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Abstract

Given a meromorphic linear differential system with an arbitrary
single level » > 1, we build a regular holomorphic perturbation which
preserves the single level and we show that the Stokes-Ramis matrices
of the initial system are limits of convenient products of the perturbed
ones. As an application, we provide an alternative method for the
effective calculation of the Stokes multipliers of the initial system il-
lustrated on two examples. No assumption of genericity is made on
the initial system.

Keywords. Linear differential system, regular perturbation, holomorphic
perturbation, Stokes phenomenon, summability, Stokes multipliers
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Introduction

Throughout the paper, we are given a positive integer » > 1 and we consider
a linear differential system (in short, a differential system or a system) of
dimension n > 2 with meromorphic coefficients of order r + 1 at the origin

0 € C of the form
dY

(A) P S A@)Y | Al) € M(C{a}), A0) £ 0

together with a formal fundamental solution at 0
Y(z) = F(x)zke@0/?)

where



o F(z) € GL,(C[[z]][z7Y]) is an invertible matrix with formal mero-
morphic entries in x,

J
o L=\, +Jy,) where J is an integer > 2, I, denotes the identity
j=1
matrix of size n; and where

(0 1fnJ:1
0 1 0
o, =
: -1
L [0 -+ o0

is an irreductible Jordan block of size n;,

J
1 1
- = | — | I,, where the ¢;(1/x)’ 1 ials of max-
e () (x) ]G:? q; (w) ;, where the ¢;(1/x)’s are polynomials of max
imal degree equal to r with respect to 1/x.

In a very general system (A), the ¢;(1/x)’s may be polynomials in a frac-
tional power in 1/z. However, they can always be changed into polynomials
in the variable 1/z itself by means of an adequate finite algebraic extension
xr — ¥, v € N*, of the variable . The properties in view in this paper
being preserved under such algebraic extensions, we may assume, without
any loss of generality, that the ¢;(1/z)’s read as

q (l) :_%—M—...—% ez IC [zfl].

x xr a1 x
In addition, we suppose

(0.1) F(x) € M,(CJ[[z]]) is a formal power series in x satisfying
F(z) =I,+O0(a"),

(0.2) the eigenvalues \; satisfy 0 < Re()\;) <1 forall j=1,...,J,

(0.3) Ay =0 and ¢; = 0.



Such conditions are not restrictive since they can always be fulfilled by means
of a meromorphic gauge transformation Y +—— T(z)z e~ @(/?)Y where
T'(x) has explicit computable polynomial entries in 2 and 1/x (cf. [1]). Recall
that conditions F(0) = I, and 0 < Re()\;) < 1 guarantee the unicity of F(z)
as formal series solution of the homological system associated with system
(A) (¢f [1]). Conditions A; = 0 and ¢; = 0 are for notational convenience.

The assumption “system (A) has the unique level r” is equivalent to the
conditions

1. ¢; — g, = 0 or with degree r for all j, ¢
(0.4)
2. there exists j such that a;, # 0

Observe that, all over the article, no restrictive assumption is made except
the assumption that the given system (A) has a unique level. In particular,
we never assume that the formal monodromy L is diagonal or the Stokes
values a;, are distinct.

In this paper, we are interested in regular perturbations of system (A) of

the form
r+1 dy € : 1
(A=) g = A% (z)Y with A™(x) = A(x),
T

where € is a holomorphic multi-parameter lying in a polydisc centered at
the unit 1 := (1,...,1) of the C-vector space CP™! for a convenient p > 1.
Besides, we suppose that, for any value of €, system (A€) has, like initial
system (A), the unique level r too.

The main goal of this article is to prove that the Stokes-Ramis matrices!
of initial system (A) are limits of convenient products of the Stokes-Ramis
matrices of perturbed systems (A€).

In a second time, we show how this result allows to build a method for
the effective calculation of the Stokes multipliers of initial system (A) and
we illustrate it on some examples.

'In the whole paper, we call Stokes matrices all the matrices providing the transition
between any two asymptotic solutions whose domains of definition overlap. The name
“Stokes-Ramis matriz” used here is reserved, according to the custom initiated by J.-P.
Ramis ([5]) in the spirit of Stokes’ work, to the matrices providing the transition between
the sums on each side of a same anti-Stokes direction. Thereby, a Stokes-Ramis matrix is
a Stokes matrix, but the converse is false in general.



The organization of the paper is as follows:

In section 1, we recall some basic definitions about the notions of the
theory of summation, such as anti-Stokes directions, Stokes-Ramis matrices,
etc..., which are needed.

In section 2, based on the geometry of the anti-Stokes directions of per-
turbed system (A®), we select some Stokes matrices —defined as finite product
of Stokes-Ramis matrices— which are proved to depend holomorphically on
the parameter € (theorem 2.14) and to converge to the Stokes-Ramis matrices
of initial system (A) when € goes to 1 (corollary 2.15). Let us point out that
such results were already obtained by the author in the case r = 1 with a
more specific perturbation (cf. [6]).

The central point of the proof of theorem 2.14 is proved in section 3.
This one is based, after rank reduction, on an adequate variant of the proof
of summable-resurgence theorem for single-level systems following classical
Ecalle’s method by regular perturbation and majorant series which was given
by the author in [7].

In section 4, we combine the general results obtained in section 2 with the
results of [4,7] to build an alternative method for the effective calculation of
the Stokes multipliers of F (). As an illustration, we develop two examples.

Acknowledgement I would like here to thank Professor M. Loday-Richaud
for all her comments and advice which enabled me to finalize this article.

1 Some definitions and notations

For the convenience of the reader, we recall here below some definitions about
the notions of summation theory which are needed in this paper.

o Anti-Stokes directions

The anti-Stokes directions (i.e., the singular directions) of system (A) (or
of the full matrix F(z)) are the directions of maximal decay of exponentials
el1=90)(1/?) with ¢;—q¢ #Z 0. More precisely, these directions are the directions
determined from 0 by the r*® roots of the nonzero elements of

Q.= {aj,r — Qur 1<5,6< J}

Indeed, according to our hypothesis (0.4) of “single level equal to r”, any
polynomial g; — g, # 0 is of degree r and reads

1 Ajr — Apr 1 .
(gj — qe) (—) = —% +o (7) with a;, —as, # 0.

i T



Recall that the elements a;, — a,, of £ are called Stokes values of system
(A). Notice that condition a;, = 0 implies a;, € Q for all j =1,..., J.

Throughout the article, we refer as a collection of anti-Stokes directions
of system (A) any set (0y)i—o,.. ,—1 € (R/27Z)" formed by the r directions
generated by a nonzero Stokes values of Q (i.e., determined by its 7! roots).

o Summation

Given a non anti-Stokes direction § € R/277Z of system (A) and a choice of
an argument of 0, say its principal determination 0* €] — 2, 0] %, we consider
the sum of Y in the direction 6 given by

Yo(x) = sr0(F) () Y00 ()

where s,.9(F)(z) denotes the uniquely determined r-sum of F at 0 and where
Yo+ () is the actual analytic function Yjg-(z) := 2%e%(/?) defined by the
choice arg(x) close to 6* (denoted below arg(z) ~ 6*).

Recall that s,.»(F') is an analytic function defined and 1/r-Gevrey asymp-
totic to F' on a germ of sector bisected by # and opening larger than /7.

For both practical and theoretical reasons, it is worth noting that it is
often useful to rewrite s,,9(F) in terms of 1-sums (or Borel-Laplace sums):
let us denote by F(t) € M,(C[[t]]) with u = 0, ...,r — 1 the r-reduced series
of F (x), i.e., the formal series which are uniquely determined by the relation

F(z) = FO ") + 2F W) + .+ 27 TFIU(en).

Theqi all the F s are 1-summable in the direction 0 := rf and the r-sum
sr.0(F') is related to the 1-sums sq.9(F' [u]) by the relation

Sra(F)2) = S as10(F 1) (0",

Recall that the 1-sum 31;9(1? [I)(t) is given by the Borel-Laplace integral

OOE’LG
/ F (T)e’T/th
0

where F [¥/(7) denotes the Borel transform of F [ (¢).

2 Any choice is convenient. However, to be compatible, on the Riemann sphere, with
the usual choice 0 < arg(z = 1/x) < 27 of the principal determination at infinity, we
suggest to choose —271 < arg(z) < 0 as principal determination about 0.



o Stokes phenomenon and Stokes-Ramis matrices

When 6 € R/27Z is an anti-Stokes direction of system (A), we consider the
two lateral sums ST;gf(ﬁ ) and ST;9+(f ) of F at 6 respectively obtained as
analytic continuations of sr;g,n(ﬁ ) and sr;gﬂ(ﬁ ) to a sector with vertex 0,
bisected by 6 and opening 7 /r. Notice that such analytic continuations exist
without ambiguity when n > 0 is small enough.

The Stokes phenomenon of system (A) stems from the fact that the sums
Sp:0- (15 ) and s,.9+ (ﬁ ) of F are not analytic continuations from each other in
general. This defect of analyticity is quantified by the collection of Stokes-
Ramis automorphisms

St : Yo+ — Yy

for all the anti-Stokes directions 6 € R/27Z of system (A), where Yy+ and
Yy- respectively denote the sums of Y defined for arg(z) ~ 6* by

Yo+ (2) 1= $pp+ (F)(2) Yoo (x) and Y- () := Sp9- (F)(2) Y00+ ().

The Stokes-Ramis matrices are defined as matrix representations of the
Stg+’s in GL,(C).

Definition 1.1 (Stokes-Ramis matrices)

One calls Stokes-Ramis matrix associated with Y in the direction 6 the mat-
riz of Stg« in the basis Yy+. We still denote it Stg«.

Notice that the matrix Sty is uniquely determined by the relation

Yy-(x) = Yo+ (x)Sto- for arg(z) ~ 6*

2 A holomorphic perturbation

In this section, we build a regular holomorphic perturbation of system (A)
which preserves the single level » > 1; then, based on the geometry of
the anti-Stokes directions of the perturbed system, we select some Stokes
matrices —defined as convenient finite products of Stokes-Ramis matrices—
and we show, on one hand, that they depend holomorphically on the para-
meter and, on the other hand, that they converge to the Stokes-Ramis
matrices of initial system (A).

According to the normalization F(z) = I, + O(z"), the matrix A(z) of
system (A) reads

r—1

J
Alz) = @ [(rajﬂ« + Z k:amx?“—’f) I, +a'L;
j=1

k=1

+ B(x)




where L; := \;I,;, + J,, denotes the 4™ Jordan block of the matrix L of
exponents of formal monodromy and where B(z) is analytic at the origin
0 € C. More precisely, splitting B(x) = [B7*(z)] into blocks fitting the
Jordan structure of L, one has

(2.1) Bi(z) = { O(a") if aj, # ag,

O(ZL‘zT) if Cljﬂa = CL&T

The holomorphic perturbation of system (A) considered below acts both
on the Stokes values a;, # 0 (hence, a fortiori, on the set Q of all the Stokes
values of system (A) and on the anti-Stokes directions of system (A) too)
and on the analytic part B(x).

Recall that a;, = 0 and the nonzero a,,’s are not supposed distinct.
Henceforth, we denote below by wy, ...,w, with p > 1 the distinct values of
the a;, # 0 and we rewrite €2 as

Q={w =0} U{wy —wy; k,0=0,...,pand k # (}.

Notice that wy — wy # 0 for all k # ¢; hence, their r** roots determine all the
anti-Stokes directions of system (A).

Throughout section 2, we shall use the following notations:

Notation 2.1 For any a € C, p > 0, § € R/27Z and n > 0, we denote
below by

e D(a,p) :={x € C ;|xr—al < p} the open disc in C with midpoint «
and radius p,

e D(a,p):={x€C ;|r—al <p}the closed disc in C with midpoint «
and radius p (= the closure in C of D(«, p)),

o ¥y, = {z € C\{0} ; |arg(z) — 0] < n/2} the open sector with vertex
0, bisected by direction # and opening 7,

o D3y, the set of directions determined from 0 by all the points of ¥ ,,
e 3y, ={x € C\{0} ; |arg(z) — ] < n/2} the closure of %y, in C\{0},

e DY, the set of directions determined from 0 by all the points of 3q,,,.



2.1 A perturbed system

We consider below a perturbation of system (A) of the form

ay
€ r+1 — A€
(A®) g A (z)Y

where

p+l
(1) the parameter € := (e, ..., £, €p41) lies in a polydisc D, := HD(l, Pk)
k=1

of CP*L; precise conditions on the p,’s are given below,

(2) for all € € D,, the matrix A°(x) reads

J r—1
Af(x) = @ [(mjr + Z kamxrk) I, +a2"Lj| +ep1B(x)
j=1 k=1
with _
air . { wo =0 ifaj, =wy

WEEk ifa;, =w, and k € {1,...,p}

Notice that systems (A®) depend holomorphically on the parameter € and
coincide with system (A) for e = 1 := (1,...,1) the unit of CP*1.
Notice also that

wirek € D(wy, |wi| pr) forall k=1,.. p.
Consequently, the radius p,’s, k = 1, ..., p, being chosen so that conditions
(C1) D(wp, |wk| pr) N D(wy, |we| pe) =0 for all k, £ =1, ....p and k # ¢,
(C2) 0¢ D(wy,|wk|pr) forall k =1, ..., p,

be verified (such choices exist since the wy’s are distinct in C\{0} for all
k), system (Af) has, for all € € D, the unique level r and has for formal

fundamental solution the matrix Y ¢(z) = F¢(z)2Le@ (/") where
o F<(x) € M,(C[[z]]) is a formal power series in z satisfying F'<(0) = I,

e [ is the matrix of exponents of formal monodromy of initial system

(4),



1 - 1
o ()¢ (E) = @ 4 <E> I,; with
7j=1
e (1 QG Qo1 aj,1 —1~,—1
Gl=o)=—"Z " .. ———=ca Clal]
T x x T
In other words, ¢5(1/z) is equal to
0 if ajr = Wo

WEEE  Qjr—1 asi .
—L—...—% ifaj, =wy and k € {1,...,p}

x" xr—l

Observe that, like systems (A¢) and (A), the two formal fundamental solu-
tions Y ¢(z) and Y (z) coincide for € = 1. Observe also that, for any € € D,,
Y ¢(z) has the same normalizations as Y (). In particular, its formal series
factor F ¢(x) is uniquely determined, for all € € D,, by the homological sys-
tem associated with system (A€) jointly with the initial condition F €(0) = L,.
Furthermore, the following condition holds for all € € D,:

o) [0 0w, -va s

— g __ € € — L€
Ujr = Qpp < Ajp = Qgp < G5 = G

Remark 2.2 Unlike the radius pg, £ = 1, ..., p, which must be chosen so that
conditions (C1) and (C2) hold, no condition on the radius p,1; is imposed.
In particular, we can choose it as we want.

Remark 2.3 Conclusions above on systems (A¢) are preserved when we re-
place in conditions (C1) and (C2) the closed discs D(wg, |wk| pr) by the open
discs D(wy, |wi|pr)- Actually, the choice of the closed discs is to guarantee
here that 0 is not an accumulation point for the set of nonzero Stokes values
of systems (A®) when e runs in D,. As we shall see below, this point will
play an essential role.

Let us now denote by ¢ the set of Stokes values of system (A€). By
construction, the set £2° is deduced from the set €2 of Stokes values of initial
system (A) by replacing each nonzero Stokes value wy — w, with the nonzero
element wye, — weey (we set g9 := 1). Hence, for all e € D,

Q° = {wo =0} U{wker —weer 5 k,L=0,...,p and k # (}.

This relation between wnitial Stokes values and perturbed Stokes values
has a translation in terms of anti-Stokes directions.
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Lemma 2.4 Let (0;)k—o,.. -1 € (R/27Z)" be a collection of anti-Stokes dir-
ections of initial system (A).

Let G((0k)) be the set of Stokes values of Q2 generating the collection (6y).
Then, the image of (0y) by the perturbation is the set of all the anti-Stokes
directions of systems (A%), € running in D,, generated by all the Stokes values
wier — weep € QF while wy, — wp € G((Or)).

A more precise version of lemma 2.4 is given in section 2.3, proposition
2.9. Before, we need some geometric features of the set of perturbed Stokes
values.

2.2 Singular discs and singular sectors

Let us denote by

QD,) = (o

e€D,

the set of all the Stokes values of all systems (A®) when e runs in D,. The
goal of this section is to describe some of its geometric features.

1. Singular discs of 2(D,)

As seen before, the perturbation changes, for all € € D), the nonzero Stokes
value wy — wy € €2 of initial system (A) into the nonzero Stokes value wyey, —
weer € QF of system (Af). This brings us to the following definition.

Definition 2.5 (Singular disc of Q(D,))

Given a nonzero Stokes value wy, — w;, € S of initial system (A) (hence,
k # ), we call singular disc of €(D,) associated with wy — wy the subset
D,,—w, C D,) of all the Stokes values wyrer, — wee, € QF of all systems
(A%) when € runs in D,.

Notice that the set €(D,) can be rewritten as
QD) ={0}u| |J D.
weQ\{0}

Notice also that the choice of closed discs in conditions (C'1) and (C2) (cf.
remark 2.3) implies 0 ¢ D,, (= the closure of D, in C) for all w € Q\{0}.

Proposition 2.6 below gives us an explicit form of the singular discs D,,,.
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Proposition 2.6 (Description of singular discs of Q(D,))
Let wy, — wy € Q be a nonzero Stokes value of initial system (A). Let Dy, .,
be the singular disc of 2(D,) associated with wy, — wy.
Then,
Doy—wy = D(wk — We, |wk’ P+ ‘wd Pe)

(we set pg :=0).

Observe that, contrary to the discs D(wg, |wk| pr) (¢f. condition (C1)),
some of singular discs may overlap.

2. Singular sectors of Q(D,)

We denote below by

e O the set of all the directions determined from 0 by all the nonzero
Stokes values of €2,

and, for all 8 € O,

e 2y the set of all the nonzero Stokes values of €2 with argument 6,

o Q9(D,) = U D,, the set of all the singular discs of €(D,) associ-
w€eg
ated with w € Qg. In other words, Qg(D,) collects all the perturbed

Stokes values of €(D,) associated with all the initial Stokes values of
2 determining the given direction 8 € ©.

Figure 2.1 A set Q4(D,)

According to proposition 2.6, all the singular discs D, with w € Qg are
centered on 6. Then, the set Q¢(D,) is symmetrical about 8. This motivates
the following definition.
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Definition 2.7 (Singular sectors of Q(D,))
Given a direction @ € ©, we call singular sector of €(D,) associated with

0 the sector with minimal opening among all the sectors YXg, containing
Q¢(D,). We denote it 3g ,(g)-

0+ n(0)/2
0 /]
0 —n(0)/2

Figure 2.2 A sector ¥g )

Proposition 2.8 below, which states some features of Xg ), stems from prop-
erty “0 ¢ D,, for all w € Q\{0}".

Proposition 2.8 Given a direction 8 € O, the following properties hold:
(a) 7(@) <, i.e., Xg,0) is smaller than a half-plane.

(b) n(@) only depends on the radius pi, ..., p, associated with the initial
Stokes values wy, ...,w,. In particular, n(0) tends to 0 when the py’s go
to 0.

(c) The set DXg ) is the set of directions determined from 0 by all the
points of Qg(D,).

According to proposition 2.8 (b) and calculations below, we suppose,
from now on, that the radius pi, kK = 1, ..., p, are chosen so that the following
conditions be verified:

(C3) for all @ € O, n(8) < g

(C4) for all @ € O, the principal determination 8* of @ and the principal
determination (6 — 1(0)/2)* of 6 — 1(0)/2 satisty

0>0">(0—n(0)/2)" > —2m,
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(C5> igm(g) N i@/m(gl) = (Z) for all 0, 0/ € @, 0 % 0/.

Notice that, once again (cf. remark 2.2), no condition is imposed on the last
radius ppy1.

We are now able to describe the action of the perturbation on the anti-
Stokes directions of initial system (A).

2.3 Perturbation and anti-Stokes directions

The goal of this section is to give a precise description of the image of any
collection (6k)k—o,.. r—1 € (R/27Z)" of anti-Stokes directions of initial system
(A) by the perturbation. To this end, we base on lemma 2.4 and on the
geometric features of the set 2(D,) stated in the previous section.

The main result of this section is the following proposition.

Proposition 2.9 Let (0))i-o.....
directions of initial system (A).
Let @ := rfy (hence, @ = r0 for all k). Then,

r—1 € (R/27Z)" be a collection of anti-Stokes

1. 0 €O,

r—1 by the perturbation is the col-

.....

-----

Recall (¢f. definition 2.7) that 7(@) denotes the opening of the singular sector
of Q(D,) associated with 6.

Recall also (cf. lemma 2.4) that, for all k =0, ...,7 — 1, the directions of the
set DXy, n0)/r are anti-Stokes directions of systems (A€), € running in D,

Proof. Obviously, 6 is the direction determined by the Stokes values of €
generating the collection (0); hence, 8 € © and the set G((fx)) of lemma
2.4 coincides with the set €y of section 2.2. Thereby, the image of (6y) is
equal to the set of directions determined by the 7" roots of the elements of
Qo(D,) (cf lemma 2.4). Proposition 2.8 (c) ends the proof. =

Observe that, like directions 0’s, the sets DYy, ;9)/’s are regularly dis-
tribued around the origin 0 € C.

Conditions (C'3)—(C'5) imply some obvious properties on sectors 3g, ,)/r
which will be useful in the following calculations.

Proposition 2.10 With notations as above, the following properties hold:
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(a) For any collection (0;) of anti-Stokes directions of initial system (A),
if)k,n(@)/r N ie,z,n(e)/r =0 forallk#V¢.

(b) For any collection (0x) of anti-Stokes directions of initial system (A),
the principal determination 0 of 0 and the principal determination

(Ox —1(0)/(2r))* of O —n(8)/(2r) satisfy

0>0; > (0 —n0)/(2r) > =21 for all k.

(¢) For any two distinct collections (0x) and (0,) of anti-Stokes directions
of initial system (A),

iek,n(e)/r N i%m(gq =0 forallk and (.

Figure 3 below illustrates proposition 2.10 for two collections (6;) and
(6) in the case r = 3:

b

77777

contains no other anti-Stokes directions of systems (A€), € running in D,,
except those issuing from collection () under the action of the perturba-
tion. In particular, since systems (A) and (A€) coincide for e = 1, the set
Digkm(g) /r just contains, for all k = 0, ..., —1, the direction ¢;, as anti-Stokes
directions of initial system (A).



15

2.4 Initial vs perturbed Stokes-Ramis matrices

-----

-----

ation. Recall that 8 = rf; for any k (cf. proposition 2.9).

According to condition (C3) and proposition 2.10 above, there exists
n € |n(@),7/2[ such that, for all k =0,...,r — 1,

L. oo no)/r & Zownr & Zog,(n—n)/r E Zogm/rs

2. the principal determination (6 — 1/(2r))* of 0, — n/(2r) satisfies
0> 05> (0x —n0(6)/(2r))" > (O —n/(2r))" > =2,
3. i9k»77/r N ieeﬂ]/r = () for all ¢ #+ k,

4. for any collection (¢;) of anti-Stokes directions of initial system (A)
distinct of (6y),

iekﬂ?/r mi%ﬂ?(g/)/r = @ for all £ = 0, ey T — 1.

O+ (w—m)/(2r)

0.+ n/(2r)

0.+ n(0)/(2r)

0, — (m—m)/(2r)

Figure 2.4 Sector Xy, ,(g)/r and
associated directions

Notice that point 1. results from the choice 1 in |n(@),7/2[ and that
points 2.—4. hold as soon as 7 is close enough to 7(@). Notice also that
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points 3.—4. guarantee that the set DY, , /r contains no other anti-Stokes
directions of systems (A®), € running in D), except those of D3y, ,4)/r-

Let k € {0, ..., — 1} and fix, for now, € € D,. According to points 1.-4.
above, the directions 6y £ n/(2r) are not anti-Stokes directions of system
(A%). Thereby, (cf. section 1, page 5), the r-sums Sr;gkin/(zr)(ﬁ ¢) are defined
and analytic on a same germ of sector ¥g, (r—y) /- Consequently, the sums

Y;ii”/(%)(x) = ST;Gkin/(%)(Fe)(IﬂLeQe(l/x)

are related, for arg(z) € ] <0k — 277—T>*, <<9k — %?) { and x close enough to

0 € C, by the relation

(2.3) Yoemnien (@) = Yo 1 0n (2)65;

The matrix &, € G/ L,,(C) denotes the (perturbed) connection matriz between
Yo jer and Yg o, it i§ uniquely determined by i.dentity (2.3). Further-
more, remark 2.11 and points 1. and 3.-4. above imply that the Stokes

matrix® &j; is defined as a (finite) product of Stokes-Ramis matrices as-
sociated with Y ¢ in the anti-Stokes directions of system (A®) contained in
DX, n6)/r- In particular, for € = 1, we have 652 = Stez the Stokes-Ramis
matrix of initial system (A) associated with Y in the direction 6;. Indeed,
Yo anon (€)= Yotnsan) (x) = Yo (2).

The aim of this section (and of this article) is to study the holomorphic
dependence in € of the Stokes matrices &§. (see theorem 2.14 below). To
this end, we must, first of all, answer the following questions:

(a) Is there a germ X of sector

{x € C* such that (ek - %) < arg(z) < (Qk B néf)) }

on which the r-sums s,.9, +,/(2r)(F'¢) are defined for all € € D,,?

(b) If such a ¥, exists, what can be said about the holomorphy of functions
€ — Sppoay/2r)(F %)(x), x fixed in X7 More precisely, are those
functions holomorphic on all D,?

3¢f note 1.
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As seen in section 1, page 5, we write the r-sums s,., +,,/(2r)(F'¢)(2) as

r—1

(2.4) Sritn/en(FE) (@) =Y 1" s1049/2(F M) (27)
u=0

where the F€*’s denote the r-reduced series of F'¢. Let us admit for the mo-

ment the following lemma which yields some properties on Borel transforms
of the Fels,

Lemma 2.12 Let F=l(7) denote the Borel transform of F€")(t) with respect
to t.

Let V't (resp. V) be a domain in C defined by the data of an open disc
centered at 0 € C and an open sector in C with vertex 0 and bisected by
direction @ +n/2 (resp. 8 —n/2).

Suppose that the closures V™ of V¥ and V= of V™ in C satisfy

V*NnD,=0 and V ND,=10

for all the nonzero Stokes values w € Q (recall that D,, denotes the closure
in C of the singular disc D,,).
Then,

1. Domain V"

(a) For allu = 0,...,7 — 1, the function (1,€) — F (1) is holo-
morphic on VT x D,.

(b) There exist C™, K+ > 0 such that inequality
‘ﬁe[u](T)’ < Otk

holds for allu =0,....,r =1, all T € VT and all € € D,,.
2. Domain V~

(a) For all w = 0,...,r — 1, the function (T,€&) — f‘s[“](T) is holo-
morphic on V=~ x D,.

(b) There exist C—, K~ > 0 such that inequality
‘136[“1 (T)‘ < XN

holds for alluw=0,...,7 =1, all T € V™ and all € € D,,.



18

Observe that the existence of domains V* and V'~ is guaranteed, on one
hand, by the fact that 0 ¢ D,, for all w € Q\{0} (cf. page 10) and, on the
other hand, by the fact that the choice of n implies 8 + /2 ¢ Diglm(gl) for
all @' € © (cf. points 1.-4. above).

We will prove lemma 2.12 (in fact, a stronger statement) in section 3.

The following proposition gives a positive answer to questions (a) and (b)
previously given.

Proposition 2.13 Let k € {0,....,r — 1}.

1. For all € € D, the functions v — sT;gkin/(%)(ﬁe)(x) are all defined
and holomorphic on the sector

5 {x € C | < K, and (Qk_ 1>* < arg(z) < (ek_ @>}

2r 2r
/1 /1
K,:=min | {/ —,«/— |-
where K, mm( e K*)

2. For all x € Xy, the functions € — sr;ekin/(gr)(ﬁe)(x) are holomorphic
on D,.

Proof. 1. Let € € D,. According to lemma 2.12, the 1-sum 51;9+n/2(f‘€[u])(t)

(resp. Sl;g_n/g(f‘ ¢lu))(¢)) is defined and holomorphic, for all u = 0, ...,r — 1,
on the sector

1 1
29+77/2 (F) = {t € (C*, |t| < F and

1 1 " T
e ()= frec < L ou7<TY)
(resp gn/Q(K_) {tE(C,|t|<K_ and |arg(t) 0+2 <2})

Thereby, the choice of 7 (¢f. points 1.-4. page 15) implies that the 1-sums

arg(t) — 0 — g’ < g}

sl;gin/g(f‘ ¢lu])(¢) are defined and holomorphic, for all u = 0, ...,r — 1, on the
same sector

Y= {t € C*|t| < K and (0 — g) < arg(t) < (9 - @)}

where

1 1
K=min|——).
mm(K’K”F)
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Observe that, since constants K+ and K~ are independent of e, sector X is
independent of € too. Point 1. follows from identity (2.4).

2. Fix now = € X;. According to identity (2.4), it is sufficient to show
that, for any v = 0,...,7 — 1, the functions € —— sl;gin/g(f‘ elul)(27) are
holomorphic on D,,.

For all € € Dy, the 1-sums 1,94, /g(f‘e[u])(ﬂ) are given by the Borel-Laplace
integrals

c0ei(6£1/2)

S1,0sn/2(F M) (27) = /

Fell(r)e /" dr = / Giu} (1)dr
0 0

where R R ' '
Gi[u] (7_) — F elu] (7_61(0:&77/2))6—7— exp(z(@:l:n/2))/mT'

Since 7€' @*1/2) ¢ V* for all 7 > 0, lemma 2.12 applies:
e for all 7 > 0, the functions € — @;:EM (1) are holomorphic on D,,
e forall 7 > 0 and all € € D,,
‘ai[u]<7_)‘ < ‘fpe[u](wi(ein/m) o~ Re(exp(i(6+11/2)) /a7)
< e Relexp(i0n/2)/47)=K) . 0p (7).
Obviously, My does not depend on €. Furthermore, the choice “z € 3,”
implying z” € 3, the functions 7 —— My (7) are integrable on [0;+ool.

Then, from Lebesgues dominated convergence theorem, the functions & ——
$1.045/2(F <) (z") are holomorphic on D,. =

We are now able to state the two main theoretical results of this paper.

Theorem 2.14 Let k € {0,...,r — 1}.
Then, the function € — &, is holomorphic on D.

Proof. Let k € {0,...,r — 1} and « € Xj. According to proposition 2.13,
1., the Stokes matrices 65}2 are uniquely determined, for all € € D, by the
relation

(2.3) Yo, —ny2n (@) = Y5, 102 (%) G

where

Yaiin/(%) (.1') = ST’;Gkin/(Qr) (Fe)(w)xLer(l/x)'
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Since € — Q*(1/z) is obvious holomorphic on D,, proposition 2.13, 2., im-
plies that the functions € — Yj# ,/,,(2) are also holomorphic on D,.

On the other hand, for any € € D), the matrix Yy ) (2r) is a formal funda-
mental solution of system (A). Thereby, Y2, ., (z) # 0 for all e € D,
and, consequently, the functions e — Y& ) (x)~! are again holomorphic
on D,,. Identity

&5 = Yor 1ny2n(®) Y5, pyan (@)
ends the proof. m

Theorem 2.14 obviously leads to the following result which tells us that
the Stokes-Ramis matrices Stp: of initial system (A) are limits of the Stokes
matrices 652.

Corollary 2.15 Let k € {0,...,7 — 1}. Then,

e—1

Relations (2.5) will be applied in section 4 with a more specific perturb-
ation in order to provide a method of effective calculation of the Stokes
multipliers of F'(z). Before, let us end the proof of theorem 2.14 by proving
lemma 2.12.

3 Proof of lemma 2.12

Recall that the formal Borel transformation is an isomorphism from the
C-differential algebra (C[[t]],+,-,t*4) to the C-differential algebra (6C @
C[[7]], +, *,7-) that changes ordinary product - into convolution product =
and changes derivation tQ% into multiplication by 7. It also changes multi-
plication by % into derivation %.

Recall also that the formal Borel transform g(7) of an analytic function
g(t) € C{t} at 0 defines an entire function on all C with exponential growth

at infinity.
Lemma 2.12 obviously stems from the following theorem.

Theorem 3.1 Let F=l“(7) denote the Borel transform of F <(t) with re-
spect to t.

Let V' be a domain in C defined by the data of an open disc centered at 0 € C
and an open sector in C with vertez 0.

Suppose that the closure V of V in C satisfies VN D,, = () for all the nonzero



21

Stokes values w of § (recall that D,, denotes the closure in C of the singular
disc D,, of Q(D,), see section 2.2, point 1).
Then,

1. for allu =0, ...,r — 1, the function (1,€) — Fel (1) is holomorphic
onV x D,

2. there exist C, K > 0 such that inequality

Febi(r)| < Cein
holds for allu=0,...,7 =1, all T €V and all € € D,.

Notice that the existence of domain V' is guaranteed by the fact that
0¢ D, for all w € Q\{0} (cf page 10).

Figure 3.1 A domain V and the set of
singular discs of ©(D,)

The proof of theorem 3.1 is based, after rank reduction, on an adequate
variant of the proof of summable-resurgence theorem for single-level systems
following classical Ecalle’s method by regular perturbation and majorant
series which was given by the author in [7].

Remark 3.2 Since any of the column-blocks of F €(x) associated with the
Jordan structure of L (matrix of exponents of formal monodromy of system
(A) and, by construction, matrix of exponents of formal monodromy of any
system (Af) too) can be positionned at the first place by means of a same
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permutation P (hence, independent of &) acting on the columns of Y ¢(xz) 4,

relation

FE(I) _ E‘E[O](xr) +xiﬁe[1](l,r> 4. +xr—1iﬁe[r—1}<xr)

shows that it is sufficient to prove theorem 3.1 in restriction to the column-
blocks f ¢ formed by the first n; (= dimension of the first Jordan block of
L) columns of the F e,

3.1 Rank reduction
Let f ¢(¢) be the rn X ni-matrix of M1, 1, (C][[t]]) defined, for any € € D, by

Feo)
fe@t) = :
Felru(e)

Observe that condition F¢(z) = I, + O(z") implies f €(t) = Linn, + O(1)
where I, ,,, denotes the first n; columns of the identity matrix of size rn.

By definition of rank reduction, the r-reduced system (A®) associated
with system (A®) admits, for all e € D, a formal fundamental solution whose
the first n; columns of its formal series factor are equal to the n; columns
of f=(t) (¢f. [3]). Thereby, normalizations of Y ¢(z) (= formal fundamental
solution of (A°)) implies that f (t) is uniquely determined by the first n;
columns of the homological system associated with system (A€) jointly with
the initial condition fE(O) = I, n,. This brings us to proposition 3.3 below.

Before to state it, recall that the matrix A®(x) of system (A®) reads

J r—1
As(z) = EB [(mjr + Z kaj7er_k) L, +2"L;

where L; = \;I,,, + J,, denotes the j™ Jordan block of L and where B(z) =
[B3(x)] € M,(C{z}) satisfies normalizations

+ epr1B(x)

(2.1) Bi(z) = { O(z") if af, # af,

O(z*) if a5, = af,

for all j,£ = 1,..,J and all € € D,. Recall also that \; = af, = 0 and
ap=0forallk=1,....,r — 1.

4The new formal fundamental solution reads Y ¢(z)P = F&(z)PaP ™ LPP Q% (1/0)P,
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Proposition 3.3 Let us denote by A*M(t) (resp. BY(t)) withu =0, ...,r —
1 the r-reduced series of A®(x) (resp. B(z)).

Then, for all e € D,, the formal series fe@) e M,y 0, (Cl[t]) is uniquely
determined by the system

if ..
(3.1) S = ASOf — tf T,

jointly with the initial condition f €(0) = I,nn,, where the matriz AS(t) €
M, (C{t}) is defined by

A ) Ay tASH (1) T
Ay AO) 5 re1
Aty = | : ~ P uti,
: AT Ay
A7) Al A ]
with
J
Aty = @D (ra§, I, + tL;) + g, BU(t)
7j=1
and
J
ACl (1) @r—uaﬂ uln. —|—5p+1BH() forallu=1,....,r —1.

Furthermore, splitting the matrizc BM(t) = [BM3(#)] e M, (C{t}) into
blocks fitting the Jordan structure of L, normalizations (2.1) imply

. O(t) if aS, # a§
3.2 B4 = { J e 0
(3-2) *) O(t?) if a5, = af,

forallu=0,....mr—1and all 3,0 =1, ..., J.

Let us now denote by fs(T) the Borel transform of f £(t) with respect to
t. In sections below, we shall prove, by applying Ecalle’s method to system
(3.1), that, for any domain V' as in theorem 3.1,

(a) the function (7,€) — fe (1) is well-defined and holomorphic on V' xD,,

(b) there exist C, K > 0 such that inequality )fs(T)’ < Ce¥Il holds for
all 7€V and € € D,.
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Observe that those two points obviously lead to theorem 3.1.

Calculations below are rather similar to those detailed in [7, § 3.2] to
prove the summable-resurgence theorem for single-level systems. Further-
more, they generalize calculations made in [6] in the case of perturbed level-
one systems.

Throughout the rest of the paper, we use the following notation.

Notation 3.4 Given a matrix M split into blocks fitting the Jordan struc-
ture of L, we denote by M7* the j* row-block of M. Thereby, M7 is a
n; X p-matrix when M is a n X p-matrix.

3.2 Regular perturbation

Following J. Ecalle ([2]), we consider, instead of system (3.1), the regularly
perturbed system

df

) t2
(3.3) r o

= Ae(t7 a).f - tf ‘]”1

obtained by substituting «B™ for B for all uw = 0,...,7 — 1 in the matrix
A (t) of system (3.1).

Like in [7], an identification of equal powers in « shows that system (3.3)
admits, for all € € D), a unique formal solution of the form

Felt,a) =3 Fa(t)a"

m>0

satisfying f £(t) = Inn, and fe@) e My, (C[[t]]) for all m > 1. The

following lemma yields some precisions on the f ¢ ’s.

Lemma 3.5 Lete € D,. Split £,(t) = |F °(t), ... F (1) | into r blocks
of size n X ny like fs(t) and denote by
N%[O}jw(t)
fe . (t):= : forallj=1,..J
Far

the rn; x ni-matriz formed by all the j™ row-blocks of the ffi“] (t)’s (see
notation 3.4).
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Then, the components ~fn7j(t) € My, n, (C[[t]]) are uniquely determined, for

allm>1 and j =1,...,J, as formal solutions of systems
2df§%j ere re ry: ry:

(34) rt 7 - Aj mygj tAJ-f m,j €P+1Bj<t>f m—1 " tf m,jJnl
where

r B[O]J§‘(t) tB [T*l]jw(t) .. e B () T

B[l]j?‘(t) B[U]j;-(t) :
: B[O]j”(t) tB[Tflljw(t)
B[rflljw(t) e e B[l]j”(t) B[O]j”(t)

is a rn; X rn-matriz with analytic entries at 0 € C and where the matrices

A5 and A; are the rn; x rnj-constant matrices defined by

[ ras, 0 e 0
o AS — (r=Dajr—1 " - |l @I, and
J . . . 0 J
L a1 s (r=1)aj, ras,
_O a,j’l o e (’]” — 1>a/‘],’f‘—1
. . . . r—1
[} A] = ‘ . ‘ . M ® [nj + @(L] — UInj)
: " aj1 u=0
o - .- 0

Furthermore, according to normalizations (3.2), the following relations

35 Fhaas0=00" aa Fi 0= ok fd 0

hold for allm >1 and j =1,...,J.

Notice that the matrix A7 is invertible when a$, # 0. Notice also that
r—1
relation (2.2) implies AS =0 and A; = @ (L; — ul,,) when as, = 0.

u=0

As a result of relations (3.5), the series f (¢, ) can be rewritten as a
series in ¢ with polynomial coefficients in «. Consequently, f<(t) = f<(¢,1)
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(by unicity of f<(t) and f (¢, 1)) and, for all o, the series f (¢, a) admits a
formal Borel transform ¢°(7, a) with respect to t of the form

(1, a) = 0Lpny + Z‘Pin(ﬂam
m>1
where %, (7) € My, (C[[7]]) denotes, for all m > 1, the Borel transform of
f&.(t). In particular, the Borel transform f ¢(7) reads formally as

~

fe(r) =¢°(1,1) = Zgofn(T) for all e € D,

m>1

The two following results give us some properties of the ¢f ’s. The first
one obviously stems from lemma 3.5.

Lemma 3.6 Let € € D,. Split as before @%,(1) = |@al(7), ..., e (1)

into v blocks of size n X ny and denote by

i ()
P i (T) = : forallj=1,...J
Rt
the rn; X ny-matriz formed by all the j™ row-blocks of the 4,0%“](7') ’s.

Then, for allm > 1, the components @5, ;(7) € My, 1, (C[[7]]) are iteratively
determined, for all j =1,...,J, as solutions of systems

depr, ; d (o
(3.6) R — L =S5, + e (Bj * wfn,1> — P
where @ = 01y p,, ]/3\j denotes the Borel transform of B; and where the

rn; X rnj-matrices RS and S; are defined by

r(r—a5,) O e 0
° Rje — (T' - 1.)aj77’*1 - - : & Inj and
. ‘. . ‘. O
aj1 oo (r=1aj,—1 (T — air)
0 CLjJ s (T — ].)Cljﬂ__l
. . . . r—1
: . ;1 u=0

0 v ... 0
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Lemma 3.6 implies the following proposition.

Proposition 3.7 Let V' a domain as in theorem 3.1.
Then, the function (,€) — %, (7) is holomorphic on V x D, for allm > 1.

Proof. Since the B;’s are analytic at 0 € C, their Borel transforms ]/3\]
are entire functions on all C. Consequently, normalizations (3.2) imply that
the only singularities in C of systems (3.6) are the Stokes values a5, # 0
of ©(D,). Proposition 3.7 follows from the fact that domain V' never meets

Q(D,)\{0}. =
To prove theorem 3.1, we are left to show that

(a) the function (7,€) —— fE(T) = °(1,1) = Zcp;(r) is well-defined
m>1
and holomorphic on V' x D,

(b) there exist C, K > 0 such that inequality )fs(T)’ < Ce¥I"l holds for
all 7 € V and € € D,.

These two points are proved below by using a technique of majorant series
satisfying a convenient system. Of course, there exist many possible majorant
systems. Here, we make explicit a possible one.

3.3 Majorant series

Let v denote the minimal distance between the elements of V ind t_he ele-
ments of (D,)\{0} (¢f. figure 3.1). According to condition “V N D, = ()
for all w € Q\{0}” (¢f. theorem 3.1), we have v > 0.

Let g = [g[o], e g[r_l]} be a rn X ni-matrix split as previously into r
blocks of size n x ny. Let g; denote the rn; X n;-matrix formed by all the
4™ row-blocks of the gl“’s:

g[o}jw
g, = : forall j=1,...,J.
g[r_l]j§.

In the case where g = I, ,,, we simply denote by I/, . in place of g,.

rn,n



28

Let us now consider, for j = 1, ..., J, the regularly perturbed linear system

( Cj(gj - Ign,n1> = (L’ ® Jnj)gj + ngm - 2I£n,n1‘]n1
B;|(t
(3.7) +a(ppi1 + 1)| il )g if aj, =0
( (R; —15;)g; = tg;Jn, + lppia + 1) [By (t)g if aj, #0

where

e |B;| (t) denotes the series B,(t) in which the coeflicients of the powers
of t are replaced by their module,

e (; is an invertible constant rn; x rnj;-diagonal matrix with positive
entries which will be adequatly chosen below (see proposition 3.9),

e R; and S; are the rn; X rn;-constant matrices defined by

v 0 0
Rj = —\a?7r_1| A A : ® I,
: s 0
—lajal - —lajeal| v
and
0 lajal -+ laj,—|
s ; = yAD VEY
Si=| ' ®1nj+@(—3———1 Jnj+Jnj).
: o agy SN A
0 o e 0

Recall that ); denotes the eigenvalue of the j™ Jordan block L; of L.

Notice that the constant p,.1 + 1 satisfies |e,41] < pp+1 + 1 for all € € D,,.
Notice also that system (3.7) depends on the domain V' but not on the
parameter €.

Up to the constant p,;; + 1, system (3.7) is the majorant system used in
[7] to prove summable-resurgence theorem for single-level systems. Hence, by
adapting calculations made in [7, § 3.2.2], we can prove the following lemma.

Lemma 3.8 The Borel transformed system of system (3.7) admits, for a =
1, a unique solution of the form

9(7) = 0Lnp, + Zq)m<7) € Mynp, (C[[7]])

m>1
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which is entire on all C with exponential growth at infinity. Furthermore,
using notations as above, the components ®, (1) € My, n, (C[[T]]) of Prn(T)
are iteratively determined, for all m > 1 and j = 1,...,J, as solutions of
systems:

e Caseaj, =0:
Oy = (1@ 1)@y + oyl + (s + 1) (1Bl # @)

e Case aj, #0:

d®,,
dT

R, =85j®uj + Prnjn, +(pp+1+1) (‘BJ| * Dy, 1)

We set ®¢ := 01y, -

In particular, ®,,(T) is an entire function on all C and lies in M, ,,(RT{7})
forallm > 1.

The following proposition shows that g defines a convenient majorant
series of the f©’s.

Proposition 3.9 Let a be a constant such that |arg(7)| < a for all T € V.
Let

r—1

1 Aju
Cj = max_exp(2a |Im \; \)@ < ~Re (7 - ;)) s

1<5<J

Then, forallm > 1, 7€ V,e € D, and j =1, ..., J, the following inequalities
hold:

(3-8) |05, ()] < @ii(I7])

In particular, the series

g(irl) = _®ullr)

m>1
is a majorant series OffE(T) for any € € D,,.

Proposition 3.9 is proved by applying Gronwall lemma to systems defining
the ¢f, ;’s and the ®,, ;’s. Calculations are similar to those detailed in [7, §
3.2.2] and are left to the reader. However, note that the constant K which
appears in [7] is equal to 1 in our case. Indeed, according to the definition of
domain V', the “optimal” path 7, from 0 to any 7 € V' is here the straigth
line [0, 7].
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Remark 3.10 Like system (3.7), the majorant series g(|7|) depends on do-
main V' but not on the parameter €. This is the key point of the proof of
theorem 3.1 as we shall see in the next section 3.4.

We are now able to prove theorem 3.1.

3.4 Proof of theorem 3.1

Recall that we must prove the two following points:

(a) the function (1,&) —— J?“:(T) = Zcp;(r) is well-defined and holo-
m>1
morphic on V' x Dy,

(b) there exist C, K > 0 such that inequality )}\6(7')’ < Ce¥I"l holds for
all 7 € V and € € D,.

According to propositions 3.7 and 3.9 and remark 3.10, the series

(1,6) — FE(1) = Y5 (7)

m>1
is a series of holomorphic functions on V' x D, which normally converges on
all the compact sets of V' x D,. Hence, point (a).
As for point (b), it stems from inequality ’fe (7')’ < g(|7]) (proposition
3.9) and from the fact that g has exponential growth at infinity (lemma 3.8).

This ends the proof of theorem 3.1.

4 Effective calculation of Stokes multipliers

In this section, we are given a collection (0)x—o. -1 € (R/27Z)" of anti-
Stokes directions of system (A) and we consider, for all k, the Stokes-Ramis
matrix Sty associated with Y(z) in the direction 6), (¢f. definition 1.1).
Split Stg: = [Stég] into blocks fitting the Jordan structure of the matrix L
of exponents of formal monodromy (hence, Stgg is a n; X ny-matrix). Split

E () in the same way and denote by F*¢(z) its £ column-block (recall that
Fei(a) = f(x).
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The matrix Stgg is the identity matrix I,,; of size n; and, for j # £, the
matrix Stég is zero as soon as #;, is not a direction of maximal decay of expo-

nential e(®%~9)1/2)  When 6, is a direction of maximal decay of exponential
el4=a)(1/7) (hence, j # ¢ and the Stokes value a;, — a,,. generates the collec-
tion (%)), the entries of St% are called Stokes multipliers of F*'(x) in the
direction 0y,

The goal of this section is to build a method for the effective calculation
of the Stokes multipliers of F'(x) based on the results of the holomorphic
perturbation of system (A) stated in section 2.

As in section 3 (cf. remark 3.2), we restrict our study to the calculation
of the Stokes multipliers of the first column-block f(x) of F(z). Henceforth,
we denote by st‘ég in place of Stég and we suppose that () is a collection of

anti-Stokes directions of system (A) associated with f(z) (otherwise, sté%’ =
for all k£ and j). Recall that such a collection () is generated by (at least)
one of the Stokes values wy, ...,w, (= the distinct values of the a;, # 0, cf.
the beginning of section 2).

4.1 Stokes multipliers and connection constants

Let € denote the set of Stokes values wy, ...,w,. For any w € Q, we call front
of w the set of polynomials ¢;(1/x) with leading term —w/z". According to
the hypothesis (0.4) of single level equal to r, the front of w is a singleton

where ¢, = 0 or ¢,(1/z) is a polynomial in 1/x of degree < r — 1 and with
no constant term. When ¢, = 0, the Stokes value w € €2 is said to be with
monomial front. Notice that, in the case r = 1, all the Stokes values of (2
are with monomial front.

In the two previous papers [4] (case r = 1) and [7] (case r > 2), M. Loday-
Richaud and the author displayed explicit formulse between the Stokes multi-

pliers of f(x) associated with the Stokes values w € 2 ® with monomial front
(hence, all the Stokes multipliers of f(z) when r = 1) and the connection
constants given, in the Borel plane, by the right analytic continuation (see
[4, § 3.4] for a precise definition) of the Borel transforms f k() at 7 = w.

Recall that such formulse exist too when w has a non-monomial front, but

%4.e., in the directions generated by the Stokes values w € €.
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require to first reduce w into a Stokes value with monomial front by means of
a convenient change of the variable x in initial system (A) (¢f. [7, § 4.3.2]).

Thereby, the effective calculation of the Stokes multipliers of f(z) can be
reduced to the effective calculation of the connection constants of the f (7).
As an illustration, we develop below three typical examples.

Example 4.1 Let us consider the system

. 0 0 0
(4.1) e 1+5 0| Y
X
22 x 3

together with the formal fundamental solution Y (z) = F(z)z%e?1/®) where

0 0
o F(z) = |fa(z) 1 0| € Ms(C[[z]]) satisfies F(0) = I,
* 1

foz) = —2* — Z_ng +0(®) and  f3(z) = 2 + O(a?).

System (4.1) has the unique level 1 and 2 = {1,3}. Then, the direction § = 0
is the unique anti-Stokes direction of system (4.1) associated with the first
column f(z) of F(x). The Stokes-Ramis matrix Sty in this direction reads

1 00
Sto= |st2 1 0
sty x 1

Furthermore, according to [4, thm. 4.3], the Stokes multiplier st3 (resp. st})

~

is related to the connection constant k7 | (resp. k3 ) of f(£) at the point
¢ =1 (resp. £ = 3) by the relation

(1+4)mv/2

(4.2) sty = ——o——ki . (resp. st = 2i7rk:§’7+).

(3
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Since the formal series fo(z) and f3(z) satisfy the equations

dfg AN

242 =z — 72

v dz <1+4>f2 .
d ¥ ~ ~

x2£—3f3:—2x3+3:f2
dz

their Borel transforms f;(ﬁ ) and ﬁ(ﬁ ) are the unique solutions of the system

Hence, for all €| < 1,

~ 4 4

f8) =5 -5~ &)

- —3E2 446 — 124+ 12(1 — €)1/
R =

(we chose a determination of the logarithm such that In(¢) € R for £ > 0).

~

Thereby, the connection matrices K; , and K3 of f(£) at the points £ =1
and £ = 3 are given by

0 0
Kio= |1, =220 40| ad Ky 0 |
5 ki, =—9+274(1+1)

Then, identities (4.2) imply

8

ﬁ

Observe that, in this example, the choice of a triangular matrix for system
(4.1) allows us to explicitly write the Borel transform f(£) and, consequently,
to calculate the exact values of the Stokes multipliers st3 and st3. Of course,
such a case is anecdotal and, in a more general situation, i.e., for systems
for which the matrices are not triangular, such exact calculations are not
possible anymore. Nevertheless, we can always determine an approximation
of the connection constants —hence, of the Stokes multipliers— by using a

technique of successive analytic continuations like shown below.

st2 = st3 = 2im (274 — 9 + 27/4))

(4.3)
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Example 4.2 Let us now consider the system

0 0 T
dY z
(4.4) = 1t5 0 |y
dx T
0 —XT 2+§

together with the formal fundamental solution Y (z) = F(z)z2e@/*) where

o F(x) € Ms(C[[z]]) satisfies F(z) = I3 + O(z).

As in example 4.1, system (4.4) is a level-one system and 6 = 0 is its unique
anti-Stokes direction associated with the first column f(z) of F'(z) (we have
2 = {1,2}). The Stokes-Ramis matrix St, reads

1 00
St[) = St% 10
sty * 1
and, according to [4, thm. 4.3], the Stokes multiplier st2 (resp. st3) is related
to the connection constant k7 | (resp. k3 ) of f(f’) at the point £ = 1 (resp.
¢ = 2) by the relation

(V3 +1)

(4.5) sty = 2/Tkj | (resp. sti = 5 k3 )
r(z
(5)
~ fi() _
Let f(z) = | fo(z)|. Since the f;’s are formal series solutions of the system
fs(@)
. ~
dfi =
2— =
Z A T f3

xQd—ﬁ—<2+£>fg:—fo



their Borel transforms J?J-’S satisfy the differential equations

dF -
digl =—fi+ /s
dfs  ~ 1=
1 —f
€05 =Fi-5h
dfs =
€-2)—F=-fa— —f3
\ dg
R fi(€)
Consequently, the Borel transform f(§) = | fo(€)
7(6)
solution on the open disc D(0, 1) of the system
_1 0 1]
dz 16 1 €
4.6 — = |73 “3eD 0 Z
) G T
§-2 3(§-2) |
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of f(z) is an analytic

which has two regular singular points at £ = 1 and £ = 2. More precisely,

system (4.6) reads near { =1 as

az e
A7) (€D =Gle-DZ withC(e) = | |
0
and near £ = 2 as
d _%
A
(4.8) (£—2)— b =Cy(§ —2)7Z with C5(&) = 5_%—1
0

Notice that C(§ — 1) is analytic on the open disc D(1,1) and Cy(§ —

1
analytic on the open disc D(2,1). Following Wasow (

two matrices

I
SN =
O = O
= o O

T2(6+1)

0

1
2
£

3

0
3

—1

3

E+1

0
2¢

EI(GY)

| 7223
o+|m
[ 3]

wiN

2) is

8]), we consider the
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so that
1 . 1
M1 = Dl Cl(O)Dl = dlag 0, —5, 0 and

2
My := D;'C5(0) D, = diag (0, 0, —§> :

Hence, choosing as before a determination of the logarithm such that In(¢) €
R for £ > 0, system (4.7) (resp. system (4.8)) has for fundamental solution
at £ =1 (resp. £ = 2) a matrix of the form

Zi1(§ = 1) = D1Gy(§ = 1)(E = ™
(resp. Za(§ —2) = DyGa(€ —2)(€ — 2)™?)

where G1(§ — 1) € M3(C{& — 1}) (resp. Ga(§ —2) € M;3(C{¢ — 2})) is
analytic on the open disc D(1,1) (resp. D(2,1)) and satisfies G1(0) = I3
(resp. G2(0) = I3). More precisely,

e the first and the third columns of Z;(£ — 1) are analytic on D(1,1); the
second column of Z;(£ — 1) reads as

0

€=+ (=)~ 1)
0

with g;(£ — 1) analytic on D(1,1),

e the two first columns of Z5(£ — 2) are analytic on D(2,1); the third
column of Z,(§ — 2) reads as

0
I R AR
€ =220

with go(£ — 2) analytic on D(2,1).

Following Cauchy’s theorem, the right analytic continuation of f (still de-
noted f) at the point £ =1 (resp. £ = 2) is a solution of system (4.7) (resp.
system (4.8)). Thereby, there exists a unique matrix

o] 03
Sy:= |o7| € Ms,(C) (vesp. Sy := |03 | € M34(C))

3 3
01 09
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~ -~

such that f(§) = Z1(§ —1)5, for all £ € D(1,1)\{1} (resp. f(§) = Z2(€ —
2)S, for all £ € D(2,1)\{2}). In particular, calculations above shows that
the connection constant k% | (resp. k3_) is equal to o} (resp. o3), and,
consequently, identities (4.5) imply

T(V3+i) ,

sto = 2y/mo? and sty = —7\ 02
r(z
(5)
We are left to evaluate 0 and o3. According to the geometry of the “conver-
gence discs” D(0,1), D(1,1) and D(2,1) (see figure 4.1 below), we evaluate,
on one hand, f(¢) and Z; (£ —1) at the point £ = 1/2 and, on the other hand,
Z1(€ — 1) and Z5(€ — 2) at the point £ = 3/2.

D(1,1)

D(0,1)

Figure 4.1

Then,

-1 -1
Sl = Zl (-%) f(%) and SQ = ZQ (—%) Zl (%) Sl.

Observe that, by definition of the right analytic continuation, Z;(—1/2) and
Z(—1/2) are evaluate at the point —1/2 such that arg(—1/2) = —7. Hence,
one can check that

o] ~ 0.46823766i
o3 ~ 3.05123307 + 2.39083857i

and, consequently,

st2 ~ 1.6598593i
st3 ~ 6.714284368 + 16.68631306:
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This method by successive analytic continuations still holds for systems
with a single arbitrary level r > 2. However, the calculations may be much
more difficult when one of the singular points of 2 generating the collection
(0x) is with non-monomial front.

Example 4.3 Here below, we consider the system

0 0 z?
dy 2
(4.9) S| T e 0y
dx 9 x
0 = 2+ —
2
together with the formal fundamental solution Y (z) = F(z)z%eQ1/®) where
1 1 1 1
e |- | =diag|0,—= — —, —— ] (hence, the system has the unique
x 202 x’ a2

level 2, 2 = {1/2,1} and the front of 1/2 (resp. 1) is non-monomial
(resp. monomial)),

1
e [ = diag <0,07 5),

o F(x) € M;(C[[z]]) satisfies F(z) = I5 + O(a?).

As before, we denote by f(z) the first column of F(z). We also denote by
F M(¢) with u = 0,1 the 2-reduced series of f(x).
Let (0 = 0,0, = —m) be the unique collection of anti-Stokes directions of

system (4.9) associated with f(z). For all k& € {0,1}, the corresponding
Stokes-Ramis matrix Stg, reads

1 00

Stg, = |st;, 1 0

stg’k x 1
We are just interested below in the calculation of the Stokes multipliers stj s
associated with the Stokes value with monomial front 1. According to [7, cor.

4.5], the st} ’s are related to the connection constants /{;{ML of £ 1 (1) at the
point 7 = 1 by the relations

( .
1 2
ot = LHOTV2 TV2, o (4 —4i)T G) Kl

1,4+
(§>
4
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To determine an approximation of the k?ﬂr’s, we can proceed, like in ex-
ample 4.2, by a method of successive analytic continuations. According to

proposition 3.3,
~ O
Fio) = [f [1]8] & My (CI1])

is a formal series solution of the system

00 t 0 0 0
tF1 0 0 t 0
dY 0t 2+L 0 0 0
277 2
=100 o -t o ¢ |Y¥
01 0 ¢t 1-t 0
00 0o 0 ¢t 2-t

By adapting calculations of previous example 4.2, one can check that the
Borel transform f (7) of f (¢) is an analytic solution on the open disc D(0, 1/2)
of the system

—% 0 3- 0 0 0
1 2 1

2r—1 - 21771 03 0 27—1 0
dz 0 2(r—1)  4A(r-1) 0 0 0

4.10 — = 3 1 A
( ) dr (1) 02 0 —12—7_ 2(8 i 5
(2r—12 ~ (2r-1)2 0 2r—1 (27171)2 05

L 0 0 0 0 2(1—1) T 4(r—1)

which has an irreqular singular point at the Stokes value with non-monomial
front T = 1/2 and a regular singular point at the Stokes value with monomial
front 7 = 1. More precisely, system (4.10) reads near 7 =1 as

dz
(4.11) (1—1)—=Ci(tr—1)Z
dr
where C (7 — 1) is the analytic matrix on the open disc D(1,1/2) defined by

R o B 0 0
27+1 - 217+1 03 0 27+1 0
0 = —2 0 0 0
Ci(1) == A ! 3r -
0 0 0 5w T c=5)
r _or 0 T _ 27(3741) 0
(2741)2 (27+1)2 27+1 (27+1)2
| 0 0 0 0 % —;E; ]
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As in example 4.2, we consider the matrix

Dl =

SO =R O OO
g = O O O O
_o O O o O

SO O OO
O O Owivw — O
SO o= OO

so that

3 5)
M, := D;'Cy(0)D; = diag (0,0, ~2.,0,0, —1> -

Then, system (4.11) has a fundamental solution of the form Z;(r — 1) =
D1Gi(1 — 1)(7 — 1) where G1(7 — 1) € Mg(C{r — 1}) is analytic on the
open disc D(1,1/2) and satisfies G1(0) = Is (cf. [8]). More precisely,

e the third column of Z;(7 — 1) reads

(= 1)

+ (’7' — 1)1/49173(7 — 1)

OO O~ OO

where ¢y 3(7 — 1) is analytic on D(1,1/2),

e the sixth column of Z;(7 — 1) reads

+ (7' — 1)_1/491,6(7— — 1)

)5/

where g1 6(7 — 1) is analytic on D(1,1/2),
e the four other columns of Z; (7 — 1) are analytic on D(1,1/2).

Since the right analytic continuation of f(T) (still denoted f(T)) at the point
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7 =1 is a solution of system (4.11), there exists a unique matrix

- 1

51: 1 EM61<C)

0-1 ’

such that f(7) = Zy(r — 1)S; for all 7 € D(1,1/2)\{1}. Thereby, the
. 03 [1)3 :
connection constants k; " and k; ' are given by

kP =0} and K'Y =08

The two constants o3 and o9 can be numerically evaluate in a similar way

as example 4.2 by considering the analytic continuation of f from the disc
D(0,1/2) (= the disc of convergence of f(7)) to the disc D(1,1/2) (= the
disc of “convergence”of Z; (T —1)) through any disc of the form D(1/2—ia,a)
with a > 0.

D(0,1/2) D(1,1/2)

D(1/2 - ai,a)

Figure 4.2

Notice that, for any a > 0, the point « = 1/2 — ia is an ordinary point of
system (4.10); hence, any of its fundamental solution is analytic on the disc
D(a,a). Notice also that the choice of such a disc is due to the fact that
we must bypass the irregular singular point 7 = 1/2 of system (4.10) to the
right to connect D(0,1/2) and D(1,1/2).

The two previous examples 4.2 and 4.3 bring us to the following general
remark.
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Remark 4.4 Let (6;) be a collection of anti-Stokes directions of system (A)
associated with the first column-block f(z) of F(z). Let us assume that this
collection is generated by s > 2 Stokes values of €, say wy,ws, ...,ws with
|wi] < |we| < ... < |ws].

Fix ¢ € {2, ..., s} and suppose that w, has a monomial front (recall that such
a condition can always be fulfilled by means of a convenient change of the
variable x in system (A)). Then, as shown in examples 4.2 and 4.3 above,
the connection constants of the f [I(7)’s at w, can be evaluate as follows:

(a) evaluate all or part of the connection constants at the intermediate
Stokes values wy, ...,w;_1 who have a monomial front,

(b) bypass all or part of the intermediate Stokes values wy, ...,wy_1 to the
right (always those with a non-monomial front and possibly the others).

With a numerical point of view, these two methods pose some problems.
Indeed, point (a) requires to handle fundamental solutions at regular singular
points (see example 4.2) and their numerical evaluations are much more
difficult than those of fundamental solutions at ordinary points. As for point
(b), if it allows to avoid handling fundamental solutions at regular singular
points as point (a) by focusing on fundamental solutions at ordinary points,
it significantly increases the number of intermediate numerical evaluations
which can degrade the precision of the results obtained (see example 4.3).

In section 4.2 below, we build an alternative method for the effective cal-
culation of Stokes multipliers in order to get around all these difficults. This
method is based on a perturbation of system (A) in which each perturbed
Stokes value generates its own collection of anti-Stokes directions.

4.2 Effective calculation and perturbation

We consider here below a collection () of anti-Stokes directions of system
(A) associated with the first column-block f(z) of F(x). As previously,
we denote by € the set of nonzero Stokes values wy, ...,w, of system (A)

associated with f(x). We also denote by €2, the set of Stokes values of
generating the collection ().
The goal of this section is to build a method for effective calculation of

the Stokes multipliers of f(z) in the directions 0y, k = 0,...,7 — 1, when the
cardinal £€,) of Q,) is > 2 (hence, p > 2 too).
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4.2.1 Case of two Stokes values

1. Setting the problem

In this section, we suppose #{)4,) = 2, t.e., just two Stokes values of (2, say
w; and we, generate the collection (). We also suppose, without loss of
generality, that |wi| < |wal.

Then, as collection of anti-Stokes directions of the full matrix F (x), the
collection (6y) is generated by the three Stokes values wy, wy and ws —w; and
possibly by the Stokes values of the form

o w; —wy with w; € Q,), wr & Q) and arg(wy) =rby — 7
or of the form

o w; — wy with w;,wy & Q,), i-e., distinct of wy and wy
if they exist.
2. A perturbed system

Let us now fix § > 0 and let us consider, for all € € [0, ], the system (A°) in
which the initial Stokes value wy of system (A) is replaced by wye™¢. Let Q°
denote the set deduced from € by replacing ws by wee™¢ too. Then, for all
e € [0,0], QF is the set of nonzero Stokes values of system (A¢) associated with
the first column-block f<(z) of F¢(z) (we resume the perturbed notations as
section 2).

Observe that, for § small enough, the set of systems (A°).cjos5 defines
a sub-perturbation Ps(A) of the holomorphic perturbation of system (A)
studied in section 2. In particular, the image of () by Ps(A) is a subset of
corresponding Stokes matrices 682 (see page 16) tend, for all k = 0,...,r — 1,
to the initial Stokes-Ramis matrices Stp: when & goes to 0.

Lemmas 4.5 and 4.6 below allow us to precise this last result by making
explicit the image of (0x) by Ps(A) as well as the form of the matrices &g, .

Lemma 4.5 (Action of Ps(A) on the collection (6y))
Given ¢ € [0,0], the collection (0y) of initial system (A) splits into the fol-
lowing collections of anti-Stokes directions of system (A°):

1. the collection (0y) which is generated by the Stokes value wy and possibly
by all the Stokes values of the form wy — wy with arg(wy) = rfy — 7 or
of the form w; — wy, with w;,wy & Q,) if they exist,
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2. the collection (0 — €) which is generated by the Stokes value woe ¢,
3. the collection (6 .) which is generated by the Stokes value woe e — wy,

4. the possible ¢ > 1 collections (Ox1z), ..., (Oke:) which are generated by
all the Stokes values of the form woe™ ¢ — wy, with arg(wy) = 70y — 7 if
they exist.

Furthermore, for all € # 0, the principal determinations 0* €] — 2m,0] of all
these directions 0 satisfy
2km 2k + 1)

(4.12) R > 0; > 0,“5 . > 0;7&6 > (O — )" > 0,:,6 > — .

for all k=0,....,7 — 1 (the chosen order on the 05 . _ is to fix ideas).

k,s,e

Observe that, among all the collections above, collections (6y) and (0 —¢)
are, for all € € [0, ¢], the unique collections of anti-Stokes directions of system
(A®) associated with fa(x) Moreover, for ¢ # 0, they are both generated by
Just one Stokes value of {2°.

For any direction * of lemma 4.5, we denote by St. the corresponding
Stokes-Ramis matrix. Then, according to inequalities (4.12), the following
lemma holds.

Lemma 4.6 (Description of the Stokes matrices 652)

Let k € {0,....r — 1} and € € [0, 4], € # 0.

Let M be the matriz defined by M, := LSVfEZ’LSLS”sz;M...Stglt‘é’s when the col-
lections (0ys.)’s exist and by M} := I, otherwise.

Then,

We shall now precise the structure of the Stokes-Ramis matrices StS. of
lemma 4.6 above. As before, we split all these matrices into blocks St of
size n; X ny (recall that n; denotes the size of the j™ Jordan block of the
matrix L of exponents of formal monodomy of initial system (A)). Then,
lemma 4.5 implies:

Lemma 4.7 (Structure of the Stokes-Ramis matrices St:.)

Let k € {0,....r — 1} and € € [0, 6], € # 0.

Recall that the a;,’s denote, for all j = 1,...,J, the Stokes values of initial
system (A) associated with f(z).

Then,
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1. Stokes-Ramis matriz Stgz :
° St;%;j = I, for all j,
o St‘;gl =0 as soon as j # 1 and a;, # w1,
. St%;g = 0 as soon as j # £ and ag, = w.

2. Stokes-Ramis matrix Stfe e
k=€)

. Stsgl’j or = In; for all j,

o forj#U¢, St?g;ig)* =0 as soon as a;, # wy or { # 1.
3. Stokes-Ramis matriz St‘fz :

. Stgi;j = I,,, for all j,

o forj#U{, Stajg =0 as soon as a;, # ws O ap, F# W1.

4. Stokes-Ramis matrices Sto. , s=1,..,¢:

k,s,e
o Stzz;ja = I, for all j,
o forj#{, Staje =0 as soon as { =1 or as, = wy.

gj;® ej;1

Let us now denote by st i (resp. stfg” E)*) in place of St (resp.

St%: o) The entries of stey’ (resp. st?’ " y+) for j such that ajﬁ,a = w
(resp. a;, = wo) are the perturbed Stokes multipliers of f(z) in the direc-
tion 0y (resp. O — €).

As a result of the various structures of the Stokes-Ramis matrices St5.
given in lemma 4.7 above, lemma 4.6 and corollary 2.15 imply the following
proposition.

Proposition 4.8 (Initial vs perturbed Stokes multipliers)

For all j € {1,...,J} such that a;, € Qq,) = {w1,wa}, the initial Stokes
maultipliers st]i' of f(z) are related, for all k € {0, ...,r — 1}, to the perturbed
Stokes multzplzers st” * and staj “ e of fe(x) by the relations

Stél = thtEJ’ Zf Qjr = W1

(4.13)

st ; = hmstf]’ - if aj, = ws
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Remark 4.9 In practice, relations (4.13) are rather difficult to apply since
the perturbed Stokes multipliers, like the initial Stokes multipliers, can not
be displayed in general. Nevertheless, proposition 4.8 tells us that, for € small
enough, the perturbed Stokes multipliers provide a “good” approximation of
the initial Stokes multipliers.

As an illustration of proposition 4.8, we shall develop below two typical
examples.

3. Examples

Here below, we revisit the two previous examples 4.1 and 4.2 with the point
of view of the perturbative method. More precisely, we perturb each of
systems (4.1) and (4.4) as above; then we “evaluate” the perturbed Stokes
multipliers and we compare the values of initial Stokes multipliers obtained
by proposition 4.8 with those previously obtained in examples 4.1 and 4.2.

Those two examples illustrate the two situations that may occur with
our perturbative method (see remark 4.9). In the first one, we are able to
calculate the exact values of the perturbed Stokes multipliers for any value of
g; hence, we can apply relations (4.13) as they are. As before, this case is, of
course, anecdotal but it is worth to be treated. In the second one, such exact
calculations are not possible anymore. In that case, we have to calculate an
approximate value of the perturbed Stokes multipliers for some small values
of ¢, say of the form ¢ = 10 with m > 1.

Example 4.10 We consider, for ¢ > 0 small enough, the perturbed system

. 0 0 0
(4.14) e % 0 |y
s .
—223 T 3e™ %

of system (4.1) (¢f. example 4.1) together with the formal fundamental solu-

tion Y ¢(x) = F¢(2)x"e?"(/*) where

1 1 3¢
o ()F (—) = diag (0,——,— € ),
T T T

00
o Fe(z)= |:f§(x) 1 0| € Ms(C[[z])) satisfies F=(z) = I3 + O(a2).
x 1
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System (4.14) has the unique level 1 and its anti-Stokes directions associated
with the first column f¢(z) of F'¢(z) are the direction § = 0 generated by
the Stokes value 1 and the direction § = —e generated by the Stokes value
3e~*. The corresponding Stokes-Ramis matrices St§ and St _ read

1 00 1 00
Stg= st 1 0| and StZ.=| 0 1 0
0 01 st 0 1

where, according to [4, thm. 4.3], the Stokes multiplier st5? (resp. st®2) is
related to the connection constant k?_ (resp. k52_.. ) of f¢(€) at the point

3e~ie 4
€ =1 (resp. £ = 3e %) by the relation

StaZ ( +Z)7T\/_k52
0 3
(2
(%)
As in example 4.1, the connection constants ki? and kS3_,. n
sequently, the Stokes multipliers st§? and st®3, can be explicitly calculate.

More precisely, by adapting the calculations made in example 4.1, one can
check that the Borel transforms f (€) of f5(z) and f (&) of f5(x) read

3
(resp. st = 2imk5- e 1)

and, con-

Fae) =5 - 30 -9

-3¢+ 4E—12412(1 - V!
B 3(€ — 3e)

for all || < 1. Hence,

2v/2

kiZ, = 3 ——(1+19)
RS2, = =977 Fdem — 4 4 4(1 — e

(recall that we chose a determination of the logarithm such that In(¢) € R
for £ > 0) and, consequently,

i
3
3 (| -

st = 2im(—9¢ % + 4™ — 4+ 4(1 — 3e7)1/4)

€2 __
sty” =
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Now, we apply proposition 4.8: the Stokes multipliers st2 and st3 of initial
system (4.1) are given by

sto = limsty® and sty = limst™..
e—0 e—0
Then, we get

i
3
|

which are the same values as those calculated in example 4.1.

stt = and  std = 2im(27/* — 9 + 27/4)

Example 4.11 Let us now consider, for ¢ > 0 small enough, the perturbed
System

0 0 T
dY z
(4.15) P——= |7 1+3 0 Y
dz 2 . T
0 —x 2%+ 3

of system (4.4) (cf. example 4.2) together with the formal fundamental solu-
tion Y ¢(z) = F¢(z)z"e? (/?) where

1 1 2e7f
o () (—) = diag (0,——,— € >,
T T T

o Fe(z) € M3(C[[z]]) satisfies F&(x) = I3 + O(x).

System (4.15) is again a level-one system; its anti-Stokes directions associated
with the first column f¢(z) of F¢(z) are the directions § = 0 and § = —¢
(we have Q° = {1,2e}) and the corresponding Stokes-Ramis matrices St§
and St° _ read

1 00 1 00
Stg=|sts? 1 0| and Sto.=| 0 1 0
0 01 st 0 1

—€

Furthermore, according to [4, thm. 4.3], the Stokes multiplier st5? (resp.

st7) is related to the connection constant kf?, (resp. k32 . ) of FE(©) at
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the point &€ = 1 (resp. £ = 2¢~%) by the relation

(V3 +1)

sty? = 2Tk, (resp. st = k3 . ).

2 2e~ i€ +
) =
(5

To evaluate the connection constants ki%r and k53, o
example 4.2. First, we check that, for all ¢, the Borel transform fs(f ) of

f¢(z) is an analytic solution on the open disc D(0, 1) of the system

we procceed like in

Lo
dz ¢ 1

(4.16) d_f = £T1 _2(5_1)
0 1

O Ml

o 2
&2 327

which has two regular singular points at £ = 1 and £ = 2e~%. More precisely,
system (4.16) reads near £ =1 as

dz
(4.17) (£ - 1>d_§ =Ci((-1)Z
3 3
&1 0 &1
with C1(€) == | 1 -1 0
0 _ § _ 28
£—2e %41 3(£—2e%e41)
and near £ = 2¢7 as
(4.8) (&£ — 26_Z€>d—§ =Cy(&—2e7")7
¢ ¢
with Ca(¢) == 1t 2142 ) 0
0 -1 —2

Notice that C; (£ —1) is analytic on the open disc D(1,1) and Cy(§ —2e7%) is
analytic on the open disc D(2¢™, r.) with r. := [2¢7* — 1] > 1 for all € > 0.
Next, we define a fundamental solution Z$(£ — 1) (resp. Z5( — 2e7%)) of
system (4.16) (resp. system (4.17)) in the same way as in example 4.2 (see
page 35) and we consider the unique matrix S5 (resp. S5) of Mj;1(C) such
that the right analytic continuation of e (&) (still denoted ]?5(5 )) at the point
¢ =1 (resp. & = 2e ) reads f5(€) = Z5(¢ — 1)5¢ for all £ € D(1,1)\{1}

o~

(resp. f€(&) = Z5(€ — 2e7%)S5 for all £ € D(2e7,r.)\{2¢7**}). Then, we
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can check that k?, = 05 the second entry of S§ and k3

So—ic 4 = 033 the third
entry of S5. Hence,

7T(\/§ + 7’) €3

sti? = 2\/70s? and st = 75\ 02
"(3)
3
Following table 4.1 gives us some approximations of o5% and stg* for different

values of ¢ = 107™. All the approximations of ¢§? are calculated, like in
example 4.2, from the relation

1\ '~ /1
si=zi(=3) 7(3)

where arg(—1/2) = —n (we connect the discs of “convergence” D(0,1) of
fa(f) and D(1,1) of Z§ (€ —1) to the right). Notice that the number of inter-
mediate calculations needed for the determination of the connection matrix
S7 is identical to the one of example 4.2 for the determination of the connec-
tion matrix S;. Notice also, by comparing the values of the st§*’s with the
value of st2 obtained in example 4.2, that the perturbed Stokes multiplier
stg? provides a “good” approximation of the initial Stokes multiplier st2 as
soon as £ < 1075.

€ o5? sts?
1071 0.0704 + 0.47437249 0.2496 + 1.6816067%
1072 0.00709 + 0.46829947: 0.0251 + 1.66007841

1073 7.09 x 107* + 0.46823828i 0.00251 + 1.6598615¢

1074 7.09 x 1075 4 0.46823767i | 2.51 x 10~* + 1.6598593i

107° 7.09 x 1075 4 0.468237667 | 2.51 x 1075 + 1.6598593i

1076 | 7.09 x 1077 4+ 0.468237667 | 2.51 x 1076 + 1.6598593:

1077 | 7.09 x 1078 4+ 0.468237667 | 2.51 x 1077 + 1.6598593i

1078 7.09 x 1079 4 0.468237667 | 2.51 x 107® + 1.6598593i

1079 | 7.09 x 10719 + 0.468237667 | 2.51 x 1072 4 1.6598593i

10719 | 7.09 x 10~ 4 0.468237667 | 2.51 x 1010 + 1.6598593;

Table 4.1
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Let us now evaluate the constants o53. For any € > 0, the radius r. =

|2¢7% — 1| of the disc of “convergence” D(2¢™,r.) of Z5(¢ — 2e7%) is > 1.
Thereby, D(0,1) N D(2e™,r.) # () and any value a. of |2 — r., 1] satisfies
ace™ € D(0,1) N D(2e %, r.).

D(0,1)

Figure 4.3

Hence, the matrix S5 is uniquely determined by the relation
S: = Z:((az — 2)e )~ f* (a-e™")

where arg((a. — 2)e™*) = —e — m. Let us choose for example a. as the
midpoint of |2—7, 1[; then one can check that the perturbed Stokes multiplier
st®3 provides a “good” approximation of the initial Stokes multiplier st3 as
soon as ¢ < 1075 Observe here that, contrary to the calculation of the
connection matrix S7 made above, the number of intermediate calculations
needed for the determination of S5 is much lower than the one of example
4.2 for the determination of the connection matrix S,.

By adapting the calculations made above to system (4.9) (¢f. example
4.3), we can evidently get an approximate value of the Stokes multipliers st3
and st> _ of example 4.3. In particular, note that this method allows to re-
place the path of right analytic continuation given in figure 4.2 by a “simpler”
path similar to the one of figure 4.3 and, therefore, to significantly reduce
the number of intermediate calculations needed to determine the adequate
connection matrix.

4.2.2 General case

Let us now suppose that #{,) > 2, i.e., there exist s € {2,...,p} Stokes
values of ), say wy, ws, ..., ws, generating the collection (). Without loss of
generality, we also suppose |w;| < |wa| < ... < |ws].
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The method previously detailed in the case ), = 2 can be extended to
our present case by considering, for € > 0 small enough, the system (A¢) in
which the initial Stokes value wy of system (A) is replaced, for all ¢ =1, ..., s,
by the perturbed Stokes value

w5y = wypex —irg_ 18

Notice that, forall ¢ = 1, ..., s, the Stokes value wj generates its own collection

(-1
<9k — 1€ of anti-Stokes directions of system (A¢).

Then, one can prove the following proposition which generalizes proposi-
tion 4.8.

Proposition 4.12 (Initial vs perturbed Stokes multipliers)
For all j € {1,...,J} such that aj, € Q) = {wi,ws,...,ws}, the initial
Stokes multipliers stgg of f(z) are related, for all k € {0,...,r — 1}, to the

perturbed Stokes multipliers stig;:b . (=1,..,s, of ]?E(x) by the relations
5716
Jie __ 1: gj;e e
stQz = l-li%St(Ok—ﬁja)* if aj, = wy

4.2.3 Conclusion and directions for further research

In the two previous sections 4.2.1 and 4.2.2, we presented and illustrated an
alternative method for the effective calculation of the Stokes multipliers of
f(z) (hence, of the full matrix F'(z)). This method, based on a perturbation
of system (A) in which each nonzero Stokes value of {2 generates its own
collection of anti-Stokes directions, has the two following main interests.

1. It allows to avoid all the difficults stated in remark 4.4 which can occur
with a “direct” method, i.e., without perturbation.

2. It shows that it suffices to build and to develop algorithms to evaluate,
in a given anti-Stokes direction associated with f(x), the Stokes mul-
tipliers associated with the nearest (to the origin 0 € C) Stokes values
of Q.

The construction of such algorithms is a direction of our further researchs.

Another direction of research is related to the perturbative method presen-
ted in this paper: how choose ¢ to guarantee that the perturbed Stokes mul-
tipliers would be approximate values of the initial Stokes multipliers with a
precision set in advance?
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