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Abstract. The energy of the Ginzburg-Landau is given by

1
E.(u) :/G|Vu|2dx+€—2/GJ(1 — |ul?) dz

We study the case where the potential J has a zero of infinite order. A significant
example is J(t) = exp(—=1/tF) fort >0 and J(t) =0 for t < 0. We show that
the energy cost of a degree-one vortex may be much less than the cost of 27 log(%)
for the classical Ginzburg-Landau functional. In fact, we shall show that this cost
is )

on(log - ~ 1(2))

where I(R) is a positive function satisfying I(R) = o(log R) as R — oc.
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1 Introduction

Let G be a bounded and smooth, simply connected domain in R? and let g : 0G — S*
be a boundary condition of degree deg(g,0G) = d > 0 (as we may assume without
loss of generality). Consider a C? functional J : R — [0, c0) satisfying the following

conditions:

(Hy) J(0) =0 and J(t) > 0 on (0,00),
(Hy) J'(t) > 0 on (0,1],
(H3) There exists 19 > 0 such that J”(t) > 0 on (0, 7,).

For € > 0 consider the energy functional

E.(u) :/G]Vu|2da:+§2/GJ(1 — |ul?) dx (1.1)

over

H,(G,C) :={ue H(G,C) st. u=gon dG}. (1.2)

It is easy to see that min,¢ HL(GC) E.(u) is achieved by some smooth u. which satis-
fies:

1
—Au. = —j(1 — |u|>)u. in G,
i fucP) .

u. =g on JG,
where j(t) := J'(t). The case J(u) = (1 — |u|?)?, corresponding to the Ginzburg-
Landau (GL) energy, was studied by Bethuel, Brezis and Hélein [1, 2] (see also

Struwe [6]), where it was shown that:

(i) For a subsequence e, — 0 we have, u., — u, = € ﬁl ;:Zj' in CY(G\
{ai, ..., aq}), where ay, ..., aq are distinct points in G and ¢ i]s a smooth harmonic
function determined by the requirement u, = g on 9G.
(i) Ec(u.) = 2nd|loge| + O(1) as € — 0.

The method of [1, 2, 6] can be adapted without difficulty to the case of J satis-
tying (Hy) — (H3) with a zero of finite order at t = 0. This applies for example to
J(t) = |t|¥, Vk > 2. The main objective of the current paper is to treat the case of

J with zero of infinite order at t = 0, having in mind the examples

exp(—1/t*)  fort >0,
Ji(t) = (1.4)
0 fort <0,



for any k£ > 0. It turns out that a convergence result, as in (i) above, holds for such
J’s as well. The main difference with respect to the usual GL-energy is in the energy
asymptotics. For J with a zero of infinite order the “energy cost” of a degree-one
vortex may be much less than the cost of 2wlog® for the GL-functional (see (ii)
above). In fact, we shall see that this cost equals
1 -1
2m(log - — I(2))

where I(R) is a positive function satisfying I(R) = o(log R) as R — oo,if j(0) = 0
and I(R) = O(log R) as R — oo which is determined by the particular functional
J. More precisely, the function I(R) satisfies

_ 1 j(UO) dt
I(R) = 3 // ) jfl(t)? +0(1), as R— oo (see Lemma 2.2). (1.5)
1/R

So for example, for J; in (1.4) we find I(R) = 1 loglog R+ O(1) (see Proposition 4.1

— 2
in the Appendix), and the asymptotics for the energies in this case reads:

1 1 1
E.(u.) = 2md(log P loglog g) +O(1).

Somewhat surprisingly, it turns out that we may have I(R) = O(1) also for J with
a zero of infinite order, as is the case for k € (0,1) in (1.4), see Proposition 4.1.
Our first main theorem describes the asymptotic behavior of the minimizers and

their energies.

Theorem 1. For each e > 0, let u. be a minimizer for the energy E. over Hgl(G, C)
with G, g (of degree d > 0) as above and J satisfying (H,) — (Hs). Then:

(i) For a subsequence €, — 0 we have
Ry
Ue, —> Uy = e’¢H(|—]) in CH*(G\ {ay, ..., aq}),

where ay, ..., aq are distinct points in G and ¢ is a smooth harmonic function deter-
mined by the requirement u, = g on 0G.
(ii) Setting, for R > —A—,

3(mo)
( ) 1 (i) 1( )dt
Io(R) = —/ IOES
2 1/R2 t

we have

E-(u.) = 27rd<logé - Io(§)> +0(1). (1.6)



We show in Lemma 2.2 below that if j7!(0) = 0 then the function I, satisfies
Ih(R) = o(log R) otherwise Iy(R) = O(log R). A significant example in the first case
is given in (1.4), while in the second case we can take J(t) = texp(t). This implies
that the leading term in the energy is always of the order |loge|. It is easy to see
that Io(R) is a positive, monotone increasing, concave function of log R (for large
R). It is natural to ask whether every function with these properties can appear in
the second order term of the energy expansion, for some potential J. The answer

to this “inverse problem” turns out to positive, as shown by our second theorem.

Theorem 2. Let h € C?[0,00) satisfy, for some T > 0,

R'(t) >0, W' (t) <0, fort>T>0, (1.7)
and
lim A/ (t) = 0. (1.8)
t—o00

Then, there exists a functional J satisfying (Hy) — (H3), such that the minimizers
{u.} over H;(G,(C), for E. defined by (1.1) and g of degree d as above, satisfy

E.(u.) = 27rd<logé — h(log é)) +O(1).

2 A study of an auxiliary optimization problem

Let us begin by explaining the main idea of the proof of Theorem 1 and by showing
how it leads to a certain optimization problem which is the object of the current
section. It is natural to estimate first the energy cost of a degree-one “vortex” in a
disc, say the unit disc B; = B;(0). In the case of the Ginzburg-Landau energy, it is
easy to guess the energy cost, by taking v.(r) = f.(r)e? with f. given by:

tofor0<r<eg,
1 fore<r<1.

fe(r) =

A simple computation gives

1
V. |* +

1
—(1— |ve|?)? = 2w log — + O(1),
B € £

which turns out to be the optimal estimate, up to an additive constant, although

the proof of this fact is far from trivial (see [2]). When looking for the right upper



bound for the energy in the general case, we keep the ansatz v.(r) = f.(r)e?, and
try to optimize over the function f. (since we do not know a priori what form should
it take, for our particular J). What we can assume a priori on that function is that

it satisfies

E.(v., B:) = O(1), (2.1)

and
1

52 B
Indeed, for a minimizer both (2.1) and (2.2) should hold, thanks to the estimates
(7?) and (2.21) that we shall verify below. Assuming then that f. is chosen in such
a way that (2.1)—(2.2) are satisfied, we get for the energy of v.:

B =2 [ (0 G o= ) rar

J(1—Jvl*) = 0(1). (2.2)

(2.3)
:27r10g§—27r/ —ff dr+/ (fO2rdr + O(1).

3

In order to get minimal energy (up to an O(1)-term), we shall look for f. which
maximizes the term f fs dr (representing the gain of energy w.r.t. the “usual”
cost of 2mlog 1) under the constraint fa J(1 = f2)rdr < Cy. Here we did not take
into account the contribution of the term f;( f)? rdr, but as we shall see below, this
term is bounded for the solution of our optimization problem.

Rescaling by a factor of €, we are led naturally to define the following quantity:

I(R,c):sup{/lRl_Tﬁdr : /1RJ(1—f2)TdT§c}, (2.4)

for any R > 1 and ¢ > 0.

Lemma 2.1. For every R > 1 and ¢ > 0, there exists a maximizer fo = fo(R)
(2.4) satisfying 0 < fo(r) < 1,Vr, such that fo(r) is nondecreasing. Moreover, if
ro = 1o(c) is defined by the equation

c= J(1)(T32_ 1) , (2.5)

then there exists 7o = To(c, R) € [1,7¢] such that

5r) =0 difrell,R] andr <y, (2.6)

>0 Zf?”>f0.



Furthermore,

/RJ(l—fg)'r’d'r’:c, for R > g, (2.7)

JA=f3(r) =, r>ro, (2.8)

Ar2’
for some A = A(R,c) > 0. and
There ezist two constants 0 < a(c) < b(c) such that

a(c) <A <be), R>ro+ 1.
The proof of this Lemma is contained in [5], so we omit it.

Remark 2.1. The proof of the last Lemma actually shows that the bounds for \ are

uniform for ¢ lying in a bounded interval.

Using [5], Lemma 2.3., we have for every ¢ > 0 there exists a constant C' = C/(c)

such that for every 0 < ¢, co < ¢ we have
|II(R,c1) — I[(R,c2)| <C, VR>1.

It is then natural to set:
I(R):=1(R,1). (2.9)

For any fixed ¢y > 0 we have then:
|[I(R,c) — I(R)| < Cl(cy), VYe<cy, VR>1. (2.10)

Next we prove, by the method of proof of Lemma 2;3. an explicit estimate for I(R).
In the sequel we shall denote by fy be a maximizer for I(R) = I(R, 1) as given by

Lemma 2.1.

Lemma 2.2. We have

3(no) dt
/ 70 o), VR > | (2.11)

In particular,
_ 41
IR -0 (2.12)



Proof. By Lemma 2.1 we have j(1 — f&(r)) =

we have

A= A(R) € [a, b],

for R>ro(1)+ 1,

1z for r > ro(1) and by Lemma 2.2.

(2.13)

for some two positive constants a and b. Using hypothesis (H3) we conclude that

1 1
1—fo(r)y=34" <—2> , for R>r > pp := max (ro(1), ——— (2.14)
AT aj(1o)
It follows that
R 1 (o) dt
R= [ i) Erom =5 [ WG o).
Ho 2 % t
AR
In order to get (2.11) it suffices to notice that
m0) i) dt rv-i dt
‘/ T - [ e <[
1 t 1 t
R2 R2
< Clog A] < C'max(|logb|,|logal) = O(1).
Finally we note that (2.12) follows easily from (2.11). O

As announced in the introduction, the next lemma provides an estimate that we

shall use in the proof of the upper-bound for the energy.

Lemma 2.3. We have

R
/ (f(l))QTdT <C, VR> g,
Ho

(2.15)

for a as in (2.13) and po as defined in (2.14).

Proof. Differentiating the equality (2.14) yields for r > py,

~2fofy = G (

which implies

fo(r) <

) (= 3).

G (52) 55

with b given by (2.13). Therefore, denoting by C' different positive constants, we get

R

o1 5)

(f)2rdr < C’/

o

/R
1o

foo [l el
S 2.16
AN CI
1y J'(P)



It is elementary to verify that
lim j(ﬁ)
s—0t j'(5)

Indeed, if J”(0) = 5°(0) > 0 then

N N
A 5(B) o ey~

since J'(0) = 0 by (H;), while if J”(0) = 0 then by L’hopital rule
. JB L JB) L J0B)

sk JB) st B sos- T(B)

=0. (2.17)

=0,

since by convexity J(5) = foﬁ J'(s)ds < BJ'(B) for 5 < ng. Therefore, (2.15) follows
from (2.16) and (2.17). O

We next study a similar functional to that of (2.4). It will serve in the proof of

the lower-bound of the energy. For any R > 1 and ¢ > 0 set

T(R,c):sup{/lR(l_f2+4(1_f2)2)d7~;/1RJ(1—f2)rdr:c}. (2.18)

r r

By using the above arguments we also obtain the following result.

Lemma 2.4. For every co,a« > 0 there exists a constant C(co, ) such that

1
~ for R > max(1,—) and ¢ € (0, co] . (2.19)
a

{ |[I(aR,c) — I(R)| < Ci(c, )
|[I(aR,c) — I(R)| < Cy(c, )

2.1 Some basic estimates for u.

The next lemma provides L*°-estimates for u. and its gradient.

Lemma 2.5. Any solution u. of satisfies:

o Q

[uellzo@@ <1 and  [|[Vue|[r=c) < —. (2.20)

Proof. The first estimate follows easily form the observation that replacing wu.(z)
by u.(x)/|uc(x)| on the set {z € G : |u.(x)| > 1} strictly decreases the energy if
the latter set has a positive measure. The second estimate in follows from a simple

rescaling argument and standard elliptic estimates as in [1, 6]. [



In the case of a starshaped G the following Pohozaev identity holds for wu. (ac-
tually it is valid for any solution of problem. The proof is identical to the one for

the GL-energy in [2], so we omit it.

Lemma 2.6. If G is starshaped then
1

e J(1 —|u|*) € Cy, ¥e > 0. (2.21)
G

We shall show later that the assumption of starshapeness of the domain can be

dropped, by applying an argument of del Pino and Felmer [4].

3 Proof of the main results

For the proof of Theorem 1 we need a sharp upper bound and a adequate lower
bound for the energy. Recall that u. is a minimizer for E. over H, gl(G,(C). We

assume without loss of generality that d > 0.

Proposition 3.1. We have

E.(u.) < 27rd<10g <%> - I(é)) +0O(1), Ve > 0. (3.1)

Proposition 3.2. Let x1,...,z,, be m points in B,(0) satisfying

|z, — x| > 460, Vi# j and |z;| < %, Vi,

with § < 0/32. Set Q = B,(0)\ U Bs(z;) and let u be a C*-map from Q into C,
j=1
which is continuous on OS2, satisfying

<l|ul| <1inQ and deg(u,0B,(z;)) =d;, V7,

N | —

and |
ﬁ/J(l—\uF)SK.
Q
Then, denoting d = 377", d;, we have

g

/Q\Vu|2 > 27r\d|<log% - 1(5)) ) (3.2)

with C = C(K,m, Y| |d;]).



The proof of Theorem 1 uses an argument of del Pino and Felmer [4] can now

be used to show that (2.21) holds without the assumption on the starshapeness of

G. Having the estimate (2.21) on our hands see [5], we can now follow the bad-discs

construction of [2] and complete the convergence assertion of Theorem 1. Since the

arguments are identical to those of [2], we omit the details.

4 Appendix

In this Appendix we compute the energy cost of a degree one vortex for the function-
als Jy, k > 0, that were defined in (1.4) or for the case where Jy ,(t) = exp(—exp(5r))
for ¢t > 0 and 0 where ¢ < 0 with &£ > 0. In view of Theorem 1 it suffices to compute

for each k£ > 0:

1 fokw) dt
i) =5 [ ROT,
1

with jx = J}, a simple computation shows that J;' > 0 on (0, 7).

Proposition 4.1. As R goes to the infinity, we have
1. In the case where Jy, is defined by (1.4), we have

0(1), 0<k<1,
Ink(R) = %loglogR—i—O(l , k=1,
1 k=1
27t £ (log(R)) * +0(1), k>1.

2. For Jy, we have

_(k

T In(R?) + O(1).

Tox(R) = i(ln In(R2))

Proof. The change of variable s = j, '(t) gives

1 Nk v/ 1 Nk k‘
Iox(R) = -/ /A -/ (7 — (k+ 1)) ds |
2 Jista/rey k() 2 Jisra/r) \S

—1 -1

If £ < 1 then it follows immediately from (4.3) that Iy, (R) = O(1).
For k > 1 we obtain from (4.3) that

Igvk(R) = V0~

(4.1)

(4.2)

(4.3)

(4.4)



Set o = a(R) = j; ' (7). Since jix(a) = (587) exp(—1/a*), we have

% = (ozf“) exp(—1/a").

Taking the logarithm of both sides gives

1
—2log R =logk — (k +1)loga — —, for k> 0. (4.5)
«

By (4.5) we have limpg_,, 20*log R = 1, which we plug in (4.4) to obtain the case
k>1in (4.2).
Finally, if £ = 1 then by (4.3) we have
1

1 (R):_/m (1_2) ds:—110g<'1(i)) —i—O(l):—llogomLO(l)
0.1 2 jfl(l/RQ) S 2 jl R2 2 ’
(4.6)

with o = j;'(5), as above. In our case (4.5) gives limp o 2clog R = 1, which
implies that loga = log (2101gR> + o(1). Plugging it in (4.6) gives the result (4.2)
for k = 1.

For the proof of 2. We have ji(t) = tkﬁle%’“{]l’k(t). Set o = jii(%), integrate by

part (4.1) we obtain

1 1 di (i) 1 1
2y (R) = aln(3) + 3 /a Ink) — (k + 1) In(e) + - — e
Set

1 im) a1, —k 1

Integrate by part two times we obtain,

1 1 1)(2 1 it ()
Io,k<R) — Eak-&—leaflk +kk_—za2k+lealk+ (k‘|’ )l({ k+ )/k tgketikdt—f—O(l).

«

Hence, since t — L s decreasing, we have
1 a
Iox(R) = Eakﬂeal’f [14 O0(a®)].

On the other hand we have,

1 1
In(k) = (k+ 1) In(a) = — ~ eaF = I



then

1

eak

’
oo In(R)

Thus we find .
2lo(R) = 1 (In In(R?) =%~ In(R?) + O(1).
O
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