N
N

N

HAL

open science

Computational Problems in Multiple Scale Analysis

Angelo Luongo, Achille Paolone, Angelo Di Egidio

» To cite this version:

Angelo Luongo, Achille Paolone, Angelo Di Egidio. Computational Problems in Multiple Scale Anal-

ysis. 2013. hal-00795120

HAL Id: hal-00795120
https://hal.science/hal-00795120

Preprint submitted on 27 Feb 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00795120
https://hal.archives-ouvertes.fr

Computational problems in multiple
scale analysis

Angelo Luonge', Achille Paclone® and Angelo Di Egidio’

'Dipartimento di Ingegneria delle Strutture, delle Acque e del Terreno, Universica di
L'Aquila, 67040 Monteluco di Roio, L'Aquila, Italy; *Dipartimento di Ingegneria Strutturale
& Geotecnica, Universich degli Studi di Rema La Sapienza, via Eudessiana, |8, 00184 Roma
Itaky

Abstract

This paper discusses the compuiational problems
that arise in the application af igher-order multiple
scale methods io  general multiresonant
multiparameter  systems.  Complex  amplitude
eguations are first analvtically derived and their
structure analvzed solely in the light of existing
resonance  conditions. A gqualitative study  of the
complex amplitude equations is perjormed, nsing boih
an analvtical and a geometrical approach able io
Jurnish a compleie description of the classes of moiion
admitted by the system and of the structure of the
variational  mairiv. governing  their  siability.  The
problem  of representing the amplitude  equations
using real gquaniities is then addressed. [t is shown
that the use of a mived polar-Cariesiam jorm leads io
a siandard form of eguaiion if suitable Ivpotheses are
satisfied. This form makes it possible o overcome
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problems arising in the stability analysis of (incomplete) classes of motion when the
most popular polar form is used. The final section discusses the reconstitution method,
consisting in alternative techniques that can be used to combine the amplitude equations
on different scales into a unique equation on a single scale. Four classes of method are
considered, based on the consistency or inconsistency of the approach and on the
completeness or incompleteness of the terms retained in the analysis. The four methods
are critically compared and general conclusions drawn. Examples are given to clarify
all the procedures discussed.

1. Introduction

The multiple scale method [1] is a powerful tool for dealing with nonlinear dynamic
problems. It has been widely used in recent decades to study free and forced oscillatory
phenomena [2] and latterly to describe nonlinear normal modes [3]-[6] and postcritical
behavior in bifurcation problems [7]-[11]. It has also been applied to discrete-time
dynamical systems [12].

As is well known, the method consists in solving a chain of ordinary differential
perturbative equations in which the state-variables are assumed to depend on different
independent time-scales. The solvability conditions enforced at each step furnish a set of
equations governing the evolution of the unknown complex amplitudes on each time-
scale. Finally, the solvability equations are combined in a single equation (the so-called
amplitude equation), according to the reconstitution method [13]. The multiple scale
method thus transforms the original multidimensional dynamic system into a smaller
equivalent problem.

In spite of the wide use of the method, some computational aspects are still
unresolved, and have been addressed in the literature over the last few years. The first
question that arises concerns the technique of combining the various solvability
conditions. It has been proposed [14]—[21] that some terms can be omitted and that the
perturbation parameter can be reabsorbed in the amplitude equation in order to obtain a
simpler equation. The consequence of these choices are analyzed in detail and critically
discussed in [22].

A second computational problem regards the transformation of the complex
amplitudes into real quantities. The most meaningful transformation uses of the polar
amplitude-phase representation. However, this leads to real equations that are not in
standard form, giving rise to problems in analyzing the stability of the fixed points at
which some real amplitudes vanish (incomplete motions). Alternative representations to
overcome the problem have been proposed in literature, in particular a purely Cartesian
or mixed polar-Cartesian representation, mostly with reference to specific problems [18],
[23]-[27]. It is shown in [28], where general systems are instead considered, that the
mixed representation leads to standard form equations if certain hypotheses are satisfied,
thus avoiding the problem previously illustrated.

As a further algorithmic problem, one may wish to know in advance (i.e. before
transforming the complex amplitude equations) whether incomplete motions are
admitted by the system and whether or not a standard form of the equations exists. The
problem is addressed in [29], where tools for performing qualitative analysis are
implemented. Two different analytical or geometrical approaches have been developed,
able to furnish a complete description of all the existing classes of motion (i.e. of the



Computational problems in multiple scale analysis 3

invariant subspaces of the amplitude space). The method does not require the elaboration
of the perturbation equations, but only consideration of the resonance conditions; it also
furnishes information on the structure of the Jacobian matrix governing the stability of
each class of motion. It therefore has an intrinsic value beyond merely checking the
existence of a standard form.

The above problems do not of course exhaust the scenario of computational
problems linked to the use of the multiple scale method (or, perhaps, of other asymptotic
methods). For instance, in [30]—[31], the derivation of amplitude equations preserving
the original conservative nature of the system is discussed, in connection with the use of
first- (state-variable) or second-order (mechanical) forms of the differential equations of
motion. They will not, however, be discussed here.

This paper addresses the problems illustrated above and reviews the existing
literature. The paper is organized as follows. In Sect. 2 the fundamental steps of the
multiple scale method are summarized and the amplitude equations derived, according to
both the analytical procedure and a purely qualitative investigation. In Sect. 3 a
qualitative analysis of the classes of motion is first performed, since it does not require
introducing real amplitudes or discussing reconstitution procedures. These aspects are
instead analyzed in Sect. 4 and 5, respectively. Illustrative examples are given in each
section. Finally some conclusions are drawn in Sect. 6.

2. Amplitude equations

2.1 Analytical derivation

Let us consider a discrete dynamical system, depending on a set of control
parameters ¢ and harmonically driven. The equations of motion, expanded around the
equilibrium position (q, 1) = (0, 0), read:

4+ Cq+ Kq = F(q,p) + Eoge™* (1)

In Equation (1) q are Lagrangian coordinates, C and K the (generally non-symmetric)
damping and stiffness matrices, respectively; £y, g and «y are respectively the amplitude,

shape and frequency of the harmonic excitation; F is the vector collecting the nonlinear
forces and the increments in damping and elastic forces due to modifications of
parameters u (i.e. F(0, 0) = F 0, 0) = F,,(0, 0) = 0); finally the dot denotes
differentation with respect the time ¢.

The eigenvalue problem associated with the linear homogeneous part of Equation
(1), evaluated at = 0, reads:

MVE+AC+Kju=0 2
in which E is the identity matrix. The following hypotheses are assumed to hold:
(1) Equation (2) admits N couples of purely immaginary eigenvalues N\, = iw;, associated

with 2N linearly independent eigenvectors u;. Cases of nilpotent matrices are thus
excluded; moreover, the occurrence of zero frequencies (divergence instability) is
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not taken into account. The N eigenvalues of interest are referred to as active
eigenvalues; the remaining ones, which are assumed to have no positive real part,
are considered as passive eigenvalues.

(2) The N active immaginary eigenvalues, together with the external frequency wy, are
involved in S resonance conditions, namely:

N
Z ksnwn = 0 s=1,2..,5 kyn€cZ 3)
neN+

where o; € 1 are small detuning parameters and &+ = {0,1,.., N}. Generally the S
Equations (3) are not all independent, but some of them are linear combinations of

R < S independent conditions [28]—-[29]. If &y = 0 the resonance is called internal, if

ko # 0 it is called external. If S = 1 the resonance is said to be simple, if S > 1 it is
said to be multiple.

(3) The amplitude E, of the external excitation is assumed to be of order 1 if wy # w;,
(k=1, 2, ..., N) (hard resonant excitation); otherwise it is assumed to be small, of

the order of a perturbation parameter &, if it is equal to one of the active frequencies
(soft resonant excitation).

The integer M := N + R, equal to the number of critical eigenvalues, counted in
pairs, plus the number of independent resonance conditions, is referred to as the linear
codimension of the problem, as is usual in bifurcation problems [32]. It is equal to the
number of degeneracy conditions of the linear operator of Equations (1) (see e.g. [22]);
therefore, in the control parameter space, M is the codimension of the manifold on which
the assumed spectral properties (1) and (2) are satisfied.

A solution to Equation (1) is sought for (q, &) — (0, 0). To this end, an ordering of
the (small) parameters ¢ is made:

w=cn, p=0(1), 4)

and the Lagrangian b coordinates are expanded in series of €around £=0 :
q=¢q+eqa+ - (%)

Several temporal scales ¢, = & ke (k= 0, 1, ...) are introduced, so that d/dt = d, +&d; +
&d, +..., with d, == 0/0t,. By substituting Equations (4, 5) in Equation (1), expanding it
and separately vanishing terms with the same powers of &, the perturbative equations are
obtained. In the hard esonant case they read:

Laz = Fo(qu;A) — 2dodiqy
Las = Fa(ai,qz;8) — [2dodiqa + (df + 2dods)q] 6)
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where L := Ed2+Cdy+K and F; denotes the j th-order terms in the Mac Laurin series

expansion of F in terms of q and & Equations (6;) admit the (so-called generating)
solution

q1 = Z An(ty, ta, .. uge™rt 4+ cc. (7)
neN+

where A, is the (constant) amplitude of the forced response, u, the shape, and 4, (n = 1,
2, ..., N) are complex functions of the slow times; moreover, c.c. stands for complex
conjugate and 7 is the imaginary unit. In the soft resonance case the external excitation
must be shifted to a higher perturbative equation in order to prevent q; growing to
infinity.

To solve higher-order perturbation equations, solvability conditions must be
imposed at each step, requiring the resonant terms on the right side (i.e. terms that,

according to Equations (3) are of frequencies «j) to be orthogonal to the N left
eigenvectors v dual of u;. The solvability conditions lead to sets of N non-autonomous

first-order differential equations on scales ¢ %, ... in N unknowns A : = {4, 4, ..., A,,}T .
They assume the following form:

diA = Fi(A, A @) ’
doA = Fa(A,Ag i) + B1(A,Ao; B)d1A + BodiA + B3(d1A)? (8)

where 3, , ; are matrices and F; (i = 1, 2) vectors.

The solvability Equations (8) govern the evolution of amplitudes A on different
slow time-scales. However, they can be combined in a single equation by returning to
the true time ¢, according to the reconstitution method [13]. By accounting for dA/dt =
+ed\ A+ €doA +..., and using Equation (8,) in Equation (8,), it follows that

A = cFi(A,Aoi2) + €2 [Fo(A,Ao; 2) + B1(A, Ag; i)F1(A, Ao; fi)
+82F1,a(A, Ao; B)F1(A, Ao; ) + BsF}(A, Ao; i)] + O (£3) ©)

where an index after a comma denotes differentiation. Equations (9) are known as
reconstituted amplitude equations; they constitute a (generally) small set of differential
equations able to capture the asymptotic dynamics of the original larger system. In this
respect the MSM works as a reduction method, similarly, for instance, to the Center
Manifold Method. Equations (9), however, still contain the perturbation parameter &, so
that they are an asymptotic representation of a reduced dynamical system:

A =G (A Agp) (10)
which is not known in closed form. It is customary to eliminate the parameter £ by

reabsorbing it into the amplitudes and control parameters (i.e., by formally puting €= 1).
The consequence of this choice will be discussed in Sect. 5.
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2.2 Qualitative derivation

Since the amplitude equations are obtained by zeroing resonant terms at each step,
they depend only on the resonance conditions in Equations (3). Therefore, the form of
the amplitude equations (i.e. to within the coefficients) can be predicted before
expanding and solving the perturbation equations. The procedure is useful both to check
the analytical results, and in view of a subsequent qualitative analysis.

The m-th amplitude equation obeys the following simple rule: it contains all the
products (up to the higher nonlinearity accounted for in the analysis) of amplitudes 4,

and their complex conjugate A, so that the sum of the associated frequencies tw, is equal

to wy,, according to all the Equations (3). It therefore has the following form [29]:

Ap =L, (Am,Am (Andn) sy JT Alrme®iost . m=1,2,.,N (11
neENE

in which the parameter & has been reabsorbed, L, is a complex linear operator with

constant coefficients (depending on /), A, =4, (n = 0, 1,..., N) and

N*E = {£0,+1,...,£N}, by formally distinguishing + 0. The exponents /,, € N are
obtained by solving simple algebraic problems [28] — [29].
As an example, if the resonance condition w; = 2« is considered, the 4;-equation

contains terms such as A7, 4’ (4, 4:), A’ (4;4,) and so on. Since w = w; — w, the 4; -

equation contains terms as A,«Z}, A,«Z, (A,-Z,-), A,-Z, (AjZ,), and so on. All these terms
will be referred to as proper resonant terms, since they are associated with the resonance

conditions (3); terms independent of Equations (3), such as 4,,, 4,,(4, Zn),. .., in Equation
(11) will instead be referred to as improper resonant terms. The proper terms of lower

order will be called primary resonant terms (e.g. Af and 4; A, in the example), while

terms of higher orders will be named secondary resonant terms (which are drawn by the
former by simple rules, as the example has shown).

In Table 1 the explicit form (truncated at the &-order terms) of Equation (11) is
given for a number of simple (S = 1) resonances, with the primary resonant terms typed
in bold. The rules for assembling such equations for multiple (S > 1) resonances are
given in [28]-[29].

3. Qualitative analysis of classes of motion

The form (11) of the amplitude equations is sufficient to perform the following
qualitative analysis.

When a system oscillates at a steady or unsteady state, all the resonant modes
generally contribute to the motion, i.e. all the amplitudes 4, are different from zero.
However, depending on the type of resonance (and on the initial conditions) some
amplitudes are allowed to vanish, so that the system oscillates in a smaller number of
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Table 1. Amplitude equations for simple resonances

ORDER-2 RESONANCES

wi = 2w; A= Li(A; A
! Aj (AJ,A Ay
- A Li(A;; A;AL) -
wi = wj + w AJ=£ (A],AA;C)
A Li(Ar; AiAy)
ORDER-1 RESONANCE
= s A (AL,AA“AAA AAA, AA A2 A;)
‘ J Aj = (AJ,A A],AAA,,AAA AA A2A)
ORDER-3 RESONANCES
3
wi = 3w, = Li(A;; A2A;, A A A s Ad)

= L;(Aj; A2A;, A A A,,A,A?)

As = Li(Ai; A3 A, A A, A A Ay BiAAg)
w; = 2wj + wy -—E(AJ,A A, AjA AL AjAcAy; AZAL)
Ay = Ly(Ai; AL A, AvAi Ay, AcA A5 A2A)

Av = Li(Ag A2 A, A Ay Ay, Ay AnAn, Ai AL Ay AjAnAx)
A; =z, (A],A Ajy A A A Ay Ay Ay, A ArAr; AiAnAy)

An = £i(An; A2An, AnAiAi, AnA; A, AnAy Ay AR AL

Ak = LA A2 Ay, A A A A A5, Ay Ay A A A )

Wi = wj +wh + wi

modes. Such motions are referred to as (incomplete) classes of motion. From a
geometrical point of view, the trajectories of complete motions belong to the whole 2/N-
dimensional state-space (R (An),S (4,)) whereas incomplete motions only belong to
subspaces.

Formally, a class of motion C is defined as follows:

C = {Ai,ieM|4;=0Y¢ M= L; =0vA4,) 12
M = {iyia, iy} M<N (2

I

In other words: class C is a set of amplitudes 4; such that, by zeroing in Equation (11) all
the amplitudes 4; not included in the set, the associated right-hand members L;

identically vanish for all values of the amplitudes of the class. Therefore, if non-trivial
initial conditions are imposed only on the amplitudes of the class, then only these
amplitudes participate in the motion. In other words, the amplitudes of a class span an
invariant subspace of the state-space. In the following the locution M-class will be used
to describe a class of M amplitudes. If the system is forced, since 4, cannot be made
equal to zero by initial conditions, then Ay necessarily belongs to all the existing classes.
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Classes of (periodic) motions comprising a unique amplitude (the so-called
monomodal solutions) are also known as nonlinear normal modes and have been
extensively studied for nonresonant systems [33]. Classes comprising one or more
amplitudes (multimode solutions) could be considered as generalizations for resonant
systems of such nonlinear modes.

In order to analyze the behavior of a system, it is helpful to determine all the
existing classes of motion. A procedure is illustrated here to address this problem
qualitatively.

3.1 An analytical method

In order to simplify the search for the classes of motion of a resonant system, the
role of the different terms entering Equation (11) is studied. The objective of the analysis
is to ascertain the existence of reduced equations in which some terms are omitted, and
which are still able to give all the qualitative information concerning the complete system.

First of all, the role of the improper resonant terms (i.e. terms not associated with
any resonance conditions) is examined. It is interesting to note that if S = 0, i.e. if the
system is non-resonant, all subsets of {A,} are classes of motion. This follows from the
fact that the m-th Equation (11) contains in this case only the improper terms, which are
all proportional to A4,,; therefore, the definition (Equation (12)) holds for any choice of
M. This circumstance corroborates the hypothesis that the classes of motion are
intrinsically connected to the resonance conditions. However, when a resonant system is
considered (i.e. S # 0), the role of the improper terms is stated by the following [29]:

Theorem 1 The improper resonant terms are unessential for evaluating classes of
motion.

It should be noted that although improper terms are unessential to the existence of
classes of motion, they generally affect the motion itself. Improper terms thus have a
quantitative rather than a qualitative influence on the motion.

By focusing on proper resonant terms, the role of primary and secondary terms is
now examined. The following Theorem [29], holds:

Theorem 2 The secondary resonant terms are unessential for evaluating classes of
motion.

Comments similar to those for relevant improper terms hold for secondary terms; in
particular, it follows from Theorem 2 that [29]:

Corollary 1 Asymptotic approximations of an order higher than the order at which all
the primary terms have appearead do not modify the classes of motion of a resonant
system unless new resonances emerge.

Therefore, higher-order approximations only modify the quantitative characters of
motion if no new resonances are encountered. In contrast, if higher-order resonances
arise in the given set of frequencies, then some of the lower-order classes could
disappear. If this happens the effects of the higher-order resonance terms manifest
themselves after a very long time. This means that the lower-order classes of motion
remain virtually unchanged for a long time until higher-order resonance terms become
meaningful and destroy them [29].
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From Theorems 1 and 2 it ensues that the classes of motion of a system Am = L ()
can be determined by reduced equations A, = £, () in which only primary resonant
terms are retained (i.e. only bold terms in Table 1 should be taken into account in the
examples shown there). Therefore, in the following, reference will be made to the
reduced system, and the asterisk will be dropped. A practical method to evaluate all the

classes of motion admitted by a multiresonant system is now illustrated. It is based on
the following [29]:

Theorem 3 A set of amplitudes ¢ ={4;} i e M (necessarily including Ao, if it is
different from zero) is a class of motion for the multiresonant system (11) if and only if

D lksjl #1 Vs
i#EM (13)

Theorem 3 holds for generic systems. However, when nonlinearities are lacking,
some classes of motion can exist in addition to those admitted by Equation (13) even if
the condition is violated.

Theorem 3 suggests the following algorithm to evaluate all the classes of motion of
a (generic) multiresonant system.

Algorithm 1 (RCM, Resonant Coefficients Method): (1) The table [k,] (=0, 1, ..., N)

of the resonance coefficients is built up; (2) a set of M columns (always including
column f) is canceled: if the remaining part of the table deos not contain the string
0,...,0, £1, 0, ..., 0) on any row, then the amplitudes associated with those columns are
an M-class of motion for the system; (3) all the combinations of M columns are tried and
step (2) is repeated.

An Example of the RCM is given in Section 3.3.
The RCM shows that any resonance condition works as a constraint on classes by

inhibiting some of them and allowing others. Only classes that are not constrained by
any resonance condition are admitted by the multiresonant system. Therefore, the higher
the number of resonance conditions, the lower the number of classes of motion admitted.
A degree of constraint can be attributed to each resonance, equal to the number of
classes it inhibits. The index allows the resonances to be ordered hierarchically:
resonances with a lower degree of constraint are usually unessential to the evaluation of
the classes, but general rules are not yet available [29].

3.2 A geometrical method

Here, a geometrical approach is instead followed, based on a set representation of
the classes. Some definitions are preliminarily given.

The set S := {A, |n € N} of all the amplitudes involved in the S resonances (3) is

called the state-space of the dynamical system Am = Lrm (S) (Equation (11)). The set

S; € 8 of the amplitudes A, associated with the frequencies w, involved in the
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s-th resonance is called the elementary s-th space, or the s-th resonance space; by
rememebering Equations (3) it is 8 := {A, |ken # 0} A set € ={A;, i € M = {i1, i, .., ips}}
is an M-class of motion for the system if it is an invariant subspace of S (see Equation
12). If the forcing amplitude 4y € S then necessarily Ag € C, since it cannot vanish. As
particular cases, the null set {0} and the state space S are classes of motion, containing
no components or all the components, respectively. The classes of motion admitted by
the s-th resonance (i.e. the invariant subspaces of S;) are called the elementary classes
of motion Cs;, Csy, ..., of the s-th resonance. The set of all the elementary classes of
motion Cs,- is called the family of classes of motion of the s-th resonance

Fs = {Cs,,Cs,,...}; the family contains the null-set. The classes of motion admitted by
two (or more) resonances, e.g. the r-th and the s-th, are the invariant subspaces of
8, U S,; they are referred to as multiple classes of motion Crsy,Cps,, ..., and their totality
as the multiple family F., .

The elementary classes of motion of the most common resonances are obtained for
inspection of the reduced equation of motion in Table 1. They are represented in Table 2
by closed curves (sets) surrounding the amplitudes, or by lines, to make the diagram
more clear. For instance, in the w; = 2w case only one 1-class exists, while in the w; =
w; £ w; case all the three 1-classes are admitted, but no 2-classes exist. If one of the
frequencies in the Table is the external frequency (i.e. w = wp, 4, = Ay), the elementary
classes not containing 4; disappear.

Table 2. Elementary classes of motion

; =20,
Quadratic
resonances
wi=wj
Cubic
resonances =D
W;=2wtwy,
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The general case of multiple (S > 1) resonance is now analyzed. Each of the S
resonance conditions (3) entails the existence of some elementary classes of motion,
according to the results previously discussed. The question is to evaluate how these
elementary classes interact, in order to furnish new multiple classes. To solve this
problem the following strategy is adopted. First, the interaction between two families of
classes of motion, F1 and Fy, associated with s = 1 and s = 2 respectively, is studied and
a new (multiple) family, F;,, is determined. The latter is combined with the F3-family
associated with s = 3 and the multiple family is up-dated to Fj93. The process is stopped
when the last family s = S has been considered, namely Fi2...s. The task thus essentially
consists in analyzing the simplest problem § = 2. Reference will initially be made to
internally resonant systems.

Let us consider two families F, ={Ca,,C4,,..} and Fg = {C5,,Cs,,...}, €ach associated
with an internal resonance condition. Let 4 and B be the spaces of the two resonances.
Moreover, let us denote by W:= AnB, U := A\ W and V:= B\ W the subsets of AuB
so that 4=y uw and B=VUW (Fig. (1,)). The conditions under which C4p (Fig.
(1)) is a multiple class of the (4, B)- resonances are stated by the following [29]:

Theorem 4 Given two families of unforced classes of motion, 74 and Fp, of spaces .4
and B, respectively, a subset, Cap of AU B is a class of the multiple F4p family if and
only if Cap N A is an elementary class of F4and C4p N B is an elementary class of Fp.

When an external excitation acts on the system, Theorem 4 must be slightly
modified. Since forced classes of motion necessarily contain the forced amplitude A,
classes satisfying the conditions of Theorem 4 but not containing 4, are not forced
multiple classes. This is stated in the following:

Corollary 2 If one or both the F4 and Fg. families of Theorem 4 are associated with an
external resonance condition, then the subset C4p is a forced multiple class if and only
if the conditions of Theorem 4 are satisfied and the forced amplitude A4, is contained in
CaB.

LQ@
x| <@

(a)

Figure 1. Interaction between two families of elementary classes of motion: (a) dominions (A, B),

sub-sets (U, V, W) and elementary classes (C4;, CBj); (b) multiple class Cap
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The above results lead to the following practical method to find classes of motion:

Algorithm 2 (CDM, Class Diagram Method): (1) the elementary class diagrams F, of

each resonance condition are drawn from Table 2; (2) multiple class diagrams are built
up by composing in sequence diagrams Fi2, Fisz, Fig..-5. T0o compose two diagrams,

F4 ed Fg, the following strategy is adopted: (a) the individual classes are considered
and either Theorem 4 or its Corollary 2 is applied to verify whether they still survive as

multiple classes; (b) the possible merging of some classes of F4 and Fp is checked by
analyzing all the combinations among the classes.

An Example of CDM is given in Section 3.3.

The geometrical theory previously developed also permits us to gain insight into the
structure of the Jacobian matrix J = [J,,], by simply examining the diagram of the
classes of motion. To this end, let us denote by X = {X;}, Y = {V;} and Z = {Z;} three
subsets of the state-space § = {4,} = {X, Y, Z}, having the following properties: X is
the set of the (active) amplitudes participating in the steady (periodic or bi-periodic)
motion S8° := {X’, 0, 0} whose stability is under analysis; Y is the set of (passive
resonant) amplitudes present in all the elementary spaces S which contain at least one

amplitude X;; Z is the set of all the (passive non-resonant) remaining amplitudes. The
following Theorem holds [29]:

Theorem 5 The variational equation based on the steady solution 8° = {X’, 0, 0} is

uncoupled in the variables éX, Y and #Z, namely:

6X = JxéX 6Y = Jy8Y 67 = Jz0Z (14)

with Jz diagonal.

According to Theorem 5, there exist three different classes of perturbation, each of
which is independent and which possibly lead S° to become unstable, namely: X-
perturbations, or in-class perturbations; Y-perturbations, or out-of-class resonant
perturbations; Z-perturbations, or out-of-class non-resonant perturbations. The three
classes of perturbation describe different forms of instability. If Jx has at least one
unstable eigenvalue (or Floquet multiplier), the perturbed motion evolves (at least
initially) in the same class {X # 0, Y = Z = 0} . If Jy is instead unstable, the perturbed
motion leaves the class, since the amplitudes Y, directly involved in the resonances with
X, are triggered. Finally, if the eigenvalues of J, are unstable, the non-resonant
perturbations Z grow in time.

A deeper analysis of the structure of the variational equations reveals some
additional interesting aspects. It has been observed in the literature [26], that the
Jacobian matrix Jy is often composed of diagonal blocks, i.e. there exists some
uncoupling among the out-of-class resonant perturbations JY. General rules about such
uncoupling are drawn directly by the geometrical method illustrated, according to the
following Theorem [29]. The Theorem refers to the generic case in which all terms in the
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equations are assumed not to be zero. If some terms vanish, further uncouplings can be
present.

Theorem 6 Given two subsets Y; and Y, of Y, such that Y = {Y}, Y,}, the perturbations
Y, and 0Y, are uncoupled in the variational equation (14,) if and only if there exists a
multiple class C* containing all the amplitudes X and the subset Y.

Theorem 6 has the following consequence: if the smallest class C* that contains X
and at least one amplitude Y; also contains all the amplitudes Y, then the Jacobian matrix
Jy is full. In contrast, if such a class contains only some of the Y, then the matrix Jy is
block-diagonal. An example of the application of Theorem 6 is given in Section 3.3.

3.3 Examples
As an example, a system is considered in which N = 5 frequencies are involved in
three independent resonance conditions:

Wi = 2w2, Wy = wg + ZLU5, w3 = wy (15)
From Equation (15) a further (dependent) condition is derived:

wa = wy + 2wy (16)

so that four resonance conditions must be accounted for. Applying the RCM, the table of
resonance coefficients reads:

Wi Wy W3 wi wy
-2 0 0 0
1 -1 0 =2
0 1 -1 0 (17)
1 G -1 -2

SO O

By canceling the first column no strings are found containing a unique digit + 1 and
all zeros, and therefore {4,} is a 1-class. In contrast, if the second column is canceled,
such a string is found on the first row, and {4,} is therefore not a 1-class. Similarly, {4,,
A,} is a 2-class, but {4, A3} is not since the third resonance condition inhibits it. By
repeatedly applying the test, the following classes of motion are found: {4}, {45},
{41, 4y}, {41, As}, {43, Ay}, {41, A3, Ay}, {41, Ay, A3, A4}, in addition, of course, to the
complete class.

Applying the CDM, the spaces of the resonances (15) are & = {4, 45}, S» = {4,
As, As}, and §4 = {43, A4}, while for the resonance (16) the space is S3 = {A4,, 44,45}.
The 7, (r= 1,2,3,4) families of elementary classes are obtained from Table 2 and are
drawn in Fig. 2, in thin lines. First, the interaction between the F, and F, families is
studied and the multiple Fi, (Fig. 2,) family is built up as follows. The elementary
monomodal solutions {4}, {43} and {A4s} all survive the interaction since they are
external to S, N Sy = {4}, in contrast, the monomodal solution {4,} disappears since it
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is not a class of Fy. Similarly, the set {4;, 4,} is a multiple class of F;, while the sets
{4,, A3} and {A,, 43, As}, are not. To check if other classes emerge from the interaction,
combinations between the elementary classes must be considered. Thus, two new
bimodal solutions {4;, A3} and {4;, 4s}, a new trimodal solution {4;, 4,, A3} and,
finally, a new four-modal solution {4, 4,, A3, As} are found to be multiple classes. They
are drawn in Fig. 2, as thicker curves. As a second step, the interaction between the F,-
and Fi-families is studied and the new F,,,-family (Fig. 2.) is built up as follows.
Among the monomodal solutions, {4} and {4s} survive, while {4;} disappears. Among
the bimodal solutions, {4, 4,}, {4, As} and {43, A4} still exist, while {4, 45} is
destroyed. Similarly, {4, 4,, A3} and {4,, A,, A3, As} disappear. New classes, however,
are formed by merging some elementary classes of Fi, and F,namely: {4, 43, 44},
{41, Ay, A3, As} and {4, A, A;, As, As}, drawn in heavy type in Fig. 2, all of which
satisfy Theorem 4. In contrast, {43 A4, As} and {4, 43, A4, As} are not multiple classes,
since their intersection with S;y = S; U S,, i.e. {43, A4s} and {4, 43, As}, are not
elementary classes of Fj,. The last graph thus obtained (Fig. 2.) represents all the
classes of motion existing under the resonance conditions (15). It is easy to check that
the dependent condition (16) does not alter the scenario of Fig. 2.. Classes of motion
found using the CDM coincide with those obtained using the RCM.

As a second (and third) example the system considered above is taken, and an external
resonance in added, namely:

wo = w1 or wo = 2wy + ws (18)

[a]

, =20, ®; =20; + O34 [ARE

Figure 2. Class of motion diagram for a system undergoing S = 4 internal resonance conditions:
(2) elementary families F, (r = 1, 2, 3, 4) of dominions D,; (b) F, multiple family, resulting
from the interaction between F| and F»; (c) overall multiple family JF .
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These entail the dependent conditions wy = 2w, and w, = wy + 2ws, wh = wy £ 2ws F wy,

respectively; however, as in the previous example, it can be seen that they do not affect
the classes of motion. A new space So = {4y, A1} or So = {Ao, 41, As} must be added to
those in Fig. 2,. The relevant F, elementary families are plotted in Figs. 3, and 3,,. To
build up the multiple classes of motion, F,,,, the interaction between the Fiy4 (drawn
in Fig.2,) and F, families must be analyzed. Resonance (18,) is first studied. Since the
forced amplitude A, cannot vanish, it must be contained in every multiple class; the same
property therefore holds for A4;, which is connected to 4, in F,. Consequently, all the
classes of Fiy4 not containing 4,, are destroyed by the interaction with F,. The scenario
in Fig. 2, is thus simplified in Fig. 3,;. It should be noted that although the classes {43,
A4} and {45} would satisfy the conditions of Theorem 4, they are not multiple classes

because of Corollary 2. To sum up, in the «y = wy case, six classes still exist, since the

excitation only inhibits the bi-modal {4, A4} and monomodal {45} solutions of F,4.
Resonance (18,) is then analyzed. The F,-family associated with Equation (18,) is
drawn in Fig. 3. Unlike the example in Fig. 3,; it admits the incomplete {4, A5} class
of motion. From Corollary 2 all the classes of 4 not containing As are disrupted, so
that only {4, As} and {4, A, As} (drawn in thin lines in Fig. 2b,) survive. The possible
merging among classes is then analyzed. Class {4,, 4,} cannot merge with classes of
Fo, since {4y, Ay, As} is not a class of Fi,. For similar reasons {4, 43, A4} cannot
merge. However, {43, A4} merges with both {4, As} and {4y, A}, As}. The following

Figure 3. Class of motion diagram for a system undergoing three independent internal resonances
as in Fig. 2 plus one external resonance as in Fig. a; or Fig. a,: (a;, ay): elementary family F, of
dominion Dy; (b, by): overall multiple family Fyia4, resulting from the interaction between the
F1o4-family of Fig. 2c and the Fo-family of Fig. a; or Fig. a,, respectively.
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classes therefore exist in addition to the complete classes: {4, 4s}, {Ao, 41, 45}, {Ao, 41,
As, Ay, As} (drawn in thick lines).

To illustrate some applications of Theorems 5 and 6 let us consider the diagram in
Fig. 2.. First, let us analyze the stability of a steady motion X = {4, 4,}. From the
elementary resonance spaces in Fig. 2, it follows that Y = {43, 44, 45} (since 45 and 45
are in resonance with 4, in Eq. (15;), A4 in Eq. (16)) and Z = {0}. Theorem 5 states that
the variational equations uncouple in the perturbations {d4,, 04,} and {43, 044, éAs}.
Moreover, Theorem 6 states that, since a class €} exists (see Fig. 2.), containing {4, 4>}
and Y, = {43, 44} the variational equations in {043, 044, d4s} are uncoupled in two
blocks {043, d44} and {IAs}.

As a second example, the stability of a steady solution X = {4, 45} is analyzed.
From the elementary classes of resonance (15) and (16) it follows that Y = {4,, 43, 44},
Z. = {0}. Therefore, according to Theorem 5, {d4,, d4s}, {O4,, dA3, 04,4} are uncoupled
in the variational equation. Moreover, since the only class that contains {4, 45} also
contains {4,, 43, A4}, the perturbations 04,, 045 and 04, are coupled in the variational
equation in accordance with Theorem 6.

Finally, as a third example of Fig. 2., if X = {43, A4}, then Y = {4,, A5}, Z = {4,};
since there exists a class C{ containing {4;, A4} and Y; = {4,} it follows that Jy
uncouples in two blocks (Theorem 6).

4. The standard form of amplitude equations
4.1 The Polar form

The complex amplitude Equations (11) govern the evolution of a 2N-dimensional
dynamical system. They are usually stated in real form by adopting the polar
representation A, = la,e® (n € A+) where g, are real amplitudes and 6, are phases.
However, since complex amplitudes are involved in the equations, periodic motions are
not their fixed points. In fact, while the real amplitudes a, remain constant during a
periodic motion, the phases 6, vary linearly in time, as a result of the tuning of the
nearly-resonant linear frequencies. To make the mathematical problem easier, the 2N
amplitude-phase equations are combined and a (generally) reduced system is obtained.
This step requires the introduction of S phase-differences %, which remain constant
during a periodic motion. Therefore, the fixed points of the (a,, %)-Reduced Amplitude
Equations actually are the periodic motions of the original system. The phases %
naturally appear in the procedure, as a consequence of the form (11) of the amplitude
equations discussed in Sect. 2.2.

They turn out to be equal to:

Yoi= Y kanbntoit s=1,2,..,8 (19)
neNt

where £, are the resonance coefficients appearing in Equation (3). However, due to the
linear dependence of the resonance conditions (Equation (3)), only R of them are
independent of the remaining ones; e.g. {¥%} = {y. v, withr=1,2, ..., Randg=R+1,
R+2,..,8.

The reduced amplitude equations assume the following form [28]:
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am = R |ama?, ..., H almm exp (Fivs)yo |, m=1,2,...,N (20)
neNE
H ajyr = Z krm H a; | S (amai,..., H absmn exp (ZFi'ys),“.) + o,
J€Jr neN+ i€ty neNE
im
Jroo= {jlky; #0}, r=1,2,.,R

in which ®,, := Re[L,,]. Equations (20) are a set of M := N + R equations in the (a,, ;)
unknown; after solving them, the modulation of the phases 6, is evaluated by means of
an additional set of N equations, uncoupled from Equations (20).

In conclusion, although the asymptotic motion develops in a 2N-dimensional space,
its essential aspects (e.g., the existence of periodic motions and their stability) are
described in a smaller M-dimensional space, equal to the codimension of the problem;
the remaining 2N — M dimensions govern complementary aspects of the motion (e.g., the
frequency corrections), not affecting the qualitative character of the solution.

Nevertheless, the ay-form (Equations (20)) entails some computational difficulty.
The equations appear in a non-standard form, since the )equations admit some
amplitudes a;, as factors which cannot be eliminated if a; identically vanish in some
classes of motion. In such cases some Jequations are identically satisfied and the
relevant ¥’s remain undetermined. From a geometrical point of view such fixed points
are not-isolated points, lying on a manifold in the (a,, %) space. When the stability of
these points is analyzed, the standard method fails, since some coefficients of the time-
derivative &, vanish in the variational equation, so that more complex adhoc methods
must be employed. To overcome this drawback, it is customary in the literature to return
to the complex amplitude equations and: (a) to express the amplitudes 4, in Cartesian
form, (b) to multiply the equations by suitable time-exponential factors (so as to render
the equations autonomous) and finally (c) to build up the 2N X 2N variational equation.
In these new variables the non-isolated fixed points of the aform equations reduce to
isolated points, so that the standard variational equation procedure works well. The
method therefore calls for a change of variables and for an enlargement of the
dimensions of the problem. An alternative procedure that allows the dimension M to be
maintained and both periodic solutions and their stability to be analyzed by the same
equations, is illustrated in the next Section.

4.2 The mixed Polar-Cartesian representation of complex amplitudes
The following change of variable is introduced:

An(t) = By(t)e™®  n=01,..,N 1)
where ¢,(f) are unknown functions of time (except for the dummy o = 0). A

substitution of Equations (21) in the (non autonomous) Equation (11) leads to the
(autonomous) system:
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By + i6n By = Ly, (Bm (BuBn) 5o [ BE™, ... m=12.,N (22)
neNE

if the functions ¢;,(f) are chosen in such a way that:

Z krnoy, + ot =0 r=12..,R (23)
neN+

If R < N, Equations (23) are not sufficient to determine all the functions ¢, and L =
N—-R of them (e.g. the first L) remain undetermined. In order to avoid indeterminacies,
they are taken as equal to the phases 6, of the associated amplitudes. By solving
Equations (23) for the remaining ¢;,’s, it follows that:

ap =0, p=12,.,L
ag =) copby + dgrot ¢=L+1,L+2,...N 24)

where ¢,, and d,, are constant coefficients. According to this choice, the amplitudes B,
are assumed to be real while the amplitudes B, are assumed to be complex, i.e.:

By = 3a, p=12..,L
Bg = 5 (ug + ivg) ¢q=L+1,L+2,...,N (25)

The phases 6§, and the associated real amplitudes a, will be referred to as principal
phases and principal amplitudes, respectively. From Equations (21) (24), and (25) it
follows that:

AP = %apeiep ' p= 1,2, ,L
Aq = §(uq+ivq) e'®q q:L+17L+27)N (26)

In conclusion, the unknowns of the problem are still 2V, as in the original problem: the L
principal phases 6,, the L principal amplitudes a,, and the 2 (N-L) = 2R components u,
and v, of the complex amplitudes B,, measured in bases each rotating with a time law
derived from Equation (24,). With Equations (25), Equations (22) read:

L N
ap = R, (apa?n, ap (un + i'un)2 R H alrffm H (un + z'vn)l”’" ,) 27)

m=0 n=L+1

L N
) _ 2 . 2 Lspn . spn
abp = S, <apam,ap (un +v,)%, ..., H ant™ H (tn, + vy | >

m=0 n=L+1

L N
g — dqug = Ry <(uq + ivg) a2, (ug + ty) (un + ivn)? .., H alzm H (tn, + tvp)boom )
m=0 n=L+1
L . N
g+ aguy = Sy | (ug +ivg) ap,, (ug + ivg) (Un + wp)? oy ™ H (un + ivn)l”" ) )
m=0 n=L+1
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in which, due to Equations (24,):

L
Qg = Z Cqplp + dgror (28)
p=1

Equations (27) are referred to as the mixed form of Equations (11). To obtain periodic
motions, ap = Uy = v, = O must be enforced, together with g'p — . — const. Hence,
by solving 2N algebraic equations, the 2N unknowns (a,, V,, u,, v,) are evaluated. By
substituting 6, = v,t + ¢, in Equations (24,), where the ¢,’s are L arbitrary initial phases,
0, = Vit + ¢, is drawn, with the frequency corrections v, univocally determined and the
initial phases ¢, depending on ¢,.

Similarly to the original system (11), and an account of the presence of the principal
phases, periodic motions are not fixed points for the mixed form of the Equation (11). To
remove this drawback it is necessary to eliminate these phases from the equations.
However, this operation is not always possible, as will be explained. Let us introduce
the following fundamental hypothesis: the L principal amplitudes a,, do not vanish in any
motion. In this case Equations (27,) can be divided by a, # 0 and stated in standard form
ép = ép (Qm, Un, vy). By using these equations in Equations (28), &q = &g (am, un, vn)
follows. Therefore Equations (27;), (27;3) and (274) become a standard form system
a=f(at) of M=N+R equations in the M unknowns a = (a,, u, vq)T. This will
be referred to as the standard form of the Equation (11). Once the unknowns
have been determined, from Equations (27,) the evolution of the principal phases
g, is first derived and, from Equation (24;), that of the phases
o, is finally obtained.

The standard form of the Equation (11) has the following peculiarities: (a) it has the
smallest dimension M (equal to the codimension of the problem) and, (b) it admits
periodic motions as fixed points @, = 4, = v, = 0. In addition, it suffers no problems

when the stability of incomplete classes of motion (i.e. u;, = v, = 0 for some /4’s) is
analyzed. However, to obtain it, it is necessary to select L principal amplitudes that do
not vanish in any class of motion. If, in contrast, some of the principal amplitudes vanish
in particular classes, the standard form is unable to give correct information about those
motions. In these circumstances it would be possible to build more than one standard
form, each valid for some classes of motion. However, such a procedure could be
inconvenient from a computational point of view.

The geometrical method developed in the previous Section permits us to detect the
existence of standard forms before writing them. To this end, it must be checked that L
amplitudes participate in all steady motions. For example, for the system in Fig. 2, since
N =5 and R = 3 it is necessary to find L = 2 non-vanishing principal amplitudes.
However, no such amplitudes exist, since only A, participates in all the motions; hence,
no unique standard form can be built up for that system. However, if 4, and 45 (or A4)
are taken as principal amplitudes, the relevant standard form equations enable us to
analyze the stability of five of the seven classes of motion. If the systems in Fig. 3 are
instead considered, since N = 5 and R = 4, it is necessary to find only L = 1 non-
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vanishing principal amplitudes. One such amplitude (namely A4;) does exist in the
resonance wy = wj but does not exist in the wy = 2w, + ws case.

The standard form, when it exists, also suffers the following drawback. Although
a, = 0 by hypothesis, it can become small in some motions. In these cases, small
denominators entailing numerical problems appear in the standard form, since in
Equation (27,) @’ is affected by a small coefficient. The problem can be overcome by
adopting a master- and slave-amplitude representation, in which the non-principal
(slave) amplitudes admit the principal (master) amplitude as factors. In Section 4.3 some
examples are studied to illustrate this procedure.

4.3 Examples
An example of the procedure is given here. The equations governing the free
vibrations of a system in the 1:2 resonance condition w, = 2w, + £oare [2]:

-2t Al + u1d ) + ClAzfileiUt =40
(29)

—21 Ag + pgAs ) + CQA%e"i"'t =0

Since N =2, R =1, it is necessary to choose L = N — R = 1 principal amplitudes. From
Equation (29), it follows that 4, # 0 in any motion, while the same property does not
hold for 4;. Therefore 4, must be taken as the principal amplitude.
Equation (23) reads o —2¢4 + 0 = 0. By taking o5 = &, oq = (6, + 0)/2 follows.
Therefore, the mixed representation to be used is:
1 ) L (Gotot 1 .
A= 3 (uy + 1v1) e2(02ta ), Ay = §a26z92 (30)

By substituting it in Equations (29), four real equations in the unknowns (a,, &, u;, v)
are derived. The equation governing the 6-evolution reads:

co 2

b = — 1o (uf — i) 31)

which, after substitution into the other three equations, leads to the following standard
form:

. 1

@ = -3 (2p2ag — courvr)

. 1

i = ‘é&; (8,ula2u1 —4oagvy + 2(:1(1%111 + cwful — cz'ui‘)

. 1

0= g (40aguy + 2c103u1 — 2c0ud + 8pragy + coupvl) (32)

Although a, # 0, if it is small in some motions, small denominators appear in
Equations (32), as a consequence of Equation (31). To eliminate these terms, the
following alternative representation is adopted:
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1 i 1 ;
A = 592 (u1 + tvy) e2(02F90, Ay = §a2€w2 (33)

in which A4, plays the role of slave amplitude and 4, that of master amplitude, since 4,
cannot exist without 4,. From Equations (29) and (33)

. Coan
0y = ——= (u} = +}) (34)
and
. 1 2
as = 3 (2,&2&2 — c2a2u1v1)
. 1
= ~3 (8u1u1 — 8uouy — 4oy + 2¢1a9vy + 5cza2u%01 — czagv%)
. 1
A ——8- (40‘U1 + 2cla2u1 - Czagu% + 8,U,1'Ul - 8}&2'01 + 5c2a2u1v%) (35)

follow, as counterparts of Equations (31) and (32). Equations (35) do not suffer the
numerical problems of Equations (32); however, it is necessary to use variables (u, v)
and a,, which are not of the same order of magnitude. The procedure illustrated here
should be generalized for more complex problems. It has already been adopted in Ref.
[34], where, however, its use was suggested by the nature of the problem, rather than for
reasons of mathematical convenience.

The previous system is considered again, with the mode-2 now excited by a
sinusoidal force of frequency wy ~ w,. The resonance conditions are w, = 2wy + €07 and
wy = wy + €0>. TheEquations (29) modify as follows [2]:

—21 Al 4+ pu1dy) + ClAgjleialt =0
-2 Ag + pugAs ) + CQA%C%iUt + %Aoeiazt =0 (36)

Since R=N=2,itis L=N—-R = 0, so that no principal amplitudes need be sought, i.e.
all the complex amplitudes must be expressed in Cartesian form. Equations (23) read: o,
=20, + 01 =0, -0, + 65, = 0. By solving them &g = (07 + 65)/2, o, = 03 are found and,
therefore, the change of variable to be used is:

1 i )
Ar= 5 (i) FO Ay = 2 (g 4 g) (37)

From Equations (36) and (37) the standard form equations follow:

. 1

U = ~1 (4p1uy — 20101 — 20901 + cruguy — cruqvg)
. 1

o= (201u1 + 209u1 + crutug + 4pqvr + crvvg)
R 1

U = -3 (2u2ug — cpuivy — 209v)

. 1
vy = ~1 (ao + czu% + 4oqug — czv% + 4;121}2) (38)
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5. The reconstitution method

In Sect. 2.1 the reconstitution procedure was introduced to merge the complex
amplitude Equations (8), depending on different time-scales, into a single Equation (9),
in which only the true time ¢ appears. The perturbation parameter € was then reabsorbed,
and the resulting equation analyzed. This is the most commonly used procedure to
analyze the behaviour of a dynamical system when one resorts to higher-order
approximations. However, other procedures have recently been used in the literature to
combine Equations (8) when dealing with specific problems. It is therefore worthwhile
discussing them critically, referring to general systems, rather than particular examples.

5.1 Methods of analysis

The starting point of the analysis is Equation (9), in which, however, the complex
amplitudes A are expressed in real form, using either the polar or the polar-Cartesian
representation. A reduced set of M equations is thus obtained in the M unknowns a =
(a, %) or a =(a,, u,, v,), respectively, having the same form as Equation (9), namely:

a = efi(a,a0; 1) + &% [f2(a, ag; i) + a1 (a, ao; B)f1 (a, ao; 1)
+aofi a(a, ao; B)fi(a, ao; i) + asfi(a, ag; )] + O(e®) (39

The questions to be answered are two: (1) can the perturbation parameter € be
reabsorbed, thus ignoring the asymptotic origin of Equations (39)? (2) do all the terms in
Equations (39) have to be retained in the analysis, or can some of them be omitted?
Different answeres to these questions lead to different methods of analysis. Accordingly,
two main classes, consistent methods and inconsistent methods, and two sub-classes,
complete methods and incomplete methods are distinguished. In the consistent approach,
the asymptotic nature of the reduced dynamical system is taken into account,
consistently with the basic assumptions of the perturbation method, whereas in the
inconsistent approach this feature is ignored. In the complete methods, all terms deriving
from the solvability conditions are retained in the analysis, while in the incomplete
methods some of them are neglected. By combining the alternatives, four approaches are
identified; these are discussed below.

(a) Complete Inconsistent Method (CIM)

This method was applied in [13], [24]. According to the philosophy of the
inconsistent approaches, the reconstituted amplitude equations are dealt with as if they
were a closed-form representation of the reduced dynamical system, rather than an
asymptotic approximation of the unknown system. Therefore, the steady-state solutions
are found by requiring the right hand member of Equations (39) to vanish in a whole:

efy + 2 [fg + aify + cof) of) + a3f12] =0 (40)

For a fixed & Equations (40) are a set of m parameter-dependent nonlinear equations in
the m unknown amplitudes. By solving them, if necessary through numerical algorithms,
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several paths a; = ay(fz; €) are found. Their stability is analyzed through the variational
equation

da = {Efl,a + €2 [fz’a + ayafi + o fy o+ ag (fl,aafl + f12,a) + 2a3f1’af1]} da (41)

a=as
in which all quantities are evaluated at a = a,.

(b) Incomplete Inconsistent Method (ITM)

This differs from the CIM in that ,A and d; A terms are omitted from the £-order
solvability conditions (see Equations (8;)). This procedure was introduced by Lee and
Perkins [17] and justified by Lee and Lee [20] as follows: “time derivative terms are
non-zero only on their corresponding time scale e.g., d; terms are non-zero on the #
scale but vanish on the #, scale”. The procedure has subsequently been followed by
several authors (see [17]-[21]).

The reconstituted amplitude equations (39) simplify as follows:

a=¢ef; (aa ap; ﬁ) + ngQ(aa ao; ﬁ') (42)

Steady-state solutions are then derived from

efl + €2f2 =0 (43)
and their stability analyzed through

da = [€f1,a + Ezfg,a] a=a, da (44)
In Refs. [17]-[21] a different procedure is used. Namely, parameters u are expanded in
series as /L = £l + E4b + ..., instead of being ordered as in Equation (4). However, the
inverse transformation &u; + &4, — u is later introduced in the reconstituted equations
so that the expansion of the parameters has no role. The procedure illustrated here
therefore leads in a more straightforward way to the same results (see [22]).

A slightly modified version (IIM-M) of the method can also be obtained by
exchanging the two operations of reconstitution and transformation in real form of the
solvability conditions (Equations (8)). If the #,-derivatives of the real quantities a are
neglected rather then those of the complex quantities A, different equations are obtained.
For example, if the polar representation is adopted, d;6, = 0 is assumed in the 1IM,
entailing d,% = o; # 0 because of Equation (19); this is in contrast to the assumptions
d, % = 0 of the [IM-M. If the problem is non-resonant the two versions coincide.

(c) Complete Consistent Method (CCM)

This was introduced in a systematic way by Rahman and Burton [14], after Luongo,
Rega and Vestroni [36] had used it in a particular case. In this method the reconstituted
amplitude equations are dealt with as an asymptotic approximation of the reduced
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dynamical system, corrected up to a certain power of & The steady-state solutions and
the eigenvalues of the variational equation are therefore consistently sought as series
expansions corrected up to the same &order. As a first step, parameters 4 in Equations
(39) are expanded in series of € (i. e. & (&) = w + €, + ...), so that the reconstituted

amplitude equations read:

a = efi(a,ao; py) + € [f2(a, ao; 1) + f1 (8, a0; )y
+ai(a, ag; py)fi(a, ao; py) + aafl a(a, ao; py)fi (a, ag; py) + asf?(a, ag; p)] +0 (%)
(45)

By requiring that amplitudes a be stationary for any €, 1. e. a = 0 Ve, the £- and e-
terms in Equations (45) must vanish separately, i.e.,

fi(a,a0;py) =0

£1(a, a0 iy iy + Fa(a, a0 o) = 0 o
where Equation (46,) has been accounted for in deriving Equation (46,). Conditions (46)
express the vanishing of the amplitude time-derivatives on the different slow scales,
namely dia = 0, d,a = 0. Equation (46;) is a set of M nonlinear equations in the
amplitudes a and in the first-order part 4 of the parameters & They can be solved with
respect to & for fixed a, to furnish 1 = 1(a). The procedure therefore entails expanding
exactly M control parameters, i.e. the same number as the codimension of the problem.
By substituting the solution in Equations (46,), a set of linear equations in the t,
unknowns is found, from which /5 = i(a) is derived. By moving to higher orders, /inear
equations in t&, ty, ... are still derived. Finally

1= epy(a) +¥py(a) + - (47)

is obtained.

In the method illustrated, steady-state solutions are described asymptotically in the
form u = p(a). However, steady-state solutions are frequently sought in the more
convenient form a = a(u), so that Equations (47) have to be inverted (see [22]). As an
alternative, steady-state solutions can be found directly in the form a = a(u) simply by
expanding the amplitudes a, instead of the parameters fl, in the steady version of
Equations (39).

Concerning stability analysis, the variational equation built up on Equations (45), is

ba = {€f1,a +é [f2,a — fpafi uf2 + afia + anlz,a] } ba (48)

a=as

where Equations (46) have been used. Equation (48) is studied in detail in [29]. It should
be noted that o3-terms play no role.
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(d) Incomplete Consistent Method (ICM)
This has only been applied in Ref. [37]. In the spirit of the incomplete methods, d;a

and d’a terms are omitted in the reconstituted amplitude Equations (45), which
therefore read:

a = efy(a, ao; 1) + €2 [fa(a, ao; py) + (@, ao; 1) 1) (49)

In contrast to the I[IM (see Equations (42)), steady-state solutions are required to
satisfy Equations (49) for any £ . Therefore Equations (46) and the same solution as the
CCM are recovered. Stability is instead analyzed on the variational equation based on
Equations (49):

da = {é‘fl,a + 2 [fz,a - fl,uafl_,,_lng] } da (50)

a=ags
which differs from Equations (48) in the absence of o-and o,-terms.

5.2 Discussion
A number of considerations regarding the four methods of analysis illustrated are
now discussed.

(1) If steady-state solutions are sought through an inconsistent method, an ordering
violation occurs. In fact, if the non-polynomial inconsistent solutions are expanded
in series, powers of & greater than the highest power present in the equations are
found. These higher-order terms are incorrect, since they do not represent the series
expansion of the (unknown) exact solution. On the contrary, consistent methods
furnish the correct coefficients of the series expansion, up-to the equation order.
Indeed, inconsistent terms can sometimes improve the truncated solution; however,
when this happens it cannot be predicted in advance.

(2) Inconsistent methods are usually applied in the literature by first expanding the
parameters and then recombining them in the reconstituted equation. The expansion
therefore plays no role and can be avoided by using the procedure illustrated.

(3) The t,-derivatives accounted for in the CIM affect steady-state solutions. This result
appears to be qualitatively incorrect, since the steady amplitudes, which are constant
in time, cannot depend on their time-derivatives. Paradoxically, by using the CIM,
static equilibrium positions of a damped mechanical system have been found to
depend on the damping coefficient. This drawback is avoided in the IIM simply by
neglecting d;a and d12 a, however, this omission is arbitrary and affects stability.

(4) For a particular class of systems, which is encountered fairly frequently in
applications [18], [17], [20], the IIM and CCM furnish the same steady-state
solutions. This occurs whenever the parameters appear linearly in the first-order part
of the reconstituted amplitude equations and are absent in the higher-order parts.

(5) The slow-time amplitude derivatives omitted in incomplete methods influence the
stability of steady-state solutions, since they describe the contribution to the
acceleration of higher-order harmonics as well as of the passive coordinates possibly
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triggered by the active ones. In [22] a consistent approach is used to show that the
omission of these derivatives entails an error of £-order on the critical amplitude if
it is associated with a dynamic bifurcation, while no error exists at the £-order if the
bifurcation is of a static type. However the error persists in all non-critical states.

(6) Consistent methods sometimes fail in stability analysis. This happens whenever the
second approximation is responsible for the occurrence of a critical condition which
is absent in the first approximation, i.e. it entails qualitative changes. In these cases
an inconsistent approach can instead give correct qualitative information. The
failure of the consistent approach depends on the occurrence of an ordering
violation caused by higher-order terms prevailing over lower-order terms. This type
of problem could be analyzed more easily using a different approach, ordering
competitive terms at the same level in the perturbation scheme (see e.g., [38]).

5.3 Example
A Duffing/Van der Pol oscillator in primary resonance with an external excitation is
considered, having equation:

G+q—vq+ei1q® + cod® = p cos(l + p)t (51)

where 4 and v are control parameters. When v = 0, the homogeneous linear part of
Equation (51) admits a couple of purely imaginary eigenvalues; when ¢ = 0, the
oscillator is in resonance with the external excitation. The codimension of the problem is
M = 2. By ordering the control parameters as p = £fi, v = €7, the excitation amplitude
(imperfection parameter) as p=¢e*p and expanding the displacement as

q=¢"2q +%2g, + £5/2g3 + .-, the perturbation equations are:
o+ = 0
doa2+ g2 = Ddogs — c1g} — ca(doqr)® — 2dodiqn + B cos(to + ity)

d3qs + a3 ¥ (dogz + d1q1) — 3c1q3q2 — 3ca(dogr)? (digr + dogz)

—2dod1go — (d + 2dod) ¢1 (52)

By solving Equations (52), ¢, = a cos(t + 6), 42 = %% [c1 cos(3t + 30) + ¢ sin(3t + 36))
and the solvability conditions are obtained [22]. The reconstituted amplitude equations,
in real polar form, read:

o = ai/\—3ca3+A'
= 3 7% p sy

3 1, . ~ 9
+e [6—4016205 *t3 (-~ diy) (av - ZCzaB - 2d1a) + %ad%v]

~ 3 D
¥ o= €<u—§c1a2+§%cosy>

3 (53)

3 1 v 1 1,
+&? [ﬁ (33 - c?)at — Edla (ZCQ(Z ——';) — %d%a + 3 (1 — d17)2}



Computational problems in multiple scale analysis 27

where = [it; — @ is the phase difference between the excitation and the response,
d’aand dvycan be expressed in terms of a and ¥ by differentiating the first-order part
of Equations (53).

If a complete method (CCM, CIM) is adopted, all terms in Equations (53) have to be
retained. If an incomplete method (ICM, 1IM) is instead followed, dia = d}a = 0 and

d,6= d} @ = 0 must be taken. Hence, d;y= i and d; y= 0 must be posed in Equations
(53). In contrast, if the modified approach is followed (IIM-M), then d\a = d}a=d,y =
d} y= 0 are directly substituted in Equations (53). In all methods, consistency requires that
Equations (53) be solved in series. By letting it = g + &, y= 3% + €p and solving the

resulting set of perturbation equations, steady solutions in the form ¢ = (a, v) and y= y(a,
V) are derived. In contrast, if an inconsistent procedure is followed, the parameter € is
reabsorbed and the nonlinear equations are solved directly.

In order to make a quantitative comparison between different solutions furnished by
the four previous methods, numerical values of the auxiliary parameters ¢; and ¢, and of
the excitation amplitude p are chosen, namely ¢; = 1 / 30, ¢, = 1 / 60, p = 1/5; moreover,
the control parameter v is kept fixed at v = 1/40. The steady-state amplitude ¢ and the
phase y are then plotted vs x# . Figure 5 shows the first approximation, common to all
methods. It is found that the amplitude reaches a limit point at 4, saddle-node bifurcations
occur at points B and C and a Hopf bifurcation manifests itself at H. For increasing 4 ’s,
the steady solution loses stability at B, regains it at C, and again becomes unstable at H.

The second approximation is next considered according to the methods illustrated
above. The results are shown in Figure 5. It is seen that the second approximation entails
only quantitative modifications of the curves, i.e. the first approximation captures all the
qualitative aspects of the phenomenon. It is remarkable that the IIM produces only small
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Figure 5. Amplitude and phase response vs detuning in the second approximation; ® numerical
results.
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modifications with respect to the first approximation. The remaining three methods, in
contrast, give curves that are very close to each other and fairly distant from the first
approximation curve, above all at higher amplitudes. The CCM expansion is not valid near
the limit point 4, where the coefficients matrix of the unknowns » and t4 appearing in
Equations (46) becomes singular. However, this drawback does not entail errors at points B
and C, where instability occurs, although B is fairly close to 4. Vice versa, if a and v,
instead of & and v, were expanded in series, the method would fail precisely at points B and
C. The problem would be avoided completely if v were expanded in series, instead of being
kept constant.

The second-order perturbative solutions are compared with exact numerical
solutions obtained by directly integrating the equation of motion (51) and performing an
FFT of the regime response. The amplitudes of the fundamental harmonic for different
M ’s in the stable zones are marked in Figure 5. It is found that the CIM and IIM-M give
an excellent approximation of the exact solutions over the whole range, while the small
errors in the CCM are due to the presence of the amplitude limit point. The IIM, in
contrast, is affected by errors at large amplitudes.

An eigenvalue analysis was performed in Ref. [22]. It was found that the CCM and
IIM solutions are different, but virtually coincident at points B and C and slightly
different at H.

6. Conclusions

Some computational problems in multiple scale analysis have been discussed,
namely: (a) classes of motion evaluation, (b) the proper form of the amplitude equations,
and, (c) reconstitution techniques. The three problems have been analyzed in the light of
the existing literature, and the following conclusions are drawn.

(1) The multiple scale method is an efficient tool to analyze the behaviour of nonlinear
dynamical systems with weak nonlinearities. It works as a reduction method, by
lowering the dimensions of the original system to its codimension.

(2) The qualitative form of the complex amplitude equations can be derived before
writing and solving the perturbation equation, simply by looking at the resonance
conditions. All terms are classified as improper resonant and primary or secondary
proper resonant terms, according to their origin in the resonance conditions.

(3) Classes of motion are defined as invariant subspaces of the amplitude space. It is
proved that their existence depends only on the primary resonant terms, the
remaining terms having only a quantitative effect on the motion. Moreover, higher-
order asymptotic solutions do not modify the classes of motion of a system once the
primary terms have appeared in the perturbation procedure, unless other resonances
are encountered.

(5) A simple and efficient algorithm (the Resonance Coefficients Method, RCM) is
implemented, that is able to find all the existing classes of motion simply by
analyzing the resonance conditions. The method works well for general systems, for
which all the nonlinear terms are assumed to be different from zero. Particular
systems, for which some terms may be absent, usually possess more classes of
motion than general systems.
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(6) The resonance conditions are interpreted as constraint relations for the classes of

motion, since they prevent the occurence of some classes. If a system is nonresonant,
all the classes are admitted; the larger the number of resonances, the smaller the
number of classes. A constraint degree can be attributed to each resonance, equal to
the number of classes it inhibits. The index allows the resonances to be ordered
hierarchically: resonances with a lower degree of constraint are usually unessential to
the evaluation of the classes, but general rules are not available.

(7) A geometrical approach to the problem of evaluating the classes of motion is also

®)

illustrated. The method is based on a set representation of the classes of motion,
consisting in the following two steps: (a) the set of the classes of motion admitted by
each individual resonance (family) is first built up; (b) the interactions among
families are studied recursively in pairs, by applying simple rules generated by a
unique theorem (the Class Diagram Method, CDM). The method furnishes class
diagrams which efficiently synthesize the couplings existing among the amplitudes
as well as their importance in describing the motion.

The structure of the variational equations governing the stability of steady (periodic
or bi-periodic) solutions is then analyzed. Three types of perturbation are identified:
(a) in-class perturbations, i.e. perturbations of the amplitudes participating in the
motion; (b) non-resonant and (c) resonant out-of-class perturbations, 1i.e.
perturbations of the amplitudes not participating in the motion directly or not
involved in resonance with the active amplitudes, respectively. It is proved that the
Jacobian matrix is block diagonal and does not contain coupling terms among the
three classes of perturbation. Finally, based on the class diagrams, it is also possible
to gain information on possible further uncouplings of the Jacobian block associated
with the resonant out-of-class perturbations. It is found that improper resonant terms
that are unessential to the class evaluation do nonetheless contribute to the stability
of steady motion.

(9) To perform quantitative analysis, the complex amplitude equations must first be

transformed in real quantities and then reduced to their codimension. In this form
they are autonomous and admit periodic solutions as fixed points. If the variable
transformation is made by using polar components, the resulting real equations will
be in non-standard form, so that problems arise when the stability of an (incomplete)
class of motion is analyzed. It is shown here that a mixed polar-Cartesian
representation permits standard form of equations to be obtained. However, the
method works well only if a sufficient number of amplitudes (called principal) do
not vanish in any class of motion. The class diagram technique illustrated above
makes it possible to ascertain in advance whether or not the amplitude equations
admit such a standard form.

(10) The reconstitution procedure, i.e. the procedure to combine in a unique equation

(the reduced dynamical system) the solvability conditions derived at each step of the
perturbation procedure, is finally discussed. The approaches followed in the
literature are classified as Complete Inconsistent Method (CIM), Incomplete
Inconsistent Method (IIM), Complete Consistent Method (CCM) and Incomplete
Consistent Method (ICM). In consistent methods the asymptotic nature of the
reduced dynamical system is consistently taken into account, whereas in
inconsistent methods the reduced dynamica | system is dealt with as if it were
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expressed in closed form. In the complete methods, all the terms deriving from the
analysis are retained, while in incomplete methods the amplitude derivatives d;a and

d; a, appearing in the higher-order solvability conditions, are neglected.

(11) A critical comparison among the methods is performed, showing how the omission
of the slow derivatives in the incomplete methods entails errors both in the steady
solution and in their stability, if these are dynamic. Complete methods, however, if
consistent, suffer a violation of order that sometimes leads to qualitatively incorrect
results; if they are consistent, they suffer failures around the bifurcation points of the
lower approximations. Therefore complete methods should be used, but care should
be taken to the drawbacks highlighted above.

(12)Examples are worked out for each problem addressed to illustrate the procedures
and to compare numerical results.
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