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Abstract. We consider a nonparametric regression estimator of conditional tails introduced by
Goegebeur, Y., Guillou, A., Schorgen, G. (2012). Nonparametric regression estimation of conditional
tails - the random covariate case. It is shown that this estimator is uniformly strongly consistent on

compact sets and its rate of convergence is given.
AMS Subject Classifications: 62G05, 62G20, 62G32.
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1 Introduction

Extreme value analysis has attracted considerable attention in many fields of application, such as hy-
drology, biology and finance, for instance. The main result of extreme value theory asserts that the
asymptotic distribution of the — properly rescaled — maximum of a sequence (Y7, ..., Y},) of indepen-

dent copies of a random variable Y with distribution function F' is a distribution having the form
Gy(x) =exp(—(1+ ’yx)jrl/ﬁy) where y; = max(0, y)

for some v € R, with Go(z) = exp(—e~*). The distribution function F' is then said to belong to the
maximum domain of attraction of G, and the parameter v is called the extreme value index. Most
applications of extreme value theory stem from the case v > 0, where F' is a heavy-tailed distribution
i.e. the associated survival function F := 1 — F satisfies F(z) = z~%/7L(z), where ~ shall now be

referred to as the tail-index and L is a slowly varying function at infinity: namely, L satisfies, for all



A >0, L(Ax)/L(z) — 1 as = goes to infinity. In this case, the parameter v clearly drives the tail
behavior of F; its estimation is in general a first step of extreme value analysis. For instance, if the
idea is to estimate extreme quantiles — namely, quantiles with order «,, > 1 — 1/n, where n is the
sample size — then one has to extrapolate beyond the available data using an extreme value model which
depends on the tail-index. For this reason, the problem of estimating v has been extensively studied in
the literature. Recent overviews on univariate tail-index estimation can be found in the monographs of

Beirlant et al. [2] and de Haan and Ferreira [17].

In practice, it is often useful to link the variable of interest Y to a covariate X. In this situation, the
tail-index depends on the observed value x of the covariate X and shall be referred to, in the following,
as the conditional tail-index. Its estimation has been addressed in the recent extreme value literature,
albeit mostly when the covariates are nonrandom. Smith [31] and Davison and Smith [10] considered
a parametric regression model while Hall and Tajvidi [19] used a semi-parametric approach to estimate
the conditional tail-index. Fully nonparametric methods have been considered using splines (see Chavez-
Demoulin and Davison [4]), local polynomials (see Davison and Ramesh [9]), a moving window approach

(see Gardes and Girard [12]), or a nearest neighbor approach (see Gardes and Girard [13]), among others.

Less attention though has been paid to the random covariate case, despite its practical interest. One
can recall the works of Wang and Tsai [33], based on a maximum likelihood approach in the Hall class
of distribution functions (see Hall [18]), Daouia et al. [7] who use a fixed number of nonparametric con-
ditional quantile estimators to estimate the conditional tail-index, later generalized in Daouia et al. [6]
to a regression context with response distributions belonging to the general max-domain of attraction,
and Goegebeur et al. [16] and Gardes and Stupfler [14] who both provide adaptations of Hill’s estima-
tor (Hill [22]), the latter also studying an average of Hill-type statistics to improve the finite sample

performance of the method.

In this paper, we focus on a nonparametric regression estimator of conditional tails introduced by
Goegebeur et al. [16]. The particular structure of this estimator makes it possible to study its uniform
properties. Note that uniform properties of estimators of the conditional tail-index are seldom considered
in the literature. One can think of the work of Gardes and Stupfler [14], who study the uniform weak
consistency of their estimator. Outside the field of conditional tail-index estimation, uniform convergence
of the Parzen-Rosenblatt density estimator (Parzen [28] and Rosenblatt [29]) was first considered by
Nadaraya [27]. His results were then improved by Silverman [30] and Stute [32], the latter proving a
law of the iterated logarithm in this context. Analogous results on kernel regression estimators were
obtained by, among others, Mack and Silverman [26], Hérdle et al. [20] and Einmahl and Mason [11].
Uniform consistency of isotonized versions of order—« quantile estimators introduced in Aragon et al. [1]
was shown in Daouia and Simar [8]. The case of estimators of the left-truncated quantiles is considered
in Lemdani et al. [25]. Finally, the uniform strong consistency of a frontier estimator using kernel

regression on high order moments was shown in Girard et al. [15].



The paper is organised as follows. Our main results are stated in Section 2. The estimator is shown to be
uniformly strongly consistent on compact sets in a semiparametric framework. The rate of convergence
is provided when a further condition on the bias is satisfied. The rate of uniform convergence is closely
linked to the rate of pointwise convergence in distribution established in Goegebeur et al. [16]. The

proofs of the main results are given in Section 3. Auxiliary results are postponed to the Appendix.

2 Main results

We assume that the covariate X takes its values in RY for some d > 1. We shall work in the following

semiparametric framework:

(SP) X has a probability density function f with support S C R? having nonempty interior and the

conditional survival function of Y given X = x is such that
Ve Yy>1, F(y|lz) =y " L(y|2)

where y(z) > 0 and L(- | z) is a slowly varying function at infinity.

The estimator of the conditional tail-index we shall study in this paper is defined as

n

Z Ki(z — Xi)(log Vi — logwya)+ Ny, >w, .}
An () = =2 - . (1)
Y Kn(r = Xy e, )
i=1

Here Kj,(u) := h~@K(u/h) where K is a probability density function on R? and h := h,, is a positive
sequence tending to 0 while for all =, (w, ) is a positive sequence tending to infinity. Note that
An(x) = T,(Ll’l)(:v)/TT(Ll’O) () where, for all s > 1 and t > 0,

1 - s t

- Z Kj(r — X;)(logY; — log Wn,x)+]1{YL->wn,m}-

n
=1

Tés’t) (z) :=

The estimator (1) is an element of the family of estimators introduced in Goegebeur et al. [16], which
can be seen as an adaptation of the classical Hill estimator of the tail-index for univariate distributions
(see Hill [22]). Note that the threshold w, , is local, i.e. it depends on the point = where the estimation
is to be made, while the bandwidth h is global.

We first wish to state the uniform strong consistency of our estimator on an arbitrary compact subset
Q of R? contained in the interior of S. To this end, we first assume that for every € S the slowly

varying function L(-|x) appearing in F(-|z) is normalised (see Bingham et al. [3]):

(A;) For all z € S and y > 1,

Liy|2) = ene) exp ( / ‘””d)

v

where ¢, (x) > 0 and «a(- | z) is a function converging to 0 at infinity.



Let || - || be a norm on R?. The following classical regularity assumptions, needed to show the uniform

consistency of our estimator, are introduced:

(A2) On S, the functions f and v are positive Holder continuous functions, logecy, is a Holder

continuous function and a(y|-) is a Holder continuous function uniformly in y > 1: for all z, 2’ € S,

[f(x) = f@@)] < Mgllz =™,

(@) =@ < Mylla—a'|™,
[logep(x) —loger(2')] < M, [lo — a'|["r,
Sugla(ylx) —a(yla) < Moz —a|™.

y=
Conditions (SP) and (A;) imply that, for all z, 2’ € S and all y, ¥/ > 1,

Ya(v|x) —a(v|x’)dv

|

Flyla) [ 1 1], ogcr,(x) —logcp (2"
logf(y‘xl) = [v(x’) v(x)}l gy + [loger(z) — log er( )]Jr/1 "

and
Ya(v|z')

’ v

dv.

Fyle) _ 1 00
T o)~ ) o8 ~ sl */y

Thus if (Az) holds then, if we introduce 1 := 1, A 1., A ne and @(y|z) = sup |a(t|z)|, there exists
>y
a positive constant Mz such that the function (x, y) — log F'(y | x) has the following property: for all

x, ' € S such that ||z — 2’| <1land y, ¥ > e,

Flyla)
8 Fy )

< Mglle - o/|["logy + ( +a<yAy'|x’>) llogy — logy/|. @

1
()
Before stating our first result, let us highlight that under (Ay) and since (2 is compact, f := sup f < oo
and f:= ir(l)ff > 0. Besides, if € := ¢,, is a positive sequence converging to 0 then, applying LQemma 1,
it holds that for n large enough the ball B(z, ¢) with center z and radius ¢ in R? is contained in S
for every x € Q. As a consequence, the uniform relative oscillation of f over the ball B(z, h) can be
controlled as

sup  sup
z€Q z€B(z, h)

LGN NP
e ‘ O (k") — 0. (3)

Second, 7 :=sup~y < oo and 7y := igf’y > 0 and we thus have
o J

sup  sup
z€Q z€B(x, h)

1) A
) 1‘O(h ) = 0. (4)

Third, we can write for all z, 2’ € Q and t > 1
a(t|z) < a(t]2’) +]alt]z) — aft]2)]

and the roles of z and x’ are symmetric in the above inequality, so that taking the supremum over ¢ > y
on both sides yields
Vy =1, [aly|z) —a(y|2')] < Mallz — 2’

9



We finally introduce the oscillation of # +— logw,, . at a point € R? over the ball B(z, ¢):

Ve >0, A(logwn z)(€) := sup |logwy,, —logwy ..
z€B(z,¢€)

Our results are established under the following classical regularity condition on the kernel:
(K) K is a probability density function which is Holder continuous with Holder exponent 1y > 0:
for all z, ' € R?,
|K(z) = K(2')| < M ||x — a'||"™
and its support is included in the unit ball B of R,

Note that (K) implies that K is bounded with compact support. Especially, for every s > 1 the
Lf*—norm ||K||s of K is finite.

h
Let v, (x) = n F(wn | ) and introduce the hypothesis
logn '

(C) For some b > 1/d + 1/2nx, it holds that limsup sup v, (z)A(logwy . )(n") < oc.

n—oo xeQ

Our uniform strong consistency result may now be stated:
Theorem 1. Assume that (SP), (K), (A1) and (As) hold and that

. égsfz vn(x) = 005

o inf wy, , — 00;
z€eN
e h'suplogwy , — 0;
rEQ

o sup A(logwy, 5)(h) — 0;
e

e supa(y|z) = 0 asy — oo.
z€eQ

Assume moreover that condition (C) is satisfied. Then it holds that
sup |Jn(x) —y(x)] = 0 almost surely as n — oco.
€N

Note that the hypotheses in£2 Wp,z — 00 and sup@(y | z) — 0 as y — oo imply the convergence
EdS

z€Q

sup @(wn,z | ) = 0
zeN

which shall frequently be used in the proofs of our results. Besides, using the mean value theorem, it
holds that |e* — 1| < 2Ju| for u € R such that |u| is sufficiently small. As a consequence, using the

condition sup A(logwy, ;)(h) — 0, this inequality implies that for n large enough
e

sup  sup
z€Q z€B(z, h)

Wno 1' < 2A(log wy ) (h) — 0. (6)

Wn, 2

Finally, the conditions

sup A(logw, »)(h) = 0 and limsup sup v, (z)A(logwy . )(n~?) < oo
z€Q n—oo  zeQ



(for some b > 1/d+1/2nk) are satisfied if for instance w,, , = n9®) where g : S — R is a positive Hélder
continuous function whose Holder exponent is not less than 7. In other words, Theorem 1 requires that

a continuity property on x — logw,, , be satisfied.

Our second aim is to compute the rate of uniform strong consistency of the estimator (1):
Theorem 2. Assume that (SP), (K), (A1) and (Az) hold and that

inf — 00;
* ilelszvn(x) oo

e inf w, ., — oo;
zeQ
e hsuplogwy, ; — 0;
z€eN

o sup A(logws, 5)(h) = 0;
ze

e supa(y|z) — 0 as y — co.
€N

If moreover

lim sup (sup Un(x) {@(wn o | ) VA V T logwy, o V A(log wnm)(h)}> < 00 (7)

n—00 e

then it holds that

sup vy () [An(z) —v(z)| = O (1)  almost surely as n — co.
€N

Let us highlight that condition (7) controls the bias of the estimator 7,,. The terms h" and h” correspond
to the bias which stems from the use of a kernel regression, while the presence of the other terms is due
to the particular structure of the semiparametric model (SP). Besides, as pointed out in Goegebeur et
al. [16], the rate of pointwise convergence of 7,,(z) to () is \/nh%F(w, . |z). Up to the term /logn,
the rate of uniform convergence of 7, to « is therefore the infimum (over ) of the rate of pointwise
convergence of 7, (x) to y(x). Finally, note that, if f, 7, logcy, and a(y|-) are all assumed to be Lipschitz
functions — namely, ny = 7, = 1., = 1o = 1 — condition (7) is in fact

lim sup (sup U (z) {@(wn,e | ) V hlogwy, » V A(log wna)(h)}> < 0.

n—oo zEQ

3 Proofs of the main results
The key idea to show Theorem 1 is to prove uniform laws of large numbers for T, (x) and Ty(Ll’l)(gc).
Proposition 1. Assume that (SP), (K), (A1) and (Az2) hold and that

inf — 00 ;
* Jpfen(®) = o0

o inf wy, , — 00 ;
TEQ

e hsuplogwy , — 0 ;
zEN



o sup A(logwy 4)(h) = 0 ;
z€eQ

e supa(y|z) — 0 as y — co.
e

Assume moreover that condition (C) holds. Then for every t € {0, 1} and for every sequence of positive

numbers (0,) converging to 0 such that oy, insf2 vp(x) = 00,
FS

T3 (x)
Oy, sup v, (x) T 1| = 0 almost surely as n — oo.
z€Q pn " ()
In particular,
(1,t)
o (z)
Sup |~ — 1| = 0 almost surely as n — oc.

v€Q | pp ()

Proof of Proposition 1. The proof is based on that of Lemma 1 in Hérdle and Marron [21]: we shall
in fact show complete convergence in the sense of Hsu and Robbins [24]. Since 2 is a compact subset of

R¢, we may, for every n € N\ {0}, find a finite subset (2, of Q such that:
Ve e, Ix(x) €y, lz—x@)] <n™° and Fe>0, [Q,] =0 (n),

where b > 1/d+1/2nk is given by condition (C') and |, | stands for the cardinality of Q,. Notice that,

since nh? — oo, one has

b 1/d
n’ a1
o= [nhd] 0

so that one can assume that eventually x(z) € B(x, h) for all z € Q. Besides, since h — 0, we can pick

n so large that h < 1 and, using Lemma 1, such that B(z, h) C S for all z € Q. Remark that

vn ) \/ Fwyz | ) 1
v" LL‘ anz)|X ))

as ||z — x(z)|| <n~% < h <1, and noting that since n=® < h the convergences

; (8)

n~b sup log Wn,z < h"suplogw, , — 0 and sup A(logwn,gj)(n_b) < sup A(logwy, )(h) = 0
zeQ €N e zeQ

hold, Lemma 2 and (8) entail

Un(2)
un(x())
Using together (9) and the triangular inequality shows that for n large enough

~—

sup
e

—1‘—>O. (9

T7(ll,t) T7(L1,t) T(l t) Tr(ll,t)
sup 'Un(x) T(x) — 1] < sup 'Un(x) (1,t) ('T) (1 t) (X(m)) + 2sup Un(X(x)) # - 1.
z€Q pn () z€Q pn () (x(x)) z€Q pn (x(2))

Picking € > 0, the triangular inequality then yields

Tél,t) (1‘)
i (@)

x

-1 > 8) < Rip+ Rap

e

P <5n sup vy, ()




where

Ry, = Z P <6nvn(z) ui _

=t 0(2)
Tr(ll’t) T T,(Ll’t) T €
and Ry, := P <(5n sup vy, () a t)( )— a t)(X( ) > 5]
2€Q pn (@) g (X()

The goal of the proof is now to show that the series Zn Ry, and Zn Ry ,, converge. The first convergence
in Proposition 1 shall then be an easy consequence of Borel-Cantelli’s lemma. The second convergence

is a consequence of the straightforward inequalities

Tr(ll,t) Tr(il’t) Tél’t)
sup ('”7)(%)—1 < {6n inf vn(ac)}sup ('1157)@)—1 < 0y sup vy, () T(x)—l
2€Q | pn " () veo 2€Q | pn " () 2€Q pin ()

which hold true for n large enough.

We start by controlling R; . To this end, apply Lemma 4 to get that there exists a positive constant

k such that for n large enough,

T ()

-1
et ()

VzeQ,, P <5n v (2)

€ K o nhiF(w,.|2)
)l <2 AP il i AL N I
>4>em[1§ 322 (2)

Use now the definition of v, (z) to get

1
Ry, =0 (nc exp {—1};52 O(é”]) .

Hence ), R, converges.
We now turn to Ry ,,. Using the triangular inequality gives

@) T (@)
() (@)

S Sl,n(x) + SZ,n((E)

where

Sl,n(x) — %i Kh(af — Xz) . Kh(X(-T) — Xz)
=1

(log le - IOg Wn,x(m))ﬁr]l{}/,;>wmx(z)}7

pi ! () i (x(@))
1 & Kz — X;)
ng(l') = ﬁ Z /J,(l’t)(fl,‘) ‘(long - logwn7m)f‘r]1{yi>Wn,z} - (IOgY;- — log Wn,x(x))z-]l{Yi>wn1X(z)} .
1=1 n

As a consequence

Ry, <P (6, supv,(x)Sin(x) > £ + P (6, sup v, (x)Sa pn(x) > £ =: R3, + Run
’ zEQ ' 4 z€Q ' 4 ' '

and it is enough to show that the series Zn R3 ,, and Zn R4, converge.
To deal with >~ Rs , use once again the triangular inequality to obtain

Kn(z — Xi)  Kp(x(z) — Xi)

- < K, .Z‘—Xi — K, X —X,L'
W@ gy | T R T )

m (@)

+
) (@)

Kp(z — X;).




Using hypothesis (K) and Lemma 5, there exists a positive constant M such that for n large enough:

Kp(r = X;)  Kan(x(z) - X;) < % { {"hb]m{ Y, A(logwn,m)(nb)} :

Vll? Q (1t) X
€Q, Y (x(2)) 0 (2) e (x(x))

Besides

m(1 t) ZICQ]—L z—X;)(logY; — logwmz)i_]l{ypwn’z}
is the empirical analogue of m; 1) (z) defined before Lemma 5; since the support of the random variable

Ky (x — X;) is included in B(x(z), 2h), one has for n large enough

n_b NK ~(1,t) 2
Va € Q, vn(2)S1n(z) < 2VMuy,(2) { [h} \Y A(logwn@)(n_b)} %M

ui D (x (@)

Moreover, since ml )( ) is a kernel estimator of mgf)(z, z) for which the conditions of Lemma 3 are

] |

satisfied, we get for n large enough:

A (2)

et ()

A (2)

Vz€Q, 6,0.(2) w0 ()

< 20,0n(2) |1+ -1

z

The fact that b > 1/d + 1/2ng gives

n_b nK ’I’L_b NK 1 nk/d
n —_ < —_— < |— 0.
] el IR el B

Using this convergence together with hypothesis (C) and (9) entails for n large enough:

g (2)
R37n < Z P 5n11n(2) T -1 >¢€].
2€Q, mp (Z)

Finally, apply Lemma 4 to get

§2P<5un

z€EQ

i (2)

)(Z) B

where «' is a positive constant. Hence ), Rs, converges.

To control ) Ry, first note that

mi (@) _ mi (@) i ()
@) @) s

and use Lemmas 3(iv) and 5 to get, for n large enough

mi (@) _

sup
€N u%l,t) (IZ?)

Therefore, since the support of the random variable K, (z — X;) is included in B(x(x), 2h), one has for
n large enough and all z € Q
San(x) < 2d+1VHKHooS3,n($)



where || K||o :=sup K and
B

(log ¥; —logwn,a)’ Liy;>w, .} — (108 Y: — 108wy () Lvisw, o} -

SB,n(fﬁ) = ;zn: M

We then get

g
fan = (5” Sap on(7)S3n(7) > ”HKHm) = fam

and it is enough to control ) Rs,. We start by considering the case ¢ = 0. In this case, S3,(x)

reduces to

1 i th(x(a?) —Xi)
S3n(x) = — 1
) = 5 I )

Letting pp . := 2A(logw,, »)(n ™) and using (6), we have sup p,, » — 0 and for n large enough
zEQ

{Wn, 2 Awn, y(2) <Yi<Wn,e Vwn x ()}

Ve Qa (1 - pn,x(a:))wn,x(a;) S Wn,x S (1 + Pn,x(g;))wn,x(z)-

As a consequence, for n large enough it holds that

1~ Kon(x(2) — X;)
Vo e, Sg,n(x) < — Z 10, o . M= pnx(@)Wnx(2) <Y <(1HPnx(2)) W xe ()
n = ml Y (x(2) |

Similarly to Lemma 6, let

M (@) = E(Kan( = X) U1 p, yome <V <(1pnn)wme})
1 n
and U{M(z) = gZ’C%(ﬂU = X)W (1 p o )wm e <Yi<(14pn 0 )om o}
1=1
Write w.0) 0.0)
My (x(x)) Un " (x(2))

-1

V€ Q, 6pvn(2)Ssn(z) < dpon(z)

1,0 1,0
m (@) | M (x (@)
Use together Lemmas 3(iv) and 6 along with (9) to get for n large enough

(1,0)

SO0

Va € Q, §,v,(x)Ssn(z) <
MO (x(x))

1+

] |

4
S0y 2o (@b

Recall that p, . = 2A(logwy, .-)(n~?) and that condition (C) is satisfied to obtain

O, Sup vp(2)pn,. — 0.
Z2EQ,

Therefore, since 0 < v < y(x(z)), the triangular inequality implies that

U’r(Ll,O) (Z)
MO (z)

R5,n < Z P <5nvn(z)pn,z

2EQ,

1 781
e

for n large enough. Lemma 6 now makes it clear that

€ 1 1
Rsn=0 ("C zseusi exp (“H 2d+6VﬁK”w vn(2) O(in>) =0 <nc exp (n"s (}in)>

which proves that ) Rs, converges in this case.

10



If now t = 1, we recall (49) in the proof of Lemma 5 to get for n large enough and for all 2 €

]I{Yi>wn,m/\wn,x(m>}'

S3n(z) =

ol = Kon(x(z) — X;
)(n b)ﬁ Z Mﬂ{m>w”7xw)/2}

2
Vr e Qa S3,n(m) < 7A(logwn,x
o] = wix(@)
9 B an,o) (z 751,0) (z
< 2AQogung) () 2 0D 1y [T Odo) (10
o my " (x(2)) v (x(2))
where
(10) (5 Z’C% r— Xi) iy, 5w, . /23

1/7(11’0)(33) =E(Kop(z — X)]l{y>w7w/2}) and V,

The family of sequences (wy, /2) clearly satisfies the hypotheses of Lemmas 3 and 4: in particular

0 () Flwnelz) 1| N (11)

ze0 [mH?) (2) Flwnz/2] )

and there exists a positive constant "’ such that for n large enough
(1 0) -1
()

> 6) < 2exp (—k"* nhF(wy | 7))
F(wy . | ¥) was used. We conclude by noting that according to (2)

V:EGQ,IP(

where the inequality F(wy, ./2|z) >

F(wn.z 1 log 2
‘log (©n,e | ) < < +o¢(wn7m/2x)> log2%£
F(wn,x/2 ‘ ‘r) 7('7;) 7(55)
uniformly in « € Q, so that
F F
lim sup sup |log = (“n.r | 7) <oo:>0<hmbupbupf( “n.o | 7) < 00.
n—oo €N F(wn,m/Q | l‘) n—oo e F(OJn $/2 | Z‘)
From this we obtain that
0 < limsup sup W < 00.
n—oo e My, ((E)
This property entails the convergences
(1,0) (1,0)
vn o (x _ x
Oy, sup W)() — 0 and sup A(logwy, 4)(n b)ﬁ)() — 0. (13)
zeQmy, " (x) zeQ my, ()

Reporting (11) along with (13) into (10), recalling condition (C) and using the triangular inequality

o).

Use now (12) to obtain
1
=0 (n exp ( K"e? (;an))

together with (9) shows that for n large enough,

R5n§ Z]p(nvn

z€Q,

(1 0) (I)

(1 0) (l’)

-1

so that > Rs ., converges in this case as well. This completes the proof of Proposition 1
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With Proposition 1 at hand, we can now prove Theorem 1 and Theorem 2.

Proof of Theorem 1. Notice that

(1,1) (1,1) (1,0)
~ (@) Ty (@) ()
Fyﬂ(m) = (170) (]‘4)

V(@) it (@) T (2)

Applying Proposition 1 twice yields

TV @) pn (@)

sup 70 asn oo )
€N /1,51171)({1}) T7(L1’O)(.T)
Moreover, since
W@ w0 [T s |0 ) (x)

and recalling that v is continuous and therefore bounded on the compact set €2, using Lemma 3(i) and

(iv) twice entails
(1,1)

sup #?T)(x) —v(z)| =0 asn— oco. (16)
2€Q | " ()
The result follows by reporting (15) and (16) into (14). [ |

Proof of Theorem 2. Note that because nh? — oo, the hypothesis

lim sup sup vy, () A(log wy, ) (k) < 00

n—oo xe

entails condition (C'). We can then apply Proposition 1 and Lemma 7 twice to get

(1’0) T(Ll)
sup vy, () MT(I) —1|=0(1) and supwv,(x) 77117(3?) -1 =0(1) (17)
7 (x) pa ()
almost surely as n — oco. Moreover, Lemma 3 (iv) gives
(1,0)
1 pn” ()
su — -1 = 0(),
IEB A(Wn,z | ) VRV T ogwn o | f(2)F (wn.e | @) ‘ @)
(1,1)
1 pn” " ()
S — — o1
R S [0V IV T log s | [0 F e |) ) W
so that, using condition (7),
(@)
sup vy, () o), v(x)| =0O(1). (18)
€N J (.%')
The result follows by reporting (17) and (18) into (14). [ |

Appendix: Auxiliary results and proofs

The first lemma of this section is a topological result which shall be needed in several proofs.

12



Lemma 1. Let S be the support of f. Assume that S has nonempty interior, and let Q be a compact set
of R% contained in the interior of S. Then there exists 3 > 0 such that for every x € Q, B(z, 8) C S.

Proof of Lemma 1. Let U denote the interior of S and 95 = S\ U be the (topological) boundary of
S. Note that 95 is a closed set since it is the intersection of two closed sets in R?; since €2 is a compact

set and 0S is a closed set with Q2 N39S = @, it holds that
38 >0, d(Q, 9S) = ;relgl slergfs |l —s|]| =28 > 0. (19)

We shall now prove the result. Pick z € Q. If one could find y € B(z, 8) NS¢ — where S¢ is the

complement of the set S — then the real number
to=inf{t € [0, 1] |z, .= (1 —t)z+ty ¢ S}

would belong to (0, 1) since x € U and y € S¢ which are both open sets. Therefore, because for
every t € (0, tg), zx € S and there exists a nonincreasing sequence (t;) converging to to such that
(z¢,) € S¢ C U which is a closed set, one has

2, =limz; € S and z,, = lim 2, € U°.
tTto k—o00

Hence 2z, € SNU°® =98, but ||x — 2z, || = tol|lx —y|| < B, which contradicts (19): Lemma 1 is proven. ®

The second lemma of this section is a technical result that gives an upper bound for the oscillation of

the log-conditional survival function.

Lemma 2. Assume that (SP), (A1) and (Ag) hold. Let moreover € := €, and ' := €, be two positive
sequences tending to 0 and assume that

o inf wy, , — 00 ;
e

o eMsuplogw, , — 0 ;
zEQ

o sup A(logws, 4)(€) = 0 ;
z€eQ

e supa(y|z) = 0 asy — oo.
z€Q

Then it holds that, for n large enough,

(Wn,z | 2')

Va, 2z’ €Q, V(z, ') € B(z, ¢) x B(a', £),
(Wn,w |2’)

) a
0g —
5%

2
< Mz logwy, » + —A(logwy 1) (€).
v

In particular,

1
sup sup su

‘F(wmz | 2")
p =
z,2'€Q z€B(z,e) 2’€B(x’,g’) em IOg Wn,z V A(log wn,w)<5) F

(wn,x ED)

1‘ = 0(1).

13



Proof of Lemma 2. Lemma 1 shows that for n large enough, B(z, €) and B(x, €’) are contained in S

for every x € ). Pick z, 2’ € Q and (z, 2’) € B(z, €) x B2/, €’). Use (2) to get for n large enough

al /
g Fene )

1 . Y |
W 7/) + a(wn7z A W,z | T ) | O0g Wn,xz — OgUJn,z‘ .

v(z

< Mgz’ — 2/ log wn,» + <
Since (z, 2') € B(z, €) x B(«/, '), one has
|lz" = 2| <& and |logwy . —logwy, .| < A(logwn, ) (€).

Besides, using (6) with ¢ instead of h, we get in£Z ]igrgf )wnvz AWy 4 = ing wn,z(1+0(1)) — oo, so that
z€) z€B(x, € e

sup sup  @(wn 2 Awn|2') — 0.
z,2'€Q z€B(z,¢€)

Especially, since 0 < v < y(z'), we obtain for n large enough:

W CED

Vo,z €Q, V(z, ') € Bz, ¢) x B(2, &),

2
< Mze'logwn, > + ;A(log Wno)(€)

which is the first part of the result. To prove the second part, note that because sup A(logwy, 5)(g) — 0
zeQ

it holds that for n large enough

Fwn,. |2 2
Va, 2’ €Q, V(z, 2') € B(x, e) x B(a', &), |log M < 2Mze"logwy, . + —A(log wy, 1) ().

Flwn,z [2) 7 ¥ ,

Consequently
1 F(wn.. |2

sup sup sup log —— =0(1).
z,2'€Q z€B(z,e) z’€B(z’,e’) e IOg Wn,x \ A(log wn,x)(s) ’ F(me ‘ J?/)
Using the equivalent e* — 1 = u(1 + o(1)) therefore completes the proof of Lemma 2. [ |

The third lemma examines the behavior of the conditional moment
mgf)(:c, z) = E((logY — log wn@)ﬂ_]l{y>wnw} | X =2)
and that of its smoothed version uns’t) (z) := E(KZ(z—X)me)(x, X)). Let " be Euler’s Gamma function:
—+oo
vt >0, I'(t) :== / v e do.
0

Lemma 3. Assume that (SP), (A1) and (Az) hold. Pick s > 1,t > 0 and assume that K is a bounded

probability density function on R with support included in B. If moreover

o inf wy, , — 00 ;
z€eN

e hsuplogwy, , — 0 ;
zEQ

e supa(y|z) = 0 asy — o0
e

then, as n — oo, the following estimations hold:

14



(t)
] 1 my’ (x, 2)
i) sup sup — — —-11=0(1
O3 B0 ) B 1) VB [T+ U [2) ‘ W
(t)
- 1 my’ (z, 2)
1) sup sup — —-1]=0(1
( ) z€Q 2€B(z,h) a(wn,z |£E) V hi logwn,m mg)(gj’ Jj) ( )
1 pd(s—1) 7(%5)15)
(iii) sup — o (@) = 0(1).
veQ AWng [2) VA1V R logwn e |||K|s f(z)mD (z, )

hd(sfl)usls,t) (x) ) B
KI5 f(2)7t(2)T(t 4+ 1) F(wn o | ) 11=0().

. 1
w) s
(i) zlelg A(Wne | ) VA1V B log wy, 4

Proof of Lemma 3. Using Lemma 1, we can pick n large enough such that B(z, h) C S for all z € .

(i) When ¢t = 0, there is nothing to prove, since m%o)(x, 2) = F(wn|2) and T'(1) = 1. In the case t > 0,

an integration by parts yields

+oo 1 - 1 n,xr =1 =1 =i +oeo F n,r
mgf)(x, z) = / t( 0gy — logwn,y) F(y|z)dy =t F(wn4 | z)/ (logr)t_lif(rw 12) dr.
Wn Y 1 TF(wn,z | 2)
From (SP) and (A;), one has
Flrone|2)  —1pe-1] 2 pm1ve0-1 g / wesalvlz) | (20)
rF(wn s | 2) Wno v
For all y € R, the mean value theorem yields |e¥ — 1| < |y|e/¥!. Meanwhile,
/ EICIEI G(wn.o | 2)logr. (21)
o v
Since (5) gives @(wp 4 | 2) < @(wp,z | ) + Moh" for all x € Q and z € B(z, h), it holds that
sup  sup @(wng|2) < sup@(wp | x) + Mah"™ — 0 asn — oo. (22)

z€Q z€B(zx, h) z€EQ

Choosing n so large that sup  sup @(w, 4 | 2) < 1/27, (20) and (21) together imply that, for all x € Q
z€Q 2€B(z, h)

and z € B(z, h),

“+oo
[ togryt [Flal2) ]
1

+oo
F < @wnz|2) + Mah%)/ (log )t r= Y/ dr
TF(Wn,x | Z) )

which, since the integral on the right-hand side of this inequality converges, gives

+
/ OO(log?”)t_1 {F(rwn’m ?) —7"_1/”*(2)_1] dr
1 T (wn,e | 2)

1
sup sup ———
z€Q z€B(x, h) a(wn,i’ |33) V R

=0(1)

as n — 0o. Rewriting with an elementary change of variables

“+o0
/1 (logr)t—1 /@ g = H(2)T(t)

and using the well-known equality tI'(t) = T'(t + 1), we get

mg)(x, 2)

Flona ) OTEFD

1
sup sup —
€ z€B(z, h) a(wn,ib |‘T) V hte

-0
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as n — oo and (i) is proven.

(ii) Since for all z € 2, 0 < v < y(z) <7 < oo, applying (i) entails

(t) t a
1 I't+1)F(wn.e
wp s (1,2) @) +)> oel®) ooy a3
z€Q zeB(z,h) e} wn,a: |37> V hite ’Yt(Z)F(t + 1)F(Wn,x | Z) (¢ (.’E .’E)
Moreover, using the mean value theorem:
t
7' (2) ‘ 1 t—1
— 1| < — sup |tr y(x) — (2
i(2) lt1§r<v| | Iv(z) = 7(2)]
Recalling that 0 < v <7 < oo and that (Az) holds, this implies the estimation
t
sup  sup t(ac) - 1’ = O(h"™). (24)
2€Q zeB(z,h) | V' (2)
Besides, using Lemma 2 gives
1 F n,xr
sup  sup 7(w zl2) 1' =0(1). (25)
z€Q z€B(z,h) h'log w, » F(wn,x | Z)

Note finally that since n < n, A7, and ing2 Wn,g — 00 one has
S

h'r \/ RN

SR logw,
Using then (24) and (25) together with (23) yields (ii).
(iii) Let us remark that for all x € Q:
pd(s—1) (s t) —h ) —h
'(Li) / K°(u u m (( D v) du.
f(x)m (@) (z, x)

From (3) and (ii) it follows that

1 2) miP(z, =
228 ZE,SBI(IE) h) @(Wn e | ) V RV A log wy o ;Exi m%)((ac, $; “H70
as n — 0o, which yields (iii).
(iv) Write for all z € Q:
hd(sfl) (s,t) (z) B hd(sfl)‘u;&t) (z) mﬁ) (z, x)

K3 f (@) (@)t + DF (wne|2) K|S fz)mP (z, ) 7@+ D) F (wne| o)

and use (i) and (iii) together to prove (iv). [ |

The fourth lemma is essential to prove Proposition 1. It gives a uniform exponential bound for large

deviations of T,(Ll’o) and Tfll’l).

Lemma 4. Assume that (SP), (A1) and (A2) hold. Assume that K is a bounded probability density

function on R® with support included in B. If moreover

° mfwnx%oo;
zeQ
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e hsuplogwy , — 0 ;
€

e supa(y|z) = 0 asy — o0
€N

then there exists a positive constant £ such that for all n large enough, one has for t € {0, 1} and every
e > 0 small enough:

T(l t) (.’,C)

it (@)

VzeqQ, IP’( -1

> 5) < 2exp (—re’ nhaF (W, |z)).

Proof of Lemma 4. Using Lemma 1, we can pick n large enough such that B(z, h) C S for all z € Q.

We start by considering 7Y (x). For every x € Q:

(1,0)
Th T

Notice now that if Wy, ;(z) := h*Kp(x — X;)y,>,, .} then

hITO () — h 0 (@ Z n,i(2) = E(Wp i(2))]

is a mean of bounded, centered, independent and identically distributed random variables. Define

1

nhd 10)(3:) and /\n( ) —e’:‘HKHoohdy,(lO( )m

Tn(x) :=

[AYIpS

Bernstein’s inequality (see Hoeffding [23]) yields, for all € > 0:

T (a) ()M ()
P22 q>¢ g2exp<—””).
Applying Lemma 3(iii) yields for n large enough:
. Tn () ef
f — > =, 26
20 nhiF (wn. |z) ~ 2] K]l (26)
Moreover, for all z € :
2
1 EBWi (@) = [E(Wn,1(2))]
An(2) e[ Kl|oo hiut? (z)
Since Wy, 1(x) is bounded by || Koo, it follows that
1 E(W2 ,(z)) — [EWn 1(2)]* 1
i L < s B0 = W@ 1 o
2eQ An(®) T 2e0 g||K||ao hpi Y (2) €

Finally, it holds that

Tn (2)An(2) : () . 1 _
20+ Aa(2)/3) {525 nhdF@JIx)} {525 2(1/ () + 1/3) } nhF(wn,z | )

Using (26), (27) and the fact that the function ¢ — 1/[2(t41/3)] is decreasing on R, it is then clear that

for all n large enough, if € > 0 is small enough, there exists a positive constant x; that is independent

of ¢ such that

(10)( -1

Ve, ]P’(

) > 5) < 2exp [—IﬁEQ nh¥F(wn . |z)] .
x
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We now turn to T,Sl’l)(x). For every x € , it holds that

(1,1) (1,1)
IP’( >s> —P<M1>5>+P<wl<s> =: upn(T) + uz ().

11 11
() ()
We shall then give a uniform Chernoff-type exponential bound (see Chernoff [5]) for both terms on the

TT(LLl)(SU)

(@)

-1

right-hand side of the above inequality. We start by considering us ,, (). Write for all ¢ > 0:

TT(Ll’l) T
urp(z) =P (exp (qM) > exp(qle + 1])) )

T
Letting
on(s, ) :=E(exp(sKp(z — X)(logY — 1ogwn7w)+ﬂ{y>wn’x}))

be the moment generating function of the random variable Kj(z — X)(logY — logw, z)+ Iy sw, .}

Markov’s inequality entails

win(z) < exp [ —qle + 1] + nlog gy, 1qlx>> (28)
p( " ° (nu%’)(:v)

Our goal is now to use inequality (28) with a suitable value ¢* (e, =) for ¢. To this end, notice that
on(s,0) = [ wnlsKnlo )2, 2) £2) d
R

= [ @t [ ke =) |e ) ) ds
R\ B(z, h) B(x, h)
where
Un(s|z, z) .= E(exp(s(log Y — log Wn,m)+]l{Y>wn,m}) | X =2)

is the conditional moment generating function of the random variable (log Y —logwy, 2)+ Iy ., .} given
X = z. In particular, since f is a probability density function on R?,
onls,0) =14 [ (un(sKe = 2) |2, 2) - 1 £(2) d. (29)
B(z, h)

This equality makes it clear that it is enough to study the behavior of ¢, (- |z, z). One has

n(s |, 2) = 1 = Fluwna | 2) +E ([wy } Lysu, 4| X = z) . (30)

n,r

We then work on the last term, which equals

Yy 1° B bo
E (|:wn’w:| ]1{Y>wn1m} |X = Z) = F(wn@ |Z) —+ E </1 Sts 1]1{Y>twn,,m} dt | X = Z>

and since the integrand is a positive measurable function, switching the expectation and the integral

sign implies that

y 1° = e =
E ({ ] Iysw, 31 X = z) =F(wne|2)+ / st F (twy o | 2) dt. (31)
1

Wn,,x

Using (30) and (31) together yields

F(twy o | 2)
tf(wn,w | 2)

Un(s]x, z)=1+F(wn7x|z)/ st®
1

18



A use of (20) and (21) therefore entails, for all s < 1/7,

_ 1 -1
Yn(s|x, 2) =14 sF(wpz | 2) <['y(z) — 8:| + R, (s]|z, z)) (32)
where R,,(s|x, z) satisfies, for all 6 > 0, if n is large enough,

+oo
sup  sup |Rp(s|z, z)| <sup sup @(wpg | z)/ VYT Jogy du.
r€Q z€B(z, h) € z€B(z, h) 1

Since by (22) it holds that sup sup @(wn|2) — 0 we get, for all § > 0:
z€Q 2€B(z, h)

sup sup sup |Rn(s|z,z2)]—0 (33)
s<1/54—8 ©€Q zeB(x, h)

as n — oo. We shall now derive a suitable value for the parameter q. Given X = z, if the remainder

term R,, were identically 0, then one would have mg)(x, z) = v(x)F(wn . | ) and thus an optimal value

of ¢ would be obtained by minimizing the function

1+Z[1W]_1].

Straightforward but cumbersome computations lead to the optimal value

qg— —q[l+e¢] +nlog

4e

2 Flena 12)] — /2~ Pl 2] ~ o [1 - Pl 2]

2[1— F(wpz | )]

qz’Jr(s) = nF(wyz | ) (34)

Since we are mostly interested in what happens in the limit n — co and € — 0, we may examine the

behavior of ¢} , (¢) in this case. Using (34), we get the following asymptotic equivalent

o4 (8) = nF(wnq |z

Note that since q:7+(5)/[nm511)(x, x)] = ¢/[2y(x)(e + 1)] is positive and converges to 0 as ¢ — 0, the

moment generating function ¢, (- |z, z) at ¢ (¢)/ [nmgll)(x, x)] is well-defined and finite for ¢ small
enough and therefore this choice of ¢ is valid. Back to our original context, taking into account the

presence of the covariate X motivates the following value for ¢:

Me
e+1

G+ (&, ) = nh? f(2)F (wn,o | 2)

where M is a positive constant to be chosen later. For ¢ small enough and for n so large that the
quantity o, (q;‘wr(e, x)/(n,ug’l)(x)), :U) is well-defined and finite for all = € €2, replacing ¢ by ¢;, , (¢, 7)
in the right-hand side of (28) gives
Vo eQ, upn(z) <exp <M6nhdf(x)F(wn,m | ) + nlog ¢, <q::(+1(1€),x)’ x)) . (35)
™ (2)
Using the classical inequality log(1 + ) <r for all > 0 together with (29), we obtain

log pn (s, x) < [Yn(sKn(x = 2) [z, 2) = 1] f(2) d=.
B(z, h)
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Applying (32) entails

-1

log on (s, x) S/ sKp(x — 2)F(wn 2 | 2) <[ —sKp(z— 2) + R, (sKp(xz — 2) |z, z)) f(z)d=.

B(z, h)

1
v(2)

According to Lemma 3(iv),

Gni (e )  Me F(wnelz) ehd
e L e S (%0

where sup,cq |r1,,(x)| — 0 as n goes to infinity. As a consequence, using an elementary Taylor expan-

sion, we get, for all z € B(zx, h),

L _gien) Z)l { 7(2)
+

[1+ 710 ()] Kn(z — 2)

7(2) nug’l)(m) v(z)e+1

k <72x) — 1hd[1 + 71 (2) | K (2 — z))}

where k(r)/r — 0 as r goes to 0. Letting

z
pul, ) = L2 4y (@)K — 2)
and using (4), the uniform convergence of r; ,, to 0 and the fact that K is bounded yields

pu(z, 2) = hKp (v — 2) + 1o (2, 2) where sup sup |ron(x, 2)| = 0
z€Q z€B(x, h)

as n goes to infinity. Especially,

Me
e+1

1 qn +(€ .’IT)
() (@)

Kp(x — z)] = v(z) [ thh(a? —z) +ers (e, @, z)] (37)

where r3 (g, z, 2) — 0 as € goes to 0 and n goes to infinity, uniformly in = € Q and z € B(x, h).

Besides, since for every €5 > 0

(& T Me hiKp(x —
sup sup  sup th(z —2z)— c n(z =) —0
(1,1) 1
e<eo z€Q zeB(z,h) | Ny’ (:E) €+ 7(37)
as n goes to infinity and
Me heKp(z — 2)
sup sup  sup 0
neN z€Q z€B(x,h) e+1 ’y(x)
as € goes to 0, (33) yields for € small enough
(e,
sup sup |R, MK;Z(:E —z2)|z, 2| =0 (38)
(1,1)
2€Q zeB(w,h) iy (x)

as n goes to infinity. Using together (4), (36), (37) and (38) entails that there exist functions 74, =
ran(z, 2) and r5,, = r5, (e, z, z) satistying

sup  sup |ran(z, 2)] — 0 asn — o0
z€Q z€B(z, h)

and sup sup |rsnp(e,x,2)] — 0 ase—0 andn — oo
z€Q z€B(z, h)
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such that

G+ (&, ) / Me [ Me _
logo, | ———, 2| < h* |1+ hMKp(x —2)| Fwne|2) Kp(z—2) f(2)dz
n (WS’”(@ ) B(a,h) €T 1 e+1 "

Me 4

L Mey, / Flwna | 2) [ran(@s 2) + ers.n(es @, 2)] Kn(z — ) £(2) d=.
e+1 B(z, h)

Recalling (3) and (25), we get, for n large enough and ¢ small enough, the inequality

a, (e, x) Me Me ol 1a —
VreQ, logp, | ———, < —— 142 K|5] h Flwp..| ).
z og @ (n,ugbl’l)(x) :E) et 1 + e+ 1 1K1 f(@)F(wnz | 2)

Using this result together with (35) and recalling that 0 < f < f(z) entails, for n large enough and ¢

small enough,

Me Me —=
Q < ~Me+— [1+2——|K|3 ‘F :
Vo€ 0 wale) <o (£ | <Mt 25 |14 22 IR | b F e 1))

A straightforward computation shows that the optimal value for M in the above inequality is

« _ &t1
T4|Kf3
for which
e? — —
Vo e, upn(r) <exp (_8||K||§fnhdF(wn’w | x)) = exp (—/ﬁganhdF(wn@ x))

where kg is a positive constant independent of ¢.

Providing a uniform exponential bound for usg ,(x) starts by noticing that, for all ¢ > 0,

Uz n(7) < exp (—q[e — 1] +nlogy, <—(1q1), x)) :
npn ()

Considering again the conditional framework, if the remainder term R,, in (32) were identically 0, an

optimal value of ¢ would be obtained by minimizing the function

-1
q q
g —qle—1]+n g[ n[ nF(wn7I|a:)] ]

Burdensome computations lead to the optimal value

4e
1—

— 2= F(wns |2)] + \/[2 — Fwn.e |:r)]2 "
2 [1 — F(wn o |;v)]

6 [1 — F(wne| x)]

qZ,f(E) = nf(wn,z | )

which yields the following asymptotic equivalent as n — oo and € — 0:

¢; (&) = nF (W | 2) 2(15_ 5

Adapting this in our framework motivates the following value for ¢:

" Me —
0, (&, x) = fnhdf(m)F(wmx

x)
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where M is a positive constant to be chosen later. Recall (29) to write, for all s > 0,
on(-s.0)=1= [ (1= vn(-sKnle - 2)|s, 2)] () e
B(z, h)
Using the well-known inequality log(1 —r) < —r for all r > 0, we get

log on(—5, 7) < / on(—sKn(z — 2) |2, 2) — 1] f(2) d.

B(z, h)

Replacing s by ¢;; _ (e, x)/nug’l)(x), the ideas developed to control us ,(z) entail, for n large enough,

1—¢

Ve, uypn(z) <exp <f [ME— IMEE {1 -2 Me

K1) [ b P ).

A straightforward computation shows that the optimal value for M in the above inequality is

1—-¢
M= —
4K I3
for which
Vo €Q, us,(z) < exp (—kroe’nh'F(wn, | 7).
Setting k = k1 A ko completes the proof of Lemma 4. ]

The fifth lemma of this section establishes a uniform control of the relative oscillation of = +— ,qu’t) (x).

Before stating this result, we let
m0 (z) = E(K3, (z — X)m) (z, X))

where K := 15/V is the uniform kernel on R¢, with V being the volume of the unit ball of R?; let further
Kn(u) == h=4K(u/h).

Lemma 5. Assume that (SP), (K), (A1) and (As) hold. Pick s > 1,t € {0, 1} and let € := ¢, be a

sequence of positive real numbers such that € < h. If moreover

o inf w,, — 00 ;
€N

e hsuplogwy, , — 0 ;
zEQ

o sup A(logwy »)(e) = 0 ;
e

o supa(y|z) = 0 asy — o0

z€eN
then (o)
1 i (2)
sup  sup -1 =0(1).
S L o IRV Alogena)©) | o (a) W

Proof of Lemma 5. Using Lemma 1, we can pick n large enough such that B(z, 2h) C S for all z € .

We start by the case t = 0. For all x € Q and z € B(z, €), we have
pe @) —uSV()| < E(Ki(z - X) = Ki(z = X)| Ly se,.,))

)

(x, z) + R (x, 2) (39)

+ E(Ki(z—X) | Lysw,.t — Lysw..}
= RWY

1,n
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and we shall handle both terms in the right-hand side separately. Since by the mean value theorem, for
al0<a<b

la® — b°| < max |sts_1| la — b,
t€la, b]

hypothesis (K) and the inclusion B(z, h) C B(x, 2h) entail that there exists a constant cx s > 0 such
that

[KG(x = X) = Kj(2 = X)| <

CK,s e
— hsd

nK
ﬂ Iy xeB(z, 20)}- (40)

From (40), we get
n
sup RgOT)L(x, z) < CK,s(QdV)s mgf’o) (z) [E] * (41)
z€B(z, €) ’ h

Because K is a probability density function on R? with support included in B, applying Lemma 3(iii)
with K instead of K implies that

my? ()

-1
(2h) =46V ||K||s f (z) mY (z, z)

—0 asn — oo.

P
e

Applying Lemma 3(iii) once again then gives

(s,0) KlI®
sup Mo (2)  gas-n IS —0 asn— oo (42)
e | s KI5
2€ |ty (2) s

which, together with (41), yields

(0)
e1-nx Ry, (x, 2)
sup  sup {ﬂ 1(’S"T = 0(1). (43)
z€Q z€B(x,¢) n (IIZ)
We now turn to the second term. One has
RY) (2, 2) = E (Ki(z — X) [Fwne | X) = Flwn: | X)) (44)

Furthermore, using Lemma 2 with ¢’ = 0 and the inclusion B(x, 2h) C S for all z € 2 entails

Fwy|2")

1
sup  sup sup Flam o | 2)
n,xr

z€Q 2’ €B(z,2h) z€B(x,¢€) A(IOg W’VI,JJ)(E)

- 1‘ =0(1). (45)
Besides, hypothesis (K) and the inclusion B(z, h) C B(z, 2h) imply that

E(K3 (2 — X)m® (z, X)) < excs(2V)° mE (z) (46)
where ck ; was introduced earlier. Using the obvious identity

(wn,z|X) _1‘ (47)

_ — F
|F(Wn’w|X) _F(wn,Z|X) :mgzO)(x’ X) ‘
F(wpz | X)

and recalling that the support of the random variable K (z — X) is contained in B(z, h) C B(zx, 2h),

(44) and (45) yield:

sup sup ! Ré(’):l(ajj Z) = O(]-)
z€Q zEB(w, ¢) A(logwnyw)(a) mSLS’O) (.’L‘) )
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and (42) entails
1 R o)

n

sup  su : =0(1). 48
168 zeB(Iz) €) A(log Wn av)(E) Iugls,O) (Z) ( ) ( )

Applying (39) together with (43) and (48) gives

1
sup sup
zeQ z€B(x,¢€) [s/h]nk N A(logwn z)(s) 2 ’

which shows Lemma 5 in this case.

We now turn to the case t = 1. Note that for all real numbers a, b > 1 such that a # b one has

Vy>1, [(logy —loga); Ngy~qy — (logy —logb) y Ipyspy| < [logh —logallg,~anpy- (49)

Inequality (49) then implies, for all z € Q and z € B(z, ¢):

pV@) = D@ < E (K - X) - Kis = X)] (g Y —1ogwne)+ Iy s, .))

+ log

E (K (z = X) iy se, o nwn.})

= R{)(z, z) + R)(z, 2) (50)

and we shall once again take care of both terms in the right-hand side of this inequality. Start by using
(40) to get

E1NK
sup Rglzl(x, 2) < exs(2%V)F mlY (z) [ﬁ] . (51)
z€B(z,€)

We now use the same idea developed to control Rg?r)l (z, 2): since K is a probability density function on
R? with support included in B, applying Lemma 3(iii) with K instead of K implies that

(1) —1|—=0 asn— .
(2h)~d=DK|s f(x) mn (z, x)

IEQ

Applying Lemma 3(iii) gives

(571) S
sup 7111:1)(1')_2 31” I3 —0 asn—o0
2€Q | up " (x) [F2q[
which, together with (51), yields

(1)

-nx Ry (%, 2

sup  sup [E] “ % =0(1). (52)
h pn” ()

T€EQ 2€B(x,€)

To control the second term, write

sup Rélzl(x, z) < A(logwy 4)(e) sup E (K,j(z — X)]l{Y>wn,I/\wn,z}) .
z€B(x,€) z€B(z,€)

Note that since wy, 4 A wy, . is either equal to wy, , or wy, ., we can write, for all z € B(z, €)

E (K (2 = X) Uy, o, ) < B (Ki(z = Xm0z, X)) VE (Ki(z = X)m?(z, X)) .
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Recall now (45) and (47) to obtain, for n large enough, uniformly in € Q and z € B(z, ¢),
E (Ki(z = X)Mysu, onn.y) < 2B (Ki(z = XmO (@, X)) . (53)

Finally, using (46) and (53) yields:

sup  sup L Rél}l(w’ 2 =0(1)

€9 zeB(x, o) Alogwnz)(€) m0(2) ’
and (42) entails

sup sup 1 RST)L(% ) =0(1)

2€Q zeB(z,s) Alogwy 2 )(€) usf’o)(x)
so that Lemma 3(iv) gives

1 R(l,)l T,z

L ) Allogwna)(E) :s%vg(x)) = O (34

Applying (50) together with (52) and (54) implies that
1 5{9’1) z
S /A Ao () ZHEx; ~1=0wm

which completes the proof of Lemma 5. [ ]

The sixth lemma of this section provides a uniform control of both the difference of two versions of
uﬁ}"” (z) for two families of thresholds that are uniformly asymptotically equivalent and the empirical

analogue of this quantity.

Lemma 6. Assume that (SP), (A1) and (A2) hold. Assume that K is a bounded probability density
function on R® with support included in B and that
e inf w,, — oo ;
reQ ’
e hsuplogwy , — 0 ;
€N

e supa(y|z) = 0 asy — oo.

zEQ
For an arbitrary family of positive sequences (pn ) such that sup p, , — 0 as n — oo, let
e
MM (z) = E(Kn(e = X) {1 p, )eon s <Y <t pn)one))
1 n
1,0 -
and U{"(z) = 52&(96—Xi)11{(17pn,w>wn,z<yig(1+pn,z)wn,w}-
Then 1.0)
My>
sup @M () ),
zEQ Zf(*r)pn,:cF(wn,x | )

and there ezists a positive constant k such that for all n large enough, one has for every € > 0 small

enough:
0 (a)

M7(11,0) () -1

Ve, P (pn,a:

> 5) < 2exp (—msnhdf(wn@ |x)) .

25



Proof of Lemma 6. Using Lemma 1, we can pick n large enough such that B(z, h) C S for all z € Q2

We start by noting that

— F((1- X F((1 X
MEO(a) = B (Ko = X ol ) | PO frkne ) FO poonr ]
Pt (Wne | X) Pl (Wne | X)
Use then (SP) and (A4;) to get, for an arbitrary z € B(x, h),
nl _ _ —1/~(2) W,z
F((1 i’n,z)wn,z | 2) _ (1 Pnz) exp _/ a(v]z) dv (55)
Pr,aF (Wnz | 2) Pn,x (I—=pn,2)wn,x v
F 1 2 ) Wn o 1 . —1/~(=) (14pn,z)wn, =
and ( +£ @)Wne | 2) = (L+ pna) exp / L(Mz)dv ) (56)
Pn,x Wn o v

Pl (wn.e | 2)

Remark that using a Taylor expansion of the exponential function in a neighborhood of 0, there exists

a function ¢ : R — R converging to 0 at 0 such that for all h > 0:

o (25 1 o (55

~1/7(z) _
(1+h) +(2) () ()

since 0 < v < y(z) and sup p, , — 0, this yields

€N
(1= ppz)~ /) 1 1
: = + ——A+rin(z, 2 57
(1+ ppz) /7 1 1
and J = — = —— 1 +rnu, 2 58
where r1 ,(x, z) and o ,(x, 2) satisty
sup sup |rin(x, )| =0 and sup sup |rg.(z, 2)| >0 asn — oo.
z€Q z€B(z, h) z€Q z€B(z, h)
Besides, for all A > 0,
o aul) |
dv| <@((1 — h)wn,z | 2)|log(1l — h)| (59)
(1_h)wn,m v
so that, because inf w, , — 00, sup p,, » — 0 and sup@(y|z) — 0 as y — oo:
zeQ TEQ z€Q
Wn,z Wn o

exp (—/ a(v|z)dv> =1 —/ Mdv (14 rgn(z, 2))

(l_pn,m)wn,m v (1_pn,m)wn,z v

where r3 ,(x, z) satisfies
sup sup |rsn(z, z)] >0 asn — oo.
z€Q 2€B(x, h)
Similarly
(60)

< @(wne | 2)|log(1 + )|

/(1+h)wn,z a(v | z) i
w v

and therefore
(1+P7uz)wn,z (1+pn,z)“"n,m
exp (/ a(v]2) dv) =1+ / oz(vv| ?) dv (14 ran(x,2))
w. w

v

n,r n,xr
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where ry ,(x, z) satisfies

sup sup |ran(z, 2)] >0 as n — oo.
z€Q 2€B(x, h)

Moreover, (59) and (60) yield

[ e,
(17Pn,z)wn,r v

as n — oo. Plugging this together with (57) and (58) into (55) and (56) and recalling that 0 < v < y(2)

—0

— 0 and sup sup
z€Q zeB(z, h) Pn,x

sup sup
z€Q 2€B(x, k) Pnx

Qe a(v] 2)
d
/. S

n,x

entails

+(2) [ (1= prs)wns | 2) F((1+pn,m)wn,mz):| _1‘ 0

sup sup —
2 praF (Wno | 2) praF(Wno | 2)

z€Q 2€B(x, h)

as n — oo. Consequently,

M'r(LLO)
sup 7(x) —1| —=0. (61)
zcQ | 2E (Kh(x — X)pnoF (Wnz | X)/’y(X))
Write then
f(z — hu)
E (Kp(z — X)F(wnq | X)/v(X /K Flwpz|x— hu)’y(z—hu)du.
Recalling (3) and (4), we get
E(Kp(x — X)F(wnz | X X
sup B b2 = X)Plin | X)) _1‘ o
2€Q) pn () /()
It only remains to recall (61) and to apply Lemma 3(iv) to obtain
(1,0)
sup | @M (@) ) (62)
z€Q 2f($)pn,xF(Wn,x | JC)

We proceed by controlling Uy(Ll’O) (x). For every x € Q,

(1,0) i 0
’ (pn,x Un(lim(x) e E) - (‘hdUﬁl’O) () - her(LLO)(:v)‘ > €n<x)> :
My () Pz

Notice now that if Z, ;(z) := h? Ky (x — Xi)U{(1—pp 2 )om.e <Yi<(14pn.o)wn.o }» thEND

1 n
hdUr(Ll’O)() hiM (10) ﬁz i (@) = E(Zy i(2))]

is a mean of bounded, centered, independent and identically distributed random variables. Define

€ nhdMél’o) T her(ll’o) T 1
(z) and A\, (z) :=¢|| K|l (z)

T \T) (= .
Sl T e Var(Zoa (@)

Bernstein’s inequality (see Hoeffding [23]) yields, for all € > 0,

(1,0)
n (@) 7o (2)An ()
# (o ) <o ()

MM ()
Applying (62) yields, for n large enough,

. Tn(x) ef
T L 63
22 nhaF (wn o |2) ~ ANK [0 o
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Moreover, for all z € €,
1 E(Z @) = [E(Zea ()]
M@ T K o O ()
Since Z,, 1(z) is bounded by || K|, it follows that

E(Z2 —[E(Z, S
< sup pr o (27 1(2)) = [E(Zn,1(2))] < Lauppus 0 (64)
A ) (1,0) ’
ze n(x) zeN 6”_[(”00hUl‘Ll,n7 (QC) € zeQ

as n — oo. Finally, it holds that

T () A () . Tn () . 1
20+ An(@)/3) = {9225 nhdF(wnm} {m“elfz 2(1/ () + 1/3)

} nh@F(wy . | ).

Using (63), (64) and the fact that the function ¢ — 1/[2(¢+1/3)] is decreasing on R, it is then clear that,
for all n large enough, if £ > 0 is small enough, there exists a positive constant s that is independent of

€ such that Lo
()

M’r(Ll,O) (.Z')
This completes the proof of Lemma 6. ]

Ve, P(pn’w -1

> 5) < 2exp [—kenh®F(wn . | 7)] .

The final lemma is the last step in the proof of Theorem 2.

Lemma 7. Let (X,,) be a sequence of positive real-valued random variables such that for every positive
nonrandom sequence (8,,) converging to 0, the random sequence (0,X,) converges to 0 almost surely.
Then

P (lim sup X,, = +oo) =0 ide X,=0(1) almost surely.

n—oo

Proof of Lemma 7. Assume that there exists € > 0 such that P <lim sup X,, = +oo> > . Since by

n—oo

definition limsup X,, = lim sup X, is the limit of a nonincreasing sequence, one has
n—00 n=00 p>n

VEEN, VneN P| | J{X, >k} | >c
p>n
From this we deduce

VEEN, VneN, 3n >n, P| | J{X, >k} | >¢/2 (65)
p=n
We now build a sequence (Nj) by induction: start by using (65) with &k = n = 1 =: N; to obtain

Ny > Njp such that
No—1

P U {Xp =1} ) =¢/2.
p=N1

Then for an arbitrary k > 1, if Ny is given, apply (65) to get Ni11 > Ny such that

Nk+171

3
P > > —.
p=Nj

28



The sequence (Ny) is thus an increasing sequence of integers. Let 6, = 1/k if Ny < n < Npiy1. It is

clear that (J,) is a positive sequence which converges to 0. Besides, for all kK € N\ {0} it holds that

Ng41—1 Ngy1—1 c
P(sup 5poz1) =P| J X213 |=2P| | X, =213 =P| |J {X, >k} >
p> Ny p> Ny, p=Np p=Ny
This entails
lim inf P <sup 9p X, > 1) >e/2>0.
Hence (6, X,,) does not converge almost surely to 0, from which the result follows. [ |
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