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Abstract. We consider a nonparametric regression estimator of conditional tails introduced by Goegebeur, Y.,
Guillou, A., Schorgen, G. (2013). Nonparametric regression estimation of conditional tails - the random covariate
case. It is shown that this estimator is uniformly strongly consistent on compact sets and its rate of convergence is
given.

Résumé. Nous considérons 'estimateur a noyau de l'indice des valeurs extrémes conditionnel présenté dans Goe-
gebeur, Y., Guillou, A., Schorgen, G. (2013). Nonparametric regression estimation of conditional tails - the random
covariate case. Nous montrons la consistance uniforme presque sire de cet estimateur sur les compacts et nous
calculons sa vitesse de convergence presque stre.

Keywords: Tail-index, kernel estimation, strong uniform consistency.

1. Introduction

Extreme value analysis has attracted considerable attention in many fields of application, such as hydrology,
biology and finance, for instance. The main result of extreme value theory asserts that the asymptotic
distribution of the — properly rescaled — maximum of a sequence (Y7, ..., Y,) of independent copies of a
random variable Y with distribution function F' is a distribution having the form

Gy (x) =exp(—(1+ fy:c)jrl/’y) where y; = max(0, y)
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2 Y. Goegebeur et al.

for some v € R, with Go(z) = exp(—e~*). The distribution function F is then said to belong to the maximum
domain of attraction of G, and the parameter « is called the extreme value index. Many applications in
the areas of finance, insurance and geology, to name a few, can be found in the case when v > 0, where F'
is a heavy-tailed distribution i.e. the associated survival function F := 1 — F satisfies F/(z) = 2~ /7 L(z),
where 7 shall now be referred to as the tail-index and L is a slowly varying function at infinity: namely, L
satisfies, for all A > 0, L(Ax)/L(x) — 1 as x goes to infinity. In this case, the parameter ~y clearly drives the
tail behavior of F'; its estimation is in general a first step of extreme value analysis. For instance, if the idea
is to estimate extreme quantiles — namely, quantiles with order «,, > 1 — 1/n, where n is the sample size
— then one has to extrapolate beyond the available data using an extreme value model which depends on
the tail-index. For this reason, the problem of estimating v has been extensively studied in the literature.
Recent overviews on univariate tail-index estimation can be found in the monographs of Beirlant et al. [2]
and de Haan and Ferreira [17].

In practice, it is often useful to link the variable of interest Y to a covariate X . In this situation, the tail-index
depends on the observed value x of the covariate X and shall be referred to, in the following, as the conditional
tail-index. Its estimation has been addressed in the recent extreme value literature, albeit mostly when the
covariates are nonrandom. Smith [31] and Davison and Smith [10] considered a parametric regression model
while Hall and Tajvidi [19] used a semi-parametric approach to estimate the conditional tail-index. Fully
nonparametric methods have been considered using splines (see Chavez-Demoulin and Davison [4]), local
polynomials (see Davison and Ramesh [9]), a moving window approach (see Gardes and Girard [12]), or a
nearest neighbor approach (see Gardes and Girard [13]), among others.

Less attention though has been paid to the random covariate case, despite its practical interest. One can
recall the works of Wang and Tsai [33], based on a maximum likelihood approach in the Hall class of
distribution functions (see Hall [18]), Daouia et al. [7] who use a fixed number of nonparametric conditional
quantile estimators to estimate the conditional tail-index, later generalized in Daouia et al. [6] to a regression
context with response distributions belonging to the general max-domain of attraction, and Goegebeur et
al. [16] and Gardes and Stupfler [14] who both provide adaptations of Hill’s estimator (Hill [22]), the latter
also studying an average of Hill-type statistics to improve the finite sample performance of the method.

In this paper, we focus on a nonparametric regression estimator of conditional tails introduced by Goegebeur
et al. [16]. The particular structure of this estimator makes it possible to study its uniform properties. Note
that uniform properties of estimators of the conditional tail-index are seldom considered in the literature. One
can think of the work of Gardes and Stupfler [14], who study the uniform weak consistency of their estimator.
Outside the field of conditional tail-index estimation, uniform convergence of the Parzen-Rosenblatt density
estimator (Parzen [28] and Rosenblatt [29]) was first considered by Nadaraya [27]. His results were then
improved by Silverman [30] and Stute [32], the latter proving a law of the iterated logarithm in this context.
Analogous results on kernel regression estimators were obtained by, among others, Mack and Silverman [26],
Hérdle et al. [20] and Einmahl and Mason [11]. Uniform consistency of isotonized versions of order—a quantile
estimators introduced in Aragon et al. [1] was shown in Daouia and Simar [8]. The case of estimators of
the left-truncated quantiles is considered in Lemdani et al. [25]. Finally, the uniform strong consistency of
a frontier estimator using kernel regression on high order moments was shown in Girard et al. [15].

The paper is organised as follows. Our main results are stated in Section 2. The estimator is shown to be
uniformly strongly consistent on compact sets in a semiparametric framework. The rate of convergence is
provided when a further condition on the bias is satisfied. The rate of uniform convergence is closely linked
to the rate of pointwise convergence in distribution established in Goegebeur et al. [16]. The proofs of the
main results are given in Section 3. Auxiliary results are postponed to the Appendix.

2. Main results

We assume that the covariate X takes its values in R? for some d > 1. We shall work in the following
semiparametric framework:
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 3

(SP) X has a probability density function f with support S C R? having nonempty interior and the
conditional survival function of Y given X = x is such that

VeeS, Vy>1, Fly|z) =y /" L(y|z)

where y(z) > 0 and L(- | z) is a slowly varying function at infinity.

The estimator of the conditional tail-index we shall study in this paper is defined as

Z Kp(z — X;)(logY; — logwn,x)+]1{yi>wmw}
Fn(z) = =2 - : (1)
> Kn(r = Xy, 5w, )
i=1
Here K, (u) := h™%K (u/h) where K is a probability density function on R? and h := h,, is a positive sequence

tending to 0 while for all x, (wy, ) is a positive sequence tending to infinity. Note that 7, (z) = M (x)/ s (x)
where, for all ¢ > 0,

1 n
Jykw::EE:KMx—Xﬂ&gH—J%wmﬁihnw%ﬁ.
=1

The estimator (1) is an element of the family of estimators introduced in Goegebeur et al. [16], which can
be seen as an adaptation of the classical Hill estimator of the tail-index for univariate distributions (see
Hill [22]). Note that the threshold w;, , is local, i.e. it depends on the point x where the estimation is to be
made, while the bandwidth h is global.

We first wish to state the uniform strong consistency of our estimator on an arbitrary compact subset (2
of R? contained in the interior of S. To this end, we first assume that for every x € S the slowly varying
function L(-|z) appearing in F'(-|x) is normalised (see Bingham et al. [3]):

(A1) Forallz € S and y > 1,

Liy|2) = e1(z) exp < / Md)

v

where ¢z, () > 0 and «(- | ) is a function converging to 0 at infinity.

Let || - || be a norm on R and for 7 > 0, let Q" be the set of those points in R? whose distance to € is not
more than r:
Q" ={r R I cQ, |z 2| <r}.

Remark that since €2 is contained in the interior of the closed set .9, the distance of ) to the boundary of .S
must be positive. As a consequence, the set 2" is contained in S for all » > 0 small enough. We can therefore
introduce some classical regularity assumptions:

(A2) For some r > 0, on Q", the functions f and ~ are positive Holder continuous functions, logey, is a
Hélder continuous function and «(y | -) is a Holder continuous function uniformly in y > 1: for all z, 2’ € Q"

[f(@) = f@] < Mylle— 2",

(@) =@ < Mylle—a"|™,
[logep(x) —loger(a')] < M, |lo—a'||™r,

< Malle—2/|".

sup la(y |z) — a(y |z
y>1

Let moreover 7 := 1)y A7, A 7. We introduce the oscillation of x + logw,, , at a point z € R? over the
ball B(z, ¢):

Ve >0, A(logwn,z)(€) ;= sup |logwy s — logwy, .|
z€B(x,¢)
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4 Y. Goegebeur et al.

and the quantity @(y|z) := sup;s, |a(t]z)] for all y > 1. Our results are established under the following
classical regularity condition on the kernel:

(K) K is a probability density function which is Hélder continuous with Holder exponent nx > 0: for all
z, 2’ € R?,
K (2) = K(2')] < Mgllz — 27

and its support is included in the unit ball B of R?.
Especially, if (K) holds then K is bounded with compact support. Let
nh

v () 1= lognf(wn’x | z)

and introduce the hypothesis
(C) For some b > 0, it holds that lim sup sup v, (z)A(logw, )(n~?) < co.

n—oo xef

Our uniform strong consistency result may now be stated:
Theorem 1. Assume that (SP), (K), (A1) and (Az) hold and that

o ;Ielg U (x) = 00;

o inf wy , = 00;
e

e hsuplogw,, , — 0;

e

o sup A(logwy z)(h) — 0;
EQ

e supa(y|z) = 0 as y — oo.
e

Assume moreover that condition (C) is satisfied. Then it holds that

sup [Jn(x) —v(z)| = 0  almost surely as n — oc.
€N

Note that the hypotheses in?2 Wp,p — 00 and sup@(y | ) — 0 as y — oo imply the convergence
z€ zeQ

sup @(wn: | ) = 0
TEQ

which shall frequently be used in the proofs of our results. Besides, using the mean value theorem, it holds

that |e* — 1] < 2fu| for u € R such that |u] is sufficiently small. As a consequence, using the condition

sup A(logwy, ;) (h) — 0, this inequality implies that for n large enough
e

sup  sup
z€Q z€B(x, h)

Unz _ 1‘ < 2sup A(log wy, ) (h) — 0. (2)
wn,z e

Finally, the conditions

sup A(logwy, »)(h) — 0 and limsup sup v, (z)A(logwy .)(n~") < 0o

e n—oo zef)

are satisfied if for instance w,, , = n9®) where g : S — R is a positive Holder continuous function whose
Holder exponent is not less than n. In other words, Theorem 1 requires that a continuity property on
x — log wy, » be satisfied.

Our second aim is to compute the rate of uniform strong consistency of the estimator (1):
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 5

Theorem 2. Assume that the conditions of Theorem 1 are satisfied. If moreover

lim sup (sup Up () {@(wn,z | ) VAV AT logwy, » V A(log wnz)(h)}> < o0 (3)
n—o00 e

then it holds that

sup v, () [Fn(z) —v(x)| = O (1)  almost surely as n — oc.

zEQ
Let us highlight that condition (3) controls the bias of the estimator 7,. The terms k" and h"logwy, »
correspond to the bias which stems from the use of a kernel regression, while the presence of the other terms
is due to the particular structure of the semiparametric model (S P). Besides, as pointed out in Goegebeur et
al. [16], the rate of pointwise convergence of 7y, () to y(z) is [nh?F (w,, . | ©)]*/2. Up to the term [log n]'/2, the
rate of uniform convergence of 4,, to 7 is therefore the infimum (over §2) of the rate of pointwise convergence
of 7 (x) to A(x).

3. Proofs of the main results

Before starting the proof of Theorem 1, let us note that assuming that (SP), (A1) and (Az) hold then it is
easy to show that there exists a positive constant Mz such that the function (z, y) — log F(y|«) has the
following property: for all z, 2’ € Q" such that ||z —2/|| <1 and y, v’ > e,

‘10 Fly|x)
Fy'| ')

1
< M|z — 2’| logy + (W +ay Ayl x')) |logy —logy/|. (4)
Moreover, if (A2) holds then one may take a positive number r such that the four conditions of the hypothesis
hold on Q2". Since Q" is compact, f := supq- f < oo and f = infor f > 0. As a consequence, the uniform
relative oscillation of f over the ball B(x, h) can be controlled as

sup  sup
z€Q" zeB(x, h)

LAC) B B
o ‘ O (k") — 0. (5)

Second, 7 := supg- vy < 00 and 7 := infor v > 0 and we thus have

sup  sup
z€Q" ze€B(x, h)

(=) A,
) 1‘_0(11 ) = 0. (6)

Third, we can write for all z, 2’ € Q" and ¢t > 1
a(t|z) < a(t|2’) + |a(t|z) — a(t|2')|

and the roles of z and x’ are symmetric in the above inequality, so that taking the supremum over ¢t > y on
both sides yields

Vy =1, [a(y|z) —a(y|2)| < Moz — 2| (7)

We may now prove the key result for the proof of Theorem 1, which is a uniform law of large numbers for
Tr(lo)(ac) and Tr(ll)(ac). In what follows, we let p'}) (x) := E(Ty(f) (x)).

Proposition 1. Assume that the conditions of Theorem 1 are satisfied. Then for every t € {0, 1} it holds
that

T (@)
sup vy, () — = O(1) almost surely as n — oc.
z€Q pn” ()
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6 Y. Goegebeur et al.

Proof of Proposition 1. The proof is based on that of Lemma 1 in Hardle and Marron [21]: we shall in
fact show complete convergence in the sense of Hsu and Robbins [24]. Since € is a compact subset of R?,
we may, for every n € N\ {0}, find a finite subset Q,, of Q such that:

Vo eQ Ix(2) € Q. o= x(@)] <n? and Fe>0, (2] =0 (@),

where b, which we may take to be not less than 1/d + 1/2nk, is given by condition (C') and [€,| stands
for the cardinality of ,. Notice that, since nh? — oo, one has n=%/h — 0, so that one can assume that
eventually x(z) € B(xz, h) for all z € Q. Next, remark that ||z — x(z)|| < n7® < h < 1 and that since
n~% < h the convergences

n~" sup logwy, » < h"suplogw, , — 0 and sup A(logwn,m)(n*b) < sup A(logwy 5 )(h) — 0
TES) zES) e e

hold. Consequently, Lemma 1 entails
vn ()

F(wn,z | ) 1
'Un(X(x)) F(wn,x(:c) | X(l‘))
Pick € > 0 and an arbitrary sequence of positive numbers (d,) converging to 0; using together (8) and the
triangular inequality thus shows that for n large enough

sup

- 1‘ = sup
zeQ

e

— 0. (8)

(t)
T,
P <6n sup vy, (x) 2)7@) -1 > 5) < Rin+Rop
z€Q pin” ()
where
(t)
Tn'(2) €
Ry, = IP( > —)
W |
(t)
T Ty T €
and Ro, := P(én sup vy, () (t)( ) (t)(X( ) > 5)
2R pn” (@) pn” (X (2))

The goal of the proof is now to show that the series > Ry, and ) Rs, converge. The result of Proposi-
tion 1 shall then be an easy consequence of Borel-Cantelli’s lemma and Lemma 6.

We start by controlling R ,. To this end, apply Lemma 3 to get that there exists a positive constant x such
that for n large enough,

) |
) (2)

VzeQ,, P <5n Un(z) 16 5202 (Z)

IR
> Z) < 2exp {—i 2 M Flwnz]2)

Use now the definition of v, (z) to get

1
Ry, =0 (nc exp {—%52 O;”]) .

n

Hence ), Ri, converges.

We now turn to Ry ,. Using the triangular inequality gives

Ry <P <5n sup v (x)S1 o (z) > i) +P <5n Sup vy, (x)S2.n () > §> =:R3,+ Run

€9 €9 4
where
Kh (r — X;) Kh(x(z)in)
Sin(z) == — Z ® (log ¥; — 10g wn x(2)) 4 Lvi>wn o}
p pn” (x(2))
S. L Kh t t
2771(33) = Z (t) (logY 10gwn,x)+]1{Yq,>wn,w} - (1OgY; - Ingn,x(a‘))—i—]l{Yq,>wn,X(x)} )
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails

and it is enough to show that the series Zn R3,, and Zn R4, converge
To deal with Y Rj3 , use once again the triangular inequality to obtain
Kp(x — X; K z) —X;
nl ) _ Knlx(e) = Xi) < [Kn(z — Xi) — Kn(x(z) — X5)|
(t) (t)
pin” () fin” (x(2))

u (x(x))

i (x(@)
wP ()

Using hypothesis (K) and Lemma 4, there exists a positive constant M such that for n large enough

+ 1 K}l(I—Xi).

Kn(z—X;) Ku(x(z)—X))| M ([n0]"™ L
Vo €Q, :u(t)(X( ))‘ - =791 7 V A(logwnz)(n™7) ¢ .
e () ) (x(x)) ht Lk
Besides
m (2 ZICQh z— X;)(log Y; —logwn,2)% Niy;sw, .}

( ) defined before Lemma 4; since the support of the random variable

is the empirical analogue of mn
K (z — X;) is included in B(x(z), 2h), one has for n large enough

n_b} e

=0 (1 (o
Vv A(logw"’x)(n_b)} %

Va € Q, v,(2)S1n(z) <29V Mu,(x) { [ -
) for which the conditions of Lemma 2 are satisfied

Moreover, since fi\! )( ) is a kernel estimator of ml! )(

we get for n large enough:
~(t) ~ (1)
my (2 my (2
Vz € Qp, 0nvn(2) (t)( ) < 20pvn(2) |14+ (t)( ) —1H .
WD (2) m(2)
The fact that b > 1/d+ 1/2nk gives

nK/d
} — 0.

nib nK nib NK 1
s || <va ] < [
Using first this convergence together with hypothesis (C) and (8) and then Lemma 3 entails for n large

5) =0 (nc exp { K'e? I(zsg;n])

(1)

enough:
R3p < Z P <5nvn(z) m?t)( ?) —1
2€Q, mp (Z)

where «' is a positive constant. Hence ) Rs, converges
To control > Ry, first use Lemmas 2(iv) and 4 to get, for n large enough
t t
{mwuw»uwuu»}<z
) (@) sl ()
X;) is included in B(x(z), 2h), one has for n

(t)
sup Mn X)) (t()X(x)) = sup
v€Q  py’(x) zeQ
Therefore, since the support of the random variable K, (x

large enough and all x €
S2.n(2) < 27 V|| K [0 S50 (2)

where || K || := sup K and
B
) | log Vi — logwn..)! Ly, s, .1 — 108Y; = 10gwn ()4 1yisw, o))

(t)
T my (x(x
Hill_loiunif_ THP_revised6.tex date: November 21, 2013
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8 Y. Goegebeur et al.

We then get

g
Ry, <Pl S. —— | = R
s (”228“"@ 3n(@) > 2d+3V||K|oo) o

and it is enough to control >, Rs,. We start by considering the case t = 0. In this case, S3 ,(x) reduces to

Synl) = ~ iwﬂ

n = wl (y(x)

Letting pn . := 2A(logws, . )(n~?) and using (2), we have sup p,, , — 0 and for n large enough
zeQ

{Wn, e AWy y () <Yi<wWn 2 Vwn x(2) }*

Vo €Q, (1= puy@)Wnxz) < @na < (14 Pnx(@))@n,x()-

As a consequence, for n large enough it holds that

1~ Kanlx(@) — X3)
Vre, S3ﬁ”(x) < - Z (0) ﬂ{(l_pn,x(y:))wn,x(y:)<Yi§(1+pn,x(u:))wn,x(u:)}'
- M (x(@))

n

Similarly to Lemma 5, let

My(z) = E(’C%(I_X)ﬂ{(lfpn,x)wn,w<Y<(1+pn,w)wn,x})
1 n
and Up(z) = EX}K%(I _Xi)ﬂ{(lfpn,w)wn,w<Yi<(1+pn,w)wn,x}-
i

Write

Vi €, 6y0n(2)Sn(z) < Spvn(z) X)) (@) 1” .

el
m'” (x(z)) M (x(x))

Use together Lemmas 2(iv) and 5 along with (8) to get for n large enough

Ve, 0,vp(x)Ssn(z) <

S e |1+ \% - 1H |

Recall that p,, » = 2A(logwy, . )(n~?) and that condition (C) is satisfied to obtain

O sup vp(2)pn,. — 0.
2€EQ,

Therefore, since 0 < v < (x(z)), the triangular inequality implies that

Un(2)

ey
n < ]P) nvn N,z | 35 7 N 1 ORI TeTEaT—
Ron< D (‘5 vn(@ons | 37°0) ‘> 2d+6vnK|oo)

2€Q,

for n large enough. Lemma 5 now makes it clear that

ey logn logn
R "= O c o " L " — c _ "
5, (n Zseué) exp ( K ST K| v (2) . >> 0 <n exp ( K 5—5n

which proves that ) Rs, converges in this case.

If now ¢ = 1, we recall (45) in the proof of Lemma 4 to get for n large enough and for all z € Q

n

(0)
Wno | My (x(x)) 1 3 Kon(x(z) — Xi)
SS,n(x) = log w 1) E (0) {Yi>wn o Awn, x(2)}
n,x(x) | my, (X(fﬂ)) i=1 WMn (X(x))
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 9

Use (2) and Lemma 2(iv) to get for n large enough

2 ~ K X;
YreD Siule) < ZAUogunln b)n;%ﬂ{mmm
2 A loger. -ty Vnx(@) Va(x(@)
= 1A(1g mell )m@(x(x)) [H v (x(2)) 1H )
where
V() == E(Kan(x — X)Ly, /o)) and Vi ( 1Z’C2h (z = Xi)L{yisw, ./}

n
The family of sequences (wy, ;/2) clearly satisfies the hypotheses of Lemmas 2 and 3: in particular

Un(z)  F(wnz|z)
m7(10) () F(wn,2/2|x)

-1/ =0 (10)

e

and there exists a positive constant "’ such that for n large enough

V
Vo e, IP’( "Ex)) -1 >€> < 2exp (—k"* nh*F(wp,z | 7)) (11)
v (2
where the inequality F(wy, /2| x) > F(wn. | 2) was used. We conclude by noting that according to (4),
F log 2 F(w
lim sup sup |log = (“n.s | 7) < 0% < 00 =0 < limsup sup M < 00,
n—oo  xEQN F(wn7x/2|x) 2l n—oo  xEN F(Wn 1/2|$
This property together with (10) entails the convergences
Oy, sUp V(ng) — 0 and sup A(logw,.)(n?) 1/(,55:5) (12)
zeQmy,’ () zEQ my,’ (x)

Reporting (10) along with (12) into (9), recalling condition (C') and using the triangular inequality together
with (8) shows that for n large enough,
Vn (2) " _2 10g n
ml'>s>0<nexp< € (52

RE) n S Z (5 vn
ZEQ,
where (11) was used in the last step. As a consequence, ) Rs,, converges in this case as well. This completes
the proof of Proposition 1. [ |

With Proposition 1 at hand, we can now prove Theorem 1 and Theorem 2.

Proof of Theorem 1. Notice that
@) T @) e (@)

Vn(@) = : (13)
() () T ()
Applying Proposition 1 twice yields
7 (0)
sup |— ( ) © 5 ( ) — 1| — 0 almost surely as n — oo. (14)
vete| uf (2) T (2)

Moreover, recalling that « is continuous and therefore bounded on the compact set €2, using Lemma 2(i)
and (iv) twice entails

(1)
sup ,u?o)(x) —v(x)| =0 asn— oo. (15)
2€Q | pin ()
The result follows by reporting (14) and (15) into (13). [ |
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10 Y. Goegebeur et al.
Proof of Theorem 2. Note that because nh® — oo, the hypothesis

lim sup sup vy, (x)A(log wy, ) (h) < 00

n—oo xeN

entails condition (C'). Besides, Proposition 1 yields

(0) (1)
n Tn
sup vy, () ﬂ(o)(x) —1|=0(1) and supwv,(x) (1)@) —-1=0(1) (16)
eQ T\ (z) €9 wn (x)
almost surely as n — oco. Moreover, Lemma 2 (iv) gives
()
1 pn” () t
su — —~"(x)] =0(1
xeg (wn,o | ) VRV W1 logwn o | f(2)F(wn.e | T) 7@ @

for t € {0, 1}, so that using condition (3),

(1)
pn” ()
sup v (a) [£2 @) — o) (17)
z€Q pn” ()
The result follows by reporting (16) and (17) into (13). [ |

Appendix: Auxiliary results and proofs

The first lemma of this section is a technical result that gives an upper bound for the oscillation of the
log-conditional survival function.

Lemma 1. Assume that (SP), (A1) and (Az) hold. Let moreover € := ey, € := ¢}, and " := €/ be three
positive sequences tending to 0 and assume that
o inf wy ; — 00 ;
zeQ
o ¢"Msuplogwy, o — 0 ;
€N
e sup A(logw, 2)(") = 0 ;
zeQ

e supa(y|z) — 0 as y — oo.
EQ

Then it holds that, for n large enough,

F(wp.» 2
V(z, 2') € A x Q°, V(z, 2') € B(z, ') x B(«', "), |log _((wm :Z/) < Mze""logwy, - + —A(logwy 1) (€")
Wn,o | T 0
In particular,
1 F(wn,.|2") ‘
sup sup sup sup —_ -1 =0(1
z€Q ' €N® zeB(x,e’) z’€B(x’,e") g Ingn,z v A(logwn,x)(gl) ‘F(wn@ | x’) ( )

Proof of Lemma 1. Pick (z, 2’') € Q x Q° and (z, ') € B(z, ') x B(2/, ¢”). Use (4) to get for n large
enough

F n,z !
tog Flens )
F(wn,z|2")

1
< Mgz’ — 2| log wn. . + <W + a(wn,z A wn g | x’)) llog wpz — logwy, -] .
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 11

For every y > 1, inequality (7) entails

sup a(y |z) < supa(y|z) + Mac"™. (18)
reNe zeQ

Using then (2) with €’ instead of h, we get inf  inf w, , Awp e = inf wy (14 0(1)) — oo, so that
z€Q zEB(x,¢’) €N

sup sup  sup  @(wn. Awng|2') = 0.
z€Q x'€Q° zeB(x,e’)

Especially, since 0 < v < y(z'), we obtain for n large enough:

g Lens )

V(z, 2') € Q2 xQ°, V(z,2') € Bz, ") x B(2!, "), -
F(wn,z |2

2
< Mpe'"Mlogwy, . + —A(log wy z)(e”)
aé

which is the first part of the result. To prove the second part, note that because sup A(logwy, ,)(g') — 0 it
zES)
holds that for n large enough

F n,z
V(z,2') € AxQ°, Y(z, 2') € B(z, £') x B(2', "), |log F((w ’ :Z/; < 2Mpe""log wn 5 + — A(logwnx)( ".
Wng | X ol
Consequently
1 F(wn..|2")
sup su su s log = =0(1).
xeg z’ 685 ZGB(QIZ)E/) 2! GB(a:p ey € nlogwn zV A(logwn :C)(E ) . F(Wn,x | T ) ( )
Using the equivalent e — 1 = u(1 + o(1)) therefore completes the proof of Lemma 1. [ |

The second lemma examines the behavior of the conditional moment
mgf)(x, z) :=E((logY — 1ogwn7x)i]1{y>wmw} | X =2)

and that of its smoothed version 1. () = E(Kp(x — X)m (t)(x X)). Let T be Euler’s Gamma function:
+oo
Vit >0, I'(t) := / v e do.
0

Lemma 2. Assume that (SP), (A1) and (Az) hold. Pickt > 0 and assume that K is a bounded probability
density function on R? with support included in B. If moreover

o inf w,, — 00 ;
zES)

e hsuplogw, , — 0 ;
€N
e supa(y|z) = 0 asy — o
e

then, as n — oo, the following estimations hold:

1 ()(:c z)
(9 ffég ZG]S;(IS B @(Wno | @) VR A+ 1) F (W | 2) a ‘ =0
(i) sup  sup ! mg)(ac, 2 _ 11 =0(1)
2€Q 2€B(x,h) C(Wn,a | ) V R logwn 4 mgf)(x, x) '
! ()
(i) Slelg (wWnz | ) VRV h1log w4 f(m)mglt)(:c, z) -1=00@
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12 Y. Goegebeur et al.

i (1)
J @) @)+ 1) F (e | 2)

1
' —1
) S F o TV 7 W log.

Proof of Lemma 2. (i) When ¢ = 0, there is nothing to prove, since m{ (z, 2) = F(wnz | 2) and T(1) = 1.

In the case t > 0, an integration by parts yields

+oo (] —1 R o +oo F
mgf)(:c, z) = / t( o8y ~logwn,e) Fy|z)dy =t F(wn.z | z)/ (log r)t_li_(rw"’x %) dr.
Wn,z Y 1 7/'F‘(Wn,a: | Z)
From (SP) and (4:), one has
F_(mn,x |z) p= U1 =1/ oy /mn,w a(v] 2) W)l )
rF(wn. | 2) oo U
For all y € R, the mean value theorem yields |e? — 1| < |y|el¥l. Meanwhile,
/ " afvlz) dv| < @(wn | 2) logr. (20)
W, v

Choosing n so large that sup sup @(wnq|2) < 1/27, (18), (19) and (20) together imply that, for all
z€Q 2€B(x, h)

x € Qand z € B(z, h),

+oo
/ (logr)~! [LW"”C"Z) —rlﬁ(z)l] dr
1

“+o0
— < (@(wnz | T) + Mah”“)/ (logr)t r= /27 1qy
rF(wnz | 2) 1

which, since the integral on the right-hand side of this inequality converges, gives

+oo
/ (logr)!~ [Lm"’”’z) —rlﬁ(z)l] dr
1

— =0
rF(wnz | 2) (1)

1
sup SUp  —
€Q z€B(z, h) a(wn,z |Z) V hte

as n — 0o0. An elementary change of variables and the well-known equality ¢I'(¢t) = I'(¢ + 1) thus entail

(t)
1 Mn (l‘, Z) t
sup sup — = —7'(2)(t+1)] =01
z€Q zeB(x, h) a(w",JC |$) V e F(wn,z |Z) v ( ) ( ) ( )
as n — oo and (i) is proven.
(ii) Since for all z € ©, 0 < y < y(x) <7 < oo, applying (i) entails
(t) t ¥
1 » (z, T't+ 1) F(wne
T€EQ 2€B(x,h) (wn,a | ) VI |\ (E+ 1) F (Wi | 2) mp’ (z, )
Moreover, hypothesis (A3) and the mean value theorem yield
t
Y (x) ‘ 1 t—1
-1 < |—= sup |ir sup sup |y(z) —y(2)] = O(h™). 22)
"Yt(z) [Zt 1§7‘§7‘ ‘ €N zeB(x,h)l ( (=) ( (
Besides, using Lemma 1 gives
1 F n,r
sup  sup _(w 2|2) - 1‘ =0(1). (23)
z€Q 2€B(z,h) h logwn,z F(Wn,x | Z)
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 13

Note finally that since n < n, A n, and in?2 Wnp,z — 00 one has
xre

h”]’Y \Va h/na

sup ——

e hlog wy, o

Using then (22) and (23) together with (21) yields (ii).
(iil) Let us remark that for all x € Q:

(t) (x — hu) (¢ )(:E x — hu)
K(u du.
T = e

From (5) and (ii) it follows that

(t)
1
sup  sup J) m"t (@.2) 45
z€Q 2€B(x,h) (wn,z | ) VRV W logwn . | f() m%)(x, x)
as n — 0o, which yields (iii).
(iv) This is a straightforward consequence of (i) and (iii). [ |

The third lemma is essential to prove Proposition 1. It gives a uniform exponential bound for large deviations
(0) (1)
of T/ and T}, 7.

Lemma 3. Assume that (SP), (A1) and (A3) hold. Assume that K is a bounded probability density function
on R with support included in B. If moreover

o inf w,, — 00 ;
zeQ
e hmsuplogw, , — 0 ;
zeQ
e supa(y|z) = 0 asy — o
zeQ
then there exists a positive constant k such that for all n large enough, one has for t € {0, 1} and every
€ > 0 small enough:

T\ (x)

u ()

Ve, IP’( —1

> 5) < 2exp (—re? nhF(wn . | 7)) -

Proof of Lemma 3. For every x € (:

(0)
P Tr(zo) (IE) — 1l >ec| =P (‘thflO)(z) _ hduﬁo)(x)‘ > Ehdugo)(z)) .
i ()

Notice now that if Wy, ;(z) := h?Kp(x — Xi)l{y, >, ,} then

thT(lo)( ) hd (0)

3I>—‘

Z E(Wh,i(x))]

is a mean of bounded, centered, independent and identically distributed random variables. Define

e|| K loo hput ()

d, (0) an nlx) =
nh®py,’ (x) and A, (z) Var(W,, 1(x))

g
(@) = R
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14 Y. Goegebeur et al.

Bernstein’s inequality (see Hoeflding [23]) yields, for all € > 0:

7O () 7))
P( P ) = 2o (‘2<1+An<x>/3>)'

Applying Lemma 2(iii) yields for n large enough:

)R
c€Q nhiF (wy . |7) — 2K

(24)

Moreover, since W, 1(x) is bounded by || K ||, it follows from the inequality W2 | () < || K ||oo W, 1(z) that

E(W? 1
sup L <su ( "’1@0)) < - (25)
260 An(#) T aet ]| K| hipf (z) €

Finally, it holds that
Tn(2) A (2) { . Tn () } { . 1
2(1+ M (2)/3) = 262 nhdF(wn | 2) ) 20 201/ M (@) + 1/3)

Using (24), (25) and the fact that the function ¢ — 1/[2(¢ 4+ 1/3)] is decreasing on R, it is then clear that
for all n large enough, if € > 0 is small enough, there exists a positive constant x; that is independent of
such that

} nhF(wp . | T).

13" (x)
) (x)

We now turn to T,gl)(z). For every x € (), it holds that
T ()

M (z) M (2)
P ( ug)(x) > 5) =P <u£11)(x) —-1> 5) +P (us)(z) —1< —e| = uyp(2) + ugpn(z).

We shall then give a uniform Chernoff-type exponential bound (see Chernoff [5]) for both terms on the
right-hand side of the above inequality. We start by considering us ,(x). Let

-1

Vxeﬂ,l?’(

> 5) < 2exp [fmsQ nhdf(wn,m |:E)] .

-1

n(s, ©) = E(exp(sKp(z — X)(log Y —logwnz)+ Iy >w, .}))

be the moment generating function of the random variable K (x— X)(logY —logwy «) + Ify>w, ,}- Markov’s
inequality entails, for every ¢ > 0,

(W),
urp(z) =P <exp <QZZ1)((:E))> > exp(qle + 1])) < exp <Q[5 + 1] + nlog ¢n (ma 99)) - (26)

Our goal is now to use inequality (26) with a suitable value ¢*(g, ) for ¢. To this end, notice that

on(s, @) = / f(2) dz+ / (5K — 2)| 2, 2) f(2) dz
]R‘]’\B(ar;7 h) B(z,h)

where

Un(s|z, 2) == E(exp(s(log Y — logwn )+ Liysw, .}) [ X = 2)
is the conditional moment generating function of the random variable (logy — logw, ») 1 iy, .} given
X = z. In particular, since f is a probability density function on R?,

on(s ) =1+ /B K =) 2 2) 1 () (27)
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Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 15

This equality makes it clear that it is enough to study the behavior of ¥,,(- |z, z). One has

] ]1{Y>Wn,a:} |X = Z) .

¥nls|z, Z)]‘F(wn,z|2)+E<[ Y

n,x

From this we deduce that

+oo
— F(twn 2| 2)
n(s|z, 2) =1+ Flwp.2| 2 sttt ———— 2
bals]a, 2) (wnel) [ o
A use of (19) and (20) therefore entails, for all s < 1/7,
_ 1 -1
Un(s|x, 2) =14 sF(wns | 2) ([m — s} + R, (s, z)) (28)

where R,,(s|x, z) satisfies, for all 6 > 0, if n is large enough,

+oo
sup  sup |Rp(s|z, z)] <sup  sup @(wnq |z)/ VYT Jogy do.
z€Q z€B(z, h) €Q zeB(x, h) 1

Since by (18) it holds that sup  sup @(wn,,|2) — 0 we get, for all § > 0:
2€Q z€B(x, h)

sup sup sup |Rp(s|z,z)]—0 (29)
s<1/5—6 x€Q zeB(x, h)
as n — o0o. We shall now derive a suitable value for the parameter q. Given X = z, if the remainder term R,

were identically 0, then one would have m%l)(ac, 7) = v(2)F(wn,» | 2) and thus an optimal value of ¢ would

be obtained by minimizing the function

g+ —q[l+e]+nlog

-] |

Straightforward but cumbersome computations lead to the optimal value

2~ Flome |9)] - [2- Fleme 12))" - 2557
2 [1 - F(Wn,x |$)]

[1—F(wpa|z)]

Gz 1 () = nF(wnq | ) (30)
Since we are mostly interested in what happens in the limit n — co and € — 0, we may examine the behavior
of gz . (¢) in this case. Using (30), we get the following asymptotic equivalent

* —= €
qc,_,’_(E) = nF(wn,m |I’)m
Note that since q§’+(5)/[nm%1)(:c, x)] = €/[27v(x)(e+1)] is positive and converges to 0 as € — 0, the moment

generating function ¥, (- |z, z) at g:  (¢)/ [nmsll)(:c, x)] is well-defined and finite for £ small enough and

therefore this choice of ¢ is valid. Back to our original context, taking into account the presence of the
covariate X motivates the following value for ¢:

. Me
qn7+(€, x) = H—lnhdf(x)F(wn@ | z)
where M is a positive constant to be chosen later. For ¢ small enough and for n so large that the quantity
©n (q:‘wr(s, x)/(nusll)(:c)), :L') is well-defined and finite for all 2 € €2, replacing ¢ by g, , (¢, x) in the right-

hand side of (26) gives

_ (e,
Ve, upn(zr) <exp (—Msnhdf(ac)F(wmx | z) + nlog ey, (%, ac)) . (31)
npr’ (z
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16 Y. Goegebeur et al.

Using the classical inequality log(1 + ) < r for all > 0 together with (27) and (28), we obtain

log on(s, 7) < / Won(sEKn(z — 2) |2, 2) — 1] f(2) dz

B(z, h)
—1

= 1
< /B(x " SKh(l’ — Z)F(wn,a: | Z)([% - SKh(IL' — Z) +Rn(5Kh(ﬂC — z) |£L’, z))f(z) dz.

According to Lemma 2(iv),

4+ (e, @) ~ Me F(wn. | ) B ehd
i@ e IO TG T meE e ) (32)

where 71 ,(x) — 0 as n goes to infinity, uniformly in « € Q. As a consequence, using an elementary Taylor
expansion, we get, for all z € B(x, h),

1 g x)K(x_Z)] { ’7(2)
+

v(z) (1)( ) T 1+ 7 0(@)]Kn(z—2)

d€

1+ rlﬁn(z)]thh(:c —2)

1
; Ai h [1+n,n(x)]Kh(xz)ﬂ

T
where k(r)/r — 0 as r goes to 0. Letting

(2)
x)

and using (6), the uniform convergence of 71 ,, to 0 and the fact that K is bounded yields

pn(x, 2) =

)

pu(z, 2) = thh(:c —2z)+rapn(x, z) where sup sup |ron(x, z)] =0
z€Q zeB(z,h)

as n goes to infinity. Especially,

1 QZJF(E ) Me

1) ()

Kp(z — z)] =v(2) { (x — 2) +ergn(e, z, z)} (33)

where 73, (¢, ¥, z) — 0 as € goes to 0 and n goes to infinity, uniformly in = € Q and z € B(z, h). Besides,
since for every g9 > 0

w(e Me heKp(x —
sup sup  sup WK}L(JJ —z)— c nlz = 2) —0
e<eo z€Q ze€B(z,h) nu%)( ) e+1 V(I)
as n goes to infinity and
Me hiKp(x — 2)
sup sup  sup —0
neN zeQ zeB(x,h) €T 1 y(z)
as € goes to 0, (29) yields for ¢ small enough
S (o
sup sup |R, %Kh(z —2)|z, 2z || —0 (34)
z€Q zeB(x, h) iy, (x)

as n goes to infinity. Using together (6), (32), (33) and (34) entails that there exist functions 74, = r4,(x, 2)
and 75, = 75 (¢, x, z) satisfying

sup  sup |ran(x, z)] — 0 asn — o0
z€Q zeB(z,h)

and sup sup |rsp(e,x,2) — 0 ase—0 andn — oo
z€Q zeB(z, h)

imsart-aihp ver. 2013/03/06 file: Hill_loiunif_ IHP_revised6.tex date: November 21, 2013



Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 17

such that

q;’;«k(g ) / Me d{ Me , _
logop | ————, 2| < h |1+ ——hKp(x — 2)| F(wnz | 2) Kp(z — z) f(2)dz
<nlj/$zl)( ) ) B(;c,h)5+1 €+1

Me
e+1

+

e / Flwna | 2) [ram(@, ) +ers.n(e, ) 2)] Kn(x — 2) £(2) d=.
B(z,h)

Recalling (5) and (23), we get, for n large enough and ¢ small enough, the inequality

I, x) Me Me
Ve, logp, % | < — [14—2 ||K|2] hef f(x)F (Wn,z | ).
npn’ (z) e+1

Using this result together with (31) and recalling that 0 < f < f(x) entails, for n large enough and & small
enough,

Me _
Vo e, un(r) <exp (f [ Mzs—i— 1 [14—2 ||K|2” nhdF(wn,x|x)) .
A straightforward computation shows that M7} := (e 4+ 1)/(4| K||3) is the optimal value for M in the above
inequality; this value yields
&2

Vo e, <
T U1, (z) < exp ( STK]

‘anhd (Wi |x)) = exp (—r2e*nhF(wn » | 7))

where k9 is a positive constant independent of e.

Providing a uniform exponential bound for us ,(x) starts by noticing that, for all ¢ > 0,

Uz n(x) < exp <q[s — 1]+ nlog ey, <nusl+(:c)’ z)) .

Recall (27) and use the inequality log(1 —r) < —r for all r € (0, 1) to get
log (-5, 0) < [ [w(-sKa(o— 2) |2, 2) ~ 1)) d
B(z, h)

We choose q as

* € T
0, (&, o) = 4HK”%nhdf(:E)F(wn7x | z)

which, using the ideas developed to control uy (), yields
Vo €Q, usy(z) < exp (—koe®nh?F(wy. | 7)) .

for some constant ko > 0. Setting kK = k1 A k2 completes the proof of Lemma 3. [ ]

The fourth lemma of this section establishes a uniform control of the relative oscillation of x +— ,u( )( ).
Before stating this result, we let

m () := E(Kan(z — X)mP (z, X))

where K := 1g/V is the uniform kernel on R?, with V being the volume of the unit ball of R%; let further
Kn(u) :=h=4K(u/h).

Lemma 4. Assume that (SP), (K), (A1) and (A3) hold. Pick t € {0, 1} and let € := &, be a sequence of
positive real numbers such that € < h. If moreover
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18 Y. Goegebeur et al.

o inf w,, — 00 ;
zeQ
e hsuplogw, , — 0 ;
zeQ
o sup A(logwy, 4)(e) = 0 ;
zeQ

o supa(y|z) — 0 asy — o0

zEN
then ®
1 pn (2)
sup  sup —-11=0(1).
r€Q 2€B(x,€) [E/h]nk \ A(Ingn,x)(E) /Lg) (I) ( )

Proof of Lemma 4. For all x € Q and z € B(z, €), we have
pO@) - 10| < E(Kue = X) = Kz = X) Vs, ) +E(Kn(z = X) [Lyse, . — Tyse, )
= R")(z, ) + RY) (z, 2) (35)

n

and we shall handle both terms in the right-hand side separately. Hypothesis (K) and the inclusion B(z, h) C
B(x, 2h) entail that

M £7MK
(e = X) = Kn(z = X)) < T [7] 7 Dxen.on)- (36)
From (36), we get
n
sup Rg?r)l(:c, 2) < 29MpV m© (z) [%] - (37)

z€B(x,¢)

Because K is a probability density function on R? with support included in B, applying Lemma 2(iii) implies
that

m{ ()
i ()

which, together with (37), yields

-1

sup —0 as n— oo (38)

zeQ

(0)

e1-nx Ry ) (2, 2)
sup sup |— ———— = 0(1). 39
z€Q 2€B(x,¢) [h} N%O)(x) W) (39)

We now turn to the second term. One has
RY) (2, 2) = E (Kp(z — X) [Fwns | X) = F(wn,: | X)|) . (40)

Furthermore, using Lemma 1 with €” = 0 entails

F(wn . |2") B
= —1‘ = 0(1). (41)

1
sup sup su
(Wn,w ED)

z€Q 2'€B(z,2h) ZGB(E, €) A(log w2 )(€)
Besides, hypothesis (K) and the inclusion B(z, h) C B(x, 2h) imply that

E(Kn(z — X)mO(z, X)) < 2¢MrV mO (). (42)
Using the obvious identity

(wn,z | X) _
(Wn,:c | X)

s )

| =

F(wne| X) = Flwn: | X)| = m9(z, X) ‘ 1‘ (43)

imsart-aihp ver. 2013/03/06 file: Hill_loiunif_ IHP_revised6.tex date: November 21, 2013



Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 19

and recalling that the support of the random variable Kj,(z — X)) is contained in B(z, h) C B(x, 2h), (40)
and (41) yield:

1 Bon(@ 2) _ "
sup sup — ,
z€Q z€B(x, ) A(logwy ) (g) mglo)(ac)

and (38) entails

1 RY) (z, 2)
sup  sup

=0(1). 44
z€Q 2€B(x,€) A(logwn,x)(s) MszO) (;L') ( ) ( )

Applying (35) together with (39) and (44) gives

sup  sup ! i (2) 1l =0(1)
ve2 2eB(z,e) [£/M" V Allogwn2)(e) | u? ()

which shows Lemma 4 in this case.

We now turn to the case t = 1. Note that for all real numbers a, b > 1 such that a # b one has
Vy > 1, |(logy —loga) Iysay — (logy — logb)s Iyspy| < logh — logallyysan). (45)
Inequality (45) then implies, for all z € Q and z € B(z, ¢):

@) = uDG)| < B (IKu(e = X) — Kn(z = X)| (log Y — logwn,a) Iysu,..y)

w
b o8 22 B (ke 00, )
— R (2, 2)+ R (=, 2) (46)

and we shall once again take care of both terms in the right-hand side of this inequality. Start by using (36)
to get

n
sup R\ (x, 2) < 22MyV m (x) [%} - (47)
z€B(x,¢)

We now use the same idea developed to control Rg%(ac, z): applying Lemma 2(iii) entails

D)
sup |~y —1]—0 as n— o0
2€Q| fin ()
which, together with (47), yields
(1)
-nx Ry (%, 2
sup  sup [%} “ M =0(1). (48)

u ()

To control the second term, write

z€Q zeB(x,¢€)

sup R;IT)L(IL', z) < A(logwp z)(e) sup E (Kh(z - X)]l{Y>wn,wan,z}) .
z€B(x,¢) z€B(x,¢)

Note that since wy, ; A wy, » is either equal to wy, 5 or wy ., we can write, for all z € B(z, ¢)

E (Kn(z = X)y s, rw, ) <E (K;l(z — X)mO(z, X)) VE (K;l(z — X)m©O¢z, X)) .
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Recall now (41) and (43) to obtain, for n large enough, uniformly in z €  and z € B(z, ¢),

E (Kn(z — X) iy sw, po y) < 2E (Kh(z — X)mO(z, X)) . (49)
Finally, using (42) and (49) yields:

1 RY) (x, 2)

sup  sup =0(1),
z€Q 2€B(z,¢€) A(logwn,x)(g) mglo)(ac) ( )

and (38) entails

wp s 1 Ryo(a, 2) _ o)
€ ze€B(x,¢) A(logwn,z)(f) 'uglo) ($)

so that Lemma 2(iv) gives

1 RY)(z, 2)
sup  sup

=0(1). 50
€ 2€B(x,¢) A(logwn,x)(s) Mszl) (;L') ( ) ( )

Applying (46) together with (48) and (50) implies that

sup  sup . pn () | o(1)
»e0 zeB(z.e) (/B V Allogwn2)(e) | 1 (z)
which completes the proof of Lemma 4. -

The fifth lemma of this section provides a uniform control of both the difference of two versions of M%O) (x)
for two families of thresholds that are uniformly asymptotically equivalent and the empirical analogue of
this quantity.

Lemma 5. Assume that (SP), (A1) and (Az) hold. Assume that K is a bounded probability density function
on R4 with support included in B and that

o inf wy  — 00 ;

zeQ

e hsuplogw, , — 0 ;
zeQ

o supa(y|z) — 0 as y — oo.

zeQ

For an arbitrary family of positive sequences (pn.z) such that sup pp . — 0 as n — oo, let
zeQ
Mn(x) = E(Kh(x - X)]1{(17P7L,y:)w71.,:c<Y§(1+pn,:c)wn,x})

=)
3
IS
=
—
8
~
I

1 n
" Z Kh(x - Xi)ﬂ{(lfﬂn,w)wn,x<Yi§(1+pn,w)wn,x}'
=1

Then
CLC R
2f(x)Pn,zF(wn,z | z)

and there exists a positive constant k such that for all n large enough, one has for every € > 0 small enough:

U, (x)

zeQ

Ve, P (Pn,x

- 1‘ > E) < 2exp (—kenh'F(wyq | 7)) .
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Proof of Lemma 5. We start by noting that

o B Flw F((l — Pa)Wna | X) B F((1+ ppaz)wn,e | X)
Mn(lﬂ) =E <Kh(ﬂ? X)Pn,zF( n,x | X) [ pn,zf(wn,x |X) pn,zf(wn,z |X) ])

Use then (SP) and (A1) to get, for an arbitrary z € B(x, h),

—1/7(2) (1£pn,2)wn,x
F((L £ pna)wnz|2) (L% png) exp (/ a(v]z) d’u) . (51)

pn,zf(wn,z | Z) a P n,@ v

Since 0 < v < ¥(z) and sup pn — 0, a Taylor expansion of the exponential function in a neighborhood of

e
0 yields

(1= ppe) /72 1 1
: = —F —{0+r,+nz 2 52
Pn,x Pn,x ’7(2)( b ( )) ( )

where 71 4 (2, 2) and 1 _ (2, z) converge to 0 as n — oo, uniformly in = € Q and z € B(z, h). Besides,
for all u € (—1,1),

(53)

{a(wnyx | 2)| log(1 + u)| if u>0

/(1+u)wn,x a(v | z) | <
w v (1 + u)wng | 2)| log(l +u)| if uw<0

n,x

so that, because inf w,, , — 00, sup p,,, — 0 and sup@(y|z) — 0 as y — oo:
zeQ zeQ €N

(1£pn .0 )wm. (1£pn,0)wn.o
exp </ WM) -1 _|_/ de (14 72+ pn(x,2))

n,x n,x

where 72 4 ,(x, z) and ro _ ,(z, 2) converge to 0 as n — oo, uniformly in x € Q and z € B(x, h). Moreover,

(53) yields
(liﬂn,w)wn,x
/ ow|2)

sup sup — 0 as n — oo.

z€Q 2€B(x, h) Pn,x v

n,x

Plugging this together with (52) into (51) and recalling that 0 < v < v(z) entails

7(2) {F((l — Pna)Wn,a | 2) _ F((1+ Pr,z)Wn,z | 2)

sup sup = — ]1}%0 as n — oo.

z€Q 2€B(x, h) 2 pn,zF(wn,x | Z) pn,d?F(wn,CE | Z)
Consequently,
M,
sup "(_x) -1 =0 as n— oco. (54)
veq | 2E (Kh(z = X)pna b (Wn,z | X)/'Y(X))

Recalling (5) and (6), we get

E(Kn(z — X)F(wnz | X)/v(X
pup B0 = OFns X)) _ |
2€Q pn” () [y ()
It only remains to recall (54) and to apply Lemma 2(iv) to obtain
M,
V@)Ma(z) 1‘ - 0. (55)

e | 2f(x)pn o F (W o | )
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We proceed by controlling U, (z). For every = € €,

. (p Un(a)

Notice now that if Z,, ;(x) := K, (2 — Xi)]1{(l—pn,w)wn,x<1€,§(1+pn,w)wn,x}a then

— 1‘ > 5) =P (|hdUn(x) — WM, (2)] > gmpMniZ@) .

WU (@) =~ DM (2) = 3 (@) = BlZon ()]

is a mean of bounded, centered, independent and identically distributed random variables. Define

e nhiM,(z) heM,, (x) 1
and \,(z) :=¢||K .
| K| oo Pz () 1Kl Pz Var(Zy 1(z))

Bernstein’s inequality (see Hoeffding [23]) yields, for all € > 0,
Un
P (o[ 22

Applying (55) yields, for n large enough,

() == |

—1

> s> < 2exp <%)

€
f @ &L (56)
2€Q nh?F(wn o |2) ~ K]l
Moreover, since Z2 | (2) < || K||ocZn,1(x), it follows that
1 E(Z} 1(x)) 1
sup —— < sup pp, : < —sup pp,e —+ 0 57
S (@) = SR R hiM(a) = SeR 57

as n — oo. Finally, it holds that

Tn(2) Ap () . Tn () . 1
21+ A (2)/3) ~ {523 PR (@ e | 7) } {;2& 210 @) + 1/3)

} nhaF(wn . | ).

Using (56) and (57) it is then clear that, for all n large enough, if ¢ > 0 is small enough, there exists a
positive constant x that is independent of € such that

U, —
VeeQ, P (pn,x MZ((Q;)) - 1‘ > E) < 2exp [—renhF(w, | 7)] .
This completes the proof of Lemma 5. [ |

The final lemma is the last step in the proof of Theorem 2.

Lemma 6. Let (X,) be a sequence of positive real-valued random wvariables such that for every positive
nonrandom sequence (0,) converging to 0, the random sequence (6, X,,) converges to 0 almost surely. Then

n—o0

P (lim sup X,, = +oo) =0 de X,=0(1) almost surely.

Proof of Lemma 6. Assume that there exists € > 0 such that P <lim sup X,, = +oo> > €. Since by

n—oo
definition limsup X,, = lim sup X,, is the limit of a nonincreasing sequence, one has
n—o00 =0 p>n

/

VEEN, VneN P| | J{X,>k}| >e=>VkeN VneN, In' >n, P| | J{X, 2k} | >¢/2.

p>n p=n
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It is thus easy to build an increasing sequence of integers (Ny) such that

Nk+171
VE>L P | {Xp>2k}|>e/2
p=Nj

Let 6, = 1/k if Ny, < n < Njy1. It is clear that (d,) is a positive sequence which converges to 0. Besides,
for all k € N\ {0} it holds that

Ng41—1 Ngy1—1
P(supépxp21)=1@ U X, >3 | 2P| |J X213 =P| |J {X,>k}]| >¢e/2
p>Ni p>Ny, p=N}, p=Ng
Hence (6, X,,) does not converge almost surely to 0, from which the result follows. ]
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