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Abstract

In this paper we determine, in dimension three, the effective conductivities of non peri-
odic high-contrast two-phase cylindrical composites, placed in a constant magnetic field, with-
out any assumption on the geometry of their cross sections. Our method, in the spirit of the
H-convergence of Murat-Tartar, is based on a compactness result and the cylindrical nature of the
microstructure. The homogenized laws we obtain extend those of the periodic fibre-reinforcing
case of [17] to the case of periodic and non periodic composites with more general transversal
geometries.

1 Introduction

At the end of the 19th century, it was discovered [24] that a constant magnetic field A modifies the
symmetric conductivity matrix o of a conductor into a non symmetric matrix o(h). This is know as
the Hall effect. In the Maclaurin series of the perturbed resistivity (o(h))~! the zeroth-order term
coincides with the resistivity ! in the absence of a magnetic field [27]. In dimension two, h is
a scalar and the first-order term is an antisymmetric matrix proportional to hJ; the coefficient of
proportionality is called the Hall coefficient. In dimension three, h € R? and the first-order term, in
the Maclaurin series of (o(h))™!, is of the form &(Rh) where &(£)j := & x j and R is a 3 x 3 matrix
called the Hall matrix [16]. In this work, we consider the idealized situation when the induced non
symmetric part is proportional to the applied magnetic field: o(h) = als + & (h), where a and
are two constant real numbers. For a given sequence of perturbed conductivities o, (h), it is of
great interest, in electrodynamics [27, 32|, to understand the influence of the magnetic field 4 on the
effective Hall coefficient or the effective Hall matrix through the homogenization of oy, (h).

Let us first review a few of the mathematical theory of homogenization of elliptic partial differ-
ential equations of the form

{—div(anVun) = f inQ, 11)

u, = 0 on 09,

where Q is a bounded open subset of R3, ¢, is a sequence of matrix-valued functions in L (£2)3*3
and f is an element of H~1(2). This topic has been intensively studied for the last four decades
providing a wide literature [34, 30, 31, 2]. In the context of conduction, when the conductiv-
ity matrices o, are uniformly bounded, Spagnolo [34] with the G-convergence theory, Murat and



Tartar [30, 31] with the H-convergence theory showed that the solution u,, € HZ(Q) of the conduc-
tivity problem (1.1) strongly converges in L?(€2), up to a subsequence of n, to the solution of a limit
conductivity problem of the same nature. The case of high-contrast conductivities is very different
since non classical phenomena, such as nonlocal terms, may appear in the limit problem as shown,
for instance, in [19, 25, 1, 18, 11, 26]. This does not happen in dimension two if the sequence o,
is uniformly bounded from below. Briane [10] and Casado-Dias & Briane [13] proved that in that
case the class of equations (1.1) is always compact in the sense that the limit equation of (1.1) is
always of the same type. In [13] they proved some extensions of the well-known div-curl lemma of
Murat-Tartar [31] and deduce several compactness results under the assumption of equicoerciveness
coupled with the L'-boundedness of the sequence of conductivities.

In this paper we are interested in the homogenization of a class of three-dimensional conductivity
problems of the type

—div (o, (h)Vu = in Q,

{ (on (M) V) = f 12)

u, = 0 on 99Q,

where o, (h) is an equi-coercive sequence of high-contrast two-phase conductivities perturbed by a
constant magnetic field h € R3 of the form o,(h) := (1 — 1g,)o1(h) + Lg, 02, (h) where o9,(h) is
the unbounded perturbed conductivity of the highly conducting phase €2, and oy (h) is the perturbed
conductivity of the phase surrounding €2,,.

In dimension two, for the case of low magnetic field, Bergman [3] was the first author who came
up with a general formula for the effective Hall coefficient of a periodic composite material in terms of
the local Hall coefficients and some local currents solving the conductivity equations in the absence
of a magnetic field. We refer also to the works [28, 4, 15] for other two-dimensional composites,
to [0, 7, 8, 21, 22] for composites with microstructure independent of one coordinate (the so-called
columnar composites) and to [, 9] for the case of strong magnetic field.

Recently, in dimension two, M. Briane and the second author |17] obtained the effective perturbed
conductivity o, (h) of a sequence of isotropic high-contrast two-phase conductivities o, (h) in the case
of strong magnetic field, i.e., when the symmetric part and the antisymmetric part of the conductivity
are of the same order. By extending a duality principle from [11] and using a suitable Dykhne
transformation, which (following Milton [28, 29]|) changes non symmetric matrices into symmetric
ones, they proved that the symmetric part of the effective perturbed conductivity o.(h) is given in
terms of the effective conductivity in the absence of a magnetic field. They subsequently compared
their two-dimensional results to a three-dimensional periodic one and showed that the way a magnetic
field perturbs the conductivity of a composite depends on the dimension. In order to compute the
explicit perturbation formula in dimension three, they restricted themselves to a particular periodic
fibre-reinforced structure, i.e., a structure completely described by any two-dimensional cross section
transversal to the fibres (first introduced by Fenchenko, Khruslov [19] to derive a non local effect
in homogenization). To our knowledge, only few results are known on the homogenization of both
high-contrast and non symmetric conductivities in dimension three.

The aim of this paper is to determine the effective perturbed conductivity of (1.2) for non
periodic high-contrast two-phase cylindrical composites without any assumption on the geometry of
the transversal microstructure.

We first investigate the periodic case, that is, when o, (h)(:) = X, (h)(-/e,) where X, (h)(-) is
a Y-periodic matrix-valued function and e, — 0 represents the size of the heterogeneities in the
composite. In order to avoid non local effects in the limit problem, following Briane [12], we assume
the existence of a sequence of positive numbers ¢, such that €2 ¢, tends to zero, as n goes to infinity,
and satisfying the weighted Poincaré-Wirtinger inequality

YV e HY(Y), /Y|En(h)(y)|‘V—/dey2

dy < cn/ Ya(y)VV - VV dy.
Y



For a fixed n € N*, using the theory of exact relations of Grabovsky, Milton, Sage |21, 20] (thanks to
the independence of the microstructure of the variable z3), we obtain the H-limit (an)* associated
with the periodic homogenization |2] of the oscillating sequence ¥, (-/¢) as € — 0. Then, we show
that the sequence of constant conductivities (o), converges to some o, (h) which, according to [12],
coincides with the homogenized conductivity associated with the limit problem of (1.2). The obtained
effective conductivity o,(h) is explicitly computed in terms of the homogenized conductivity o, (h)
of the conduction problem posed in the (z1,z2)-plane transversal to the columnar composite (see
Proposition 2.1).

Most of the arguments and tools used in the periodic case crucially lie on the periodic nature
of the microstructure. Therefore, a fundamentally different approach is necessary for the analysis
of (1.2) when o, (h) is not periodic.

In order to study the asymptotic behavior of the problem (1.2) in the non periodic case, using a
method, in the spirit of the H-convergence of Murat-Tartar, we determine the limit, in an appropriate
sense, of the current o, (h)Vu,. The key ingredient of this approach is a fundamental compactness
result (see Lemma 3.1) based on a control of high conductivities in thin structures through weighted
Poincaré-Wirtinger type inequalities. This compactness lemma, combined with the two-dimensional
results of [17] and the cylindrical structure of the composite allows us to obtain an explicit formula
of o.(h), once again, in terms of the transversal homogenized conductivity &, (h) and of some bounded
function @ which, in some sense, takes account of the distribution of the highly conducting phase §2,,
in © (see Theorem 3.1).

The structure of the paper is the following: In Section 1.1 we set up some general notations.
Section 2 deals with the periodic case. In Section 3 we extend the periodic result of Section 2 to a
non periodic framework. Section 4 is devoted to some examples illustrating both the periodic and
non periodic perturbation formulas.

Here, we give some general notations and definitions.

1.1 General notations and definitions

e (is a bounded open subset of R? with a Lipschitz boundary. The unit cube (—%, %)3 of R3
is denoted by Y.

e For any subset w of €, we denote by @ the closure of w in R3.

e ¢, is a sequence of positive real numbers converging to zero as n goes infinity.

Rdxd

e For any matrix o in , 01 denotes the transpose of the matrix o while o* denotes its

symmetric part. For any invertible matrix o in R¥>*? o= 7T := (J’I)T = (UT)fl.
e I, denotes the unit matrix in R4 and J := ((1] *01).

e For any h € R3 &(h) denotes the 3 x 3 antisymmetric matrix defined by &(h)x := h x z,
for x € R3.

e For any o, € R¥? ¢ < 1 means that for any ¢ € R%, o€ - £ < né - €.

e For any vector ¢ € R3, E € R? denotes the vector of its first two components

£:=(&,6)".

e V- denotes the gradient operator in R? with respect to the three variables (21,2, 23) while V-
is the gradient operator in R? with respect to the first two variables (z1,x2): for any u € H L),
the function Vu is defined on Q2 by

T
w:(% 3“) ,

axl’(?—:cg
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where Q is the projection of  on the (21, x2)-plane.
e For any 3 x 3 matrix o, we denote by ¢ the 2 x 2 matrix defined by
~ (U 11 012 >
o= .
021 022
e The scalar product of two vectors u and v of R? is denoted by u - v.

e |-| denotes, the euclidean norm in RY, the subordinate norm in R?*¢ and the Lebesgue
measure.

e For a Borel subset w € R? and a function u € L!(w) the average value of u over w is denoted

by
1
][udx::—/udx.
w || Jo,

When w =Y, we simply denote this average value by (-).
e We denote by 1, the characteristic function of the set w.

e We denote by %.(Q2) the set of continuous functions with compact support in Q. The subspace
of €.(Q) of infinitely differentiable functions with compact support in € is denoted by Z(Q).

e We denote by %p(Q2) the space of continuous functions on  vanishing on the boundary O
of Q endowed with the usual norm.

e For any locally compact subset X of R? M(X) denotes the set of Radon measures defined
on X.

e A sequence (p,) in M() is said to weakly-* converge to a measure p if
/ Ppp (dz) —— / pu(dr), for any ¢ € €p(9).
Q n—oo Q

e The space of Y-periodic functions which belong to LP (RY) (resp. HL (R?)) is denoted
by Lzﬁ(Y) (resp. H#(Y))

e 0(0) denotes a term of the form §((J) where the limit of ((9) is zero, as & goes to zero. For any
sequences (ap)nen+ and (by)nen+, @ ~ b, means that a, = b, + o(by,).
n—oo
e Throughout the paper, the letter ¢ denotes a positive constant the value of which is not given
explicitly and may vary from line to line.

In the sequel, we will use the following extension of H-convergence for two-dimensional high-
contrast conductivities introduced in [13] for the symmetric case and extended in [14] to the non
symmetric case:

Definition 1.1. Let Q be a bounded domain of R? and let G, € LfO(Q)2X2 be a sequence of equi-
coercive matriz-valued functions. The sequence oy, is said to H (M(Q)?)-converge to a matriz-valued
function G, if for any distribution g in H=(Q), the solution u, of the problem

div (5n€un) =g 1n §~2,
U, =0 on 8(~2,
satisfies the convergences
{ Uy — U in H&(ﬁ),

oV, — 5, Vu  weakly-+ in M(Q)2,
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where u s the solution of the problem

div (5*%@ =g in QL
u=0 on .

Let Q be a bounded open subset of R? with a Lipschitz boundary and Q,, be a sequence of open
subsets of . Let Q be the bounded open cylinder € := Q x (0,1) and €, the sequence of open
cylinders €, := ﬁn % (0,1). Consider aq >0, #; € R and two sequences ag, > a1 and (s, € R.
Define, for any h € R3, the two-phase isotropic conductivity

{ Jl(h) =aql3+ ,Blg(h) in Q \ Q,,

0 —hsg heo
on(h) = where &(h) := < hs 0 —h1>.

0'2,n(h) = ()427”]3 + B2,ng(h) in Qn, —hz h1 0

In the domain €2, the matrix-valued function o, (h) does not depend on the variable x3 and model the
conductivity of a columnar heterogeneous medium. The phase €2,, is the one of high conductivity: a5,
and Ba,, are unbounded. In order to ensure the L!(2)3*3-boundedness of the conductivity, we assume
that the volume fraction of the highly conducting phase 6, := |Q|~!|€2,| converges to zero and that

the convergences

anazm — a9 >0,
9nﬁ2,n —>_> Bo € R,
hold. Assumption (1.3) can be rewritten
andg,n(h) = Hnag,nfg + Hnﬁzng(h) m Ug(h) = aolg + 5Qg(h)
Our aim is to study the homogenization of the Dirichlet problem, for f € H~1(Q),
—div (0,(h)Vu,) = f inQ,
{ u, = 0 on 0N. (1.4)

On the one hand, we consider the case of a periodic cylindrical composite without any assumption
on the geometry of its cross section. This framework extends the one of the three-dimensional result
of [17] where the highly conducting zone is a set of circular fibres. On the other hand, by the
means of a compactness result (see Lemma 3.1), we analyse the case of cylindrical but non periodic
composites. In both cases, we impose conditions, adapting [12], that prevent from the appearance
of non local terms so that the limit equation of (1.4) is a conductivity one.

In the sequel, we will omit the dependence on h of o1(h), o2,(h) and o2(h) denoting sim-
ply o1, 02, and os.

2 The periodic case

In this section, we study the influence of a constant magnetic field A € R3 on the effective conduc-
tivity of a composite material where the highly conducting phase is periodically distributed but, con-
trary to [17], the cross section of which has a general geometry. Consider a sequence w,, = w,, x (0,1)
where @, is a sequence of subsets of (0,1)? with |w,,| converging to 0, as n tends to infinity. Let §,,
be the sequence of open subsets of €2 defined by

Q=00 | enl(wn +k).
kez3

The conductivity of the heterogeneous medium occupying 2 is given by

on(h)(z) = Sp(h) <i> . VreQ, (2.1)



where ¥,,(h)(-) is a Y-periodic function defined by

S(h) = anls + ba&(h)  with { o gll]]f:\\:::gj:]kj’ (2.2)
For a fixed n € N*, let (0,,).(h) be the constant matrix defined by

VAER?  (0,):(h)A = (Z,(R)VIV,), (2.3)

where, for any A € R3, W is the unique solution in Hﬁl(Y) of the auxiliary problem
div (Z,(h)VW;)) =0 in 2'(R*) and (W, —X-y)=0, (2.4)

which is equivalent to the variational cell problem
{ (Sn(R)VW - V@) =0, V& e Hj(Y), 25
(Wiy) =A-y) =0.

The matrix (o,,)«(h) is the homogenized conductivity of the oscillating sequence ¥,,(-/¢) as € — 0 (see,
for instance, [2] for more details).

The limit problem of the high-contrast three-dimensional equation (1.4) where o, (h) is given
by (2.1) may include non local effects. In order to avoid such effects, we assume, following [12], that
the weighted Poincaré-Wirtinger inequality

V- / Vv
Y

e2¢, —— 0. (2.7)

2

VYV e HY(Y), /an
Y

< Cn/ an|VV|?, (2.6)
Y

holds true with

Under the assumptions (2.6) and (2.7), it was shown in [12] that the sequence of problems (1.4)
converges to a conduction one with a homogenized conductivity o, (h).

The main contribution of Proposition 2.1 below is to provide a formula for the effective conduc-
tivity o«(h) of a cylindrical periodic composite the cross section of which has a general geometry.

Proposition 2.1. Consider the sequence of problems (1.4) where o, (h) is the conductivity defined
by (2.1)-(2.2). Assume that (1.3), (2.6) and (2.7) are satisfied. Then, there ezists a constant ma-
triz o.(h) such that, up to a subsequence, the solution u, of (1.4) weakly converges in H}(SY) to the
solution u of

(2.8)

—div (ox(h)Vu) = f inQ,
v = 0 on0f.

Moreover, the homogenized matriz o.(h) is the limit of (o) (h) (see (2.3)) and is given by

oo (h) = <§T §> : (2.9)

pe = — [Bils + Bo (G, — 51)55 1] Th,
¢ = [Pils + 525y (6. —51)] " JTh, (2.10)

ax = a1 +as + B35, (51 + 52 — .)5, LTk - Jh,

_ a;  —Bih3
0; = :
Bihs oy

where

and, for anyi=1,2,



Remark 2.1. For the sake of simplicity, throughout the paper, the symmetric part of o,,(h) is sup-
posed to be isotropic. However, the results we obtain can be extended to composites the components
of which have anisotropic conductivities.

Remark 2.2. It was shown in [12] that, due to the L'(Y)3>*3-boundedness of %, (h)(-), the se-
quence (oy), (h) is bounded. Thanks to (2.6) and (2.7), Theorem 2.1 of [12] ensures that the
limit o, (h) obtained in the following way

2u) (£) = (). 1) = 00

satisfies the convergence

on(h)Vu, — o.(h)Vu in M(Q)3,
and then, coincides with the homogenized conductivity matrix in the problem (2.8).

Remark 2.3. Since 2, has a columnar structure, the sequence o, (h) given by

G (h) ~ (h ) o1(h3) = arly + BrhsJ in Q \ Qn,
On = 0n\N3) = _ s
Go.n(h3) = aanla + Panhsd in Q.

depends only on the transversal variable (z1,72) and is then associated with the two-dimensional
problems, for any g € H~1(€),

—div(&n(hg)%vn) = g inQ,
v, = 0 on o0.

Similarly to (2.3), we define the constant matrix (55), (h3). For any A L eg, the solution W; of (2.4)
does not depend on the variable y3 and then

<W7i‘ . §> =0 and div (in(hg)%Wé\) =0 in -@/(RQ)-

This equation and (2.4) imply that, for any A\, u L es,

(0n) (WA = (Sn(R)VW2) - = (Sn(hs) VW) - i = (Gn) , (hs) X - I

Hence, by Remark 2.2, (¢,), (hs) converges to the 2 X 2 matrix &, involved in (2.9). A two-
dimensional perturbation formula in [17] gives the influence of the magnetic field hs on o,:

Gy 1= Gu(h3) = 02 (a1, a + ' B3h3) + haB1J, (2.11)
where 00 is a locally Lipschitz function defined on (0, 00)2, and for any a1, as > 0, 0¥(ay, az) is the
transversal homogenized conductivity in the absence of a magnetic field. The independence of the
microstructure of the variable x3 allows us to obtain an explicit expression of o.(h) in terms of the
transversal homogenized conductivity o0 in the absence of a magnetic field.

Remark 2.4. In the case where the high conducting phase is a set of circular fibres, it was proved
in [17] that 0%(ay,az) = a1z and the limit o, (h) in (2.9) reduces to

O'*(h) = 011[3 + |:Oé2 + ,822 5;{]% . Jﬁ] e3 ®esz + 5lg(h)

Now, let us proceed with the proof of Proposition 2.1.

Proof of Proposition 2.1. Thanks to Remarks 2.2 and 2.3, there exists a 3 x 3 matrix o,(h) such
that, up to a subsequence, we have the convergence of constant matrices

(on),(h) —— ou(h) := (5* p*) : (2.12)

n—o0 C]E Ols



where 7, is given by (2.11) and where the constants q.,p. € R2?, a, € R have to be deter-
mined. To this end, we divide the proof into two steps. We first apply Grabovsky and Milton’s
method [21, 22, 23] to link (O‘n)* to a more simple problem. Then, we study the asymptotic behav-
ior of the different coefficients of this new problem.

First step: A stable transformation under homogenization. For a fixed n € N*, following Grabovsky

and Milton [23, 21|, we consider two vectors po.n, qon € R? and the transformation
. . Tn  Dn
o, =1, op(h) I, = S (2.13)
q n an
where

L 0\ . I
M, = o, = (2P (2.14)
&, 1 0 1

o) Fpon —B1IR i Q\Q,, Flqon+ BiJh  in Q\Qy,
Pn 52,np0,n - BQ,nJh in Q,, 5;nCI0,n + ﬁ?,n!]h in Q.

and

(2.15)

Let us choose the parameters pg, and go, in such a way that p/, and ¢], are constant. To that
aim, po, and qo, have to satisfy the identities

{ T1P0n — BiJh = 02,nP0,n — 52,n<]%,
5 qom + BiJh = T3 o + BonJh,

which implies that

pon = (Ban — B1)(G2,n — 51)_1J7L and  qon = (Bon — B1) (01 — 52,n)_TJ?L-

The new matrix-valued function o, defined by (2.13) is periodic and can be rewritten

S D
Vz e, o (z)=1%], <£> where X! := ( P ) (2.16)

/T /
En Tp Op

Moreover, by (2.13), the coefficient a/, in (2.16) has the following explicit expression:

&) = @1+ G1Pom - Gon + B1 (Pon — Gon) - Jh,
(2.17)

r /
a, = aj Iy, +ay, 1o, where

O/Qm =2+ aQ,npO,n “qon t /82,71 (pO,n - qo,n) - Jh.

Let us now study the homogenization of o/,. Define (U;L)* as in the formula (2.3). The conduc-
tivity X! does not depend on the variable y3. On the one hand, as in Remark 2.3, if A L e3, the
solution W of the problem (2.5), with the conductivity Y/, does not depend on the variable y3

and VW,i‘ = (%W,i‘, 0)T. Hence, since ¢/, is a constant, and by Remark 2.3,
! S by J— A\ T ~ N T
(0n) A = ((EaVIWR), (g, - VW)~ = ((an)*A,qn : A) : (2.18)

On the other hand, it is clear that, for A = e3, W3 (y) = y3 satisfies (2.5) with the conductivity 3/,.
Hence, since p), is a constant, we have

(04, e3 = (Pl al)™) = (v, (@) ™. (2.19)



Then, by (2.17), (2.18), (2.19) and since |wy,| ~ 0, the matrix (o0},) has the form

n

(). = ((“")* p,">> | 220

/T
7y fay
where

(an) = [041 + 01P0n - Q0,0 + B1 (Po.n — Qo,n) - Jﬂ
(2.21)

+ en |:042,n + 52,np0,n *qo,n + 52,71 (pO,n - qo,n) : J}VL} + 0(1)

Second step: Application of the theory of exact relations and asymptotic behavior of (0',’1)*. By (1.3)
and since the volume fraction 6,, converges to 0, we have

n=0n(Bon — 51) (00 (020 — &1))71{]% — Ba5y ' Jh

. s (2.22)
n = 071(52,71 - /81)(071(0'1 - UZ,n)) Jh m _5205 Jh.
Then, by (1.3), (2.15), (2.14), (2.21) and (2.22) we obtain the convergences
Ph v Pl = [~Bils + B25155 ] Jh,
/ . A =T=-T| 11
I —2 4= [51—72 P20 0y } Jh, (2.23)
@) — al=Y [ai — B255 G55 T Th+ 2By Bi oy L Th - Jﬂ ,
i=1
L 0 o . I, B35 Jh

I, — I := ~ I, — Il := 2 . 2.24
" n—oo <,82hTJ521 1) and " oo <0 1 ( )

Since the matrix transformation (2.13) preserves the H-limit in the periodic case (see, for in-
stance, [21, 22, 29]), we have

(07.), = T (o), () T, (2.25)

Passing to the limit, as n goes to infinity, in relation (2.25), using (2.12), (2.20), (2.23)-(2.24), we
obtain

s Dl ~
<q'T p,) ~1I o, 1I. (2.26)

* a*
Inverting the identity (2.26) and taking into account (2.23) and (2.24) leads to (2.10). The proof of
Proposition 2.1 is completed. O

Now let us turn to the non periodic case.

3 The non periodic case

In this section, we study the homogenization of the problem (1.4) without any periodicity as-
sumption. The conductivity o, (h) is defined by

ap = 1g\g,a1 + Lo, a2n,
n(h) = apl 28 (h it " oo 3.1
on(h) = aplz + B,E(h) where {Bn:=19\9n51+]19nﬁ2,n- (3.1)
Consider the covering of R3 by the squares QF defined by
Ve Z3, QF =c, (Y +k). (3.2)

We assume that the conductivity coefficient o, defined by (3.1) satisfies, for any k € Z3, n € N*, the
following conditions:



(1) the weighted Poincaré-Wirtinger inequality

2
v—][ v
Q%

where ¢, is a sequence of positive constants satisfying

VUEHl(Qg), / Qo
Qr

dz < cn/ an|Vo|? dz, (3.3)
QL

cp, — 0; (3.4)
n—oo

i1) there exists a positive constant ¢ such that, for any k € Z® and n € N*,
y

][ ap, < ec. (3.5)
Q%

Remark 3.1. Note that, in the periodic case, the hypothesis (2.6)-(2.7) is a rescaling of (3.3)-(3.4)
which, similarly to the periodic case, prevents from the appearance of non local effects in the limit
problem. Assumption (3.5) ensures that the microstructure does not concentrate on a lower dimen-
sion subset through the homogenization process since it implies that (see in the proof of Lemma 3.1)

0, 1q, — 0€ L®(Q) weakly-* in M(Q). (3.6)

In the periodic case, (3.5) is clearly satisfied since

i%andxzummﬂw)ga

n

where a,, is defined by (2.2) and 6 = 1.
We have the following result:

Theorem 3.1. Assume that (1.3), (3.2)-(3.5) are satisfied. Then, there exist a matriz-valued func-
tion o.(h) and a subsequence of n, still denoted by n, such that the solution w,, of the problem (1.4)
converges weakly in H&(Q) to the solution u of the conductivity problem

{— div (o4 (h)Vu) = f inQ,

u = 0 onof. (3.7)

Moreover, the effective conductivity o.(h) in (3.7) is given by

ou(h) == (jf’ Z ) , (3.8)

where &, is the H(M(Q)2)-limit of 5, (h) in the sense of Definition 1.1, 0 € L=(Q) is the weak-+
limit of 0, '1q, and

pe=— [Bilo + B2(5. — 51)55 ] Jh,
¢ = [Bils + 255, (52 — 1) Jh, (3.9)
ax = ay +0as + B35, (51 + 052 — 5.)55 LTk - Jh,

_ a;  —Bihs
0; = )
Bihs oy
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Remark 3.2. The shape (3.2) of Q’fb is purely technical and can be generalized into any subset the
diameter of which is of order ¢,,.

Remark 3.3. Since €2, has a columnar structure, 1, does not depend on the variable 3. Therefore,
O,'lg — 0€L®(Q) weakly-+ in M(Q). (3.10)

Hence, as in Remark 2.3, it was proved in [17] that there exists a function ¢ defined on (0, 00)? and
a subsequence of n, such that, for any a1,as > 0, 51,82 € R,

_ _ H(M(©)?) _ _
on(h) =0,(hs) —  ox(h) = 02(041, g + ag lﬁghg) + h3B1J.

We obtain, once again, an explicit expression of o,(h) in terms of the homogenized perturbed con-
ductivity in the (z1,z2)-plane, in the absence of a magnetic field.

A crucial ingredient of the proof of Theorem 3.1 is the following compactness result:

Lemma 3.1. Let o, be the sequence defined by (3.1) such that (1.3) and (3.3)-(3.5) hold true.
Consider two sequences &, € LY(Q) and v, € HY(Q) satisfying

£ — € weakly-+ in M(Q)  and v, — v weakly in H'(Q). (3.11)

We assume that

/Ozn1|fn|2 dx+/ an| Vo, |* do < c. (3.12)
Q Q

Then, ¢ € L?(2) and we have the convergence, in the sense of distributions
oo — Ev in 2'(Q). (3.13)

Remark 3.4. Note that Lemma 3.1 is false when the conditions (3.3) and (3.4) do not hold. This
can be seen by considering the classical model example of non local effects in conduction due to
Fenchenko-Khruslov [19] and presented, for instance, in |13, 10]. For the reader’s convenience, we
give the main steps of the counterexample. Let ) := (—%, %)3 and €2, be the 1-periodic lattice of
thin vertical cylinders of radius n~le="". Let ay, be the conductivity defined by (3.1) with o := 1
and g, =71 e2"* which satisfies (1.3) and (3.5). For a fixed f in L2(f2), let u, be the solution,
in H}(€2), of the equation

—div(a,Vu,) = f in 2'(Q).
For R € (0, ), let V;, be the Y-periodic function defined on R? by

1 2
nrtnt if r:= \/y%+y%€(e_"2,R),

In R + n?
Valy) = 0 if 7 <e™ (region of high conductivity),
1 if r>R.

An easy computation shows that the sequences &, := a,Vu, - e3 and v,(z) := V,,(nzx) satisfy the
assumption (3.12) and that v, weakly converges to the constant function 1 in H!(£2). Moreover,
Briane and Tchou [18] proved that

§n = an% — £:= % + 887@ weakly-* in M(2),
3 3 3
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where the weak limit u of u, in H}(Q) and the weak-* limit v of uy, in the sense of Radon

measures satisfy the coupled system

271,2

—Au+2r(u—v) = f in Q
2
o +v—u = 0 in
0z} (3.14)
u = 0 on 08,
o(@,0)=v(@1) = 0 if o €(~3 3>

Then, if f is non zero, u and v are two different functions. Therefore, the convergence (3.13) does
not hold true since, by the strong convergence, up to a subsequence, of v, to 1 in L?(f2) and the
weak convergence of 1o\q, Vu, to Vu in L?(€2), we have

Oouy, ou ou ov

—lgg =2v, — — l=— +— in 2'(Q).
Enn 2\ 03 Un 0xs 7 Ex 0xs +3x3 in 7(Q)

Substituting the expression of v, in terms of u, in the first equation of (3.14) leads to a non local term
in the equation satisfied by u. The Poincaré-Wirtinger control (3.3)-(3.4) is fundamental to avoid
such effects. In this example, (3.4) is false since (see [12] for more details) the optimal constant ¢,
in (3.3) satisfies ¢,, > ¢ > 0.

Proof of Lemma 3.1. On the one hand, by (1.3), the sequence «,, is bounded in L'(2) and
then, up to a subsequence, weakly-* converges to some a € M(2). Moreover, the Radon measure a
belongs to L>°(£2). Indeed, let ¢ € 6p(Q2) and denote again by ¢ its extension to R? by setting ¢ = 0
on R?\ Q. There exists a finite subset I,, of Z3 such that

oc ek

kely

where QF is defined by (3.2). As ¢ is a uniformly continuous function, we have

/ancpdx—Z/ ancpdx—
k

kel

o(enk) / | On dz + o(1). (3.15)

el n

By (3.5), we have
> lelenk |/ an da < e Y |Qnlle(enk)] = cllellLia) + o(1). (3.16)
kely, kel,

The weak-* convergence of a, to a, combined with (3.15) and (3.16) yields

' /Q pa(dz)

which implies that the measure a is absolutely continuous with respect to the Lebesgue measure
and a € L*>(2). From (1.3) and the convergence of o, to a, we have

< cllellr @)

Hglllgn = (Hnozg,n)fl(an — ozlllg\gn) — = agl(a —aq) € L(Q)  weakly-x in M(Q),

and then a = ay + fas.
On the other hand, by the Cauchy-Schwarz inequality combined with (3.11), (3.5) and the con-
vergence of o, to a; + ag 6, we have, for any ¢ € 6,(Q2),

2 2
‘/ p&(dz)| = lim ‘/ Enp da| < limsup/ o, 12 dx/ ane?® dz
Q n—oo | [ n—oo JQ Q

<c [ a1+ fa2)” do < clar + a0l o)
Q

(3.17)
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which implies that the limit measure & of &, in (3.11) is actually an element of L?().
We now prove the convergence (3.13). Let ¢ € 2(Q2) and let I,, be a finite subset of Z? such that

—k
suppp C | J @, C 9,

keln
where supp ¢ is the support of ¢. For any w € H'(2), define w*" the piecewise constant function
associated with the partition (QF) rer, s follows:
w = ][ w | Tok.
el, n

In order to study the convergence, in the sense of distributions, of (§,v, — &{v) to 0, we rewrite it as

gnvn - 51) = gn (Un - Wsn) + fn (Wsn - Esn) + gnﬁen - 51) (318)

—_——
‘=Pn =Aqn =Tn

and estimate each term of the identity (3.18) separately.
Convergence of the term py,, in (3.18). Thanks to the Cauchy-Schwarz inequality, we have
<X

/fn(vn_men)ﬁp dz / &n <Un_][ Un) ¢ dzx
@ kel |7 @n Qk
2
< H@Hgo \// |£n|2 dz / Qp | Un _][ Un
keI, (04 Qk

< el Z/ TYel? dxz/ tn vn—f

kel kely,

2

2

dx

(3.19)

dx

<aallel [ a6l ao [ an Vo
Q Q

where the last inequality is a consequence of (3.3). Finally, the inequality (3.19) combined with (3.12)
and the convergence (3.4) yield

/ fn Un —WE")@ dx

Convergence of the term g, in (3.18). By the Cauchy-Schwarz inequality and (3.5), we have

'/Qﬁn(mfn_@en)wdx / &n p da ][ (vp — v) da
2

< llell Z \Qﬁ\_l\//Qk an, dx\//Qk an €2 dx/Qk |vp, — v| dz

< . .

2

<

keln

keln
< llell% \/][ an dm\// an &2 dx\// n— )2 da
kely,
<elolt S [ ol @ [ o
kel, keln

§c/ o HEn)? dx/(vn—v)2 dz
Q Q
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which yields, by (3.12),

2
< cflon — vl32(0. (3.21)

/ e (T — ) da
Q

Since v, converges weakly to v in H&(Q), by Rellich’s theorem, up to a subsequence, v, converges
strongly to v in L?(2). Hence, (3.21) implies that

/ &n (T — 7" )p dz —— 0. (3.22)
Q

n—oo

Convergence of the term r, in (3.18). Consider, for any § > 0, an approximation ¥5 € €.(2) of v
for the L?() norm, i.e.,

[0 = sl L2(0) = 0(9) (3.23)
The term 7, in (3.18) writes

£ T — & =& (T — 5 ") + En (s " — Ps) + (€n — E)s + E(s — ). (3.24)

On the one hand, since %8" converges uniformly, as n goes to infinity, to 15 € €.(12), the conver-
gence (3.11) of &, to & implies that the second term and the third term in the right hand side of the
equality (3.24) converge to 0 in 2'(2). Moreover, by the Cauchy-Schwarz inequality and the fact
that & € L%(Q), we have

' /ﬂ €5 — v)p da

< [lelloclléllz2@)llbs — vliz20)-

On the other hand, following (3.21), we have

< cllpllocllo = 51l 20y, (3.25)

/ (T — T da
Q

Hence, by (3.23)-(3.25), we have

< s = vllr2 ) = 0(9), (3.26)

n—oo

lim sup ‘/ (&0 — &v)p dz
Q

for arbitrary § > 0.
Finally, putting together (3.18), (3.20), (3.22) and (3.26), we obtain that

lim sup
n—oo

/(gnvn - 5”)90 dz
Q

= 0(9),
which concludes the proof of Lemma 3.1. U
In the sequel we apply Lemma 3.1 to sequences &, of vector-valued functions in L!(2)? or L}(Q)3.

Proof of Theorem 3.1. Thanks to the equi-coerciveness o, > «1l3, the solution u, of the prob-
lem (1.4) satisfies the convergence, up to a subsequence,

u, — u weakly in HJ(Q), (3.27)

for some u in H}(2). Moreover, putting u, as a test function in the equation (1.4), we obtain that

/ |V, |* dz = / 0n Vi - Vun dz = (f, un) g1 (), mi(q) < ¢ (3.28)
) )
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Since aii”lﬂ = I3+ ai}l Ba,né& (h), by (1.3) the sequence |oz2jil02,n| is bounded. Then, as the se-
quence a, is bounded in L'(Q), the Cauchy-Schwarz inequality and (3.28) give

2
</ |0 V| dx> < c/ o, dx/ ozn|Vun|2 dz <ec.
Q Q Q

Hence, we have the convergence of the current ¢, Vu,, up to a subsequence,
onVu, — & weakly-x in M(Q)3, (3.29)

for some & € M(Q)3. Moreover, by the boundedness of \az_}bagml and (3.28), we have

/ a;1|0nvun|2 dz < C/ Oén|vun|2 dz <ec.
Q Q

Then, by Lemma 3.1 applied to &, := 0, Vu,, the measure & is actually an element of L?(£2)3.

The rest of the proof, which is divided into three steps, is devoted to the determination of the
form of the limit current &,. To that end, we use a method in the spirit of H-convergence of Murat-
Tartar which is based on the cylindrical nature of the microstructure and the compactness result of
Lemma 3.1 for sequences only bounded in L?(Q; 0, 1 2dgzc). In the first two steps, we compute the
components & - e; and &y - e2 by combining Lemma 3.1 with a corrector function associated with
the transversal conductivity &,, the existence of which is ensured by the two-dimensional results
of [14, 17]. Since the corrector function considered in the previous steps is independent of the
variable x3, the component & - e needs a different approach. This is the object of the last step.

First step: Building a corrector. Thanks to Remark 3.3, up to a subsequence, oy, H(M(Q)Q)—
converges to some coercive matrix-valued function .. Then, the sequence &, H (M (£2)?)-converges

to oy (see Theorem 2.1 of [14]). Let A € R? with X\ L e3. For A = (A, \2)T € R? let v} be the

*
solution of

div (5;605) = div(g*TX) in O

L ~ (3.30)
vy = AT on 0f2.
By Definition 1.1, we have the convergences
X 3. : 10
v — A-z=A-z weakly in H (Q),
_ - ( )~ (3.31)
GiVuy  — &I\ weakly-* in M(Q)2.
Setting, for x € Q, v} (21, 22, 23) = vg(azl, x2), we have the convergences
vh  — \-x weakly in H(Q), (3.32)
5IVe)  — GTX  weakly-* in M(Q)2, .
and the energy inequality, as in (3.28),
/ oz,JVsz de = /~ 5n6v5 : %vg dz <ec. (3.33)
Q Q

Let » € 2(Q). By (3.29) and since v;} converges weakly to A -z in H'(f2), putting v} as a test
function in (1.4) yields

/Q onVun - V(vng) do —— (f0 X @) g1 (0) my0) = /Q &0 V(pA-z) da. (3.34)
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Since o, and vé do not depend on the variable x3, we have the identity

oV, - Vv,i =5,Vu, - %vg — 03 (Bnﬁvﬁ - Jh un) (3.35)
Then, by (3.35), an integration by parts gives

/ on Vi, - V(U,Alcp) dz = / 0n Vg - Vo v dz (3.36)

Q Q

~ ~ 0
+ BuVv) - Th uy P a (3.37)
Q Oxg

+ / FIV0) - Vu, ¢ dz. (3.38)

Q

Step 2: Estimates of the terms in (3.36)-(3.38). The convergence of these terms are consequences of
Lemma 3.1 and the generalized two-dimensional div-curl lemma in a high-contrast context of [13].

Convergence of the term on the right hand side of (3.36). On the one hand, by the boundedness
of oy, 1o, and (3.28), we have the inequality

/ a;1|0nVun . Vgp|2 dx < CHVQDH%O/ ozn|Vun|2 <ec.
Q Q

On the other hand, the convergence (3.29), the inequality (3.33), and the convergence (3.32) of v;)
to A -z, show that the sequences &, := 0, Vu, and v, := v} satisfy the assumptions of Lemma 3.1.
Hence, we obtain

/ on Vi, - Vo v} dz —— / & - Vo Xz dz. (3.39)
Q n—oo Q

Convergence of the term in (3.37). We first compute the limit of ﬁn%vé in the sense of Radon
measures. We have the identity

~ 9 G T ~ — . ~
BV = 6n (32,92) " = 00,5V + Bondit 10,55, V0)]
(3.40)
= 1o\, 51V + Banban |G VUL — Taya, 57 Vel

o —B1h asy, —Ponh
S R D R Fomi=| Prnhs ) (3.41)
Brhs Ponhs g

where

By (1.3), we have

~T ~_T ~ a2 _/82 h3
B2.n0g pn — B205 ~, where o9 := <ﬁ2 hs s ) . (3.42)
Combining this convergence with the ones in (3.31), we obtain that
BaVuy — BiIA+ Bogy U [68 — L] X weakly-* in M(Q)2. (3.43)

By the boundedness of o, 1o, (1.3) and (3.33), we have
/ o B, Vo |? dz < c/ an| VR < c.
Q Q

This inequality together with (3.28), (3.43) and the weak convergence (3.27) of u, to u in H}(f)
show that the sequences &, := 3, Vv, and v, := u, satisfy the assumptions of Lemma 3.1. Then,

/Qﬁﬁvg - Th un gi de —— [ (Bila+ B2 50 — 1] 55 ") Jh- X u gi dz. (3.44)

3 n—oo Jq €3
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Convergence of the term in (3.38). Integrating by parts in (3.38), we obtain that

/ IV - Vu, o dz = —/ GIVe) - Vo up da +/ FIV0) -V (ungp) da. (3.45)

Q Q Q
On the one hand, the boundedness of a;,'o, and (3.33) yields
/ a,;”&i{%vé‘z < c/ an|%vm2 <ec
Q Q

By the second convergence of (3.32), the weak convergence (3.27) of u, to u in H}(£2) and (3.28),
the sequences &, 1= G, va; and v, := u, satisfy the assumptions of Lemma 3.1. Hence,

/ FIVe) -V u, dt —— [ 5TX- Vo u da. (3.46)
Q

n—o0 Q

On the other hand, since 5}; 61}5 does not depend on the variable x3, the second term on the right
hand side of (3.45) can be rewritten under the form

~ L~ . 1
/ GIVON -V (upy) dz = /~5ng2($’) -V [/ (une) (2, 23) dog| da’ (3.47)
Q Q 0

where 2/ = (z1,x2).
In order to study the asymptotic behavior of (3.47), we apply a two-dimensional div-curl lemma
of [17] which is an extension to the non symmetric case of [13]. Set, for any 2’ € Q,

1

nn(2') == 55%2}5(3:') and v, (2) = / (untp) (¢’ x3) das. (3.48)
0

Due to the convergences (3.31) and (3.27), we have
N — GIX weakly-* in ./\/l(ﬁ)2

1 ~ 3.49
va(z)  —  w(2) ::/0 (up) (', 23) dos  weakly in H' (). (3.49)

The convergences (1.3) and (3.10), the definition (3.30) of the corrector v}, (3.31)-(3.33) and (3.49)
imply that the sequences 7, and v, defined in (3.48) satisfy the assumptions of Lemma 2.1 in [17].
Then,

53%5(90')-v[ /0 o) (o 23) dmg} — a*TX-v[ /O " (ug) (o 25) dxg] in 7). (3.50)

Let ¢ € @(ﬁ) such that ¢» = 1 on the projection of the support of ¢ on the (z1,z2)-plane. Taking 1
as a test function in (3.50), we obtain

/ﬁ&gﬁvg(f) vV [/01 (unep) (2', 23) d$3:| da’ —— J*TX vV (up) .

n—o0 Q

Finally, this convergence combined with (3.45), (3.46) and (3.47) gives
TS, A S STY S
/ o, Vv, - Vu, pdz —— [ g, - Vu ¢ dz. (3.51)
0 n—o0 Q

Putting together (3.39), (3.44) and (3.51) with the equality (3.36)-(3.38), we obtain that

/UnVun-V(vf;go) de —— fo-Vgo)\-xdx—}—/&’*%u-Xgodx

SO ~ ~ 0
+/(5112+ﬂ2[0*—01]02_1)Jh-)\u8—90dx.
Q

€T3
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Since o, depends only on the variable (x1,x2), this convergence, an integration by parts and (3.34)
give

/ €\ pdr= / [aﬁu _Ou (Bilz + B2 [5. — 1] 55 ) Jh| - X o da. (3.52)
Q 0 Ox3

Finally, since the equation (3.52) holds for any ¢ € Z(Q2) and any A L e3, we obtain the first two
components of &

~ = ou
50 —O'*Vu— a—xB

Step 3: Computation of & - e3. By (3.29), we have the convergence

(Bulz + B2 4 — G1] 53 ) Jh. (3.53)

Ouy,

" Pn —i—ﬂnVun Jh = o,Vuy, - e5 — &o - es  weakly-x in M(Q). (3.54)
x3

We first study the asymptotic behaviour of a;, d3u, (which also gives the limit of /3, d3u,, due
to the fact that, by virtue of (1.3), ag, and f3, are of the same order). On the one hand,
since 0,, = |Q|71|Q2,,|, by the convergence (1.3), we have

~110) Q
/ar_zl |9;1]lgn|2 dr = en ‘ n‘ _ ’ ‘ < ec.
Q

anOQ,n Hna2,n -

On the other hand, by (3.28), the weak convergence (3.27) of u, to u in H}(2) and (3.6), the
sequences &, := 0, '1q, and v, := u, satisfy, once again, the assumptions of Lemma 3.1. Hence,

0, "1, u, — Ou in 2'(Q).
Moreover, since 1g, does not depend on the variable z3, we have

— h=— in Z'(). (3.55)

Finally, thanks to (3.55) and (1.3), we obtain the convergences, in the sense of Radon measures,

ou ou ou ou
Gun _ 4 un ~1g, GUn |
n 5o =l 5 + (Ona2,n)0,, 1o, O3 (041+9042)ax3
(3.56)
ou ou ou
L —2 = 31 — 4 (0,B90)0 g —2 — 0
B D25 filoq, D5 + (0nB2,n)0;, La, D25 (B + 52)8 s

Now, in order to obtain the limit of the term 8, Vu, in (3.54), which similarly to (3.40)-(3.41), writes
B,V un = Bilova, Vin + Bo.ud5 [&,ﬁun — 10,51 V|, (3.57)

it remains to estimate Gnﬁun. Since & is the limit of the current o, Vu,, (3.29) and since

YA Les, 0nVin- A=,V - A— B %Jh X,
x3

the equality (3.53) gives

5n6un B %Jh s F.Vu— % (51[2 + B2 [0x — 01] 0y ) Jh weakly-* in M (Q )
3

Then, combining this convergence with (3.56), we have

.V, — 5.Vu+ ,82 Ou (61 + 662 — 5] 55 1) Jh  weakly-* in M(Q)2. (3.58)
3
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Finally, passing to the limit in (3.57), taking into account (3.58) and (3.42), we obtain the conver-
gence, in the sense of Radon measures,

ou 4

BaNVuy, — [Bils + B255 (G — 1)) Vu + B3 0,02

(31 + 055 — 5.)55 L Th. (3.59)
Putting together (3.54), (3.56) and (3.59) yields

So-es= [Pila+ Bty (G — 1))  Jh-Vu

o1 1~ o~ Ou (3.60)
+ |(@1 + ast) + 5355 (51 + 652 — 5.) 3 Th - Th| =
3
Finally, since the current o, Vu,, weakly-x converges to &y in (3.29), we have the limit equation
—div(&) = f,

where, by (3.53) and (3.60), _
€0 = (§0,%0 - €3)" = 0u(h)Vu
which yields to the expression (3.8)-(3.9) of o.(h). Theorem 3.1 is proved. O

4 Two examples

In this section we present two examples where the perturbation formulas for the effective con-
ductivities of non periodic high-contrast columnar composites are fully explicitly computed.

4.1 Circular fibres with variable radius

Let p be a continuous function on € depending only on the variable 2’ = (21, z2) satisfying
Jer,e0 >0, e <p(a') <ery, Va=(a,23)€Q, (4.1)

and let 7, be a sequence of positive numbers converging to 0, as n goes to infinity. We assume,
without loss of generality, that
][ pdr =1 (4.2)
Q

Define, for any k € Z3, the sequence (Tnk)nen+ by

Tnk :=Tn \/ p(enk).
We consider the case where ©,, is the set of circular fibres wpr={y €Y |y +y3 < rflk} (see

Figure 4.1)

0, =0 | en(wni + k). (4.3)
kez3
Note that the fibres wy, ;, do not have the same radius.

/\:J/OOO@‘\»\\
0|0 |O|0|0|O|O|0 |0~
OOOOOOOOOOO}\
/OoOoOOooOOOOO
(e[e]@]c[c|@][0]0]0]0)”
Q|0 |C|O|O|0|0|Q
/éooooo
o7 o|o|O ~
/! Q
D oo

Figure 4.1: The cross section of the non periodic microstructure
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We have the following result:

Proposition 4.1. Let Q,, be the sequence of subsets of Q defined by (4.3) and o, (h) be the associated
conductivity in the problem (1.4). Assume that

Then, there exist a matriz-valued function o.(h) and a subsequence of n, still denoted by n, such that
the solution uy, of the problem (1.4) converges weakly in HZ(Q) to the solution u of the conductivity
problem
{ —div (ox(h)Vu) = f inQ,
u = 0 on 0N,

where o, (h) is given, for any x = (2',x3) € Q, by

o3 + oo 3| h?

o) (a) = e+ pla! (2 e

> e3 ® ez + f18(h). (4.5)

Remark 4.1. We can easily check that the homogenized conductivity 7,(h) of the two dimensional
microstructure of the Figure 4.1 is given by

5*(h) =aq1ly + frhsd = 51(h)
This leads to the simple form (4.5) of o, (h).

Proof of Proposition 4.1 In order to apply Theorem 3.1, we need to check that the condi-
tions (3.3)-(3.5) hold true. On the one hand, the Poincaré-Wirtinger inequality combined with (1.3)
imply the existence, for any k € Z3, of a sequence of positive constants Cp i such that

2
v — (Y
k
n

where QF = ¢, (Y + k). Using estimates derived in [12], one can show that the best constant in the
weighted Poincaré-Wirtinger inequality (4.6) satisfies

Voue HY(QF), /k an, de < cp i /Qk an|Vol? de, (4.6)

VkeZ? VneN, 0<cnk<ce (rn p(enk))

)

for some positive constant ¢. Therefore, by (4.1) and (4.4), we have

0 < cpr <cexllnr,|+o(1) —— 0,
n—oo

uniformly with respect to k € Z3. Conditions (3.3) and (3.4) of Theorem 3.1 are satisfied. On the
other hand, by the definition of €2,, and (4.2), we have the following estimate for the volume fraction

|2, 2 - 2
0, = Q) o ]Q‘ kzeﬂa w2 —N>oo wr, Qp dz = 7ry,

which, by (4.1), implies that for any n € N* and k € Z3,
][ an dzr = aq (1 — wr%p(enkz)) + oz27n7rr,21p(6nk) <c+cblpas, <c.
Qk
Then, condition (3.5) of Theorem 3.1 is satisfied. Theorem 3.1 and Remark 4.1 ensure the existence

of an effective conductivity o, (h) which, after an easy computation, writes

o3 + o f3]h)?

ou(h)(x) = arl3 + 0(') ( o3+ B2h > es@es+ Bi&(h) Va= (2 23)eQx(0,1), (4.7)
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where 6 is the weak limit of 6,11, . The function # in (4.7) coincides with p. Indeed, since p is
continuous, we obtain, for any ¢ € %p(Q2) extended to R3 by setting ¢ = 0 on R3\ Q,

1 1
-1 _ _ 2 2
/QHn 1g,p de = -, Z /w e dr+o(l) = -] Z exmraplenk)p(enk) + o(1)
ke73 n,k £
which implies that
/ 0. g, dr = / pp dx + o(1).
Q Q

Finally 6, '1q, converges weakly-* to p in M(f2) and, then, # = p. This concludes the proof of
Proposition 4.1. ]

4.2 Thin squared grids

In this section, we consider the case of a columnar composite the cross section of which is a highly
conducting grid surrounded by another conducting medium (see Figure 4.2). Let ¢, be a positive
sequence converging to 0 as n goes to infinity. Let p be a continuous function on €2, depending only
on the variable 2’ = (x1,x2) and satisfying

Jer,e0 >0, ¢ <p(@') <ecy, Vo= (2 23)€. (4.8)

We assume, without loss of generality, that

][pdle.
Q

Define, for any k in Z3, the sequence (¢, x)nen+ by
tnk = plenk) ty. (4.9)

Let €, be the set of non periodically distributed squared fibres

Q,=Qn U 6n("‘}n,k + k) where Wnk = {y ey | max(|y1|, |y2|) 2 % - tn,k} . (4'10)
kez3

Note that the case p = 1 leads to a periodic distribution of the squared fibres in (2.

0 e e e e N O[O WO Ol O
0] ] ) e} e 0 = ) = ]
/) ) ) ) e e} e AoleooiCeiolelo0ly
(] o ) ] e | o o e 1 =
) ] ] tn ) o ) ) ) = ]
(] o] o o ] [ o]} o} [ 4
DDGV\ L olala)” DQ
XEp O\ Q,
(a) Periodic case (b) Non periodic case

Figure 4.2: The cross section of the structure

We have the following result:
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Proposition 4.2. Let ), be the sequence of subsets of Q defined by (4.10) and o,,(h) be the associated
conductivity in the problem (1.4). Assume that

dtpagy, —— g >0 and 4t,02, —— P2 € R. (4.11)
n—oo n—oo

Then, there exist a matriz-valued function o.(h) and a subsequence of n, still denoted by n, such that
the solution u, of the problem (1.4) converges weakly in HZ(Q) to the solution u of the conductivity
problem

{—div(a*(h)VU) = [ inf, (4.12)

u = 0 on 09,

where o.(h) is given by

o, (h) = <5*(:) p*> (4.13)

qx Ay

and, for any (2',z3) € Q,

( 2 2h2
ox(h) = (041 + p(a') M) Iy + BihaJ,
20&2
2
~ R~
o == 81+ ole!) | Tt plet) E2
2 (4.14)
B2l .+ 3 hy~
. = N 22 h !/ 2 h
q [ﬁ1+p(x) Q}J + p(z") 20y
_ / / /822 2 2
@ = a1+ pla) oz + pla!) 5 2 (0 + 1)

In formula (4.14), p = 1 corresponds to the periodic case.

Proof of Proposition 4.2. Let us first consider the periodic case. In order to apply Proposi-
tion 2.1, we need to check that (2.6) and (2.7) are satisfied. To this end, consider V' € €*(Y) such
that (V) = 0. Define, for any n € N*, the subsets K’, i =1,2,3,4, of Y by

K3 o= [~4.4] x [4 ~ tu
K3 o= [4— ta 3] x [,

For instance, the projection of K}, in the (yi,y2)-plane, is the shaded zone in Figure 4.3.

Y2 Y2

2t -
n[,,, 7 7 -

1 Y1

Figure 4.3: The period cell of the cross section of the microstructure
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By the definition (2.2) of a,,, we have

4
/ a,Vidy < / . a,V? dy + Z/ a,V? dy
Y Y\¢S1K’il i=1 ’ZL

4
o V2 dy + an / V? dy
/Y\QIK:; Z; g
B 4
< al/ V2 dy—l—ag,nZ/ V2 dy.
Y i—1 7 Kn

Since (V') = 0, this inequality and the Poincaré-Wirtinger inequality in H(Y"), yield

IN

4
/ a, V2 dy < al/ |VV|2 dy —i—a27n2/ V2 dy. (4.15)
Y Y = /K

We now estimate the second term of the right hand side of this inequality. On the one hand, since K}
is convex, the Poincaré-Wirtinger constant in H*(K}!) is bounded from above by the diameter of K}
divided by 7 [33] and, therefore

2 2
/ 2y < 2/ V—][ de( el ][ de‘
K} K} K} K}
, (4.16)
< c</ IVV[2 dy + K] ][ de( >
K} K}
On the other hand, for any —% <r s, t< %, we have

s 3 (3
Vis)=V(r)= / V/(t) dt, where V(t):= / 1 / Viy1,t,ys) dyndys. (4.17)

r 272

Integrating the first equality in (4.17) with respect to s € [+ — t,, 1] and r € [-1, 1], we have

1 1.1
‘][ de—dey‘§f2 e [ 197 a
K} Y 1t J-1J-1 y | Oy2
which, since (V') = 0, implies that
‘][ de‘ g/ VV] dy < [V |2y (4.18)
K} %

Then, combining (4.16) and (4.18) with the boundedness (4.11) of |K}|ag,, = t,aa,, we obtain that

Qa2 n /
K,

Similarly to (4.19), we have, for i = 2,3, 4,

Vidy<c (ag,n/ 1 ]VV\Q dy + HVVH%Q(Y);a) < c/ an]VV‘Q dy. (4.19)
K1 Y

1
n

Oég,n/ VZdy < c/ an|VV* dy. (4.20)
K Y
Finally, (4.15), (4.19) and (4.20) imply
/ a,V? dy < c/ an|VV|* dy. (4.21)
Y Y
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By a density argument, (4.21) is satisfied for any V € H'(Y) with (V) = 0. Since &,, converges to 0,
the hypotheses (2.6) and (2.7) of Proposition 2.1 are satisfied. Then, there exists a homogenized
matrix which is given in terms of the transversal effective conductivity o, of the microstructure
of Figure 4.2a. It remains to determine o,. Since one can choose the cross-like shape of the Fig-
ure 4.3 as the period cell of the transversal microstructure of the heterogeneous medium occupying €2,
Proposition 3.2 of [17] ensures that

Oy = (Ozl + ) Is + B1hsJ, (4.22)

and formula (4.13)-(4.14) of o.(h) is a consequence of (2.9)-(2.10) where o, is given by (4.22). The
periodic case is then proved.

a3 + B3h3
2042

The existence of o,(h) in the non periodic case is a consequence of Theorem 3.1. Indeed, for
any k € Z? and n € N*, a rescaling of (4.21) gives

2
v—][ v
Q%

][k oy dr = o (1 — 4t 5 (1 — tnk)) +dagnty il —thr) <c+cthan, <c.
Qs

Vv GHl(QZ), / Qp
QL

dz < cei/ o |Vol? dz,
Qk

and, by (4.9),

The assumptions of Theorem 3.1 are satisfied. Then, there exist a matrix-valued function o, (h) and
a subsequence of n, still denoted by n, such that the solution wu, of the problem (1.4) converges
weakly in H}(€2) to the solution u of the conductivity problem (4.12). In view of the formulas (3.8)
and (3.9), the expression of o,(h) becomes explicit as soon as 7, and 6 are identified.

On the one hand, it is easy to check, similarly to the proof of Proposition 4.1, that p is the
weak-* limit, in the sense of Radon measures, of the sequence 'l . Then, the function @ in
Theorem 3.1 turns out to be p. On the other hand, by Remark 3.3, in order to compute o, one
has to determine o9(a, ), which is the H(M()?)-limit, in the sense of Definition 1.1, of the
conductivity 7,(0), in the absence of a magnetic field, given by, for any 2’ € Q,

~ 011I2 in ﬁ \ ﬁn,
n 0 = ~

? ( ) { Oég’nfg in Qn.
Due to the local nature [13] of the H(NM(Q)Z)—convergence, it is sufficient to compute o?(a1, a2) lo-
cally in Q. To that aim, consider 2/ €  and £ > 0 small enough such that the closed disk D(z/,¢) C Q.
Since p is continuous and by (4.8), we have

0<cie(z):= inf p(2) <p(a') <coe(a’):= sup p(z). (4.23)
z€D(a' ¢) 2€D(/ ¢)

D(2/,¢)

=2 QL

(a) Bound from below (b) Bound from above

Figure 4.4: Bounds from below and above of 7,,(0)
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For i = 1,2, let QO be the subset of D(z/,¢) defined by (see Figure 4.4)

=D e)n (J en (k+{y € (-39 | max(lyil,ly2)) > 5 — cic(@) tn}) (4.24)
kez?

and let &% be the periodic conductivity defined on D(2’,¢) by

i I, in D(2,e)\ Q5
Fie . | ol o D(e)\ (4.25)
agnly in Q.
By the definitions (4.23) and (4.25), we have for any z € D(2/,¢), the inequalities
The(2) < F,(0)(2) < T2°(2). (4.26)

For the rest of the proof, we need the following result which is a consequence of the two-dimensional
div-curl lemma, in a high contrast context, of [13]:

Lemma 4.1. Let D be a bounded domain of R? and, fori = 1,2, consider an equi-coercive sequence
of symmetric matriz-valued functions A% € L>®(D)?*? bounded in L*(D)**? which H(M(D)?)-con-
verges to A% in the sense of Definition 1.1. We assume that

VneN*, Al <A ae inD. (4.27)

Then, we have the inequality

Proof of Lemma 4.1 Let A\ € R?. Consider, for i = 1,2, the solution vﬁ’i of
div (A5 Vop?) = div(AL\) in D,

{ om' = Aox on 0D.

By Definition 1.1, we have the convergences, for i = 1,2,
v’ — Az weakly in HY(D),
{ AiVupt  — AL\ weakly-x in M(D)2.
On the one hand, by (4.27), we have the inequality, almost everywhere in D
2A VM Vo2 — ALVON VoMt < ALVoN? Vo < A2V Vo2, (4.28)

On the other hand, applying, for i, j = 1,2, the two-dimensional div-curl lemma of [13] (Theorem 2.1)
to &, := A%Vur){” and v, = vr){’j , we have the convergences, in the sense of distributions,

Vi,j=1,2, & Vo, =A VoM. Vo — AN X in Z'(D). (4.29)
Finally, combining (4.28) and (4.29), we obtain
QAN AN —AIN A< A2N- N in 2/(D),

which concludes the proof of Lemma 4.1. O

Since, for i =1,2, G5 is an equi-coercive sequence of periodic matrix-valued functions bounded
in LY(D(a',¢)), 55" H(M(D)?)-converges to a constant matrix y°. Then, applying Lemma 4.1
with D = D(2/,¢) and (4.26), we have

gL <ol(an, )(2) <52°  ae z €D e). (4.30)
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Moreover, due to the definition (4.24) of Q4% and the convergence (4.11), we have

Q5] |9 ez = 4tpas, cie(@) + o(1) —— az¢ie(2)) > 0.
n—o0
Then, substituting as ¢;o(2') for as in (4.22) in the absence of a magnetic field (i.e., hg = 0), we
obtain, for i =1, 2,
Fie = (a1 + i) %) I, (4.31)

By (4.23) and (4.31), taking the limit, as € goes to 0, in the inequalities (4.30), we obtain, for any
Lebesgue point 2’ of ¢¥(a, ag) in Q,

o
od(a,an) = <a1 + p(a") ?2) L.
Therefore, by Remark 3.3, we have
2 27,2
Oy = <041 + p(.%'/) %) Iy + B1hsdJ. (4.32)
2

Finally, we apply the formula (3.8)-(3.9) for o.(h) in Theorem 3.1, with &, given by (4.32), to
obtain (4.13)-(4.14). This concludes the proof of Proposition 4.2. O

Acknowledgements: The authors wish to thank M. Briane for his valuable comments and suggestions.
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