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We study the problem of the efficient estimation of the jumps for stochastic processes. We assume
that the stochastic jump process (Xt)ic[o,1) is observed discretely, with a sampling step of size
1/n. In the spirit of Hajek’s convolution theorem, we show some lower bounds for the estimation
error of the sequence of the jumps (AXr, )r. As an intermediate result, we prove a LAMN
property, with rate /7, when the marks of the underlying jump component are deterministic.
We deduce then a convolution theorem, with an explicit asymptotic minimal variance, in the
case where the marks of the jump component are random. To prove that this lower bound is
optimal, we show that a threshold estimator of the sequence of jumps (AXr, ), based on the
discrete observations, reaches the minimal variance of the previous convolution theorem.

Keywords: convolution theorem; Itd process; LAMN property

1. Introduction

The statistical study of stochastic processes with jumps, from high frequency data, has
been the subject of many recent works. A major issue is to determine if the jump part
is relevant to model the observed phenomenon. Especially, for modelling of asset prices,
the assessment of the part due to the jumps in the price is an important question.
This has been addressed in several works, either by considering multi-power variations
[6, 7, 11] or by truncation methods (see [19, 20]). Another issue is to test statistically if
the stochastic process has continuous paths. The question has been addressed in many
works (see [1, 2, 4]) and is crucial to the hedging of options. A clearly related question is
to determine the degree of activity of the jump component of the process. Estimators of
the Blumenthal-Getoor index of the Lévy measure of the process are proposed in several
papers [3, 8, 23].

In that context, the main statistical difficulty comes from the fact that one observes
a discrete sampling of the process, and consequently, the exact values of the jumps are
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unobserved. As a matter of fact, a lot of statistical procedures rely on the estimation of
a functional of the jumps. In [13], Jacod considers the estimation, from a high frequency
sampling, of the functional of the jumps

> F(AX) =D f(AX7)
k

0<s<1,AX,#0

for a smooth function f vanishing at zero (see Theorems 2.11 and 2.12 in [13] for precise
assumptions). In particular, he studies the difference between the unobserved quantity
Y 0<s<1 J(AX) and the observed one Z?:_(]lf(X(iH)/n — Xi/n). When X is a semi-
martingale, it is shown that the difference between the two quantities goes to zero with
rate \/n. Rescaled by this rate, the difference is asymptotically distributed as

Zf/(AXTk)[JTk*le; +onv1- UkNlj]’ (1'1)
k

where the variables Uy, are uniform variables on [0, 1] and N, , N, are standard Gaussian
variables. The quantity op,— (resp., o, ) is the local volatility of the semi martingale X
before (resp., after) the jump at time T}. This result serves as the basis for studying the
statistical procedures developed in [4, 15].

However, the problem of the efficiency of these methods seems to have never been
addressed. Motivated by these facts, we discuss, in this paper, the notion of efficiency to
estimate the jumps from the discrete sampling (X, )o<i<n-

Let us stress, that the meaning of efficiency is not straightforward here. Indeed, we
are not dealing with a standard parametric statistical problem, and it is not clear which
quantity can stand for the Fisher’s information. In this paper, we restrict ourself to
processes X solutions of

t t
Xi=uo —|—/ b(s, Xs)ds +/ a(s, Xs)dWs + Z e(Xp,—, Ax),
0 0

Tp<t

where we assume that the number of jumps on [0, 1], denoted by K, is finite. We note
J=(AXrp,...,AXp,) the vector of jumps, and A = (Ay,...,Ax) the random marks.
The notion of efficiency will be stated in this context as a convolution result in Theorem
2.1. More precisely, we prove that for any estimator J™ such that the error /n(J" — J)
converges in law to some variable Z, the law of Z is a convolution between the law of
the vector

[a(Ty, X1, - )V URNg + a(Ti, X1, )/ 1= U N |2y ke

and some other law. Contrarily to the standard convolution theorem, we do not need the
usual regularity assumption on the estimator. The explanation is that we are not estimat-
ing a deterministic (unknown) parameter, but we estimate some random (unobserved)
variable J.
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The proof of this convolution result relies on the study of a preliminary parametric
model: we consider the parametric model where the values of the marks A are consid-
ered as an unknown deterministic parameter A € RX. The resulting model is a stochastic
differential equation with jumps, whose coefficients depend on this parameter A. We es-
tablish then in Theorem 3.1, that this statistical experiment satisfies the LAMN property,
with rate \/n and some explicit Fisher’s information matrix I()).

By Hajek’s theorem, it is well known that the LAMN property implies a convolution
theorem for any regular estimator of the parameter X (see [17, 22]). However, our context
differs from the usual Hajek’s convolution theorem on at least two points. First, the
parameter A is randomized and second the target of the estimator J = (¢(X1,—, Ax))k
depends both on the randomized parameter and on some unobserved quantities X, _.
As a result, the connection between the minimal law of the convolution theorem and the
Fisher’s information of the parametric model is not straightforward. The proof of the
convolution theorem, when ¢(Xp,—,Ar) = c¢(Ax) does not depend on Xrp,_, is simpler
and is given in Theorem 5.1.

Remark that it is certainly possible to state a general result about the connection
between the LAMN property and convolution theorems for the estimation of unobserved
random quantities. The proof of the Proposition 5.2 is a step in this direction. However,
giving such general results is beyond the scope of the paper.

The outline of the paper is as follows. In Section 2, we state a convolution theorem,
which establishes an asymptotic lower bound for the asymptotic error of any estimator
of the jumps. The LAMN property is enounced in Section 3. In Section 4, we show that
the threshold estimator, introduced by Mancini (see [19, 20]), reaches the lower bound
of Theorem 2.1. This proves that this lower bound is optimal. The proofs of these results
are postponed to the Section 5.

2. Convolution theorem

2.1. Notation

Consider (X¢)e(o,1] an adapted c.a.d.l.a.g., one dimensional, stochastic process defined
on some filtered probability space (€2, F, (F¢)c(0,1],P). We assume that the sample paths
of X almost surely admit a finite number of jumps. We denote by K the random number
of jumps on [0,1] and 0 < T} < --- < Tk < 1 the instants of these jumps. We assume that
the process X is a solution of the stochastic differential equation with jumps

t t
Xi=uo —|—/ b(s, Xs)ds +/ a(s, Xs)dWs + Z e(Xp,—, Ax), (2.1)
0 0

T, <t

where W is a standard (F;); Brownian motion. The vector of marks (Ag)y is random.
The Brownian motion, the jump times and the marks are independent.

We will note J = (J)g>1 the sequence of the jumps of the process, defined by Jj =
(X, Ap) =AXg,, for 1 <k <K and J, =0, for k> K.
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Remark that if T}, — Tj_1 is exponentially distributed, the jumps times are arrival times
of a Poisson process. Then, if the marks (Aj)x are i.i.d. variables, the process ZTk<t Ay
is a compound Poisson process. In this particular case, the equation (2.1) becomes a
standard SDE with jumps based on a random Poisson measure with finite intensity.

It is convenient to assume that the process is realized on the canonical product space
of the Brownian part and the jumps parts Q = Q! x Q2, P=P! ® P2. More precisely,
we note (QY, F1 P = (C([0,1]), B, W), the space of continuous functions endowed with
the Wiener measure on the Borelian sigma-field and (]:f,l)te[o,l] the filtration generated
by the canonical process. We introduce (Q2, F2,P?) = (RN x RN, B(R)®N @ B(R)®N, P?),
where P2 is the law of two independent sequences of random variables (7T}) E>1, (Ag)r>1-
We assume that, P2-almost surely, the sequence (T})>1 is nondecreasing and such K =
Card{k, T <1} is finite. Then, ((W;)seqo,1], (Tk)k>1, (Ax)r>1) are the canonical variables
on §2. We assume that (F;); is the right continuous, completed, filtration based on (F} x
F?); and F = F.

In order to describe the asymptotic law of any estimator of the jumps, we need some
additional notation. Following [13], we introduce an extension of our initial probability
space. We consider an auxiliary probability space (€2, 7', P’) which contains U = (Uy )x>1
a sequence of independent variables with uniform law on [0,1], and N~ = (N, )r>1,
NT=(N, ,:r Jk>1 two sequences of independent variables with standard Gaussian law. All
these variables are mutually independent. We extend the initial probability space by
setting Q=QxQ, F=FQF ,P=PaP, F,=F,QF.

2.2. Main result

We need some more assumptions on the process. Especially, to avoid cumbersome nota-
tion we will first assume in the next subsection that the number of jumps is deterministic.
We will show in Section 2.2.2 that this is not a real restriction, since we can reformulate
our result by conditioning on the number of jumps K.

2.2.1. Deterministic number of jumps

Since the number of jumps K is deterministic, the probability space 2 introduced in
Section 2.1 is simplified accordingly: Q = Q! x Q2 Q! =C([0,1]) and Q% = RF x RX.
The space Q = Q x Q' with @/ = R3X extends the initial space with the sequences N~ =
(N higv<rs N = (N i<i<r, U= (Un)i<isx.

HO (Law of the jump times). The number of jumps K is deterministic and the law
of T=(Ty,...,Tk) is absolutely continuous with respect to the Lebesgue measure. We
note fr its density.

H1 (Smoothness assumption). The functions (¢,z) — a(t,z) and (¢,x) — b(t,x) are
C1? on [0,1] x R. We note @’ and b’ their derivatives with respect to z and we assume
that o’ and b are C%?2 on [0,1] x R. Moreover, the functions a, b, and their derivatives
are uniformly bounded.
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The function (z,0) +— c(z,0) is C>! on R x R, with bounded derivatives. We note ¢’ its
derivative with respect to x and ¢ its derivative with respect to 6. We assume moreover
that ¢ is C1! with bounded derivatives.

H2 (Non-degeneracy assumption). We assume that there exist two constants a and @
such that

V(t,z) €[0,1] xR O<a<alt,z)<a;
V(z,0) eR xR 1+ (z,0)] > a

H3 (“Randomness” of the jump sizes). The law of A= (Aq,...,Ak) is absolutely con-
tinuous with respect to the Lebesgue measure and we note fj its density. We assume
also

V(z,0) eR xR ¢(x,0) £0.

Let us comment on these assumptions. First, the assumption that the vector of jump
times admits a density, hypothesis HO, is crucial to prove the convergence in law of the
fractional part of (nTx)x to the vector of uniform laws (Ug)k. In order to find a lower
bound, we need to deal with a kind of regular model, this explains the assumption H1.
Moreover, it is clear that if the diffusion coeflicient a is equal to zero, one will expect
a rate of convergence for the estimation of the jumps faster than y/n. In that case, the
LAMN property will not be satisfied with rate \/n. This clarifies why we assume a strictly
positive lower bound on a.

Remark that the non-degeneracy of |1+¢/(x,0)| is a standard assumption which implies
that the equation (2.1) admits a flow. The assumption H3 is more specifically related to
our statistical problem. We want to prove a lower bound for the estimation of the random
jump sizes. Indeed, if these quantities do not exhibit enough randomness, it could be
possible to estimate them with a rate faster than y/n. For instance, the condition H3
excludes that the jump sizes do not depend on the underlying random marks.

We can now state our main result. We recall that

J = (Je)1srs<i = ((X1— M)y <pe e = (AXT ) 1<k< i €RF
is the sequence of the jumps of the process.

We will call (J™),>1 a sequence of estimators if for each n, Jm € RE is a measurable
function of the observations (X;/y)i=o,...n-

Theorem 2.1. Assume HO-H3. Let J" be any sequence of estimators such that

V(" —J) =22 7 (2.2)

law

for some variable Z. Then, the law of 7 is necessarily a convolution:

7' (\JUra(Ty, X1, - )Ny + /1= Upa(Ty, X1, )N7'), + R, (2.3)
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where conditionally on (T, A,(W¢)icpo,1], (Uk)k), the random vector R is independent of
(N> Nk

We will say that an estimator J" of the jumps is efficient if the asymptotic distribution
of \/n(J™—J) is equal in law to (v/Uxa(Tk, X1,— )N, + /1 — Ura(Ty, XTk)N,:r)k (which
corresponds to R =0).

It is well known that in parametric models, the Hajek’s convolution theorem usually
requires a regularity assumption on the estimator (see [12, 22]). Here, our theorem does
not require any assumption on the estimator, apart its convergence with rate y/n. This
comes from the fact that the target J of the estimator is random, yielding to some ad-
ditional regularity properties, compared with the usual parametric setting (see a related
situation in Jeganathan [16]).

Remark 2.1. We can observe that
(V/Ura(T, Xz, )Ny, + /1= Uga(Ty, X1, )N;D),, = (1979 72N,

where I°P* is the diagonal random matrix of size K x K, defined on the extended prob-
ability space (2, with diagonal entries:

I = [Upa(Th, X1y, ) 4 (1 = Up)a(Ti, X1, )% fork=1,..., K. (2.4)

Conditionally on (T, A, (W¢)se0,1], (Uk &), the vector N is a standard Gaussian vector on
RE and consequently N is independent of I°P*.

Remark 2.2. The Theorem 2.1 states, in particular, that any estimator of the jumps
with rate v/n must have an asymptotic conditional variance greater than (1°P*)~1.

Let us stress that if the rate of convergence is faster than /n, then (2.2) is still true
with Z =0 and consequently the Theorem 2.1 proves that a convergence faster than \/n
is impossible.

Now if instead estimating J, we estimate a function of the vector of jumps, we can
prove in a similar way the following result. For the sake of shortness, we will omit the
proof of the following proposition.

Proposition 2.1. Assume HO-H3. Let F be a C' function from R¥ to R and let F™ be
any sequence of estimators of F(J) such that

VI(E" = F(]) =% Zp (2.5)

law

for some variable Zp. Then, the law of Zp is necessarily a convolution:

K

4 aw 8F — =g

Zp'® 9o (DWVUka(Ti, X1 )N + /1= UalTy, Xp)N{) + B, (26)
k=1 ’
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where, conditionally on (T, A,(W¢)icp0.1], (Ur)k), the real random variable Ry is indepen-
dent of (N, , N ).

Remark 2.3. From the results of Jacod (Theorems 2.11 and 2.12 in [13]), we deduce
that the lower bound of Proposition 2.1 is optimal, and that the estimators of [13] are
efficient.

2.2.2. Random number of jumps
If the number of jumps is random, we need to modify some assumptions accordingly.
HO. We note K = card{k|T} € [0,1]}. Conditionally on K the law of the vector of jump
times 7= (T1,...,Tk) admits a density.
H3. Conditionally on K, the law of (Aq,...,Ax) is absolutely continuous with respect
to the Lebesgue measure. We assume also V(z,0) € R x R ¢(x, 0) # 0.

We can extend Theorem 2.1.

Corollary 2.1. Assume },IVO, H1, H2 and H3. Let J™ be any sequence of estimators with
values in RY such that

Vn(J"h = J) 222 7

law

for some variable Z. Then, the law of Z admits the decomposition:

Z law ([ Uka(Tk,XTk,)N]; ++v1- Uka(Tk,XTk)N]:r]l{lngK})k + E,

where conditionally on (K, (Tx)1<r<k,(Ar)i1<k<ric, Wi)tejo,1), (Ur)i<k<rk) the random
vector of the K first components of R is independent of (N,;,N,j)lgkg(.

In Section 3, we consider a parametric model related to the process (2.1), and enounce
the associated LAMN property. This is the key step before proving Theorem 2.1 and
Corollary 2.1. Remark that, directly considering the values of the jumps size as the
parameter, is not the right choice. The reason is that the jump sizes are not independent
of the Brownian motion (W;);. Instead, we prefer to consider the values of the marks A
as the statistical parameter.

3. LAMN property in an associated parametric model

We focus on the parametric model where the values of the marks A are considered as
the unknown (deterministic) parameters, and K is deterministic. This is the crucial step
before proving our convolution theorem.

More precisely, our aim is to obtain the LAMN property for the parametric model

t t K
X;:xﬁ/ b(s,X;\)ds—i—/ a(s, X2) AW, + > " e(X7, _ \e) Lz, . (3.1)
0 0 k=1
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where the parameter A= (\1,...,A\g) € RK. We note T = (T, ..., Tk) the vector of jump
times such that 0 < T} < --- < Tk < 1. Let us remark that, under the assumption HO,
the solutions of (3.1) might be defined on the probability space Q! x R¥ endowed with
the product of the Wiener measure and the law of the jumps times. But, to avoid new
notation, we can assume that, for all A\ € R¥ the process (XtA)tE[O,l] is defined on the
space (2, F,P) of Section 2.

In this model, we assume that we observe both the regular discretization (X 3‘/”)136”
of the process solution of (3.1) on the time interval [0,1] and the jump times vector 7'
The observation of T' leads to a more tractable computation of the likelihood. This is
not restrictive to add some observations to the statistical experiment, since our aim is
to derive an asymptotic lower bound. Under HO and H1, the law of the observations
(T, (Xi)}n)lgign) admits a density p™*. We note p™*7 the density of (X?/nhgign con-
ditionally on T. For h = (hy, ..., hx) € RE we introduce the log-likelihood ratio:

pn,)\-l—h/\/ﬁ
ZnMA+ b/, Ty, ... 2,) =log T(T,xl, e Tp). (3.2)

Theorem 3.1. Assume HO, H1 and H2. Then, the statistical experiment (p™™)\crx
satisfies a LAMN property. For A € REK, h ¢ RX we have:

K K
1
=3 L (V)P N () — 3 S B L (Vi + opna (1),
k=1 k=1

where I,(\) is a diagonal random matriz and N, ()\) are random vectors in R¥ such that

(Zn(A), N (X)) =22 (1(A), N)

law
with:
TNk = — X, M) :
a2 (Tr, X, )L+ ¢ (X3, A )2Us + a®(Ti, X3+ c(X3 ) (1 —Up)

(3.4)
where U = (Uy,...,Uk) is a vector of independent uniform laws on [0,1] such that U, T
and (Wi)iejo,1) are independent, and conditionally on (U,T,(Wy)iep0,1]), N is a standard
Gaussian vector in R¥.

Actually, we can complete the statement of the theorem by giving explicit expressions
for I,(A) and N, (A):

“Xx;) Jno Ax)?

- nDmAek (XA

In(A)k B
1k/")
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n(X) — X —e(X), N
Nn(/\)k:\/—( (ir+1)/n ig/n ( ix/m k)),

nDn,Ak,k(X;;C/n)

D) ) = a2 (.33, ) 100 ) (11 )

1 1+ 1
+a2<gk’Xi);c/n+c(XiAk/n7)‘k)) ( kn _Tk)a

where iy is the integer part of nT}.

Remark 3.1. We remark that from a direct application of Hajek’s theorem (see Van
der Vaart [22], Corollary 9.9, page 132), any regular estimator of A has an asymptotic
conditional variance greater than I'(\)~!. Here, an estimator of \ is a measurable func-
tion of (T, (X i)}n)lﬁién)a and so we deduce that, a fortiori, any measurable function of

(X iA/n)lfiS" satisfies the same asymptotic lower bound.

4. Efficient estimator of the jumps

We use the notation of Section 2.1 and since we just propose an estimator of the jumps,
we can weaken the assumptions of the previous sections.

Al (Smoothness assumption). The functions a:[0,1] x R - R, b:[0,1] x R - R and
c:R? = R are continuous.

A2 (Identifiability of the jumps). We have almost surely: ¢(Xg,—,Ay) # 0,Vk €
{1,...,K}.

This last condition ensures that the jump times of X are exactly the times T.

Recall that J = (Ji)x>1 is the sequence of jumps of X (on [0,1]): we set J, = AXp, =
X1, — X7, - for k<K and we define J, =0 for k> K.

We construct an estimator of J following the threshold estimation method proposed
by Mancini [19, 20].

Let (), be a sequence of positive numbers tending to 0. We set 1 = inf{0 <i <n—1:
| X (i+1)/n — Xi/n| > un} with the convention inf @ = +o00. We recursively define for k > 2,

i =inf{if_; <i<n—1: | Xg1y/m — Xim| > un}- (4.1)

We set KK n=sup{k > 1: i}j < oo} the number of increments of the jump diffusion exceed-
ing the threshold u,,. We then define for k& > 1,

Jn = Xpwrn = Xigmo RS Ifn (4.2)
0, if k> K,,.

The sequence (f”)n is an estimator of the vector of jumps J, and (I?n)n estimates the
number of jumps.
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Proposition 4.1. Let us assume Hy, A1, A2 and u, ~n~= with @ € (0,1/2). Then,
we have almost surely,

I?n =K for n large enough

k<K  Jp22% J=AXyp,,
ifk>K f’,; =0 for n large enough.

The consistency result concerning the estimator K, isa special case of Mancini ([20],
Theorem 1) and the jump sizes (Ji ) were consistently estimated in Mancini [19] with
exactly the same estimator but when the observation time goes to infinity.

We now describe the asymptotic law of the error between J™ and J. Note that Theorem
3 in [20] gives the asymptotic distribution of the estimator of the sum of the jumps
assuming that the diffusion coefficient a is independent of the Brownian process W and
the jump part, this is the reason why the uniform laws do not appear in the asymptotic
law. The situation is completely different here, since the diffusion coefficient a depends
on the process X, and is more related to Jacod’s results (see [13]).

Theorem 4.1. Let us assume Hy, Al, A2 and u, ~n~% with @ € (0,1/2). Then
Vn(J™ = J) converges in law to Z = (Zy)k>1 where the limit can be described on the
extended space Q by:

Z = Uka(Tk,XTk,)N,;-l-\/l—Uka(Tk,XTk)Nlj for k<K,
Zr=0 for k> K.

Moreover the convergence is stable with respect to the sigma-field F. Let us precise that,
here, the convergence in law of the infinite dimensional vector \/n(J™ — J) means the
convergence of any finite dimensional marginals.

Remark 4.1. The Theorem 4.1 shows that the error for the estimation of the jump
A X, is asymptotically conditionally Gaussian and that the estimator J" is efficient. In
particular, the conditional variance on (7', A, K, (Wi)¢cjo,17, (Ur)r) of the error is equal
to the lower bound (I°P%)~! = Uya(Ty, X7, - )* + (1 — Ug)a(Tk, X1, )?, and consequently
this lower bound is optimal.

5. Proof section

We divide the proofs into three sections.

We first prove the LAMN property of the parametric model in Section 5.1. Then, the
convolution result is established in Section 5.2. Finally, the Section 5.3 is devoted to the
proof of the convergence and normality of the estimator J".

We first state a lemma which will be useful in the next sections.
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Lemma 5.1. Let Ky € N\ {0} and consider T = (T1,...,Tk,) a random variable on
[0,1)%0 with density fr. For k=1,..., Ky, we note iy = [nTy] the integer part of nTy.
Let (Wi)iep0,1) be a standard Brownian motion independent of T.

Then, we have the convergence in law of the variables

(7 (1= 2) ) VOV = Wi (VAW = W Wit

to

(T, (Uk)r: (VURN )i (V1 = UeNi ) s (W) (o,1)),
where U = (Un,...,Uk,) is a vector of independent uniform laws on [0,1], N~ = (N ,...,
Ny,) and Nt =(N{,..., N;O) are independent standard Gaussian vectors such that T,

U, N=, Nt and (W;); are independent.
Proof. The convergence of the vector

(T, (Vn(Wr, = Wi, n)) e V(Wi g1y m = W) (Wi)iejo1)

is a direct consequence of Lemma 6.2 in [14] (see also Lemma 5.8 in [13]) and following this
proof (which is simpler in our case), there is no difficulty to add the variables (n(7} — %))
in the vector. O

5.1. LAMN property: Proof of Theorem 3.1

We use the framework of Section 3 and we introduce some more notation. For k =
1,..., K, we note iy, = [nT}] the integer part of nT}, and for ¢ € [iy/n, (ix, + 1)/n], we note
(Xf ’k) the process solution of the following jump-diffusion equation with only one jump
at time T}%:

t

t t
Xf’k:XO—f—/ b(s,Xf’k)ds—f—/ a(s,X;’v’“)de+c(X§;’1,0)1t2T,€. (5.1)
0 0

Under H1 and H2 and conditionally on 7', this process admits a strictly positive condi-

tional density, which is C! with respect to 6. We will note pG’T(%, i’“TH,x,y) the density
of X(ei’fﬂ)/n conditionally on T" and ka’]/cn =z and pG!T(%, %, x,y) its derivative with

respect to 6.

We observe that the log-likelihood ratio Z,, only involves the transition densities of
X* on a time interval where a jump occurs. This transition is pG’T(%, i’“TH,x, y) if there
is exactly one jump in the corresponding interval. Then, one can easily see that the
following decomposition holds for Z,,:

h
Zn ) _7Ta ey dn 1 T
(Mr+ T Tz ) 1, (T)
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In

pAk+hk/\/ﬁvT (Zk in+1
n

T P, xk”fm) 17,(T) (5.2)

™M= I~

/Ak-i—hk/\/H p»T (Zk 1+ 1
A

]907 g, n ;xik;xik-i-l)d@lﬁ,(T)v

k

where 17, (T) is the indicator function that there is at most one jump in each time interval
[i/n,(i+1)/n) for i=0,...,n—1.
We have now to study the asymptotic behaviour of (5.2). This is divided into several

lemmas. The Lemmas 5.2-5.4 give an expansion for the score function, with an uni-
>\k+hk/\fp (7k zk—i-l

Ak pOT\n> n
Tip,, Tip+1) d0 in Lemma 5.5, and conclude by passing through the limit in Lemma 5.6.

form control in . We deduce then an explicit expansion for

We begin with a representation of ps ; (”‘ 1"+1 ,x,y) as a conditional expectation, us-
ing Malliavin calculus. We refer to Nualart [21] for a detailed presentation of Malliavin
calculus. The Malliavin calculus techniques to derive LAMN properties have been intro-
duced by Gobet [10] in the case of multi-dimensional diffusion processes and then used
by Gloter and Gobet [9] for integrated diffusions.

In all what follows, we will denote by C, a constant (independent on n, k and ¢) which
value may change from line to line.

Lemma 5.2. Assuming H1 and H2, we have ¥(z,y) € R?:

T [k ikt 1
pa,T n’

T n, 0,k
7x7y>:E ,T,k(d(P 9/Y€)|)((7k_|_1)/77 y),

where E*T* s the conditional expectation on T and Xf ];n =ux, 0 is the Malliavin di-

vergence operator and P™%F is the process given on [l—’c ““H] by

(YEFYER) 11+ ¢ (X5",0) 1<, Jals, XOF)e(X 5", 0)

S I =202 (0, XERY (1 + ¢ (XGE 0)1u<r,)? du

Pn9k

S

where (Y,?"); is the process solution of

t t
YO =t [ XY s [ (s XYW, (53)
0 0

We remark that under H1, the process (Yte’k)t and its inverse satisfy Vp > 1,

(E( sup |Yf’k|p)) v <y, (E( sup |Yf’k|7p)) v <. (5.4)

0<t<1 0<t<1

Proof. The proof of Lemma 5.2 is based on Malliavin calculus on the time interval
[ix/n, (i +1)/n], conditionally on T" and (W;);<;, /n. We first observe that under H1 and



Asymptotic lower bounds in estimating jumps 13

H2, the process (X!*) solution of (5.1) admits a derivative with respect to 6 that we
will denote by (X{*) (see, e.g., Kunita [18] since this problem is similar to the derivative
with respect to the initial condition). Moreover (X{**) and (X{**) belong, respectively,
to the Malliavin spaces D?*P and D'?, V¥p > 1. Now, let ¢ be a smooth function with
compact support, we have:

0

80 EI’T’k()O(X97k ) —_ EI’T’ng/(X97k )X&k

Using the integration by part formula (see Nualart [21], Proposition 2.1.4, page 100), we
can write

@ Tk 1/ v0k -0,k _ Tk 0.k 0.k 0,k
E ¥ (X(ik-l—l)/n)X(ik-i—l)/n =E @(X(ikﬂ)/n)H(X(ik+1)/n’ X(ik-l—l)/n)’

k
k+1)/n’
the inverse of its Malliavin variance—covariance matrix and the divergence operator as
follows:

where the weight H can be expressed in terms of the Malliavin derivative of XZ,

H(XOA,I@ X@,k )/n) :6(X0,k7 ve,kDXeA,k )’

(ig+1)/m> “* (ip+1 (ix+1)/n (ix+1)/n
where
(ik+1)/n -1
s 2
ok ( / / (DuXEE, 1)) du> . (5.5)
/M

On the other hand, from Lebesgue derivative theorem, we have:

9 x, T,k 0,k o 0T ik Zk-l—]_
6F w(X(iHl)/n)—/w(y)p Ty | dy,

this leads to the following representation

i 4 1
pﬂT(_k, T axay)
n n

_ pa Tk s w0,k 0.k 0.k 0.k ~ ver( it ikt
=BGy Y DX G ) ) K Gy i = 9P (? n xy)
It remains to give a more tractable expression of Xfi’fﬂ)/nfye’kDXé’fH)/n. We first ob-
serve that:
Y 0.k Gt t)/m 0.k 0.k
X(v;kl-l—l)/n - C(XT;C—7 9) + /T b (quu’ )Xu’ du
k

(i +1)/n .
- / a'(u, X" X3 F AW,
Ty
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and consequently

0,k Ok 0.k\—1 ./ 0k
XGE =Y ) T X 0), (5.6)

where (Y?*) is solution of (5.3). Turning to the Malliavin derivative of X
first observe that DX(z 1)/
D XF for s # Tj,. Assuming first that T), < s < (iy, +1)/n, we have for u € [s, (i +

(1k+1)/n

+1)/n7 we

€ L%([ix/n, (i + 1)/n]) and so we just have to explicit

DSXz’k:a(s,Xf’k)—i—/ b’(v,Xf”“)Dst’kdv—i—/ d (v, XD, X%k aw,

and then D X0k = Y0+ YOk ~1a(s, X0F).
Now, if Zk/n < s < Ty, we have for u > s

D X0F = a(s, XOF) + (X35 0)DXT" 1usm,

+/ b’(v,Xjk)DSXﬁvde/ d (v, X*YD X0k dw,,

and we deduce that D X%F =Yk (1 4 c’(X%"kf,0)1uZTk)(Y59’k)’1a(s,Xf’k).
It follows that:

DX ) = Yo (4 (X2 0)1ear ) (VF)  als, XOF). (5.7)

From (5.6) and (5.7), we obtain

(YR YR~ (14 ¢ (X, 0)Lsem)als, XEF)E(X7" . 6)

Ok NI _
Heern B et = B ) 22, X1+ X 0Lz,

— proik, (5.8)

and the Lemma 5.2 is proved. O

In the next lemma, we explicit the conditional expectation appearing in the decompo-

.0, T
sition of Lo (&, &t 2 ).

Lemma 5.3. Assuming H1 and H2, we have

(y =z — c(x,0))é(x, 0)

x, T,k n,0,k _
BT (o(P™ )|X(zk+1)/n y) = DO (z)

x, T,k n,0,k
+ E (@ |X(1k+1)/n: Y)
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with

(5.10)

+ a? (Z_k,x—i—c(xﬁ)) (Zk +1 —Tk)
n n

Vp > 1 (Em,T,k|Qn,9,k|P)1/P <C,

and where Q™% satisfies

for a constant C, independent of x,n and 0.

The first term in the right-hand side of (5.9) is the main term and we will prove later
that the contribution of the conditional expectation of Q™%* is negligible.

Proof. We first give an approximation of the process P™%* which depends on the po-
sition of s with respect to the jump time T}. We have:

n 0,k Tk 0.k
-PS 0.k — ((1 + C/(Xik/n7 9))&(5,)(7%/”) 1[1k/n7Tk](S)

Ik 0k 0,k 20,640
ta (g’ XN 4 e(X 9)) L7y (ir+1) /) (8)> (X, s 0)
i (5.11)

ik /n

+UmOk

where D"’G’k(Xi_’l/Cn) is defined by (5.10) and U™%* is a remainder term. We deduce then
that

5(Pn,9,k) _ <(1 —|—C/(X.9’k 0))0,(%,)(?”“ >(VVT;C - Wz’k/n)

ir/n’ i/n

+ a(—k, XIh (XK 9)) (Weir+1)/n — WTk)) {X770)

n 1k/n ik /m’
0,k ( 30,k (5.12)
/DX )
+ 5(Un,0,k).
Now, we can approximate X Zf}f 1) /n in the following way:
0,k Ok 0,k ik 0.k
X(ikJrl)/n = Xik/n + C(XTF» 0) + a(g’ Xik/n> (Wr, = Wi, n)

ik/m ik/n’

{ n
+a (g’“,xev’“ + (X" 0)) (Wi 1)/m — W) + RPOF,
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but observing that

(X7, 0) = (X}, 0) + ¢ (X7, O)a (%,Xf,;’;n) (Wr, = Wiy ) + Ry

)

we finally obtain

0.k 0k 0.k 0.k ik 0.k
Xiertym = Xipn X, 0) + (L4 (X0, 9))“(5’ Xn-,/n) (Wr, = Wi /)
. (5.13)
? n v
+ a(gk’ka’]/cn + C(XZGAJ/Cn’ 0)> (W(ik-'f‘l)/" - WTk) +R 0k
with R0k = RPOF 4 RO,
Putting together (5.12) and (5.13), this yields
0,k 6,k 0,k Ok
6([_)77,,9,]6) _ ( (ix+1)/n — Xik/n B C(‘Xvik/n7 9))C(X7'k/n’ 0)
; DoKX )
. ’ (5.14)
(X 0)
_ prbik K/ - +5(Un,0,k).
Dn,@,k(X‘ r/ )
/N
Letting Q™%* be the random variable defined by
(X0
n,0,k _ n,0,k\ _ pnk___\ dk/n’7)
Q =0(U )—R D"ﬂvk(X,e”/“ 5 (5.15)
/N

where U™%* and R™%* are, respectively, defined by (5.11) and (5.13), we deduce easily
the first part of Lemma 5.3. It remains to bound E*T*|Qm% kP vp>1.
We remark that from H1 and H2

(X7 0)]
< —*—— <nC (5.16)
Dn,@,k(X‘r )

ik/n

for a constant C' independent on n, k and 6. Moreover, we have

1/
(E sup |Xf’k—X0’k |p) p< Cp

i —= and
i /n<s<Tj— ik/n = \/ﬁ ( )
5.17
(E sup | X0k _Xe,k|p)1/p - &.
Dsssrvm 0 ) T/

So, one can easily deduce that, assuming H1,

(Ew,T,k|Rn,9,k|P)1/P < Cp/n,
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and combining this with (5.16), we derive

. 0.k
e(X0 .0 P
Eﬂ”’”(|R"’9”“I7| al) ) <a
Turning to 6(U™%F), we first recall that, from the continuity property of the divergence
operator (see Nualart [21], Proposition 1.5.8, page 80), we have

xT n 1 n n
(B=THsU™0 ) PYYE < Gy (JU™OH||, + [|DU™H]), (5.18)
where
(ix+1)/n 9 p/2
ooy = ek ([ respas) (5.19)
7k/ﬂ

(ix+1)/n  p(ix+1)/n ) p/2

| DU™ |7 = ET”(/ / |D,U™%¥| dsdv) . (5.20)

To bound U™%F, we first observe that from (5.19)
1 p/2
”Un,e,k”Z < (_) Em,T,k sup |U;7,,0714|P7
n in/n<s<(ir+1)/n

so we just have to prove

1/p
(Em,T,k sup |U;’L,0,k}|p) < Cp\/ﬁ (521)

i /n<s<(ip+1)/n

The error term U™%* is defined by (5.11) as the difference between P%"™* given in (5.8),
and an explicit ratio:

ok (1+ (X", 0)1an (s, XIF)e(XT" ,0)
Tyt I N e X (0 (X ) e, ) du

_ ((1+C(Xf Tnr0))a < ka’;n>1[ik/m](s)

(X0 4 o0 i () ) XL 0)

n,0,k 0,k
/D (Xik/n).
Since ¢ and ¢ are bounded, we see easily from (5.17) that the difference between the
numerators is of order 1/4/n. Now, we remark that
0,6v,0.k 0.k —2 _ 1) /P
(B swp YR oap) s (5.22)
ik /n<sul(ig+1)/n

Gy
\/ﬁ?



18 E. Clément, S. Delattre and A. Gloter

and that, using the non-degeneracy assumption H2

(Et1)/m 0,k\—2 2 0,k 10 v 0.k 2
/ ) (Yuv ) a (U,Xu’ )(1 +c (XT;_,H)luSTk_) du
/N

(5.23)
< @’ min(1,a?)

NSUDP;, /n<u<(ipr+1)/n (YUQ’k)Q .
So, combining (5.4), (5.16), (5.22) and (5.23), we obtain

1

Esup‘ - -
< s Yﬁkky“f“*“/( Y ) =202 (u, X0F) (1 + ¢ (X5E,0) 1<, )? du
1
 prbk(xOF )

:D> 1/p
ik/n
< Cpv/n.

This proves (5.21) and consequently

[T, < Cp. (5.24)

It remains to bound the Malliavin derivative of U™%*. From (5.11) and (5.8), we have
for v € [ig/n, (ix +1)/n]

n,0,k __ n,0,k __ -0,k 6.k 0,k
DU = Do PE = DXy im0 D Xy )-
Under H1, the Malliavin derivatives of X(l +1)/n and D X(l’ 1y A€ bounded in LP.

Turning to the inverse of the Malliavin variance-covariance matrix v**, given by (5.5),
we have

0,k __ 1

v By 0k 0.k 0.k 0.k
Uy (VR 202 (u, XEPY (L + ¢ (XGE L 0)Luer, )2 du

and from (5.4) and (5.23), it is easy to see that

(Em,T,k|,y97k|p)1/p§nCP and
(5.25)

1/p
(ETTk sup |Dy'ye’k|p) < nCy,.
ip/n<v<(ix+1)/n

Putting this together, we obtain

1/p
(ETTk sup |D1)U;7"9’k|p) <nC,
ix/n<s,0<(ix+1)/n
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and then
DU, < Cp. (5.26)
From (5.18), (5.24) and (5.26), we deduce

xr n 1
(E ,T,k|5(U ,0,k)|P) /p < Cp,
and the Lemma 5.3 is proved. O

The bound on Q™%* given in Lemma 5.3 is not sufficient, since to obtain the
LAMN property, we have to compute the conditional expectation with x = X f)‘c /n and

y=X\ So we complete the Lemma 5.3 with the following bound.

(ix+1)/n"

Lemma 5.4. With the assumptions and notations of Lemma 5.3, we have for 6 such

that |0 — \| < C/y/m

EmTk|EmTk(Qn0k|X X()\ikJrl)/n)'écl’

lk+1 /
where the constant C' is independent of x,n and 6.
Proof. We first remark that

z, T,k |z, T,k (yn,0,k
ETDEETDE(Q™ |X(1k+1)/n_X(7k+1)/n)|

@, Tk | yn,0,k| P i i+ 1 0.k
< pe Qe (M BT X )

(5.27)

From Holder’s inequality and Lemma 5.3, we obtain for p > 1, ¢ > 1 such that
1/p+1/q=1,

z, T,k px, T,k (yn,0,k
E |E (Q |X(1k+1)/n - X(lk+1)/n)|

y (5.28)
A, T ; ; q q
<G (EJC’TJC (p 0,7 (Z_k’ e 1 X(ikﬂ)/n)) > )
pY n n k
and the result of Lemma 5.4 reduces to prove that there exists gg > 1 such that
A, T ; ; q0
ek (P [k i+ 1 o,k
E < 0T (ﬁ’ - ,x,X(iHl)/n)) <C, (5.29)
where C is independent of n, x and 0. We can write:
Ew:Trk p)‘k’T Z_k ik + 1 x Xe k "
T \n’ n (ir+1)/n
(5.30)

ie ip+ 1 % ie ip+1 1=
=/p“"T<—k, s afy) p“(—k, s xy) dy,
n n n n
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and we can express the transition pG’T(%, %, x,y) by decomposing it in terms on the

transitions of a diffusion without jump on the time intervals (%,T}) and (T}, &t1)
n n

e 0 1 ; ; 1
0T (E, Ut ,x,y) :/p97T<z_k’Tk,x,z)p97T (Tk,zk—’— ,z—|—c(z,0),y) dz.  (5.31)
n n

n n

Now, assuming H1 and H2, we have the following classical estimates of the transition
probabilities of a diffusion process (see Azencott [5], page 478), for some constants C, Cs:

C1G<x,QQ(T —Z—k)2> <p0’T<Z—k,Tk,x,Z> <CzG<w762<T —Z—k>2)
n n n
- _—
ClG<z+c(z,9),Q2(Zk: —Tk),y)SpQ’T<Tk,Zk: ,z+c(z,9)7y>
i1
SCQG(Z+C(Z,9)7E2<Zk: —Tk>,y>;

where G(m,o?,y) denotes the density of the Gaussian law with mean m and variance
o?. To simplify the notation, we note Opp =Tk — = and alj'n = “‘n—ﬂ — T},. Plugging this
in (5.31), we obtain

o
p”(%,lk: ,w,y>201/G(x,QQ%n,Z)G(ZﬂLC(zﬂ),@go,j,n,y)dz:=Il- (5.32)

We get analogously,

e 1 1
p)""’T<%,Zk: ,x,y) §Cg/G(x,azokjn,z)G(z+c(z,)\k),620,::n,y)dz =15 (5.33)

Observe that, in order to bound (5.30), we have to compute an upper bound for p*+T
and a lower bound for p?7', since 1 — ¢y < 0.

Our aim now is to give more tractable bounds for the transition density p?-7. For this,
we make the following change of variables in the integrals I; and Is defined in (5.33) and
(5.32). We put u=p(2) =2+ ¢(z,0) — x — ¢(x,0). We observe that ¢(x) = 0. Moreover,
from H1 and H2, ¢ is invertible and its derivative satisfies, for some constant cg:

0<a<|¢'(2)|<co
and consequently

1 ) ) 1
—zl < — ) < —|z|.
~J<lpT (@)~ T O] < e

So we obtain, for some constant C

=0 [ GOLop 0 (W) - o  O)G(u+ o+ el ). 00, 0) du
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>C /G(O,Q‘lokjn,u)G(x +c(z,0), a0} ey —u)du (5.34)
=C1G(z +c(x,0),a* Opnta Jkn,y)

Proceeding similarly,

I < CoG(x + ez, \g), coa2akn—|—a okn,y) (5.35)

Turning back to (5.30), it follows that

ETk pA:’TT i—’“,ikﬂ,x,xf;’“ X "
pY n n ik+1)/n

<c / G (2 + e, M), 0 9) GV (2 4 e, 8), 02 ) dy,

(5.36)

1 222 — =2+ 2 A —
where o} = cga“oy,, +a‘oy,, and o, =a‘o,, + a? ak - Since o, + o n=1/n, we

check that a,;n and U]%’n are both lower and upper bound by some constants over mn.
Moreover, we have

Uli,n - Uz,n = (0(2)62 - Q4)O.I;n + (62 - QQ)UlJcr,n

with ¢§ > @ and @* > @, so 0 <o}, /o} , <1.
Turning back to the right-hand side term of (5.36), we have to bound

o d0(y—z—c(x,7r))?/ (20} ,.) o= (1=q0)(y—z—c(2,0))*/(20% ,,) 4
/ (27‘[0'1;71)(10/2 (27'[013771)(1—%)/2 Y

with 1 < go. First we observe that this integral is finite if go/o} " +(1- qo)/a,% >0,
that is 1 < o <o} ,,/(0},, —0or,,). This choice of go is possible since 0 < o} n/ok n <1
After some calculus, we get

/ e d0(y—z—c(x,7r))?/ (20} ,,) o= (1—q0)(y—z—c(x,0))*/(20% ,,)

(27 )0 /2 (2n02, ) -a0)/2

V2 (@l + (1= a0)/a2,,)
T 2nol )w/2(2m02 ) 0-w)/?

cn:(QOEQO _ ))/( qlo +( QQO))>O.
Uk,no.k,n Uk,n Uk,n

dy

eten(e(e.)—c(zA0))?/2

with
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Recalling that aé’n and az’n are of order 1/n, we observe that ¢, is bounded by some
constant times n and assuming that |0 — \g| < C/+/n, we finally obtain

i, T . . q0
ek (PF (i it 1 0,k '
E <p97T <E’ n ’x’X(z‘kH)/n)) =C

for a constant C’ independent on z, n and 6 and the Lemma 5.4 is proved. g

Lemma 5.5. Assuming H1 and H2, we have:

PoT

/)\A-,Jrhk/\/ﬁpe,T ik ik +1
A n n

A A
= —7Xik/n7X(ik+1)/n) de
k
VXY, 1) = X3 = (X0 M))EXD 0 Ak) o (X 0 )’
nDn,Ak,k(XiAk/n) 2 nDn,Ak.,k(X}\ )

7k/n

= hy +opna(1).

Proof. We deduce easily from Lemmas 5.2 and 5.3 that

/)\k"rhk/\/ﬁ p97T (Zk i+ 1
A

pG’T Ev 7x7y> do

k

B /*Hhk/ﬁ (y—z—c(z,0))é(x,0) |
- \ Dn,e,k(x)

k

Mt/ T,k 0,k v0,k
1 N A GO T

k

with (z,y) = (X()\ik‘i'l)/n’Xi)]\c/n). From Lemma 5.4, the second term on the right-hand
side of the preceding equation tends to zero in probability. Now, from a Taylor expansion

of ¢, we have the approximation for 6 € [\, A\, + hy/+/1]

(y—xz—c(x,0))c(x,0)  (y—a—clx,\i) — (0 — Xg)ée(x, M) e(x, M)

Dbk (z) = Dk () (5.37)
+ ™0z, y).
From H1, and using (5.16), we have V0 € [Ag, A\g + hi/v/7]
c(x,0) e(x, \k) <oV, (5.38)

D0k () o DAk (1)
where C' does not depend on z. So we deduce that V0 € [\g, A, + hi/+/n]

™0 (z,y)| < C(1+ v/nly —x — c(z, \r)])
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for a constant C' independent on x and y. Consequently, it follows that

)\kJrhk/\/_ UON A
A k(sz/er(vk—i-l)/n)de

k

goes to zero in probability as n goes to infinity, and the thesis follows. O

Lemma 5.6. Let us assume HO-H2. Let I,,(\) be the diagonal matriz of size K x K,
and N, (X\) be the random vector of size K, defined by the entries,

c'(X}k/n, A )2 ML) \/H(X();Hl)/n — X;\k/n — c(XMn,Ak))
TR Y n k=
nDmA ek (X;\k/n) nDmAkk (XA

In(Nk =
lk/n)

(5.39)
Then, we have,

with I(X) the diagonal matriz,

(X’]A“k 7)‘k)2
(TkvXTk )[1+C(X%k s Ak )]QUk_Fa‘Q(TkvXI)\“k—_FC(X%k s Ak ))(1_Uk)

TNk =

and U = (Uy,...,Uk) is a vector of independent uniform laws on [0,1] such that U, T
and (Wi)iejo,1) are independent, and conditionally on (U, T,(Wt)iep,11), N is a standard
Gaussian vector in R

Proof. We just have to prove the convergence in law of the couple

(nDn’)\l” (Xvk/n) \/H(X()\ik-l-l)/n - Xi);:-/n — (X 7k/"’ Ak)))-
We have from (5.10)

Ak, 2 "
D k (X7k/n)_ ( sz/n) (1+C(X7k/,n,Ak)) (Tk—g>

) 1
+a2<l_’“7x+c(Xf;€/n,)\k)><Zk+ _Tk)
n n

and from (5.13)

i

Xék.—i-l)/n :Xz);:/n—’—c(Xv);@/n’)\k)—’_(1+CI(sz/n7>‘k)) < zk/n>(WTk Wlk/ﬂ)

+a ( Xlk/n (Xz);c/n’ Ak)) (W(7k+1)/n - WTk) + Rn7)\7k7

where R™** is bounded in L? by C/n (see the proof of Lemma 5.3). So as a straight-

: n,A\k, A A _
forward consequence of Lemma 5.1, we obtain that (nD™"» (Xu/n) \/ﬁ(X(ikH)/n
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A A
Xlk/” - (X

iv /> Ak))) converges in law to

(DM*H(X4, ),
(L4 (X2, ))a(Th, X2, )VURNy +a(Te, X7, + (X3, M) V1 — UpNy)
with
DHM(XR, ) = a® (T, X3, )1+ ¢ (X3, A)]* Ui+ 0% (T, X2+ e(X3, -, i) (1= Uh).

This gives the result of Lemma 5.6. O

As noticed earlier, the proof of Theorem 3.1 follows from the decomposition (5.2) with
n—oo

P(T € T,,) —— 1, and Lemmas 5.5 and 5.6.

5.2. Proof of the convolution theorem

In this section, we prove the Theorem 2.1 and some related results.

We recall the framework described in Section 2.

(Q, F,P) is the canonical product space, on which are defined the independent variables
(Wi)teo,n), T =(T1,...,Tk), A= (A1,...,Ak). The probability P is the simple product
of the corresponding probabilities. From this simple disintegration of the measure P as a
product, we can introduce P* the probability P conditional on A = A € RX. The process X
is solution of (2.1), and we may assume that for any A € R¥ the law of X under P* is equal
to the law of X* solution of (3.1). We recall that Q is the extension of Q which contains
the uniform variables Uy, ...,Uk, and the Gaussian variables, Ny ,..., Ny, N1+7 ceey N}E.

With these notations, the LAMN expansion of Theorem 3.1 writes,

. (5.40)
1
_thz AN, (A —§Zhiln(>\)k+ow(1)
k=1
with
Xz ny)\ 2
(A = Xy /ns Ak) 7
nDn7Ak7k(XiA-,/n)
(5.41)
N\ = \/H(X(ik-l-l)/” — Xik-/" - C(Xik/n7>‘k))

nDn,)\k,k)(Xik/n)
D06y ) = (2 X ) (L € (i ) (T2 )

1k i+ 1
+a <TL lk/n+c( zk/nv)\k))( n _Tk)-
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The Theorem 3.1 states the convergence in law of (I,,(\), N, (\)) to (I(X), N) under P*.
Actually, from the proof of Lemma 5.6, we get the following convergence result under P.

Proposition 5.1. Assuming HO-H2, we have the convergence
(0T — i )i, (VW = Wiy o)) W(Wii1) /n — W) In(A), Nu(A))

25 (Uk)es (VURNE )y (V1= UelNiE ), I(A), N (A)),

law

(5.42)

where N (A) is distributed as a standard Gaussian variable in R . Moreover this conver-
gence is stable with _respect to F, and the last two limit variables can be represented on
the extended space Q) as,

o é(XTk—vAk)Q
T = T X U+ (X AU + T X)L =T 4%
N(A)k _ a(TkaXTk—)(l + c/(XTk—vAk))\/U_ka_ +a(TkaXTk-)V 1- UkNlj. (5.44)

[a?(Th, X1, ) (1 + ¢ (X1, —, Ak))2 Uk + a?(Ty, X1, ) (1 — Uy )12

Remark that the matrix I(A) is not equal to the matrix I°P* appearing in the statement
of the convolution Theorem 2.1. Comparing the expression (2.4) of I°P* with the expres-
sion (3.4) of I(\), we see that in the parametric case, the information is proportional to
(¢(X1,—,M\k))?. This is quite natural. If instead of estimating the “mark” )\ we estimate
the jump, equal to ¢(X7,—,\x) in the parametric model, we can expect that the effect
of (¢(X1,—,\x))? vanishes (by a simple first order expansion of the error of estimation).
This gives some insight on why ¢(X7, —, Aj)? disappears in the expression of I°Pt.

On the other hand, it is not immediate why the expression of the parametric informa-
tion involves the quantity ¢’(X7,_,Ar), which is not present in the expression of I°Pt.
We will see that it is due to the fact that the value of the jump ¢(X7,—, \;) depends on
the unobserved quantity X7, and thus is not a simple functional of the parameter Aj.

If ¢ does not depend on X, the situation is simpler and the proof of Theorem 2.1 is
much easier. For this reason, in the next section we prove the convolution theorem in this
easier setting. The general proof is given in Section 5.2.3 and some intermediate results
are stated in Section 5.2.2.

5.2.1. Proof of Theorem 2.1 when c(x,0) = c(6)

We start with a simple lemma.

Lemma 5.7. Assume HO-H2 then for all A\, h € RE,

h n oo . a7
I, <>\+ %> ~L,(\) =0 in PX probability,

N, ()\ + —) — N, (A) + In()\)l/zh BNy in P probability.
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Proof. This follows easily from the expressions (5.41). O

Assume that J" is a sequence of estimators (based on (Xi/n)i=0,

Vn(J"h = J) 222 7

in law under P.
Then, the Theorem 2.1 is an immediate consequence of the following result.

Theorem 5.1. Assume HO-H3 and that c(x,0) = c(0). Denote C(A) the diagonal matriz
of size K x K such that C(\), = ¢(Ag).
Then, we have the decomposition for all n,

V(" —J) = C(A)L,(A) 2N, (A) + R, (5.45)

for (Rp)n a sequence of random variables with values in RY.
Along a subsequence (n) we have the convergence in law,

(n)—o0

(CA)L(A) 2N, (A), Ry) (CAI(A)TY2N(A), R) = (I)"*N, R), (5.46)
where N = N(A) is Gaussian, and R is independent of N conditionally on I°Pt,
In particular, we have Z =lim,y v/n(J" — J) = (I°°*)"1/2N + R.

Proof. We set R, = /n(J" — J) — C(A)L,,(A)"*/2N, (A) and define,
Ra(N) = V(" = (M )k) = CO L (A) /2N (V), (5.47)

so that R, = R, (A). Since J™ is a measurable function of the (Xi/n)is J = (c(Ax))x and
C(A) are measurable functions of the marks, and from the expression (5.41), we deduce
that R, = fn((Xi/n)i, T, A) for some Borelian function f,.

Using Lemma 5.7 and the expression (5.47), we easily get:

R, (/\ + %) —R,(\) =20  in P* probability for any A, h e RE.

Remark now that by Proposition 5.1 and the convergence of \/ﬁ(j "™ —J), we get that
(Rn)n is a tight sequence of variables.
Hence, we can apply Proposition 5.2 below. We deduce that
(In(A), N (A), Ry) === (I(A), N(A), R),

law

where the limit can be represented on an extension Q x RE of the space KNZ, and the
convergence is stable with respect to (T, A, (W;)ieo,1])- On this extension, the variable
R is independent of N(A) conditionally on (7', A, (W¢)icjo,1], (U )x). This implies (5.46),
and thus the theorem. ]



Asymptotic lower bounds in estimating jumps 27

Proposition 5.2. Assume HO-H3. Let Ry, = f,((X;/n)i, T, A)) € RE where (fn)n is a
sequence of Borelian functions. Set R,(\) = fn((Xi/n)i, T, \), and assume:

o R,(\+ %) —R,(X\) 27250, in P probability for any A, h € RE
o the sequence (Ry,), is tight.

Then, one has the convergence in law, along a subsequence,
((nT% — i), (VR(Wr, = Wi yn))is V(W1 /m — W) In(A), Nu(A), Ri)

(5.48)
—>(nl);oo (Ue)e, WURN ), (V1= URN;T),, I(A), N(A), R).

The limit can be represented on a extension Q x RE of the space Q. On this space, the
variable R is independent of N(A) conditionally on (T, A,(W)iep0,1), (Ux)x). Moreover
the convergence (5.48) is stable with respect to (T, A, (Wt)iep0,1))-

Proof. Consider the joint law of the random variables,

(WTk - Wlk/"))
k=1 K’

VTk —ik/n ) g=1,..,

)k_w,fn,m),Nn(A>,Rn)

(Tv A, (Wi)eeo.n), (0T — g )k=1,.... K> (
(5.49)

<(W(ik+1)/n —Wr,)
(ik + 1)/71 — T

defined on the corresponding canonical product space, endowed with the usual product
topology. From the assumption, all the components of this vector are tight, and thus
the joint law is tight. Along some subsequence, it converges in law to some limit, and
thus (5.48) holds true. The stability of the convergence with respect to T, A, (W})seqo,1]
is immediate. Remark that from Proposition 5.1, the law of the limit

(Ta A7 (Wt)te[o,l]v (Uk:)kzl,...,Ka (Nkj)k:17...7[(a (N;)k:17...7[(7 I(A)7 N(A)a R)

is known, apart for the last component R. It can be clearly represented on an extension
Q x RE of Q.

To determine some information on the law of R, we use techniques inspired from the
proof of convolution theorems in [17].

Consider the following set of random variables defined on the space €2,

G=9(Xs,..., Xs,) with 7 > 1 and (sy,...,s,) €[0,1]",
Gn:g(X[nsl]/na'“;X[nsr]/n)a

KJ:]{(Tl,...,TK), (550)
anl(nTl—il,...,nTK—iK),

M:m(Ala"'aAK)v

where g, k, [, m are bounded continuous functions.
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For (u1,p2) € R*E we set
Pn (Nla ,UQ) = E[eiulan ei/w.Nn () GnﬁLnM] .

Clearly G,, — G in probability, and from the convergence, along a subsequence, of (5.49),
it is simple to show

(n)—o0

$n (Mlv MZ) —>E[eiﬂl.Reilm‘N(A)Gﬁl(Ula (RS UK)M] (551)
By conditioning on the variable A, whose law admits a density, we have

pulin )= [ BN e O NG (N3 (3) 0
]RK

For h € RX, we make a simple change of variable in the integral,

on (i, pr2)
:/ E)‘HL/*/H[ei“l'R"()‘+h/ﬁ)ei“2'N”()‘+h/ﬁ)GnnLn]m(x\—|—h/\/ﬁ)f,\(/\—kh/\/ﬁ) d.
RE

Now the translation is a continuous operator in L' (R) and by assumption A — m(\) fa(\)
is integrable. Thus, we easily deduce,

en (b1, p2) =/

EATR/ VR el B Ot/ V) itz Ne O/ VI G Ly Jm(A) fa (A) dX + o(1).
REKE

From the assumptions, we know the expansion R, (A+h/v/n) = R, () +opa (1), and from
Lemma 5.7, we have the expansion N, () + %) =N, (A) = I,(M\)"?h + opa(1). In these
expansions, all the random variables are only depending on ((X;/,):,T). But, from the
LAMN property, we know that the measures P* and PA"/ V7 restricted to (Xifn)i, T),
are contiguous. Hence, in these expansions, one can replace opx(1) with opain,vm(1).
Then, using dominated convergence theorem, one can get

©n (111, 12) :/ EAJrh/\/ﬁ[eim-Rn(A)eiuz-(Nn(A)*In(A)l/zh)GnHLn]m(/\)fA()\) d\+o(1).
RK

Remark that the random variables appearing in the inner expectation only depend
. . . . n,\+h//n
on the observations ((X;/,)i,T"), and thus the likelihood ratio %(T, (Xijn)i) =

exp(Zn (A, A+ h/y/n,T,(X;/,):) might be used to change the measure,

@n(Mth):/ EA[ei’“'R”O‘)ei’”'(N”(’\)’I”O‘)Wh)ezn()"’\Jrh/‘/ﬁ’T’(X"’/”)i)GnnLn]

E (5.52)
X m(A) fa(A)dA +o(1).
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We deduce,
On (1, i) = Efei#1 B itz (Nn(A) = In (A)/2h) o Zn (M A+ R/ VAT (Xi/n)D) G s Ly M] + 0(1).

But from the LAMN expansion (5.40), one can easily get
Zn(A, A+ 1/, T, (X )i) = h* T (A)Y? Ny (A) = $h* T, (A)h + op(1),

where h* is the transpose of the vector h. Hence, using the convergence in law of (5.49),
and uniform integrability of the sequence Z,, (A, A+h/\/n,T,(X;/,)i), it can be seen that

©n(pi1, p2) (553)

—>(n)_>oo E[ei’”'Rei“2'(N(A)_I(A)l/zh’)eh‘*I(A)I/ZN(A)_h*I(A)h/QGﬁl(M, ., Ug)M].

Comparing the expressions (5.51) and (5.53), it comes V1, pa, b,
E[ei”l'Rei"z'N(A)Gnl(Ul, o, Uk )M
_ E[eim~Reiu2.(N(A)—I(A)1/2h)eh*I(A)1/2N(A)7h"I(A)h/?Gﬁl(Ul’ - Ur)M].
We deduce that Yuq, uo, b, the two following conditional expectations are almost surely
equal,

Elei Rz NI X T (U,)k, Al
_ E[ei,ul~Rei,u2~(N(A)—I(A)I/Zh)eh*I(A)l/zN(A)—h*I(A)h/Q|X, T, (Ui, Al.
But from continuity and analyticity arguments, it can be seen that this equality holds,

almost surely, for any p; € R¥, us € RE b c CK.
Hence, we can set h = —iI(A)~'/2py in the above relation, and find

Elet Rl NN X 7 (U, A] = B[ B|X, T, (Uy), Aje H2H2/2,

This precisely states that, conditionally on (X, T, (Uk)x, A), the random variables R and
N(A) are independent. The proposition is proved after remarking that the Brownian
motion (W;); can be recovered as a measurable functional of X, T, A. O

5.2.2. Intermediate results
The assumption c¢(z,0) = ¢(0) is crucial for the proof of Theorem 5.1. Indeed if ¢ depends
on the jump-diffusion, then Ji, = ¢(X7,—, \x), and instead of (5.47), we have

Ry (N) = vn(J" — (X1, -, \e)k) — C(X, NI (N) 72N, (V),

where C(X,\) = diag(¢(Xr,—, Ar)x). This quantity depends on X7, ~ which is unob-
served. However, the assumption that R, ()) is only function of ((X;/,):,T) is essential
in the Proposition 5.2 (at the step just before equation (5.52)).
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But if instead of R,,(\) we consider
RyP*(N) = V(" = e(Xip s M) = CRP (NI () T2 NG (),

where CSP%(\) = diag(é(Xi, n, Ak)x), then, the Proposition 5.2 can be applied, and we
can prove the following modification of Theorem 5.1.

Theorem 5.2. Let J" be any sequence of estimators such that

(n)—oo0 =

\/ﬁ(f" — (e( Xy s Ak))y) ——

law

for some variable Z. Then, the law of Z is necessarily a convolution,
Z'% (X, MI(A)"V2N(A) + R,

where N(A) is a standard Gaussian vector independent of C(X, A)72I(A), and R is
some random variable independent of N(A) conditionally on C(X,A)"2I(A). A simple
expression for the entries of the diagonal matriz C(X,A)"2I1(A) is

I, = [Una(Ty, X1, )2(1+ (T, X1, )
(5.54)
+ (1= Up)a(Te, X1,)?) ™" fork=1,... K.

Actually, to prove the convolution theorem when the coefficient ¢(x,6) depends on z,
we need a strengthened version of the Proposition 5.2. Indeed, we will show that the
variable R, in the statement of Proposition 5.2, is independent of N conditionally on any
variable that can be obtained as a limit of the observations. This yields some additional
knowledge on the dependence between the variable R and the other variables.

Proposition 5.3. Let us make the same assumptions as in Proposition 5.2. Assume
furthermore that there exist a continuous function ¥ with values in RE and (An)n a
sequence of random variables depending on the observations (T',(X;/p):), such that

Ay = V(0T — i)k, (V(Wr, = Wiy ) W(Wiiy 41y /m — Wr)),)

n—oo

—0 in P probability.

Then, in the description of the limit (5.48), the variable R is independent of N(A) con-
ditionally on (T, A, (We)ero., (Un)e) and W(Us )i, (VIRNG s (V= TR ).

Proof. The proof is a slight modification of the proof of Proposition 5.2. We simply add
to the list of random variables (5.50), the new one S,, = s(A,,), with s being any continu-
ous bounded function. Accordingly, we set oy, (i1, po) = E[el#1 ftn ei”Z'N“(A)SnGnKLnM].
Then, the proof follows the same lines as the proof of Proposition 5.2. g
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5.2.3. Proof of Theorem 2.1. The general case

We prove the Theorem 2.1 in the general situation where ¢(z,6) depends on .

As seen in the previous section, a difficulty comes from the fact that the target of
the estimator J = (AXrp, )i = (¢(X1,—,Ax))r depends on the unobserved value X, _.
We introduce J™ = (¢(X;, /n, Ak))k, and with simple computations, one can write the

following expansion, for any sequence of estimators J ",
V(T = ) = V(T = T3) = & (Xiy pms AVIU(X 7, - = Xy pn) + 0p(1)-

If \/ﬁ(jz — J7) is tight we can use Theorem 5.2 and deduce, lim,) \/ﬁ(jz —J)=Zp =
C(X, M I(A), P NN, — ¢ (X1, -, A)a(Tk, X1, )WTRN; + Ry. After a few algebra,
involving the expressions (5.43)—(5.44), it could be seen that this reduces to the algebric
relation (2.3), with N being some standard normal variable. However by this method, we
cannot deduce the conditional independence of R with N. Indeed, only the conditional
independence of R with N(A) is known, and we have no information about the joint law
of R and N—.

To solve this problem, we consider two new statistical experiments where we add the
observation of the jump-diffusion just before (or just after) the jump. We first state the
LAMN properties for these new experiments. We omit the proof, which is similar to the
proof of Theorem 3.1.

Proposition 5.4 (LAMN property adding the observations before the jumps).
Assume HO, H1 and H2. Denote (p™" & ) the density on R"*2K of the augmented
vector of observations O™ = ((X;/n)i, (Tk)k, (X1,—)i) under P*. For A€ R¥ heRX,
define the log-likelihood ratio Z2"¢ (A, X+ h//n,0?"& ) =In pr A th/vIens (o )

pn)\,aug* (Oaug* )
We have the expansion:

K
Zu(MA+ b/, 0 ) =7 by I3 (A)/2N2E (A),,
k=1

x (5.55)

= 3 DRI (e + o (1),
k=1

where

- C.(XT.fa)\k:)Q
7297 (), = &
n ( )k n DAk, k,aug™ (XTk-—) ’
V(X iy 41y /n — Xr— — (X1 —, i)

aug —_
Nn ()\)k \/nDn,Ak,k,aug_ (Xka) ’ (556)

- i+ 1
Dn)\k,k,aug (XTk.—) _ GQ(TkyXTk— +C(XTK.—7)\I¢))( kn . Tk)-
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Moreover,

(17 (0, N2 () 2225 (120 (1), N ),

law

where 138%¢ (\) is the diagonal information matriz whose entries are

- (X, )2
Jaug — k)
(M) a?(Ty, X1,)(1 = Up)

and N*'¢ s q standard Gaussian vector in RX.

Proposition 5.5 (LAMN property adding the observations after the jumps).

Assume HO, H1 and H2. Denote (p”’)"aug+) the density on R" 2K of the augmented

vector of observations O™’ = (Xi/n)ir (Ti)i, (X1,)k) under PX. For A€ R, h e RE,
. . i + + pn.)\+h/\/ﬁ,aug+ (Oaug+)

define the log-likelihood ratio Z2"¢ (M X+ h//n,0*'¢ ) =In

We have the expansion:

pn)\,aug‘*’ (Oaug+ )

K
Zn(A A+ h//n, 0" ) =3~ I3 (V) Nz (0,
k=1

. (5.57)

— ST RRIEE () 4 opa (1),
k=1

N[ —

where

IaugJr ()\)k = é(Xik/"’ )\k)Q
n nD™ Ak k,aug* (Xip/n) 7
]\faugJr ()\)k = \/H(XTK - Xik,/n - C(Xik/"’ /\k)) (5 58)
l \/nDn7Ak7k7aug+ (X“s/n)

DR (3 ) = (2 X )14 ¢ G (- ).
Moreover,
(T3 (0), NA"T (0) 225 (12087 (1), N,
where T™&" (N\) is the diagonal information matriz whose entries are

B {(Xr, )
a?(Ty, X1, ) (1 + ¢/ (X1, -, M) )2 Uk

Iaug+ ()\)k

+ . . .
and N®8" s g standard Gaussian vector in R¥.
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We now deduce convolution results from these LAMN properties.

Proposition 5.6. Let J" be a sequence of estimator based on the observations of (X;/p )
and denote J" = (¢(Xi, /n, )i Suppose that the sequence Va(Jm =T s tight and
define R2&  and R?L“g+ by the following expansions
V(T = T7) = G (MR (M) 7PN (A) + Ry® (5.59)
V(" =T = G AL ()TN () + Ry (5.60)
where I3"¢ (A) (resp., Isug+ (A)) is the diagonal matriz with entries (13" (A)y) (resp.,

(IZug+ (M) and CS5(A) is diagonal with entries (X ym> i)
Then, we have the convergence in law

V(X (1) n — X1— — (X130, Ak))
V(X1 = X, — (X s M) g REE Rave”)
(5.61)

(n)—o0

[(a(TkvXTk) 1_UkNI:—)k7

(T, Xo—) (1 + ¢ (X7yo—, M) VURN; ) R R,

This convergence holds jointly with (5.42) and the limit variables can be represented on
an extension of Q). On this space, one has, Vk € {1,..., K},

RZ“g* = Rzugi — a(Ty, X7, ) (1 + ¢ (X7—, Ag)) UpNy,
+a(Tx, X1,)v/1— U Ny

Moreover, conditionally on (T, A, (Wy)ieqo,1), (Ur)k> (N} &), the variable R*& s inde-
pendent of (N7 )k. In a symmetric way, conditionally on (T, A, (Wi)eero,11> (Uk)ks (ND)k),
the variable R*™¢" is independent of (N k-

(5.62)

Proof. From the definition of the variables R®"8  and R™&" given by equations (5.59)
and (5.60), we deduce immediately the relations

Va(J" = T") = WX (i, 41y m — X1 - — (X1, Ap))], + RE'E +o0p(1), (5.63)
V(" =T = [Va(Xr, = Xiyjm — c(Xiy no M)y + REE (5.64)

By a tightness argument the joint convergence, along a subsequence, of (5.42) and
(5.61) is clear. The relation (5.62) is a consequence of the equality between the quantities
(5.63) and (5.64).

Now, we can deduce, from the LAMN property (Proposition 5.4), a result analogous to

Proposition 5.2. Hence R*"& is independent of the limit of N2"¢ (A), conditionally on
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(T, A, (Wi)iepo,1), (Uk)k). Moreover, remark that in the experiment O*'8 | the sequence
of variables

Vi Xy, - — X5, m)
a’(TkH X?;C/n)

is observed. But A, — /n(Wr,— — W, ,) converges to zero in P-probability. Showing a

An =

result analogous to Proposition 5.3, we deduce that R*& is independent of the limit of
Nzue (A), conditionally on (T, A, (Wy)tep0,1], (Uk) ks (VURN,, )&)- This shows immediately
that R*"¢ " is independent of (N;) conditionally on (T, A, (Wy)se(0,1), (Ur)k, (N}, i), since
the sigma-fields generated by the two vectors are the same.

The conditional independence between R*e" and (N, )& is obtained in a symmetric
way: one uses the LAMN property of Proposition 5.5, and the fact that the sequence

V(X 41y m — X1,)

Al =
" a(Ty, X1,)
is observed in the experiment based on Oaug’ O

Finally, we are able to prove Theorem 2.1.

Proof of Theorem 2.1. First, we write
V(T = k) = Vn( Ty = T3) = Vn(Jk = T7) (5.65)
= \/ﬁ(jg - 77;) - CI(Xik-/nv Ak)\/ﬁ(XTk* - Xlk/n) + Oﬂ]’(l)'

But the sequence \/ﬁ(j" — J") is tight, and we can apply Proposition 5.6. Using (5.63),
(5.61), and (5.65) we deduce

V(TR = Jg) 2222 —a(Ty, Xy, )¢ (X1, M)V URN; +a(Th, X1y, )v/1 — U NiF + R

law

We write the last equation as

Vn(Jp — Jk)—mTk,XTk WULN; + a(Ty, X1,)\/1 — U N7 + Ry,

where R, = R — (a(Ty, X1, — ) (1 + ¢ (X1, —, A))VTi N, ). Using Proposition 5.6, we
deduce that R is independent of N conditionally on (T, A, (W¢)secjo,17: (Uk k> (N}, i)
From (5.62), we have Ry = Riug — (a(T, X1, )v/T=Ue N5 )i and we deduce that R

is independent of N~ conditionally on (T, A, (Wy)se(0.17, (Uk)i: (N} )i)-
Remarking that N~ and N are independent condltlonally on (T, A, (Wi)efo,1), (Ur)r),

we deduce that R is independent of (N~, N*) conditionally on (T A, (Wi)eer0,1), (Ur)k)-
The theorem is proved. O
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Proof of Corollary 2.1. We introduce the conditional probability PKo = 1({; II{(O})]P’

for any Ko € N such that P(K = Kg) > 0. For any Ko > 0, the sequence y/n(J™ — J) is
tight (for the product topology on RY) under P%°. So, on a subsequence, one has the

~ K
convergence in law /n(J" — J) 1—>Z °, moreover the subsequence may be chosen
aw

independent of Ky from a diagonal extraction argument.
Fix Ky > 1, under the probability }P’K“ the assumptions HO-H3 are satisfied and we
can apply Theorem 2.1 to the Kq first componentb of the vector Z%o. The corollary

follows from the decomposition of the law of Z faw ZKOZO 1{K:K0}2K0. O

5.3. Study of the estimator J": Proofs of Proposition 4.1 and
Theorem 4.1

Proof of Proposition 4.1. For k € {1,...,K}, let us note i, the integer such that
ip/n <Ty < (ir +1)/n. We set Z={i1,...,ix} and consider a variable which counts the
number of false discovery of a jump by the estimator,

n—1

B, = Z I\X(i+1)/n*X1‘/n|Zun1i¢1' (5.66)
=0

For M >0, we define Qp as the event Qps = {sup,¢o 11[[b(s, Xs)| +[a(s, X5)[] < M }.
We have

PH{E, >1}N Q)

< E[ETLlQM]
n—1
= Z (L1X iy ym =X | Zun Ligz L] (5.67)
i=0
-1 (z+1 (i+1)/n
SZ |:{ Xs)dW9+/ b(57X9)d5 Zun}mgkl]
i=0 i/n
—1 (l+1 M
S |:{ Xs) s >un__}mQJW:|~
n
With apr = (a A M)V (—M) one has, using Markov and Burkholder-Davis—Gundy in-

equalities:

(i+1)/n
[ ax

(i+1)/n

M(Sst)

il

o

M
s Zun_ }QQJVI:|
n

M:|
s Zun__
n

i/n
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(5.68)
MNP
§0p<un—7) n=P/? Vp >0

= CynP==1/2) Vp > 0.

Since w < 1/2, we get, from (5.67) and (5.68) by choosing p large enough, >~ ., P({E,, >
1} N Qar) < oo, and by Borel Cantelli’s lemma we deduce that P((),5; U,s,{Ep >
1} N Qar)) = 0. It immediately implies P(((,,>; U,>,{Ep = 1}) N Q) =0 and since
Unrs1 Qu = Q, we easily deduce that almost surely, there exists n, such that Vp > n,
E, = 0. Recalling the definitions (4.1) and (5.66), we conclude that almost surely, if n is
large enough, {i?, .. ,i}i{ } C T and, as a consequence, K,<K.

Now, remark that we have almost surely the convergence, for all k < K,

Xip11)/n — Xig jn —— X1, — X1y~ = (X153, At)- (5.69)

From the assumption A2, we have cA(XTk,,Ak) # 0 and using that u,, — 0, we deduce

that for n large enough, Z C {i’f, s, ZTIL( 1.
As a consequence, we have shown tha't,

almost surely, for n large enough K,=K and i} =i, Vk < K. (5.70)

Eventually, the proposition follows from (4.2), (5.69) and (5.70). O

Proof of Theorem 4.1. We use the notation introduced in the proof of Proposition
4.1: for k€ {1,...,K}, we have iy/n < T} < (i + 1)/n. Let us define for 1 <k < K,
G = X(in+1)/n — Xipn — AX7, and G} =0 for k> K. Using (4.2) and (5.70), we see
that, almost surely, for n large enough, we have Jn—J=aGn. Hence, it is sufficient to
study the limit in law of \/nG".

Consider any K € N such that P(K = Ko) > 0 and define PXo = [;({;;:;(00})]?, the condi-

tional probability. Actually, we will prove the convergence of \/nG™ conditionally on the
event { K = Ky}, to the law of Z conditional on {K = Kj}, which is sufficient to prove
the theorem.

For k> Ky we have G} =0, hence we focus only on the components G} with £ < Kj.

Define (" = {X has at most one jump on each interval of size 1/n}. We have

lim PXo(Q") =1.

n— o0
On ﬁ", the following decomposition holds true PXKo almost surely, for any k < K,
VnGy = alix/n, X, /n)oy ,, +a(Tk, XTk_)a;n +enk,
where

g = VWt = Wi, ), i = V(Wi a1y — Wr),
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T
enk =Vn (a(s, Xs) —alix/n, X;, /n)) AW (5.71)

7k/ﬂ

(ix+1)/n (ik+1)/n
—|—\/ﬁ/ (a(s,Xs) — a(Ty, X1,)) dWs 4+ v/n b(s, Xs)ds.
Ty lk/n

First, we show that e, j converges to zero in PKo probability as n — co. Using A1, the
ordinary integral converges almost surely to zero. It remains to see that the two stochastic
integrals converge to zero.

Using that the jumps times are Fy-measurable, we can write the stochastic integral

Tk
\/ﬁ (a’(s’XS) _a(lk/nasz/n))dWs
ik/n

as a local martingale increment

/0 \/ﬁl[ik/n,Tk] (S)(G(S, XG) - a(ik/n, Xlk/n)) dW@

The bracket of this local martingale is

Ty 5
/ n(a(s, Xs) — alix/n, Xiy )’ ds,

k/T

which converges to zero almost surely, using the right continuity of the process X. We
deduce that \/ﬁfi’;n (a(s, Xs) —a(ix/n, X;, /n)) AW, converge to zero in probability. We
proceed in the same way to prove that \/ﬁfj(ikﬂ)/n(a(s, X.) —a(Ty, X7,))dW, =220
in probability. This yields to the relation, '

VnGl = alig/n, Xy /n) ¥ + a(Tk,XT,C)aZ:n + 05, (1) for k < K.

Using IiI\(/), and the independence between (W3)icjo,1) and 1" under @KO, we can apply
Lemma 5.1. We get the convergence in law, under P¥o,

((Tk)kzl,...,Kw (a;;n)kzlw,’}(oa (a;n)k:L...,Ko’ (Wt)te[o,l])

—— (Th)k=1,....0» (VURNg )1 ks (V1= UkN;j)k:l,,,,,KO, (Wt)iei0.1))-

Since the marks (Ag)g, the Brownian motion, and the jump times are independent, we
have that, under PEo, (a;n,a;n)kSKO converges in law to (vUr N, ,v1— UpN; k<k,
stably with respect to the sigma-field generated by (W4):c(o,1], (Tk)x and (A )x. The limit
can be represented on the extended space Q endowed with the probability P conditional
on K = K.
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But the process X is measurable with respect to i, and we deduce the stable conver-
gence,

VG = alir/n, Xi, m)ay, +a(Tr, Xo)oy,

2% (T, X1 )V URN, + a(Ty, X1,)V/1 — U N,

for k=1,..., Ky, under PKo,
By simple computations, this implies the convergence of (v/nGY})x under P, and the
theorem is proved. O
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