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DIVERGENCE

ABSTRACT. This note is dedicated to a few questions related to the divergence
equation which have been motivated by recent studies concerning the Neumann
problem for the Laplace equation or the (evolutionary) Stokes system in do-
mains of R™. For simplicity, we focus on the classical Sobolev spaces framework
in bounded domains, but our results have natural and simple extensions to the
Besov spaces framework in more general domains.

1. Introduction. We would like to present some recent advances related to the
divergence operator, in connection with our new result in [4]. We are interested in
functionals generated by the divergence of a vector-field and in the solvability of
the divergence equation

divu=f in Q, u=0 at 09, (1)

where the function f satisfies the compatibility condition

/Qfdxzo. (2)

For simplicity, we here assume that € is a C? bounded domain of R”.

Solving (1) in Sobolev spaces Wy (Q) with k > 0 is a classical issue whenever f
(together with enough derivatives) vanishes at the boundary 99 of the domain (see
e.g. [8] and the references therein). Motivated by recent works in incompressible
fluid mechanics, we address two natural questions related to (1) which, to our
knowledge, have been overlooked in the literature.

First, we want to investigate the problem of the solvability of (1) in high regu-
larity if f does not vanish at 02, and in low regularity, namely if the right-hand
side of (1) belongs only to (Wpl, (Q)*.

Second, we want to consider the case where the divergence operator is replaced
with a “twisted” or “curvilinear” divergence operator such as

divg =A:D (3)
where A stands for some given matrix-valued function.
2000 Mathematics Subject Classification. Primary:35F15; Secondary: 35Q35 .
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Note that as A = Id then div 4 = div. Basically, we shall show that if A
is measure preserving and close enough to the identity then the results for the
standard divergence equation (1) remain true for the twisted divergence equation

divgu=f in Q, u=0 at ON. 4)

Our investigations are motivated by the study of the inhomogeneous Navier-
Stokes equations

pr+v-Vp=0 in  Qx(0,7),
pvr+pv-Vo—vAv+VQ =0 in Qx(0,7),
divo =0 in  Qx(0,7), (5)
v=0 on 90 x (0,7),
v]t=0 = vo, pli=0 = po in Q,

in various domains of R™ (see [3, 6, 7]). It turns out that solving this problem
for rough data involves the divergence equation in a setting where the trace of the
right-hand side of (1) or (4) need not be defined. Furthermore, in recent works
(see [5, 6]), we noticed that considering System (5) in the Lagrangian coordinates
may help to handle very general initial densities. However, the Lagrangian velocity
is no longer divergence-free for positive times: it satisfies (4) where A = (DX)™!
and X stands for the Lagrangian flow. Note in particular that incompressibility is
equivalent to det A = 1 so that we will restrict ourselves to this case in what follows.

2. The divergence operator in low regularity. In order to investigate (1) in
low regularity, one has to find a proper meaning of div k as a distribution acting
on smooth functions up to the boundary. To be more specific, let us consider the
following Neumann problem:

Au=divk in Q,
% _ 0 at 00 /Qud:c =0. (6)

Suppose we are able to solve such a system in the case where k € Ly(€2). Then we
expect Vu to be in Ly(€2). This implies that

div(Vu—%k)=0 and Vu —k € La(0).
The trace theorem entails that the normal part of the vector-field Vu — k at the
boundary is well defined as a functional over the trace space W21 & (092). In other

words, denoting by W, 1/2 (09) the space of those functionals, and by 7 the outer
unitary normal vector to 02, we may write

i (Vu—k)|og € Wy 2(09).

On the other hand, if Equation (6) is solvable for k € Lo(f2) then we must have
i - Vulag = 0, so

7t - klog € Wy /2 (09).
However, the above condition does not make sense for k& an arbitrary vector-field
with coefficients in Lo (€2). In short, there is no chance to solve system (6) in this
context.

This obstacle is classical and may be overcome in different ways (see e.g. [16]
and the references therein). In this section, we present the approach that has been
proposed in our recent work [4], in connection with the divergence equation. The
key idea is to “prescribe” the normal part of the vector-field in a case where it
should not make sense. This may be done by introducing a functional acting on
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smooth functions up to the boundary of €2, which contains both the information
over the divergence of k and over some distribution at the boundary. Here is the
corresponding definition:

Definition 2.1. For any couple (k, ¢) of smooth functions with k¥ € C*°(Q; R") and
¢ € C(9Q;R) we define DIV [k, (] as the functional over C°°(Q;R) such that!

DIV [k, (]() ::—/Qk~v¢>dx+/aﬂg¢da for ¢ € C*(Q).

We aim at generalizing the above definition to Lebesgue spaces L, (), that is
the set of measurable functions over 2 with integrable p-th power. In passing, let
us also introduce the Sobolev space W (m € N) which is the closure of smooth
functions (up to boundary) for the following norm:

lullwm ) = llullL,@) + Z [D%ull L, (0)- (7)

0<|a|<m

The space W;”P(aﬂ) is the dual space to qu/p(f)‘Q) with 1/p =1—1/q. The
latter space can be viewed as the trace space of functions from W, (€2), where the
norm is determined as follows:

||u||W[1171/q(8Q) = inf{||wHqu(Q) Tw e W;(Q) and w|po = u}- (8)

Thanks to the trace theorem and to the definition given in (8), it is obvious that

for all smooth functions ¢, k and (, one has

/ DIV [k, ] da
Q

Therefore, arguing by density, Definition 2.1 naturally extends as follows:

< CIKl L, @) + 1<llyy-17r o) 19l ) (9)

Proposition 1. Let 1 < p,q < co with 1/p+1/¢ =1, k € L,(;R™) and ¢ €
Wp_l/p(GQ;R). Then DIV [k, (] extends as the functional over W} (Q;R) such that

/DIV[k,(]qux:f/thbder/ Copdo for ¢ € W (Q).
Q Q o0

Remark 1. Note that in the above equality, ¢ need not be integrable. It is under-
stood that

/aQ Cda = <<, 1>(W;1/p(8ﬂ),wa/p(89)). (10)

‘We shall keep this notation throughout the paper.

Definition 2.2. In all that follows, we denote by W, '(Q) the set of functionals
DIV [k, (] with k € L,(Q;R") and ¢ € W;l/p(aQ;R) satisfying the compatibility
condition

mgdo—:o. (11)

Granted with the above formalism and definitions, the above Neumann prob-
lem (6) recasts in

DIV [Vu,0] = DIV [k, 0] in D'(Q). (12)
This setting yields the following relations on the traces

- (Vu—k)=0 at 0.

1We will rather adopt the notation Jo DIV [k, (]p dx := DIV [k, (](¢) in the rest of the paper.



4 RAPHAEL DANCHIN AND PIOTR BOGUSLAW MUCHA

In this context, it is natural to generalize (6) as so:

DIV [Vu,G] = DIV[k,Gi]  in D'(Q) (13)

where (7 and (, are given distributions over 02 satisfying the compatibility condi-
tion (with the convention (10)):

/ (C1 = C2)do = 0. (14)
o

Under assumptions such as k € Ly(Q) and (1,2 € W2_1/2(8§2)7 solving (13)
amounts to finding u € W4 (Q) such that

/Vu~Vq§da:— <2¢da=/k-v¢dx— Giodo  for all ¢ € W(Q).
Q o0 Q o0

This is of course equivalent to

/Vu-V¢dx:/k~V¢dx—/ (¢G1 — ) do, (15)
Q Q o0
or to
Vu-qude—/ (Cg—(l)gbda:/ k-Vod. (16)

Q Fly) Q
Those latter two problems rewrite respectively

DIV [Vu,0) = DIV [k, — (o] in D'(Q) (17)
and

DIV [Vu,(s — (1] = DIV [k, 0] in D'(Q). (18)

In any case, the distributional interpretation is that
Au=divk in Q@ and (Vu—k)-i=¢—C( on 00.

In the case of regular data (that is if k is smooth), then the normal trace of k at
the boundary is defined. Therefore decorrelating k£ and its “formal” normal trace
(1 is not relevant any longer: keeping (6) in mind, the only equation that has to be
considered is (13) with ¢ =0 and {; = k - 7.

The below result ends our considerations for systems (6) and (13).

Theorem 2.3. Let Q be a C? bounded domain. Let k € La(Q) and (1,(a €
W;UQ((')Q) satisfying the compatibility condition (14).

Then there exists a unique solution to (13) such that u € W3 (Q) and [, udz = 0.
Moreover, the following estimate is valid:

lullwi @) < CUlEN L0 + 16— CQHW271/2(8Q))' (19)

The proof of Theorem 2.3 follows directly from classical arguments based on
Definition 2.1 and Inequality (9).

3. The divergence equation in high regularity. The objective of this part is
to analyze the construction of a solution to the divergence equation

divu=f in Q, u=0 at ON. (20)

We are interested in the case where f is smooth as well as in the case where it is
merely a functional (that is f = DIV [k,(]). In particular, we want to show that
the corresponding solution operators coincide, a property that is of importance for
the analysis of (5). Our main result reads:
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Theorem 3.1. Let m € {-1} UN, p € (1,00) and Q a bounded domain with
o0 € Cma{2m} | There exists a linear operator By, : W, Q) = Ly(Q) satisfying
the following properties:

o if f=DIVIk,(] € Wp’l(Q) then u := By, (f) fulfills
DIV [u,0] = DIV [k, (] in D' (Q) (21)
and, in addition,
lullz, @) < CUEIL, @ + €]l 170 o0)- (22)

e Forall j € {0,---,m} and f € WJ(Q) satisfying (2), the vector-field u :=
B (f) is in WTH(Q), fulfills (1) and

||u“Wg+1(Q) < CHf”WI{(Q)' (23)

The above result is a natural extension of the following well-known theorem
[1, 8, 14]:

Theorem 3.2. Let 90 € C*, m € N and p € (1,00). Then there exists a linear
map B : W (Q) — WHH(Q), where, for j €N,

Wi(Q) = {f e WJ(Q) such that V¥flog =0 for k=0,---,j—1},
and the vector-field w := B[f] fulfills (20) and
lullyzi iy < Cll v (24)

The main improvement in Theorem 3.1 lies in the case of low regularity data
and on the fact that the trace of f at the boundary need not be zero. A similar
result has been proved in [10] (see Cor. 1.4) for the high-regularity case and by the
authors in [4] in the Besov spaces B, ,(€2) (=1 + 1/p < s < 1/p) setting. However,
in those two works it does not appear clearly that high and low regularity estimates
hold true for the same solution map: we have to keep in mind that solutions to (1)
are not unique.

Proving Theorem 3.2 is based on an accurate analysis of the following integral
formula :

_ z—y [% z—y n-1
uw) =B = [ Fo)=2 [T oo et =) eyl o dray, (29)
where w is a fixed smooth function with average 1 supported in a ball B(zg, R).
Equality (25) is known in the literature as the Bogovskil formula [1]. The result of
Bogovskil has been inspired by an idea of Sobolev [15]. It is well-known (see e.g.
[8]) that the above vector-field w fulfills the divergence equation (1) in , provided
the domain is star-shaped with respect to the ball B(zg, R). The expression of (25)
guarantees that for smooth f supported in € the solution vanishes away from (2.
Hence the boundary condition for u is satisfied immediately. Theorem 3.2 then
follows by density once suitable a priori estimates have been established. Let us
emphasize that arguing as so requires the function f to vanish at the boundary.

In the case of low regularity the formula should be modified. Formally, if one

performs an integration by parts in (25) in the case where f = div k, and set { = k-7,
we obtain

w=TIk+ JC, (26)
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where

Th(x) = — Qk(y)~Vy[ﬁ /Ooow(xw'i:z')(x—yw)n1dr]dy, (27)

_ r-y [¥ YN n-1
J<<x>—/m<<y>‘x_y|n/0 (o4t ) o=yl +rtdrdoy,. (@9

Even if there is no correlation between k and (, these two integrals make sense
independently from one another if seen in the principal value meaning. Of course,
in the special case where the data are regular and ( = k - 77, we may write

Ik + J(k-7) = B(div k) (29)
so that we do get a solution to the initial divergence equation (1).

The main achievement of Formula (26) is that it keeps some marginal information
about the trace, not neglecting influence of data located in neighborhood of the
boundary and provides a solution to (21) in the star-shaped case. The case of more
general domains may be treated by a suitable decomposition as in [8]. This enabled
to get the following result (see [4]):

Theorem 3.3. Let f = DIV[k,(] be in Wp_l(Q). There exists a linear operator
B_; so that u := B_1(f) fulfills the (generalized) divergence equation (21) with the
estimate

lullL, @) < CUEIL @ + 1<y 1/e o0))-
In addition if divk € L,(Q2) and ( =17 -k at the boundary, then u = B[div k].

Remark 2. In the literature we can find some results concerning the divergence
equation in spaces with very low regularity (see [2, 9] and [10], Th. 4.1). However,
to our knowledge, questions concerning the meaning of boundary conditions have
not been discussed: the spaces (of negative regularity order) that have been used
in the aforementioned works have the property that any element can be extended
by zero onto R™. In other words, we are allowed to put R™ in (25) instead of .

Proof of Theorem 3.1. We omit the cases m € {—1,0} that have been treated in
Theorem 3.3 and go directly to the case m > 1.
Let us first spend some time on the most natural approach (which, unfortunately,

seems to fail). We want to reduce the study to the case which is treated in Theorem
3.2. So it is enough to find a vector-field E,u in W 1(€) such that

VFdiv Epu=VFf at 0Q, for k=0,--- ,m— 1.
Of course E,,u will depend on both m and f.

The issue becomes solvable whenever we are able to determine derivatives at the
boundary in terms of divwu and its derivatives at 9§). The conditions divu = f in
Q and v = 0 at 02 imply that the tangential derivatives of u vanish at 92 and that

O(u - 1)

on
However higher derivatives obtained that way depend on the regularity of the bound-
ary itself— see [18]. To get the general form of (30) corresponding to the case where

=f atoq (30)

divu=f in Q@ and uw=g¢g on 01,
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we look at a neighborhood of a point zp € 0€2. Taking a local coordinate sys-
tem given by an extension of boundary frame (7,7,...,7,—1) with coordinates
(s,t1,...,tn—1) we obtain the following boundary relations

M-V, ., pu=f and =g at s =0. (31)

Here M - Vs, tn_1)5 a,f,g correspond to div ., u, f,g in the new coordinates
system. Of course the coefficients of the matrix M depend on the geometry of 0f.
Furthermore, choosing the change of coordinates in such a way that the normal
vector is preserved, we are ensured that (31) yields

O(u - 17)

on

The coefficients of the linear combination depend only on those of the matrix M —
see [13, 18]. The rest of the components of V*u|sq, which are not involved in the
constraint divu = f, are put to be zero.

So applying the existence theorem [17], Chap. 3, we are able to find E,,u €
W 1(Q) such that

VEdiv Eulaq = VF flag for k=0,---,m—1

is a linear combination of [f, g, gry;s--v, Gr,_,]- (32)

and

|l gy < Cllfllwp - (33)
In conclusion, subtracting F,, from f reduces the problem to that when f vanishes
at the boundary. Therefore, applying Theorem 3.2 provides a solution in W;”“ Q)
to (1). Unfortunately, this construction solves the problem only for the fixed highest
regularity: whether (22) and (23) (for j < m) are satisfied too, is unclear.

For the sake of simplicity, we focus now on the case m = 1 (which is the most
important for the applications that we have in mind) and assume in addition that €
is star-shaped with respect to some ball B(xq, R). The case of a general C? bounded
domain may be achieved by means of classical decomposition techniques as in [4, 8].
To get WZ? regularity we differentiate (25) once. We obtain for ¢ = 1,--- ,n,

0z, u(x) /f O, {W/Oo <:c+7"|x y|>(|m y| + )" dr|dy
= [K@yN)l(z)+ Lif(z)

with, for some su1table modification w* of w,

Kg(z) = —/Qg(y)m/ooow*<

LM%:/ﬂwm%yleT

00 z -yl |z —
It is clear that K : L,(Q) — W (Q) is a bounded map (see e.g. [4]). That L;

maps W;fl/p(aﬂ) to W, () is a consequence of Theorem 1.1 of [11]. In our case,
the assumption that L;(1) is a constant is not satisfied. However, by looking more
closely at the proof therein, page 192, in the case k = 0 and s = 1 —1/p, we see that
it suffices to have the property that VL;(1) € L,(2). In our case, as the domain is
C?, we even have that L;(1) € C'.

The general case m > 1 which is more technical, is not presented here. Basically,
we still have to start from formula (25) and to use the full C™ regularity of the
domain. Note that the higher regularity of the boundary is important to control

) (lz =y + )" 'drdy,

)(|x —yl+r)"" 1dmlay
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operators L;. At the same time, as regards operator K, the C? regularity (and
probably even less) suffices. O

Remark 3. If we look at the regularity of 02 then our approach is not optimal
(see [10]). However our main goal in the present note is to justify that the same
operator B, provides estimates in any space Wg“(@) with j € {-1,--- ;m}. In
the applications that we have in mind (see the introduction), it is important to have
a solution operator providing both low and high regularity estimates.

4. The twisted divergence equation. The last part of this note concerns the res-
olution of the twisted divergence equation (4). As indicated above, our motivation
comes mainly from the study of incompressible flows in the Lagrangian coordinates
[5, 12], so that we restrict ourselves to the case where the matrix-valued function A
is associated with a measure preserving map, that is det A = 1. Then the following
formula (see e.g. the appendix of [5]):

divg & = A: D€ = div (A€) (34)
holds true for sufficiently smooth vector-fields €.

Let us now state our main result:

Theorem 4.1. Let A € Loo(2;R™ x R™) satisfy det A = 1. Let m > —1 be an
integer and p > 1, a real number. There exist two positive constants € and C
depending only on m, p and €, and a linear map B4 : Wp_l(Q) — L,(Q) such that

if
[A—1d[|L ) <e, (35)

then the following results are true:

e for any functional DIV [k, (] in W, (), the vector-field u := Bo(DIV [k, (])
belongs to L,(Y), satisfies

DIV[Au,0] = DIV[k,¢]  inQ (36)
lullz, @ < CIEIL,@ + 1<) (37)

o If moreover m > 0 then for any f € L,(;R™) satisfying (2) the vector-field
u = Ba(f) is a solution in W, (Q) to the twisted divergence equation (4), and

lullwi@) < Cllfll,@)- (38)

e If in addition m > 1, p > n/m and VA € W;"~1(Q) then u := Ba(f) with
[ e WH(Q) satisfying (2), fulfills

lulhwgeraay < © (Il + IV AT 1 fl, ). (39)

Proof. Granted with Theorem 3.1, this is a mere application of the Banach fixed
point theorem. Let us introduce the linear map

T: W Q) — W H(Q) (40)
such that
T¢ := B, ((Id — A) : D€ + f) if  m>0,
T¢ = B1(DIV[((Id — A)) + k),¢])  if m=-1.
Let us first assume that m = —1. Then Theorem 3.1 ensures that

IT€l L, @ < C(I1d = Al @ IEllz,@) + 1Ellz @) + 1<l y-10 )
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whence, by virtue of (35),
ITEN L, @) < Celéllr, @ +C(lklL, @ + ||C||W;1/p(ﬂ))- (41)
Next, let us look at the case m = 0. Then Theorem 3.1 yields
ITEws e C(l(Id = A) : V€|, + I fllz, @)
C(Id = Al @ IVEll L, + 1 fll,@)

[VARVAN

whence, thanks to (35)
ITElwse) < CElEllwsce + I1FlL, ). (42)
So putting (41) and (42) together, and choosing e small enough, we get
Clfllwm e if m=0,
Iy @) + IClhy 1/ pgy) i = 1.
As the map T is linear, this implies that

_ 1, -
17l sty < 5 1€ty + {

_ _ 1. =
IT& — T&Hw;”“(g) < 5”51 - fZHW:‘“(Q)'

So we proved that T is a contraction, hence it has a unique fixed point &. This
fixed point obviously satisfies (4) (or (36)) and the desired estimates. The case
m € {—1,0} is done.

The case m > 1 is slightly more involved. Firstly, according to Theorem 3.1,
ITE 1y < €T = A) s Vellw i + [ Fllwpe)- (43)

For bounding the first term of the right-hand side, we may use the following classical
tame estimate:

11d — A) : Véllwyr @y < Id — Al IV lwyn (@) + CUVEN Lo |V Al -

and the following interpolation inequality (recall that p > n/m):
= = __0_ = . n
V€l L) < nllVE[wpm @) + Cn™ 2| VEllL, ) with 6:= o
We end up with

ITE] 1y < C(E||§||W;”+1(Q)
+||VAHW;”_1(Q) (77||V§_||W;L(Q) + 777%||V§_HLP(Q)) + ||fHWI;”(Q))~
Now, combining (42) with the above inequality yields for any M > 0:
ITE Ny 0y + MITEllwp o) < O(€(||£HWI§"+1(Q) + M|[€llwa )
HIVAll -1 (o) (I VEllw ) + 0T || Vel @) + [fllwm @) + MHf”L,,(Q))-

Let us take n = 5||VAH1;/1m—1(Q) and M = e~y 170 IV Allyym-1(q)- Then the above
P p

inequality becomes (up to an irrelevant change of C):
ITE]lyypn1 0y + MITEwa ()

< O (=8l + MIENw3@) + 1wz + Ml flz,@ ). (44)
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So

RAPHAEL DANCHIN AND PIOTR BOGUSLAW MUCHA

it is now clear that if one takes € small enough then the linear map T is strictly

contractive in the sense of the norm that is defined by the Lh.s. of (44). So one may
end the proof as in the case m € {—1,0}. Note that Inequality (44) yields (39). O
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