.4) we obtain

35 [ p@Vu@Pdot [ p@lVo@Pds =2 [ ju@)Pds = $3) + o)
since v; — 0 weakly in H}(£2). On the other hand, it follows from a result of [BL] that
[lu+villg = llullg + llvjllg + o(1),
(which holds since v; is bounded in L? and v; — 0 a.e.). Thus, by (3.3), we have
1= lullg + llvsll§ + o(1)

and therefore
1< JJullz + llojll + o(1),

which leads to
(3.6) 1< Julld+ / x)|Vv;(z )|2dz + o(1).
We distinguish two cases:

(a) Sx(p) > 0, which corresponds to 0 < A\ < A%,

(b) Sa(p) < 0, which corresponds to A > A#,
In case (a) we deduce from (3.6) that

Sx(p)
Py )/Qp(xwvj(@l?d:c +o(1).

(3.7) Si(p) < Sx(p)lullg + (
Combining (3.5) and (3.7) we obtain

Jo @) Vu(@)]? = Au(z)Pdz + [o p()|Vv;(z)Pdz < Sx(p)ullf

) /Q p(@)| Vo () 2da + o).
Thus

Jop(@)|Vu(@)Pde =X o lu(@)de < S\(p)]ulF

NG p(@)|Vv;(z)Pdz + o(1).
Bl

Since Sx(p) < p,S, we deduce

(3.9) /ﬂ ()| V() P — A /Q u(@)2dz < Sx(p) ull.

this means that u is a minimum of S)(p).
In case (b), since ||u|\g < 1, we have S)(p) < SA(p)||u||Z. Again, we deduce (3.8) from
(3.5). This concludes the proof of Lemma 3.1. O

To prove assertion 1) and 2) of Theorem 1.1 (case k > 2), we need the following



Lemma 3.2
a) For n > 4, we have

Sx(p) < p,S for all A >0 and for k> 2.
b) For n =4 and k = 2, we have
Sx(p) < p,S for all X > 455.

c) Forn>5 and k = 2, we have

—2)n(n + 2)

(n
Sx(p) < p,S for all X > In—1)

fa.
d) For n =3 and k > 2, we have

Sx(p) < p,S  for all X > ~(k) where y(k) is a positive constant.

Proof. We shall estimate the ratio @ (u) defined in (3.1), with © = uq.
We claim that, as € — 0, we have
(3.9)

5"279 p(2)| Vg (z)de <

n—2 n >4 and

Ki+0(e 7z if B
Pof ( ) n—2<k,
k k n>4 and

K+ A e2 +o(e2 if -
Do 21 k (e2) n—2>k
— 2)2(B2 + M)wpez |1 0 >4 and
p K1 + (n —2)*(Brn—2+ M)wpe 2 |loge| +0(ET2|log5\) gl an
2 k=n—2,
n=4 and

P K1 + 202w, elloge| + o(e|logel) if{ Lo

a2

with K1 = (n—2)? [}, mdy, s =min(%, %5%), A, = (n—2)%5; fan ey de and
M is a positive constant.

Verification of (3.9)
1. Case n>4 and k > 0, with k #2 if n =4
We have

T z)[? N Rl — al?
/QP(:C)|Vua7g(a:)|2dac = / : P(@)IVEl )’de+(n—2)2/ﬂp(()|<( Wz —af®

o (e+ [z —al?)" e+ lz—al)

p(x)¢(2)V((z)(x — a)
- 2(11—2)/Q etz —a)T dz.

10



Since ¢ = 1 on a neighborhood of a, we assume that ¢ = 1 on B(a,!) with [ is a small
positive constant. Therefore we get |Vip|? = 0 on B(a,l) and Vo(z).(x —a) = 0 on
B(a,l).

Thus, we obtain

(3.10)
o R PEIVCEDE o [p)CE) e —
@t léwwma+m—w%wfi+( 2 [Py
o p(@)C(@) V() (@ - a)
T

dx

dx.

Therefore, applying the Dominated Convergence Theorem, (3.10) becomes

2 2
va 2d — _22/p($)|C($)| ‘ZL'—G/’ dz + O(1).
[ 2@ V(@) = (-2 [ P e+ 0(1)
Using (1.2), a direct computation gives
n—2 2 2 n—2 |-T - a|2
g2 p(@)|Vuge(z)|*dr = (n—2)"pye 2 ( dx
Q Q

e+ |z —al?)”

‘x _ a|k+2

— d
(c+le—aP) ™

+ (n—2)25"22ﬂk/ﬂ

- k42
o (e+|z—al)

ez [ o= alF (B 4+ 0@) (K@) ~ 1)
-2 | (et 2 —aP)" dx

+ O(e'2).

Using again the definition of ¢, and applying the Dominated Convergence Theorem, we

obtain

o k42 .
+ (n—2)2522/|xa|9(:€)dm+0(522).
Q



Here we will consider the following three subcases:
1.1. If n—2 > k,

n

e / p(ac)\Vua,a(ac)Pdar
Q

2 2
S LU R =V
poln =27 [Rn Crlo—a ™ Jpa Crlo—apn ™

(e + ]z —al?)" rmo (E+ |z —al?)"

— (n— 2)25"7—2 [/ n’x — a|*2 (B + 0(x)) _/ |z — al*+2(8) + 0(3;))]

= 0(6%2).

Using a simple change of variable and applying the Dominated Convergence Theorem,
we find

1
ns? ly|? o & [ |ylFT2(Br + 0(a +e2y))
ez [p(a)|Vuge(z)Pde = p/ — Yl 4 (n—2)%:z dy

The fact that 6(x) tends to 0 when x tends to a gives that

"7 / ()| Vo () Pde = po K1 + A 25 + o(e5),
Q
with K1 = (n—2)2 [ WP g and A =6 [ _yl*2
1 R™ (1+‘y|2)n y k k R" (1+|y‘2)n y

1.2. If n —2 < k,

n-2 n—2 |z — a|k"'2

€ 2 p(x)|Vug, z)Pdr = p, K1+ (n—2)*6re 2 /dm

| 2@ Vo) K1+ (0= 2) T

et [ |z —a**() e
+ (n—2)% = /Q(a—k\x—ap)"dx—i_O(EQ ).

Since 2 is a bounded domain, there exists some positive constant R such that Q C B(a, R)
and thus

n—

522/19(3:)|Vua75(:p)]2dx: . K1 —I-O(EHT_Z)
Q

n— k2 k2
H(n—2)%"T / |z — a]"" (B, +2'9(~”U))dx / | — a"*2(By + 0)
B(a,R) (e + [z —al?)™ B(a,R)\Q (e+ |z —al?)"

By a simple change of variable, we get

¥ 2B, + 0(a +y))
(e +ly»)n

n—

S [ o) Viaclo)Pde = pyf+ (-2 [
Q B(0,R)

dy

12



Using the definition of 6 given by (1.2), there exists a positive constant M such that

—2

= Vg, d o< —2 g M (e + [y[2)»
c /Qp(g;)| u()] r < p,Ki+(n )5 (ﬂk+ )/B(O,R)(5+|?/|2)n

|y|k+2
dy

Applying the Dominated Convergence Theorem we deduce that

n—

£ 25 / p(2)| Vit () Pdz < p, K1 + O(e"5%)
Q

and this completes the proof of (3.9) in this case.
1.2. If k=n—2,
n—2 |z —al®

n== n=2
7 [ e Vuns@)Pds = K+ (=20 [ e

n— — n9($) n—2
-9 2 2 / ’{E a| ).
+ (n—2)% 2 Q—(5+\x—a\2)”dx+0(€ z )

Since 2 is a bounded domain, there exists some positive constant R such that Q C B(a, R)
and thus

n—2

e"T [ p(@)|Vuge(@)Pde = p, K1 + O™ )
Q

oo [ R—alBeat0@), [ o= al(Baa+0)
o2 [/ o TP e G T

[z — a"(Bn—2 + 0(x))
(e + |z —al)"

2n2

55/p(ac)|Vua,5(x)|2dw = p,Ki+(n—2)%cz / dz
9 B(a,R)

n—2

+ O(e 7).

Using the definition of 6 given by (1.2), there exists a positive constant M such that
(3.11)

2

n Vo (z)Pde <p K1+ —22n_+M"22/ .
=3 [ POV tac@ e <p kit e [

[z —al”

dx
n—2

+0(e 2).

On the other hand, an easy computation gives

nz |:I:_a|n no2 R T2n—1
————————dr = wpe 2 ﬁdr
B(a,r) (€ + [z —al?)" o (e+71?)

R 2\n\/

Wy n=2 ((e+7r5)™) n-2
= — ~ 2 2dr+0

" ’ /0 (e +1r2)n r+0(e=

)

and

n—2 |z — al™ w

n—2 _ Wn n=2 n—2
(312) g 2 B( R) Wd(ﬂ = 78 2 |10g€’ +0(€ 2 |10g€’)
a

13



Inserting (3.12) into (3.11) we obtain

(n — 2)*(Bn—2 + M)
2

w n—
=% [ Do) Vo) P < p B + "2 loge] + o " | log ).

2)Case n =4 and k = 2.
As we have announced in the introduction, we assume in this case the following additional

condition on 6: fBal) ‘f(z)‘4dx<oo We have
V¢(z))? p(@)|¢(2)]*|z — af?
Vg |2 de = /Md +4/ d
J @i = [ EEE e v [ PO

[ PV —a)
1/ Ctlz—app

Using (1.2) and the fact that ( = 1 near a, it follows that
2. 12 a4
[ Fuaaliar = ay, [ KOt g gy, [Py,
Q

(e + e —aP) o+ 1z —aP)
|z — a]*6(z)

+ 4/9(5+|x)d x+ 0(1),

. i & — al*(By + ()

I (1_{_|y|2)4dy—|—4/9 (e + |z — al?)* dz + O(1).

Since fB(a,l) %daz < 00, we obtain

e—al'@) [ 6
L = e e

Consequently

/p(x)\vu 2dg = 2P0 [y I dy + 45 / da:—i—O( ).
Q “e e Jgo (14 |y2)4 +\a:—

Let R; > 0, ¢ = 1,2 such that

[ Ry e-alt
———dx < ———dx < ———dx.
oatsry E e —aP " o T =aP S Jaien, G+ o= aP)?

We see that

|a} _ a|4 /R 7,7
————dr = w ————dr,
/“@ (e+ [z —al?)! Yo (et

1 R ((e4r2)Y) Roped 4 3r3e2 + 3ert
= 7(,()4 72 1 d'r - w4 2\4 dT?
8 0 (e+1?) 0 (e +12)

R
1 T+ 334 3¢°

= §w4|1og€] —w4/57 Ldt—i—O(l),

0

(1+12)4
1
= §w4| loge| + O(1).
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Hence, we have
2 Do K1
/p(x)|Vua7a\ dr = . + 20w, |loge| + O(1),
Q

where K1 = [, %dy. This completes the proof of (3.9).

Let us come back to the proof of Lemma 3.2.

It is convenient to rewrite (3.9) as

(3.13)
[ p, K1+ o(e) ifn>5 and k> 2,
oK1 + Aze + o(e) ifn>5 and k=2,
5 /Qp(x)|vua,a|2d$ << p. K1+ Aksg + o(sg) ifn>4 and k<2,
oK1+ o(e) ifn=4,and k > 2,
P K1 + 2w, Bac|loge| + o(e|loge|) ifn=4,and k=2.

\

Combining (3.13), (2.3) and (2.4), we obtain

(3.14)
'pOS—A%ejLo(s) ifn>5and k> 2,
pOS—()\—C)%a—i-o(g) ifn>5 and k=2,
Sx(p) < Qx(uae) <& PSS+ Akag + o(sg) ifn>4,and k<2,
PeS — /\;7426| loge| + o(e|logel) ifn=4,and k > 2,
PeS — ;)742[)\ —45s]e|loge| + o(e|loge|) ifn=4,and k=2,

: — Ay _ B2(n=2)n(n+2)
with C'= £2 = %.
Assertions a), b) and ¢) of Lemma 3.2 follow directly for € small enough.
Now we prove d) of Lemma 3.2 (case n = 3 and k£ > 2). We will estimate the ratio
_ Jop@)[Vul*dz — A|ju3
[P

Qx(u)

with
¢(r)

(e + rQ)%

where ( is a fixed smooth function satisfying 0 < ¢ <1, ( =1 in {, |z —a] < £} and

¢ =0in {z, |z — a] > R}, where R is a positive constant such that B(a, R) C .

We claim that, as € — 0,

(3.15) .

[P Vuact)ir =250y [t O [ G2+ o)
€

And from [BN], we already have

U(LL“) = UE,G(T) = = ‘$|7 € > 0’

2 Ky R / 2 1
(3.16) |Vitge 2 = 2 + wg / () Pdr + O(e3),
£2 0

15



K. 1
(3.17) luaell2 = =2 + O(e2),
£2
R 1
(3.18) [tacld =w, [ C3(r)dr+O(e?),
0

where K1 and Ko are positive constants such that % = S and w, is the area of S2 .

Verification of (3.15).
Using (1.2), (3.16) and the fact that ¢ =0 in {z, |z — a| > R}, we write

K R
/ p(@) Vel = Pt i, /0 ¢ (r)2dr

2 20 ¢(r) (r r2C3(r
* wﬁ/ [5+r|2 (g(—i-)vg)(Q)+(6—iC—7E2))3] redr

w\»—t

+ 5

The fact that ¢ = 1in {x, [z —a| < &}, ¢/(0) = 0 and {(R) = 0 gives

() ()t R | Pt R |G ot
_2/ e+r2 S dr —(k:+3)/0 dr—4/0 S

(e +12)2 (e +172)3
Consequently
p K1 R R |1 () 2kt
[V @pde = 22 o, [P e [ SO
RK ‘2 k+4 R ’C ’2 k+2
— 3&)36/ 5—|—7"2 dr—{—(k‘—|—3wﬁ/ md?"

+ 0(5%

Applying the Dominated Convergence Theorem, we get the desired result.
Combining (3.15), (3.17) and (3.18), we obtain

1
€2

R R R
Qr(tae) = pyS + w, [ /0 (py + Brr®)|C ()| Pdr+k By, /0 |C(r) 22 dr—) /O gQ(T)er(Z

+ O(e),
thus,
_ wy [ <2<r | S g B¢ (r )\er%fo’* C(r)Prk—2dr (| 1
(3.19) Oaltac) =poS+ [ JEICer) 2dr Ales
+0(e).
R k|~ 2 R 2..k—2
dr +k d
Set D(k,():fo (o + Ber™) | (r)[Pdr + K [y [C(r)|Pr*2dr and (k) = inf D(F,C)

JiEIC () 2dr
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where H is defined by

H={CeCF),0<(<1, ¢(=1lin{z,|r—a|<E}and (=0in {z, |[x —a| > R}}.
This finishes the proof of Lemma 3.2. O

Now, we go back to proof of assertion 3) in Theorem 1.1 (case 0 < k < 2).

First of all, let us emphasize that if the domain €2 is starshaped about a, the assertion 3)
is more interesting. Indeed, it gives a better estimate of the least value of the parameter
A over which there is a solution to problem (1.1).

In the case of a non-starshaped domain, combining the fact that So(p) = p,S with the
properties of Sy(p) (see the proof of lemma 3.4), we have that there exists A* € [0, A"V
such that for all A €JA*, \%"[, the problem (1.1) has a solution. Note that we have no
other information on A\*.

Therefore, throughout the rest of this proof, we assume that the domain €2 is starshaped
about a.

We need two Lemmas. Let us start by the following

Lemma 3.3
Assume 0 < k < 2. Then there ezists a constant 3, = B min[(diam Q)*~2,1] such that

2
~n
(3.20) Sx(p) = p,S for every X €] — o0, B’“Z]

and the infimum of Sx(p) is not achieved for every A €] — oo,Bk%Q[.

Proof. We know from (3.14) that

k
2

Sa(p) < Qa(uae) < pyS+ Akag +o(e2) with A, is a positive constant,

thus

Sx(p) < p,S.
On the other hand, we know from Lemma 2.2 and Proposition 2.1, that for 0 < k < 2,
for every A < &3 ("HE=2)2 (giam Q)% 2 problem (1.1) has no solution. So we exclude

the case Sy(p) < p,S, otherwise, Lemma 3.1 will yield in a contradiction.
We conclude that for 0 < k£ < 2, we have

(3.21) Sx(p) =p,S for every A< gﬁk(%H)Q (diam Q)72
Now, we consider p defined by

p(x) =p(z) Vz € Q\ B(a,r),
(3.22) p(z) = p, + Bile —af? Vz € Ba, 3),

p(z) > p(x) Va € B(a,r) \ Bl(a, §),

where » < 1 is a positive constant.
Since 0 < k < 2, we have |z — a|* > |z — a|? for every x € B(a,r) and p(x) > p(z) in Q.
Let u € H} () with |lul, = 1, then

2dx — u(z)?dz p(x u(z)|?dz — u(z)|?dz
/Qp<x>|w<x>|dw A/Q|<>|d z/Qp<>|v<>|d A/Q|<>|d7
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thus,
(3.23)

[pa@ivu@lae = [ u@)Pds > [ (o,+ 56 - p)Vuto) Pds

Q
1 -
5\ /Q ju(a) P+ /Q (5(x) — po) V() da.

Set ﬁ(x) =D+ %(ﬁ(m) - po)'
From (1.3) we deduce that

(3.24) p(z) —p, > Bilz —alf a.ein Q.

Using (3.22) and (3.24), a simple computation gives p(z) —p, > filz —al? a.e in Q, with
ﬂNk = O min[(dmm Q)k72, 1].
Applying Lemma 2.1, we find

/Q (B(z) — po)|Vu(z)|*dx > ﬁq /Q u(z)|?d.

Inequality (3.23) becomes for every u € H}(Q),

_ N 2
/p(m)\Vu|2dx— A/ uf2dz 2/ﬁ(m)|Vu|2da:— <A—5k”> / lu|2dz.
Q Q ) 8 /) Ja
Thus, we find

o= e [[ pIvalde - - A% [ s

l[ullg=1

On the other hand A\ — Bk”g < %Bk%z since A < kaﬁlﬁ, so by (3.21), we conclude that

B B 2
inf Uﬂﬁ(xwuy?dx— (A—ﬁk’;)/gyuﬁdx] =, 5,

llullg=1
hence, (3.20) follows.
Now, we are able to prove that the infimum in (3.20) is not achieved. Suppose by con-
tradiction that it is achieved by some ug. Let § such that Bk% > 4§ > A Using ug as a
test function for Ss, we obtain

S5(p) < Jo p(@)|VuoPdz — & [, |uo|*dx _ Jo p(@)|Vuo|2dz — X [, |uo|*dx
B [[uoll3 [uoll3

and thus S5(p) < Sa(p) = p,S. This is a contradiction since S5(p) = p,S for § < Bk%Q
O

The second Lemma on which the proof of assertion 3) in Theorem 1.1 is based is the

following

Lemma 3.4
There exists \* € [Bk"ff, MV such that for all X €]N*, A\[ we have

Sx(p) < p,S.

18



Proof.
The proof is based on a study of some properties of the function A — Sy(p). We have
S )\inv(p) = 0. Indeed let 1 be the eigenfunction of div(pV.) corresponding to A", we

have
S p(@)|Ver|*dz — M™ [ |1 da
2
([ lp1]2dz)a

Moreover, A — Sy(p) is continuous and S 5,12 (p) = p,S. Then according to the Mean
4

S/\fiv < =0.

Value Theorem, there exists (3 E]Bkzi, A{i¥[ such that 0 < Sg(p) < p,S. But the function
A+ Sy (p) is decreasing hence VA € [3, A\{[ we have Sy (p) < p,S, and the Lemma follows

at once. O

Now we have all the necessary ingredients for the proof of Theorem 1.1.
Proof of Theorem 1.1 concluded: Concerning the proof of 1), 2), 3) and 4), let
u € H(Q) be given by Lemma 3.1, that is,

|lullg =1 and /Qp(x)]Vu(x)\Qcm — )\/Q \u(x)\de = Si\(p).

We may as well assume that v > 0. Since w is a minimizer for (3.2) there exists a Lagrange
multiplier p € IR such that

—div(pVu) — M = pud™t on Q.

In fact, u = Sy(p), and Sy(p) > 0 since A < A{'V. It follows that yu satisfies (1.1) for
1

some appropriate constant v > 0 (v = (Sx(p))a-2), note that u > 0 on Q by the strong

maximum principle.

Now we prove the assertion 5) of Theorem 1.1. From (3.14) and since A < 0 we have

PoS < SA(p) < Qa(tae) < poS+o(1).

Hence Sy(p) = p,S and the infimum is not achieved, indeed we suppose that Sy(p) is

achieved by some function u € H (), in that case
Sx(p) = /Qp(:c)|Vu(ac)|2dx — /\/Q lu(z)|*dz, with |ull, = 1.
Using the fact that S is not attained and since A < 0, we deduce
7S <p, [ [Vula)de < Si() = 1,5

then we obtain a contradiction.
Finally we prove assertion 6) in Theorem 1.1. Let ¢; be the eigenfunction corresponding
to A" with ¢; > 0 on . Suppose that u is a solution of (1.1). We have

- / div(p(@)Vu(@))pr(@)de = A / w(@)pr(@)ds
Q Q
— /Q W (@)1 () + A / w(@)pr (@) de,

Q
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thus

)\‘lﬁv/Qu(x)cpl(x)dx > )\/ u(z)p, (x)dx

Q
and

A >\

This completes the proof of Theorem 1.1.

4 The effect of the geometry of the domain

Let Q C IR™, n > 3, be a bounded domain. We study the equation

—div(p(z)Vu) = u?t in Q,
(4.1) w>0 inQ,
u=20 on 0f.
where ¢ = -2 and p: @ — IR is a positive weight belonging to C(Q) N H ().

n—

We assume in this section that p is such that Vp(z).(z —a) > 0 a.e z € Q and we set

by = p(a).
Let us start by the following non-existence result

Lemma 4.1

There is no solution of (4.1) if Q is a starshaped domain about a.

Proof. This follows from Pohozaev’s identity.

Suppose that u is a solution of (4.1), we have (see Lemma 2.2 Section 2 for A = 0),

(4.2) /QVP($)(:L’ — a)|Vu(z)2dx + /8 p(z)[(x — a).uH%de =0.

Q

Note that (z — a).v > 0 a.e on 0N since €2 is starshaped about a.
Since Vp(z).(x —a) > 0 a.e z € , we deduce from (4.2) that % = 0 on 09, and then
by (4.1) we have

/Quql(x)dx = —/Qdiv(p(a:)Vu(x))dx :/a guda: =0,

QO OV

thus

d

Suppose that €2 is starshaped about a. In view of Lemma 4.1, we will modify the geometry

of € in order to find a solution of problem 4.1. For a € > 0 small enough, we set
Q. = Q\ B(a,e).
We investigate the problem (4.1) in the new domain €2, and, throughout the rest of this
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paper, we shall denote this new problem by (I;) .

Since p is a continuous function, then V 8 > 0, dr¢9 > 0 such that Vo € X, where X
_0_
257
Throughout the rest of this Section, § > 0 is fixed, small enough, and ro > 0 is given as

designates the unit sphere of IR", we have |p(a + roo) — p,| <

the previous definition.
We recall the main result of this section which we have already stated by theorem 1.2 in

the introduction

Theorem 4.1
There exists €9 = €0(2,p) < 1o such that for every 0 < € < &g, the problem (I.) has at

least one solution in H} ().
In order to prove the Theorem 4.1, we need to apply the following result, see [AR],

Theorem A 1

Let E be a C' function defined on a Banach space X, and let K a compact metric
space. We denote by K* a nonempty subset of K, closed, different from K and we fiz
ffeC(K* X).

We define P = {f € C(K,X)/f = ffon K*} and ¢ = inf yep sup;c ¢ E(f(t))

Suppose that for every f of P, we have

max B(f(t)) > max E(f(1)),

then there exists a sequence (u;) C X such that E(u;) — ¢ and E'(uj) — 0 in X*.

We consider the functional

Bu) = /Q (@) Vu(e)ds - ; /Q ()"

In addition to Theorem A 1, the proof of Theorem 4.1 requires the following result (see
[B] and Proposition 2.1 in [S])

Theorem A 2
Suppose that for some sequence (u;) C H(Q:) we have E(uj) — c E]%(pOS)%, %(pOS)%[

and dE(u;) — 0 in H (). Then (uj) contains a strongly convergent subsequence.

Now, we return to the proof of Theorem 4.1.

We shall need the following functions:

P HNQ) — R, F(u):/ p(x)\vu(x)ﬁdx—/ () 2d.

£ €

F oY) — B F()=(,8) [ op(e) Vula) P,

€

We have the following result
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Lemma 4.2

For every neighborhood V' of Q. there exists n > 0 such that if u # 0, T'(u) = 0 and
E(u) < %(pOS)% + 2n, then F(u) € V.

Proof. We proceed by contradiction. We assume that there exists V' a compact neigh-

borhood of Q. not containing a, such that ¥j € N*, we have

I(u;) = 0,

1 n 1
E(“’j) < E(pos)2 + 37
F(u;) ¢ V.

Since I'(u;) = 0, we see that

/p(a:)Vuj|2d:17 = / |u;|Tdx
Qe

Qe
and
3
x)|Vu;|2dx
/p(l‘)|Vuj|2d:E _ Ja. p(@)[Vuy| !
€ (fﬂs |uj|qu) a
Consequently
1
Bluy) = - / ()| Vi, () 2.
n Q.

Using the definition of u;, the fact that p, = ming p(x) and the definition of S, we write

Vu,|?dx
Py fQE| ]| . S E(uj) §

(st ]uj]qclrc)E

1 n 1
_ Sz < —
n(pO) n

and we deduce

/ p(2)| Vi (z) 2dz = (p, )% + o(1).

£

Applying the Theorem 2 in [C], (see also Lemma I.1 and Lemma 1.4 in [L]), for a subse-
quence of (u;); still denoted by (u;);, there exists g € €. such that

p(x)|vuj|2 - (pos)%(szo (] - OO):

where the above convergence is understood for the weak topology of bounded measures
on . and where 0z, is the Dirac measure at xg.

As a consequence, F'(u;) € Q). C V, and this contradicts the hypothesis. O

Let Ry > 0 such that B(a,2Rp) C €.
For k € N*, let ¢ € C*°(IR™,[0,1]) such that

or(x) =1 if 555 < |z —a| < Ry.

{ or(x) =0 if |z —a| < ﬁ and if |z — a| > 2Ry,
22
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We consider the family of functions
n—2

ui (@) = [(1 —1)? Jrl\a:t— a—t0|2] o

where t € [0,1], 0 € ¥ and where 3 denotes the unit sphere of IR".
We see easily that [, |Vuf|?dz and [, [uf|9dz are independent of ¢ € [0,1[ and of

o € Y. We also have
2
q
/ VS (2)2dz = S </ |ug(x)|qczx> .
Rn ]Rn

Byl) = — LD TR T o)
’ (1 =12+ |k(x — a— trgo)[2) T

We set

we remark that vf, € H} (). For r > 0, let g(r) = E(rv{,), then
rg'(r) = I'(rvfy), g(r) — —oo, when r — +o0, g(0) = 0 and g(r) > 0 for 7 > 0 small
enough.

We conclude, from the above, that g reaches its maximum at

1
| S p(@)| Vo Pda | 2 >0
N fﬂs |vgk|qdaj '

g - o
We set Wy, = TV We have

Lemma 4.3

The following two statements are true:

a)Vd > 0, Fko > 1 such that (Vk > ko) then
(Vo € ¥ and ¥t € [0, 1], E(wfy) < %(pOS)% +0)
b)Va > 0, 3u > 0 such that (u <t < 1) then
(Vo € ¥ and Yk > 1, E(wgk)g %(pOS)% +a)
and |F(wf)—(a+roo)| < a.

Proof. Before proving this Lemma, let us remark that the function v, corresponds to
the function u, . defined in the beginning of this paper, so for more details of calculus we
refer to section 2.

We start by proving the assertion a). Let t € [0, 1], we have

Puiy) = 5 [ s@Vuiulds [ jogyids,

Qe
2 q
- T/ p(a:)|vak|2dx—r/ 07 | da.
2 Ja. q Ja.
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Using the definition of 7, the definition of ¢y and applying the Dominated Convergence

Theorem, we obtain, as k — oo,

_ _ 2 |k(z—a—troo)|?
o 1 K(n = 2)%(1 = 1)" f L <|z—al<Rg} p(z )((1 )2 +|k(z—a— L‘7’0<T)|2)"d:r
E(wt,k) = E 2
—9)2(1 — 1 ?
Frn = 2)%(1 =) f{ﬁg\zﬂz\g%} (1=t +[k(z—a—troo)[*)" dr
+ o(1).
By the following change of variable y = w, we see that
n — 2)? pM—i—cH—trga lyl? ~dy
Y 1 ( ) f{m oy < ko | troy % )(H'y‘ o
E(wt,k) = n B
1 q
J A
L [ {mf%éws’if%fﬁ%}“”y'% ]
+ o(l).

Applying again the Dominated Convergence Theorem, we deduce, as k — oo, that

9 5
(n— 2)2p(a +troo) [mn 7|y| ~dy
flR (1+\y| ) + 0(1)’

E(wiy) =
1
[szn ‘((1—t4)2+\y|2>ndy]

)

S

= (pla+ tron))5 S +o(1).

Now, using the definition of 7g, a simple computation shows that ¥§ > 0, Jkg > 1 such
that Vk > kg, we have

0|3

E(wt k) (pOS) +57

B\H

which finishes the proof of a).
Now we return to the proof of b), let k € N*, we have

1 1
Buiy) = 3 [ p@Vuisfds = [ fufyfids

o |2 rd o
= o | p@)|Voii["de — — [ |vf["dw.
2 Ja. ’ q Ja. 7

Looking at the definition of ¢y and r, we easily see, as t — 1, that

1|k (n—2)2(1 —t)"2 flR p(z) Il;(x a—troo)|? de 2
‘ " 1-t k(x—a—troo)|?)" o
E(wt,k) = — ((1—t)2+]k( o ;| ) Lo —0 2)'

[k”(l )" [ g ((1—t)2+|k(~’vl—a—t7‘00)\2)"dx} q

k(z—a—troo)

By the change of variable y = T , we get
1 2)2 [ DY 4 q+ trga)%dy : )
E(wiy) =~ 2 +0((1=1)").

[fm ﬁ]
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Applying the Dominated Convergence Theorem, we obtain

n
ly|2 ?

(n — 2)2p(a + roo) fan (CTBR dy

E(wiy) = 3 +O((1—1)"?),
e ey

)

S|

Using the definition of rg, a simple computation shows that Yo > 0, 3u > 0 such that
Vi <t<1, we have

On the other hand

Fwl) = (p,8) % /R 2p(2) |V ()| 2dz,

)

= S 7H [ (@) V(o).
By the definition of v{, and r, we write

| 2

2
de | 772

n— |k(z—a—troo)
(1 - t) 2(” - 2 2 fR” (( t)2+|k(z— aO troo)|2)n

F(wtg,k) - (pos)_%

1
(1 =)" e (TG —amea 7 4%

r —a—1roo 2
(1= )2k (n — 2)2/ TPl tl’;& e e )t‘roa)‘?)n dz + o(1 - t).

k(z—a—troo)

The change of variable y = ==———— gives
(n—2)%] ((1 t)y—l-a—l—tro) S 2
F(’U)a ) _ (p 5)7% Rn 0 (1+‘y|2)n %
t,k - 0
S e
(1-t)y ¢ (1-t)y ¢ 2
(n — 2)? (5 +a+troo) p(-—7* + a + troo) |yl dx+ o1 — 1)
n (1 +[yl)"

Applying the Dominated Convergence Theorem, we deduce that

q

2 q—2
n (n - 2)2 f n %dy
Fwl) = (p,8)"%(p(a+ro0)) I Q) (a +100) + o(1 — 1),

| e ety y)

= (p,S) "% (pla +700))2 5% (a + 700) + o(1 — t).

B

Using the definition of rg we get the desired result. O

Consequences
Let V be a compact neighborhood of Q. not containing a. Let 0 < i < 7 small enough,
which corresponds to V' as in Lemma 4.2, verifying rooc+& # a for || = 1 and |[a—§| < n.
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By Lemma 4.3, there exists kg > 1 such that :

(4.3) E(uwfy,) < =(p,S)2 —n, Vo € £, Vt € [0,1].

S

Remark 4.1

We choose eg = €9(Q2,p) < ﬁ small enough and such that Y0 < & < g we have {z |z —
0

al|<e} g V.

We fix A > 1, large enough such that E(Awf, ) < 0, Vo € ¥, vt € [0,1[. In order to
apply Theorem A 1, we define the sets K, K* and the function f* as

K =10,1] x B(a,rp),

K* = 0K =10,1] x dB(a,r9) U{0,1} x B(a,rp) and

f i K — Hi (),

[*(s,troo) = Aswy,, .

The conclusion of Theorem 4.1 follows from the next

Lemma 4.4
We hawve
(p,S)% + 20, Vf € P.

S|

sup E(f) >
K

We postpone the proof of Lemma 4.4 and we complete the proof of Theorem 4.1. From
(4.3) we have

(p,8)% —n Vo ex, Vte[o,1]

S

max B(ref,) = B(uf),) <
From assertion b) of Lemma 4.3 there exists p > 0, we fix ¢ty €]u, 1] such that

max E(rvy i) = E(wy ) < (p,S)% +1, VYoeX.

r>0
then

n 2 n
max E(f*) < —=(p,S)2 +n and supE(f*) < —=(p,S5)2.
0K K n

So, by Lemma 4.4,

1 n n
sup E(f) > —(p,S)2 +2n > —(p,S)2 +n > sup E(f")
K n oK
and . 5
c= ;g%fg}gE(f) 6]5(1105)5,;(1905)5[

Applying Theorem A 1 and Theorem A 2, we obtain the conclusion of Theorem 4.1.

Proof of Lemma 4.4. We argue by contradiction. Suppose that there exists f &
C(K, H§ () with f = f* on 0K, and E(f(s,£)) < (p,5)* + 20, ¥(s,€) € K.
We consider the function G : K — IR"*!, defined by

G(s,8) = (s, F(f(5,6)))-
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We will prove that
(4.4) deg(G,K,(A\"',a)) = 1.

The map H : [0,1] x K — IR"!, defined by

H(t,5,€) = 1G(s5,€) + (1= 1)(5,€) = (s, tF(f(5.)) + (1 - 1)€)

is a homotopy between G and Idy, where Idg is the Identity application of K.

To get (4.4), we start by checking that (A\™!,a) & H(t,0K).

If not, there exists (s,&) € OK such that H(t,s,&) = (A7}, a), as a consequence s = A~
and @ = tF(F(,€)) + (1 — )€ = t(F(uf, ) — €) + £

Since s = A~ €]0,1[, we have ¢ € dB(a,r0). But, since |[F(wg ) — (a+1o0)| <
Vo € X (see Lemma 4.3), the fact that t(F(wy , ) — &) + & = a, £ € 9B(a,ro) leads to
a contradiction. Then, we deduce that (A\™1,a) ¢ H(t,0K) and consequently V¢ € [0, 1],
deg(H(t,.), K, (A1, a)) is well defined.

We consider the following sets:

K* = {(5,6) € K |T(f(5,6)) > 0} U (0,€), K~ = {(5,6) € K | T(f(s,€)) < 0} and
K° ={(s,¢) € K | T(f(s,¢)) = 0}.

If (s,€) € OK then we have f(s,§) = f*(s,§) = Aswf, ; and

= (s\)? 2)|Vw? . (2)|2dz — (s\)? w? . (2)|%dx
P(f(s,6) = () /Qsp< )V 4 (@) P — (s3) /Qir 7 1 (@)[7d
L(f(s,8) = [(SA)Q—(S/\)Q]/ p(@)|Vwy 4 (2)]*da.

£

Since [, p(x)|Vwy ;. (x)]*dz > 0, we see that

(4.5) If (s,6)€dK andif 0<s<A! then (s,§)eKT
(4.6) If (5,8 €0K andif M'<s<1, then (s,6) €K™
(4.7) (A& e K Ve € aB(a,r).

Let (s,&) € K°, we have I'(f(s,&)) = 0. Moreover, since E(f(s,&)) < %(pOS)% + 27,

looking at Lemma 4.2, we deduce that

F(f(s,6)) € V.

Consequently V(s, &) € K°, F(f(s,£)) # a since a ¢ V.
Hence (A\™',a) € G(K°) = G(K \ (Kt UK™)), then

(4.8)  deg(G, KT, (A, a)) +deg(G, K~, (A7}, 0)) = deg(G, K, (A7, a)).
On the other hand, since (A, a) &€ H(t,0K) Vt € [0, 1] we have
deg(H(1,.), K,(A™},a)) = deg(H(0,.), K, (A", a)).
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Using the fact that H(0,.) = G, H(1,.) = Idg and deg(Idk, K, (A !,a)) = 1, we deduce
(4.4).

Now, we will prove that

(4.9) deg(G, K+, (A" a) =0

(4.10) deg(G, K, (A1 a)) =0.

Fix R > A~! and let y € IR"*! such that |y| > R then y ¢ G(K).

We define the path r(t) = (tR + (1 — )AL, a), for ¢t € [0,1].

We claim that r(t) € G(OK™) Vt € [0,1].

If not, there exists (s,£) € KT with (Rt + (1 —t)A"1a) = (s, F(f(s,€))). Hence
s=tR+(1—-t)A"' > tand a= F(f(s,¢)). But ¥(s,¢) € K° we have F(f(s,¢)) # a,
then (s,&) ¢ K°. Hence (s,&) € OKNK™, (4.5) implies that s < A~! and this contradicts
the fact that s > A\=1. Thus r(t) € G(OK™) Vt € [0,1]. Hence deg(G, K*,r(t)) is well
defined and is independent of ¢.

Since (R,a) € G(K) we obtain

deg(G, K", (R,a)) = 0.
Using the fact that
deg(G, K™, r(t)) = deg(G, K, (R,a)) Vte[0,1],

we deduce (4.9).
Similarly, we prove (4.10) by using the path ¢(t) = (=tR + (1 —t)A"1,a), t € [0,1]. We
have that deg(G, K, ¢(t)) is independent of ¢. Using the fact that (—R,a) ¢ G(K), we
conclude that

deg(G, K, (A1, a)) = deg(G, K, (—R,a)) = 0.

From (4.4), (4.8), (4.9) and (4.10) we obtain a contradiction, and Lemma 4.4 is proved.
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