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Abstract In this paper we investigate the large-sample behaviour of the maximum likelihood

estimate (MLE) of the unknown parameter 6 for processes following the model
d§, = 0f(t), dt + dBy,

where f : R — R is a continuous function with period, say P > 0. Here the periodic function
f() is assumed known. We establish the consistency of the MLE and we point out its minimax
optimality. These results comply with the well-established case of an Ornstein Uhlenbek process
when the function f(-) is constant. However the case when fOP f(t)dt = 0 and f(-) is not
identically null presents some special features. For instance in this case whatever is the value of
0, the rate of convergence of the MLE is T" as in the case when 6 = 0 and fOP f(t)dt # 0.
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1 Introduction

The non-stationary and seasonal behaviour is quite common for many random phenomena
observed in time. This can be due to the influence of external oscillation forces acting on the
system under study, or to some internal forces that exist within the system (rotating machinery,
waves, cyclical phenomenae, seasonality, time-periodic modulation, etc.). The periodicity may
be hidden in the structure of the process, for instance in the covariance structure for a non-
stationary periodically correlated process called also cyclostationary signal in signal theory
(Gardner et al. 2006), or as in the present paper, in the coefficients of a time-inhomogeneous
diffusion process (see also Hopfner and Kutoyants 2010). Many applications of such models
can be found in mechanics, communication theory, climatology, econometrics, biology to name
but a few (see e.g. Antoni 2009 ; Chaari et al. 2014 ; Collet and Martinez 2008 ; Gardner et al.
2006 ; Serpedin et al. 2005). A large amount of publications have been devoted to discrete time
linear models with coefficients which are periodically time-dependent (see e.g. Hurd and Miamee
2007, and references therein). In the present work we consider the continuous-time counterpart
of the periodically autoregressive time series model of order 1 (PAR(1) model), introducing a
time-periodic modulation in the drift of the Ornstein Uhlenbeck model.

The main purpose of the paper is the maximum likelihood estimation problem for the
unknown parameter § € R in the so called P-periodic Langevin SDE (stochastic differential
equation)

dé‘t = ef(t)gt dt + dBy, 607 t>0, (1)

from the observation of a continuous sample path of the P-OU-process {¢,,t > 0}. Here
{B¢,t > 0} is a Brownian motion which is independent with respect to the initial random
variable §,. The time-dependent modulation f : R — R is some known, no identically null, P-
periodic and continuous function. Thus the period P > 0 is known. For simplicity of exposure
we have assumed that the diffusion coefficient is equal to 1. The non-parametric problem of
estimation of the modulation function f(-) is out of the scope of the paper and will be subject
to another work. Parameter estimation problem for models of SDE with time-dependent drift
have been considered by many authors (for instance see Mishra and Prakasa Rao 1985 ; Liptser
and Shiryaev 2001 ; and recently, Barczy and Pap 2010 ; Hopfner and Kutoyants 2010 ; Dehling
et al. 2010). None considers the case of SDE (1) which cannot be reduced to known models.

Such SDE (1) admits a unique solution for which we exhibit a completely explicit expres-
sion (6). This permits us to develop the forthcoming analysis exploiting the periodic structure
of the model. In this paper a solution of SDE (1) is called P-periodic Ornstein Uhlenbeck type
process and for brevity noted P-OU-process.

In Section 2 we present the main features about this model (Dehay 2014). These proper-
ties help us to understand the structure of the model under consideration, and are used in
the following sections. The diversity of the statements corresponds to the different recurrence
properties of the solution {&,, > 0} of SDE (1). More precisely the model possesses a periodic

Markov structure which can be described with the help of the associated P-segments chain



{Xn = {§,piprt € [0,P]},n € N} as defined by Hopfner and Kutoyants (2010). According
to the signum of F(P) := fOP f(t)dt, the model has a recurrent or transient behaviour. The
case where F'(P) = 0 is of particular interest, it corresponds to a null recurrent Markov model.
We refer to (Meyn and Tweedie 2009 ; Revuz 1984) for the notions of recurrent, transient and
Harris recurrent Markov chains. For recurrent or transient continuous-time processes we refer
to (Has’minskii 1980 ; Revuz and Yor 1994).

Next in Section 3 we takle with the problem of estimation of the parameter 6 in SDE (1) by
the maximum likelihood method, from the observation of a sample path of the process along
the finite interval [0,7], as T — oo. Liptser and Shiryaev (2001, Theorem 17.2) have given
conditions for evaluating the bias and the quadratic error of the maximum likelihood estimator
(MLE) of the parameter 6 for a large class of models including the P-periodic Langevin SDE (1).
Although this result can be applied successfully to model (1) with f(-) = 1 (Liptser and Shiryaev
2001, Theorem 17.3), to carry out any checks when f(-) is not constant requires untractable
computations. In a recent paper Barczy and Pap (2010) have investigated the MLE for a time-

inhomogeneous diffusion process given by the SDE
d{t = Hf(t)ft dt + U(t)dBta 507 t >0,

where f(-) and o(-) are known continuous functions. However due to the periodicity of the
function f(-) and so the periodic structure of the process in the present work, their results do
not apply to our context except to the Harris recurrent case where 6 F(P) < 0. In Section 3,
thanks to the asymptotic behaviour of the P-OU-processes, we establish the strong consistency
of the MLE §T whatever is the value of F(P) (Theorem 1). We also study the limit law of the
scaled deviation 6,.(0) (§T — 6). The normalizing factor 6,,(f) as well as the limit law are quite
different according to the signum of 6 F(P) (Section 3.3). When F(P) < 0 or F(P) > 0 the
results are plain generalizations of the classical case where f(-) =1 (Theorems 2 and 5). When
F(P) = 0, the limit law of the scaled deviation T (§T — 6) coincides with the mixed Gaussian

law of .
fo B, dB,

fol B2 du
up to a factor ¢() > 0 whatever is the value of § € R, {By,¢ € [0,1]} and {B},t € [0, 1]} being
two independent Brownian motions (Theorem 3), while when # = 0 and f(-) = 1, the limit law

of T§T coincides with the law of

JyBudB,  BZ—1
JyB2du 2 [y B2du

Furthermore we investigate the case when § = 0 and f(+) is not identically null, establishing a
link between the results for the two cases F/(P) =0 versus # = 0 and f(-) =1 (Theorem 4).
Finally Section 4 is devoted to the optimality of the MLE in the sense of local asymptotic
minimax property (see Ibragimov and Has’minskii, 1981 ; Jeganathan 1995 ; Le Cam and Yang
1990 ; see also Hajek 1972 ; Le Cam 1969 and 1986). When 0F(P) < 0, the recurrence property



of the P-OU-process entails that the model is locally asymptotically normal (LAN), the scale
being /T, and the MLE is locally asymptotically minimax for a large class of loss functions
(Theorem 6). In the case §F(P) > 0, we establish that the model is locally asymptotically
mixed normal (LAMN), and the MLE 5T has also some local asymptotic optimality (Theorems 7
and 9). Here 6,.(f) = T when 0F(P) = 0, and 6,(0) = e"*'(?) when 0F(P) > 0, T = nP +t,
n € N, t € [0, P). Moreover the size of the small neighbourhood U of 6 in the local asymptotic
minimax risk (14) is proportional to 6..(6) ™! so tends to 0 as T — oo in contrast to the LAN
case OF(P) < 0 where in relation (16) the size of Uy does not depend on T'. For the specific
quadratic loss function, when 0F(P) = 0 we deal with van Trees inequality to establish a
Bayesian version of the Cramér-Rao lower bound (Gill and Levit 1995) and to state that the
MLE is locally asymptotically minimax with the size of the small neighbourhood Uy that does
not depend on 7" as in the LAN case §F(P) < 0 (Theorem 8).

For an easier reading and understanding of the statements of the paper, the proofs are

collected in Section 5.

2 Background : Time periodic Ornstein Uhlenbeck process

Here we present some useful properties of the solution of the following P-periodic Langevin
SDE
d§, = f(t)€, dt + dBy, o> t>0.

As the modulation function f : R — R is periodic and continuous, the usual conditions for
the existence and the unicity of the strong solution of SDE when the initial value is fixed, are

satisfied (Liptser and Shiryaev 2001). Moreover the strong solution can be expressed easily

t
g, =ef'® <§0+ / e P dBu>,
0

where F(t) := fot f(u)du. Remark that as the modulation function f(-) is P-periodic, F'(nP +
t) =nF(P)+ F(t) for any ¢t > 0 and any integer n.

The process {¢,,t > 0} is inhomogeneous Markovian whose transition probability density
Pst(x, ) coincides with the density of the normal law N (xeF(t)*F(S), fst 2(F(M)=F(w) qy, ). Notice
that the transition probability density is periodic in time : ps+P’t+P(aj,y) = psyt(x,y), for all
s,t,r and y. Furthermore for each ¢ € [0, P| the chain {{ ..}, .y is homogeneous Markovian,
and can be decomposed as

_ eF(P)£

fnP—s—t -

P t
oy PO / ¢~F () gB((n=DP) | F (1) / ¢~ F(0) gR(nP)
t

0

where the processes B("P) := {B, p,, — Bup,u € [0, P]}, n € N, are independent Brownian
motions on [0, P]. Following Hopfner and Kutoyants (2010, Section 2) we define the P-segments
sequence { Xy}, o, Xn := {§,poyst € [0, P}. Then the previous decomposition can be rewritten
as

X, (t) = " PIX, 1 (8) + OO (Z_((P) = Zp1 (1)) + 7O Z, (1),



where .
Zn(t) := / e~ P g(nP). (2)
0

The sequence (X,,)nen is a homogeneous Markov chain with state space C[0, P], the space of
real-valued continuous functions defined in [0, P] endowed with the uniform distance. Moreover
L[Z,(t)] = N(0,G(t)), where G(t) := [; e=2F'®) du for any t.

For F(P) <0, that is (") < 1, the P-segments Markov chain (X,,),cn is Harris recurrent,
more precisely there is a positive measure A on (C[0, P], Cp) such that the sets of positive A-
measure are visited infinitely often whatever is the initial state Xy € C[0, P]. Here Cp denotes
the Borel o-field of the separable metric space C|[0, P].

When F(P) < 0, this positive measure A can be chosen as the limit probability law given
in limit (3) below and it is invariant for the Markov chain (X, )n,en. Thus this Harris recur-
rent Markov chain is positive, that is for any A € Cp such that A[A] > 0, the expectation
of the amount of steps between two visits in A is finite (Meyn and Tweedie 1993, Theorem
10.4.9). Furthermore the Markov chain (X,,),en fulfils some ergodicity properties (Hopfner and
Kutoyants 2010, Theorem 2.1) and

Jim £1Xa] = i £[6,p, ] = £]eM (G +2)] o, P 3
where (; is a real-valued Gaussian variable N/ (O, %), :={Z(t),t € [0, P]} is a Gauss-

sian process with representation Z(t) = fg e FWaB! {B!,u € [0, P]} is a Brownian motion
on [0, P, independent with respect to the random variable (.

When F(P) = 0, then the Harris recurrent chain (X, ),cny admits a o-finite (unbounded)
invariant measure, so it is null Harris recurrent and for any A € Cp such that 0 < A[A] < oo,
the expectation of the amount of steps between two visits in A is infinite. Notice that in this
case for each t € [0, P], the Markov chain {{,_,,n € N} is a random walk on R. Furthermore

lim £ [)\jﬁ] = lim £ F"P*} -y [eF 0@} in C[0, P] (4)

n—00 n n—o0 \/ﬁ

where ¢, is a real-valued Gaussian variable N'(0, G(P)). Then &,./VT converges in law to the
Gaussian law N'(0,G(P)/P).

If F(P) > 0, the P-segments chain X and the P-OU process {¢,,t > 0} are transient (Meyn
and Tweedie 1993, Theorem 8.0.1 ; Has’minskii 1980, Chap.IV.2 pp.113). Moreover

lim e ™)X, = lim e*”F(P)nt%_ = eF(')(SO +(3) a.e. in C[0, P] (5)

n—oo n—oo

where (; is a real-valued Gaussian variable N (0, %), (3 and &, being independent.

Thus e‘F(T)gT converges a.e. to §, + (5 as T' — oo.
3 Parameter estimation

Henceforth we deal with the parameter estimation problem for model (1). Consider a dif-

fusion process observed on the interval [0, 7] following the P-periodic Langevin SDE (1) with



parameter € R and with initial variable {, independent with respect to {B¢, > 0} and on the
parameter 6 for simplicity of exposure. Then we turn to the problem of estimating the unknown
parameter ¢ € R on the basis of the observation {¢,,¢ € [0,T]}. More precisely we study the
asymptotic behaviour of the maximum likelihood estimator (MLE) of 6 as the observation time
T goes to infinity.

Throughout the following we assume that the modulation function f(-) is any periodic
continuous function with period P > 0, except for specified cases. Then the strong solution of

the P-periodic SDE (1) exists, is unique and admits an explicit expression
t
£, = €0 = PO 4 / HEO-F@) g (6)
0

for ¢ € [0,00). Notice that §§0) = §, + By. For simplication we write &, for §t(9) when there is
no possibility of confusion. Next in the notations Py, Egy and Ly, the index indicates that we

consider that the true value of the parameter is 8. We need also the following functions

t t
Go(t) := / e gy and  Hp(t) := / F(u)2ePF @ gy
0 0

for t € [0,00) and 6 € R.

3.1 MLE for Ornstein Uhlenbeck processes

First we recall some well-established results on the maximum likelihood parameter estima-
tion for Ornstein Uhlenbeck processes. Assume that the modulation function f(-) is identically
equal to 1, f(-) = 1. The problem of estimation of the parameter 6 for this model have been

subject to a very large amount of contributions. In this classical case the MLE of 6 is equal to

(/9\ _ f()Tgudgu -0+ fOT gudBU

T e du I €2 du

u u
and its behaviour as T — oo is well-known (see e.g. Basawa and Scott 1983; Bishwal 2008 ;
Brown and Hewitt 1975 ; Feigin 1979 ; Kutoyants 2004 ; Liptser and Shiryaev 1977).
(i) For & < 0, the process {&,,t > 0} is positive recurrent, ergodic with invariant measure
N(0,1/(2]])), and
Jim £, VT (0~ 6)] =V (0,216)

(ii) For 6 = 0, the process {§,, > 0} is null recurrent

) BedB,
J, B dt

B? -1
2 [ Bdt

i o [10] = £

(iii) For § > 0, the process is transient : [{,| — oo with probability 1

. €0T N v
im0 | G 0r - 0)] = £ [50 vl
on {¢, + ¢ # 0}, where L[v] = N(0,1) and £ [¢®] = N(0,1/(26)). The random variables
&, v and C(e) are independent.



3.2 MLE for P-OU processes

Now we consider the general P-periodic model (1). As the function f(-) is continuous and

almost every sample path of the process {§,,t > 0}:{5159),75 > 0} is also continuous we have

T
/ f(u)Zfz du < oo Pg-a.e.
0
for any 6 € R and any T > 0. Thus
T T
Py [/ f(u)?& du < oo} =Py [/ F(w)2(&y + By)? du < oo} = 1.
0 0

Thanks to (Liptser and Shiryaev 2001, Theorem 7.7 and formula (17.24)) the law P} of {¢, =
§t(9), t € [0,T]} is absolutely continuous with respect to the law P{ of {{250) =¢,+B,t €[0,T]},
and the log-likelihood ratio of P;;F to POT verifies

T 92 T T g2 T
M =0 [ pg s, =5 [ f@rga=o [ pwe, a5 [ f@iga

Since

T
/ f(u)ng du >0 Pg-a.e.,
0
the maximum likelihood estimator §T of 0 is well defined and equal to

i o S s, o FwE,dB,

= = . 9
L) )€z du Jo F(w?¢2du ¥
3.3 Consistency of the MLE
Assume 6 € R be fixed. Let .
U ::/ f(w)€, dBy (10)
0

and let {F,,t > 0} be the filtration generated by {, and the Brownian motion {B;,# > 0}. Then
{Ut,t > 0} is a zero-mean continuous martingale with respect to {F;,¢ > 0}. Its quadratic

variation is equal to
t
Jp = / f(u)?€ du
0
and

Eg [U7] = Eg [Ji] = /O t f(u)*Eq [52} du < 0.

The strong law of large numbers for martingales (see Liptser and Shiryaev 2001, Lemma 17.4)
entails that

lim J-'Ur =0 Pg-ae. on {Js = o0}

T—o00

where J := limp_, J7. Hence to prove the strong consistency of the MLE §T it suffices to

show that Py [Jo < oo] = 0. This is done thanks to the asymptotic results in Section 2.



Theorem 1 For any 6 € R, the MLE é\T 1s strongly consistent

lim §, =6 P-a.e.
s T a-c

Hence the MLE §T is a consistent estimator of 6
i o [[or —0] > | =0

for any € > 0, whatever is the value of F'(P). Actually, in the following we will see that this
consistency is uniform with respect to 6 varying in any compact set contained in {#’ € R :
O'F(P) < 0}orin {# € R:0F(P) > 0} if F(P) # 0, and in any compact subset of R if
F(P) =0, the function f(-) being not identically null.

Next we deal with the asymptotic behaviour of the deviation é\T — 6 according to the signum
of OF(P).

3.3.1 Case 0F(P)<0

When 0F(P) < 0, the ergodicity and recurrent properties of the P-OU process {§,,t > 0}
imply that the maximum likelihood estimator 57, has a standard asymptotic behaviour. Thus

the result complies with the well-known case of the stationary Ornstein Uhlenbeck processes.

Theorem 2 Let K_ be any compact subset of R contained in {0 : 0F(P) < 0}. Then

Tliiréoﬁe [\/E@T - 9)] =N(0,1)

and
Jim £y [VT(,—0)] =N (0.10)7) (11)
uniformly with respect to 0 varying in K_. The Fisher information I(0) is equal to
— Go(P)Hy(P) L r 2 _20F(u)
1(0) := P (e 29F(P) 1) + P/o f(u)e Go(u)du > 0. (12)

3.3.2 Case F(P)=0

When 0F(P) = 0, the Markov P-OU process {{,,t > 0} has a null recurrent behaviour. The
maximum likelihood estimator §T is consistent. In the following theorem, we see that the rate
of convergence is T' and the asymptotic law of the scaled deviation T(é\T — 9) is not standard.
However using the random scale v/Jr instead of T, the limit law is parameter free : it does not

depend on the model.

Theorem 3 Assume that F(P) =0 and the function f(-) is not identically null. Then

Jim Lo |70, - 0)] = N0, 1)



and
P ¢

=L
V/Go(P)Hy(P) \/fol B2 du

where the real-valued random variable ¢ is Gaussian N(0,1) and is independent with respect to

Jim Lo [T, 0)]

the Brownian motion {By,t € [0,1]}. The limits being uniform with respect to 0 varying in any

compact subset of R.

It is worth to notice that in Theorem 3 when F(P) = 0 and f(-) not identically null we
introduce a Gaussian variable ¢ independent with respect to the Brownian motion in order to
define the limit law, whatever is the value of §# € R. While for 6 = 0 and f(-) =1, so F'(P) # 0,
we have the well-established limit (7) expressed with only one Brownian motion. With the
following theorem, we point out that this limit (7) for # = 0 can be seen as a particular case of
the more general case where f(-) is any periodic continuous non identically null function. We
recall that here the basic model is the P-periodic Langevin SDE (1) and the MLE §T is defined
by relation (9).

Theorem 4 Assume that @ =0 and the function f(-) is not identically null. Then

VPHy(P) - F(P)* ¢ F(P) (Bf-1)

Hy(P) /fol B% du 2H(P) fol B% du

where the random variable ¢ is Gaussian N(0,1), and is independent with respect to the Brow-

nian motion {By,t € [0,1]}. Recall that F(P) = fOP f(u)du and Hy(P) = fOP f(u)? du.

lim Lo |[T9;] = £

T—o0

Thus, when F'(P) = 0 and the function f(-) is not identically null, we obtain the limit law stated
in Theorem 3 with # = 0. When the function f(-) is constant non null, Theorem 4 reduces to

the classical usual limit (7).

3.3.3 Transient case : 6F(P) > 0

The following result generalizes the well-known case when f(-) =1 and € > 0. The random

local scale v/Jp gives a parameter free limit law.

Theorem 5 Let K. be any compact subset of R contained in {0 : F(P) > 0}. Then
Tim Lo |7 (0~ 0)] =N (0,1)

and

~

lim £, [Ky()e" ™78, —0)| = £

n—o0

_ <
&+ 6"
uniformly with respect to 6 varying in the compact set K. The real-valued random variable
is Gaussian N(0,1) and C?Ee) is Gaussian N(O, %). Moreover &,,¢ and {ée) are inde-
pendent. Here

in C[0, P] (13)

Kot =t



Notice that the function (6,t) — Ky(t) is positive, continuous and Ky(P) = P (P) K4(0),
and recall that F(nP +t) = nF(P) + F(t). Thus, denoting T}, := T modulo P, Theorem 5
implies that Ky (TP)eGF(T) (é\T — 0) converges in law to ¢/ (50 + Cée)) uniformly with respect to
0 varying in the compact set K, as T — oo.

Whenever £, = 0, limit law (13) is the Cauchy law with density function = where

- 1—e—20F(P)
o=\ G -

4 Optimality

o
Tr(cz-l—acQ)

Now we takle the problem of optimality for the maximum likelihood estimator §T. When
the size of the sample path observation T is large, we would like to know how good or optimal
is the maximum likelihood procedure for the estimation of the parameter 6. In the following we
denote by PQT, the law of the observed process {&,,t € [0,T]} when the value of the parameter is
6. Recall that for simplicity we assume that the law of the random variable {, does not depend
on the parameter 6.

We consider here the asymptotic optimality in the sense of local asymptotic minimax lower
bound of the risk of {6} := {6, T > 0} for the estimation of ¢, that is

Ro({0,}) == lzi/gll%ioréf 98,.16159 Eg [L (6,(0") " (0, —0))] (14)
where éT is any statistic function of the observation {¢,,¢ € [0,T]}. Here Uy is some neighbou-
rhood of # which decreases to {#} in some way depending on the model, §,.(9) is some positive
coefficient called local scale, and L(-) is a loss function in R, L(-) € £, £ being the set of Borel
functions L : R — [0, 00) symmetric, continuous at 0 with L(0) = 0, and non-decreasing on
[0,00) (see Hajek 1972 ; Ibragimov and Has’minskii 1981, pp.18-19 ; Le Cam and Yang 1990 ; see
also Jeganathan 1995, pp.838). Notice that the set of discontinuity of any bounded loss function
L € L is at most countable. Clearly all functions L(x) = |z|P, p > 0, as well as L(z) = 1(z > a),
a > 0, belong to L. (Here 1(x > a) denotes the indicator function.)

Let 6 € R be fixed, and let §,.(f) — 0 as T" — oo. Considering local optimality, denote

by A" the log-likelihood ratio function of the law PL,_,, , of {&"""T ¢ € [0, 7]} with

respect to the law P} of {gtw), t €0, T]}, these laws being equivalent. Thanks to relation (8),

we have

dPT
Ou) . +udp(6) 0\ _ Ly 2
AP = n (dP’—g> (5< >) = udp(O)Ur — 5u’6.(6)* Ir. (15)

In the light of the previous results, it is not surprising to see in the following that the log-

likelihood ratio Ag? ) has a quite different behaviour according to the signum of 6 F(P).



4.1 Case 0F(P) <0

When F(P) < 0, thanks to Theorem 2 we take the local scale d,.(f) := T~'/2. Then the
log-likelihood ratio Agre ) can be decomposed as

RSN %uQI(Q) + 7 (0,u)
where Ag,? I 2U7 is asymptotically normal
Jim £, [A§?>] = 1(0)2N (0, 1),
the Fisher information () is defined by relation (12) and
Py — Tlgréo rp(0,u) =0

uniformly with respect to 6 varying in any compact subset of {6 : 0 F(P) < 0}. Thus the family
of laws {PY : 0F(P) < 0}, T > 0, is LAN (locally asymptotically normal) at each point 6 € R
such that 6F(P) < 0 (see e.g. Hajek 1972 ; Ibragimov and Has'minskii 1981 ; Le Cam and Yang
1990). Then the local asymptotic lower bound result (Hajek 1972, Theorem 4.1 ; Ibragimov and
Has'minskii (1981), Theorem I1.12.1) entails that

_ 1 2
limliminf sup By [L (VT(8,—6))] > /L( 1(0)71/2) e/ 16
i Uminf sup B (Or =0))] = 5= | L \w10) y  (16)
for any loss function L(-) € £, and for any family {6,,7 > 0} of estimators of 6, that is
H_T is measurable with respect to the observation {,,¢ € [0,7]} (see also Le Cam and Yang
1990, Section 5.6 Theorem 1). Notice that in this case the small neighbourhood Uy of # in the
expression (14) of the local asymptotic minimax risk, is {6' : |#' — 0] < €} and its size 2¢ > 0

does not depend on T'. Besides Theorem 2 gives
. ) —-1/2
Jim £, VT (0 0)] = 10) 2N (0, 1)

uniformly with respect to 6 varying in any compact subset of {6 : 0F(P) < 0}. So thanks to
the convergence result from Ibragimov and Has’minskil (1981, Appendix I Theorem 8) the next

statement follows immediately.

Theorem 6 Assume that F(P) # 0. Then the MLE éT 1s locally asymptotically minimax with
local scale T2 at any 6 such that OF (P) < 0 and for any bounded loss function L(-) € L, in

the sense that its local asymptotic minimaz risk Rg(0) is equal to the lower bound right hand
side of inequality (16)

i 5o [0 -0)] = [ )
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Then for a loss function L(-) € £ whose growth as |u| — oo is lower than any one of the
functions el“l, ¢ > 0, we readily deduce that

lim lim lim sup Eg {b AL (\/T(é\T - 9/))] = \/12? / L (y 1(9)71/2> e V2 dy.
R

b—o0 €0 T—00 |0—6'|<e
Thus for the quadratic risk with L(u) = u?, we obtain

lim lim lim sup Egy [b/\ (T(</9\T - 9')2)} =1(6)"".

b—o00 e=+0T—00 |6—67|<e

4.2 Case F(P)=0, f(-) non identically null

When F(P) =0, in Lemma 2 we state that

lim £, KC,{TQ UTT>] = (20, Z(9)/%)]

in R? uniformly with respect to @ varying in any compact subset of R. Here the random Fisher
information is defined by Z(0) := w fol B2 du, and the real-valued random ( is Gaussian
N(0,1) independent with respect to the Brownian motion {By : ¢ € [0, 1]}, so independent with
respect to Z(6). Then the log-likelihood ratio Ag? “) can be expressed as

Ag?’u) = ulAd — %u2l(9) +rp(0,u)
where A% := T~'Ur converges in law to the mixed Gaussian law of Z(0)'/2(, and r.(6,u)
converges in probability to 0 as T' goes to infinity. We deduce that the family of laws {PGT :
OF(P) > 0}, T > 0, has a likelihood ratio which is LAMN (locally asymptotically mixing
normal) (see e.g. Davies 1985; Jeganathan 1982, Definition 3). Following (Jeganathan 1995,
Theorem 8; Le Cam and Yang 1990, Section 5.6), for each family {6..} of estimators of ¢ the

local minimax risk Rg(#) can be bounded asymptotically as follows

lim liminf  sup  Ep [L(T (6,—¢))] >E|L P ¢

17
M—oco T—o0 |6—0"|<MT—1 \/GQ(P)HQ(P) \/fol B%d’u, ( )

for any L € L. Thanks to Theorem 3 and to (Ibragimov and Has’minskii 1981, Appendix I

Theorem 8), we can assert that

Theorem 7 Assume that F(P) = 0, and f(-) is not identically null. Then the MLE §T is
locally asymptotically minimax with local scale T~' at any 0 and for any bounded loss function
L(-) € L, in the sense that

P ¢
v/ Go(P)Hy(P) \/fol B2 du

lim lim  sup Eg [L <T (§T _ 0’))} —E|L

M—o00 T—00 |0—9"<MT71

11



Notice that in relation (17) and in Theorem 7, the small neighbourhood Uy of 6 in the
expression (14) of the local asymptotic minimax risk, is {6 : |0/ — 0] < MT~1}. Its size is
proportional to 7! and tends to 0 as T — oco. However when the loss function is quadratic
(L(z) = %), thanks to van Trees inequality (Gill and Levit 1995) we state the following local
asymptotic optimality of the MLE @\T with small neighbourhood Uy with size € > 0 as in the
LAN case.

Theorem 8 Assume that F(P) =0, f(-) is not identically null. Then for each § € R

T = 2 2P?
limliminf sup Eg [TQ 0. —0 } >
=0 T—00 |g/_g|<e (O =) Go(P)Hg(P)

(18)
where {G_T} 1s any family of estimators of 8. Furthermore the MLE §T 1s asymptotically minimazx

for the quadratic loss function in the sense that

lim lim lim sup Eg [b/\Tz(é\ —9’)2} = 27132
b—00 e—=0T—00 0/ —0|<e 0 T G@(P)HQ(P)

4.3 Case 0F(P)>0

From Lemma 3 and the proof of Theorem 5, we know that

2
ZO(t) := lim e 2n9F(P) g Pt = Ko(t)? (50 + C§9)> in L' (Py) and

n—o00 n

lim £y [(e72F ) Jupyy, e POy )| = £[TO), TO0)2¢] in R

n—o0

the limits being uniform with respect to t € [0, P] and to # varying in any compact subset of
{0 : OF(P) > 0}. The random variable ¢ is Gaussian N (0, 1) and independent with respect to
{ZW)(t) : t € [0, P]}. Thus taking the local scale Oppie(0) == e ™F(P) from equality (15) we

obtain that

A(G,u) _ A(e)

1
nP+t — UBnpiy — 5“22(9) (t) + TnP+t(97 U)

where for any ¢t € [0, P], the law of AY) _”QF(P)UHPH converges to the mixed law of

nP+t
7 (t)1/2§, and 7,p4+¢(0,u) converges in probability to 0 as n goes to infinity. Notice that the

=€

local scale depends on 6.
We deduce that for each ¢ € [0, P], the sequence of families of laws {Pj7 " : 9F(P) > 0},
n > 1, has a likelihood ratio which is LAMN. Then for each sequence {éanrt} of estimators of

0, the local asymptotic minimax risk (14) can be bounded as follows.

¢
L 19
<m®%+@ﬂ]()

for any t € [0, P] and any L € L, each estimator 6,,p,; being measurable with respect the

lim liminf sup Egy [L (e"elF(P) (H_NPH — 9’))] >E

M—o00 m—00 |0—0"| < Me—n0F(P)

observation {¢, : s € [0,nP + t]}. Thanks to Theorem 5 we can assert the following optimality
of the MLE.

12



Theorem 9 Assume that F(P) # 0. Then for each t € [0, P], the MLE é\nP-‘rt

totically minimaz with local scale e ™F ) at any 6 such OF(P) > 0, and for any bounded loss
function L(-) € L, in the sense that

18 locally asymp-

i e B[ (0 G )] < |

The previous minimax result in the case §F(P) > 0 concerns the subsequences {é\nP P
t € [0, P], of the family of MLE {6, T > 0} of #. We can deduce the local asymptotic minimax
optimality for the whole family {§T, T > 0} as follows.

Let 6,.(0) := (Kg(t)eneF(P))_l where T'=nP +t with n € N and ¢t € [0, P). From the lower
bound inequality (19) as well as the fact that the function (0,t) — Kp(t) is positive continuous
on {6 :0F(P) > 0} x [0, P), we obtain that

lim liminf sup Eg [L (6,007 (6, —0))] > E [L <<>]

M—oo T—oo ‘9_9/‘<M5T(9) £O+C§0)

for any 6 € R such §F(P) > 0, any bounded loss function L(-) € £ and any family {6} of
estimators of 6. Then Theorem 9 implies that the MLE §T is optimal in the sense that

i o o o0 o) =2 [ ()|

Remark that the limit law in relation (13) is not square-integrable. Hence when 0F(P) > 0,
we cannot get a finite local asymptotic minimax lower bound for the quadratic risk with small
neighbourhood Uy of type {8’ : |¢ — ] < Me ™F(P)},

5 Proofs

5.1 Proofs of results in Section 3
5.1.1 Proof of Theorem 1

From the remarks before the statement of Theorem 1 it is only sufficient to prove that
Joo = 00 a.e.. Recall that the function f(-) is not identically null and notice that the quadratic
variation Jp increases to Jo a.e. as T — oo.

(i) First assume that 0 F(P) < 0. From Section 2 we know that in this case the P-segments
Markov sequence {Xy} is positive Harris recurrent. Then the ergodic theorem (Hopfner and
Kutoyants 2010, Theorem 2.1) and limit (3) entail that
Jr 1

T
. . = 2 .92 _ B
TlgI;O T jlgr;OT/(] f(w) & du=1(0) >0 Pyae.

where I(#) is defined in relation (12). This implies that Jo, = oo a.e.

13



(ii) Assume now that F(P) = 0. For any n > 0 we have

P
anz/o fw)?e2,,  du.

In another hand limit (4) implies that

n—oo

P
lim Py [:L /0 Fw)?e,,  du> a] —P [HQ(P) (gg’))Q > a]

for any a > 0, and where £ ( 59)) = N(0,Gy(P)). As the function f(-) is not identically null, we
have Gg(P)Hy(P) > 0 so the random variable Cée) is non-degenerate Gaussian and we readily
obtain that J,p converges in Py-probability to infinity as n — oo. As J,p increases to Jo,
Py-a.e. as T — oo, we deduce that Py[Js < 00| = 0.
(iii) Finally assume that F(P) > 0. According to limit (5)
: 2
lim 62”9F(P)/0 f(u)?€2 ) du= Hy(") <§0 + Cée)) Pp-a.c. in C|0, P]

n—00 nP+u

where C?Ea) is the sum of the P-a.e. convergent series Y, e FF(P)Z, (P). Thus £ <C§9)> =

N (0, 1_57%%) and the real-valued random variables §; and Cée) are independent. Besides

Jnp can be expressed as

n—1 .p n—1 P
Jop— Z/ Fu)e,, du= 7 (RHOF(P) 2HOF(P) / F)?e,, du
k=00 k=0 0

for any positive integer n. Applying Toeplitz lemma on series convergence we obtain

) _ Hy(P) 2 ,
2nfF(P) 6 ()
nhrn e Jop = BOF(P) ] (50 + §3 ) Py-a.e. in R.

Since §, and C:ge) are independent and C?(,a) is non-degenerate Gaussian, we have Py |, + <§9) = 0} =
0. Hence Jo = oo Pyg-a.e. This completes the proof of the theorem. m

5.1.2 Proof of Theorem 2

~

Recall that Jr(0, —6) = Ur where {J;,t > 0} is the quadratic variation process of the
martingale {U;,t > 0} defined by relation (10). The recurrence property of the process {,,t >
0}, implies that J7 converges almost surely to I(f) as T — oo. Then the central limit theorem
for integrales with respect to Brownian motion (see e.g. Feigin 1976 ; see also Kutoyants 2004,

Theorem 1.19; Barzcy and Pap 2010) entails the convergence in law
Jim £ {\/J (§T —9)} — N(0,1)
—00

for any 0 such that F(P) < 0. To establish the uniform convergence with respect to 6, requires

a little more computations concerning the asymptotic behaviour of Jp/T.

14



Let n € N and ¢ € [0, P]. Then

nP+t n—-1 .p t
Topii= [ e =3 [ sre, it [ s0r€, i

Owing to expression (6) we readily obtain by induction the following decomposition of § 5.,
$ppiu = ) (ekeF(P) (50 + Sk—l) + Zk(“)) (20)

where

k—1 oP
S_1:=0 and Sk_q1 := Ze*ﬁF(P)Zj _ / e OFW) 4B,
=0 0

for any k > 1, and Z; := Z;(P) for j € N. Thus we can write Jy,pys as

n—1 P n—1
Jopyt = Hy(P) Z ROFP) (50 + Sk—1)2 + /0 f(u)QezeF(u) Z Zk(u)2 du
k=0 k=0

n—1 P
+2) M) (g + Spy) / F()2eXTOZy () du + Hy(t)e™TP) (¢ 4 5,1)?
k=0 0

t t
+ / F(u)2eFWZ, (u)? du + 27 (¢, + S,_1) / F(u)2e?FW7, (u) du
0 0
= A1+ As+ As+ Ay + As + Ag. (21)

Using the facts that the processes Z,,s are independent, and each of them is zero-mean Gaussian
with independent increments, varg[Zi(u)] = Gyg(u) for u € [0, P], we will establish in the
following Lemma 1 that (A; + Az)/n converges in Pg-quadratic mean to PI(f), and Ag/n,
converges to 0. With the same argument we can prove that Ay/n, As/n and Ag/n converge to
0. Each convergence being uniform with respect to ¢ € [0, P] and to 6 in any compact subset of
{0 eR:0F(P) < 0}.

For each interger n, the P-segments process Z, = {Zy(t),t € [0, P]} is a continuous martin-
gale with respect to the filtration generated by the Brownian motion B("") = {Bnp+t—Bnp,t €

[0, P]}, and Doob maximal equality for matingales entails that

P
Eg [max Zn(t)2] <2 / e 2P gy = 2Gy(u). (22)
t€[0,P) 0
Thus we obtain that J
lim 2L =T
Am 7 =16)

in Pyg-quadratic mean uniformly with respect to € varying in any compact subset of {0 : 0F(P) <
0}. Thanks to the uniform central limit theorem for integrales with respect to Brownian motion
(Kutoyants 2004, Theorem 1.20) we deduce the assertions of the theorem. m

To complete the proof of Theorem 2 we state the convergence of Aj/n, As/n and As/n.
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Lemma 1 Uniformly with respect to t € [0, P] and to 6 in any compact subset of {6 € R :
0F(P) < 0}, we have

, A; Go(P)Hy(P)\?
B (n_e—QGF(P)_l =0, (23)
lim Eq ( / Fu)2e®F W Gy(u )du> ] =0. (24)
and 2
E
TR | (25)

n—ooo 2

Proof Let K_be any compact subset contained in {6 : 6 F(P) < 0}.
(i) Term A;. First express A; as

n—1 n—1 n—1
Ay = Hp(P)Y PRI 1 Hy(P)Y " eMFPISE | +2Hy(P)> PPl 5, 1. (26)
Since OF (P) < 0, the first term of expression (26) converges to Hy (P)§(2) / (1—e2F(P)) uniformly
with respect to 8 € K_.

Next we have

n—3 n—2
ZeQ’“@F )SE_ | = Z%Z? +23 " 22
J=0j"=j+1
where
J20F(P) _ 2(n—)0F(P) c—IOF(P) (e<2+j'>eF<P> _ e<2n—j/>9F<P>)
%= 1 — ¢20F (P) and - byjr = 1 — ¢20F(P)

Thanks to their definition, the random variables Z;s are independent and have the same Gaus-
sian law N (0, Gg(P)). Thus we obtain that

- 2WOF(P) 2 = 1 worp) | €MW1
k=0 =0

Eg

and, owing to the expression of the fouth moment of a Gaussian vector in terms of its second

moments and first moments (Isserli’s formula),

n—1 n—2 n—3 n—2
varg [Z ezkeF(P)Sz_ll < 2 Z a?Gg( + 42 Z 62 /Gg
7=0

k=0 J=0j'=j+1

N

4nGy(P)? 32nGy(P)? 1 1
- (1 _ 626F(P))2 (1 - eggp(p))2 1 — e20F(P) + e—20F(P) _1 )"

We deduce that

n—1 ?
‘ 1 WOF(P) 2 Gy(P) _
i By (n 2 S e ) | 7
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uniformly with respect to 6 in the compact subset K_.
As for the third term of A; we have

n—1 n=2 [ 2(j+1)0F(P) _ _2n0F(P)
e e —j
Ze%eF(P)Skil — Z ( ) ) e I0EP) 7,
k=0 J=0

which converges to
p20F(P)

JOF(P)
1 _ 20F(P) Z ¢

in quadratic mean uniformly with respect to 6 in the compact subset K_. Hence convergence (23)

is proved.
(ii) Term Ag. From the definition of Ay and relation (2), we readily have
P
Baldd =n [ F(@)e ) Golu)du
0

The independence of the Gaussian processes Zj and Zj for k # k' entails that

varg[As] = Z/ / flu ")? 20 F(+F W) oy [Zk(u)Q, Zk(u’)ﬂ dudu.
By Isserli’s formula, covg [Zg(u)?, Zi(v')?] = 2Gg(u)? for u < o/, we deduce that

varg[Asg] —4n/ / fu N2 E+EW) Gy (1) dudu.

Consequently convergence (24) is proved.

(iii) Term As. The independence between the processes Zjy and Zy for k # k' implies
that Eg[A3] = 0. Furthermore, since {, is independent with respect to the process Zj, and
covg |Zy(u)?, Z(u')?] = 2Gg(u)? for u < o/, we have

n—1 P
varg [Z ekeF(P)fo/ f(u)Ze%F(“)Zk(u)du]
k=0

2n9F(P 2 20 (F)+F) ,
= 2Ey {f 629F(P / / flu Go(u) dudu
and
n—1
varg [Z ek@F P)Sk 1/ f 2 29F(u)z ( )d ]
; 1k—1
62 (k—=7)0F ( P)/ / f 2 29 (F(u)+ (u/))Ee[Z]?]Ee[zk(u)zk(u/)] dudu’
k=1 5=0
2G9 P) 2n9F 2 29 w)+F(u
T o—20F(P) _ 1 (n— 1 _ 20F(P) / / flu (F)+F@) Gy (u) dudd,
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the first equality being due to the independence between the Gaussian processes Zp, k € N
and Isserli’s formula. The second equality is a direct consequence of the definition of Zj. Thus

convergence (25) is proved. ®

5.1.3 Proof of Theorem 3

As we do not prove the convergence of Jr/T? in probability, the results in (Barczy and
Pap 2010) cannot be applied here to establish Theorem 3. Actually this theorem is a direct

consequence of the following result.

Lemma 2 Assume that F(P) =0 and f(-) not identically null. Then
: Jr Ur\] _ Go(P)Hy(P) /1 2, VGo(P)Hy(P) /1 /
Tlgréoﬁg [(TQ’ Tﬂ =L ( ; B; du, Iz ; B, dB, (27)

P2
uniformly with respect to 6 varying in any compact subset of R, where {By,t € [0,1]} and

{B},t €[0,1]} are two independent Brownian motions.

Notice that the random variable

[, BudB,

\/ Jy B2 du

is Gaussian N (0, 1), and is independent with respect to the Brownian motion {By,t € [0, 1]}.

¢: (28)

Proof The proof of relation (27) is based on the method presented by Phillips (1987) who
studied the asymptotic approach of an autoregressive time series with a root near the unit by an
Ornstein Uhlenbeck time-continuous process. First we establish that the asymptotic behaviours
of Jpp+t and of Uy, pyy coincide with those of sums of time series (formulae (29) and (31)). Next
we apply Phillips’'method to conclude.

(i) Jup+t - Let n € N and t € [0, P] and consider decomposition (21) with F(P) = 0. The
random variables Z;,j = 0,...,n, are independent with the same law N (0, Gg(P)), so thanks
to inequality (22), the first term is equal to

n—1
A1 = Hyg(P))_ Si_y +op,(n?)
k=0
as n — 00, and Ay is op,(n?). Furthermore inequality (22) also entails that As is Op,(n), and

As is Op,(1). With the previous arguments we easily obtain that A3 and Ag are op,(n). Hence

we deduce that

n—1
Jnpit = Ho(P) Z Si—1 + op,(n?) (29)
k=0
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as n — oo. Here the Op,(-)s and op, (-)s are uniform with respect to ¢t € [0, P] and with respect

to 6 varying in any compact subset of R.

(ii) Upp4t - From decomposition (20) we can express U,p4¢ as
n—1
Unpe = Y (Vi (& + Ske1) + Wi) + Yo (t) (§ + Sno1) + Wa(t) (30)
k=0
where Yk = Yk(P), Wk = Wk(P),
t
Yi(t) = / f(u)efF ) qBkP) and

0

- /Otf(u)eeF( o () dBRP) — / </ F(u)efE@-F@) dB(kP)) dB(+P)

for any k € N and any t € [0, P]. The random variables Yjs, are independent with the same law
N (0, Hy(P)). The random variables Wjs are also independent with the same law which is with
zero-mean and finite variance. Then the law of large numbers entails that U, p, the first term

of expression (30), is equal to
n—1

Z Y. Si_1 + 0P, (n)

k=0
as n — oo uniformly with respect to 6 varying in any compact subset of R. For each integer n,
the processes {Y,,(t),t € [0, P]} and {W,(t),t € [0, P]} are continuous martingales with respect
to the filtration {ft(n ) ,t € [0, P]} generated by the Brownian motion {B Jte [0, P]}. Owing

to Doob maxima inequality for continuous martingales we have

E Y, (1)?| <4Ey [Y,(P)?] = 4Hy(P
o | e Yal02] < 4B ¥, (PP] = 4H(P) <

P
Ep [nﬁ% Wn(t)Q] < 4Ey [W,(P)?] =4 / F(u)2e?P WGy () du < .
te|0, 0

Since Eg[S2] is o(n?), we deduce that the second term of expression (30) is of order op,(n) and

the third term is Op,(1), as n — co. Hence

n—1

Unp+t = ZYkSk—l + op, (n) (31)
k=0

uniformly with respect to t € [0, P] and to # varying in any compact subset of R as n — oo .

(iii) Thanks to the previous computations, it remains to study the asymptotic behaviour of

the random vector

1 n—1 1 n—1 1 n—1 [k—1 2 1 n—1k—1
2 _ . .
(£S5 5w ) - (25 (2] 155w
k=1 k=1 k=1 \ j=0 k=1 j=0
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For that we are going to construct another random vector with the same law and which converges

in probability as n — 0o to the required limit (see e.g. Phillips 1987). Since

(G+1)P G+1)P
Y = / HFWaB,,  and  Z; = / e W 4B,
jP
for any j € N, the random vector (Yp,...,Y,—1,Z0,...,Z,—1) is Gaussian and Eg[Y;Y};] =
EolY; 2] = E¢[Z;Z1] = 0, for all integers j # k. Furthermore
(+1)P (G+1)P
EolY;Z;] = / fu)e?P® 5 e=0FW) gy — / f(u)du=F(P)=0
JjpP JjP
for any integer j. Owing to the properties of Gaussian vectors, we deduce that the random
variables Yp,...,Y,—1,Z,...,Zyn—1 are independent, Ly(Y;) = N (0, Hp(P)) and Ly(Z;) =
N (0,Gy(P)) for any integer j. Now consider {By, ¢ € [0,1]} and {B},t € [0, 1]} two independent

Brownian motions and let

V" = /nHy(P) (Blus —B,)  and 2" = \/nGy(P) (Bun — B, )

] n

for any j = 0,...,n — 1. Then the random variables YO(Q), e ,Y(e) Z(e) . Z( ). are inde-

n— n—1
pendent and Ly (Yo,...,Yn-1,Z0,-..,Zn-1) = L (YO(O), ce Yn(ﬂ)l, Z(G) ) As a conse-
quence,
1 n—1 (k-1 2 1 n—1k—1 1 n—1 (k-1 o) 2 1 n—1k—1 ©) (6)
Loll oz | 2% ] ;22 04| | =£|| s 258 =D IDIR4
k=1 \ j=0 k=1 j=0 k=1 \j=0 k=1 j=0
Furthermore )
1 (k-1 -1
1 20| _ Go(P) S (Bk)Q
2 J n
n k=1 \j=0 " k=1
and
n—1k—1 9 n—1
l ZZY; Go(P)Hy(P) > ( ' — By ) By.
[ — k=1 " "

We know that any Brownian motion admits a version such that P-almost all its sample
paths are continuous. For such a version of {B;, ¢ € [0, 1]} the following P-almost-everywhere

limit exists and
n—1

: 1 2 ! 2
nlb%n§<32> _/0 Bldu P -—ae. (32)

where the right-hand side integrale has to be understood path by path and with respect to
Lebesgue measure on [0, 1]. Besides, thanks to the theory of integration with respect to Brownian
motion and since fol E [B2] du = 1/2 < oo, the process {By,t € [0,1]} is integrable with respect
to the Brownian motion {Bj},¢ € [0,1]} and the following in-probability limit exists

n—1 1
P—T}LHOIOZB§< ’,M—B’ﬁ)z/o B, dB,. (33)
k=0

n
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o [(38 0 15| < f . v )|

and the convergence is uniform with respect to 6 varying in any compact subset of R. Then
with relations (29) and (31), we deduce that

1 1
lim Ly [‘]"T’:;' , U””'] =L [GQ(P)H(;(P)/ B2 du, \/GQ(P)HQ(P)/ BudB;L]
0 0

n—00 n

in C[0, P] x C[0, P]. This gives convergence (27) uniformly with respect to # varying in any
compact subset of R. m

5.1.4 Proof of Theorem 4

Here the true value of the parameter 6 is equal to 0 and the function f(-) is non identically
null. The observation is {¢,,t € [0,T]} = {§, + B¢, t € [0,7]}. With respect to the P-periodic
Langevin model (1), the maximum likelihood estimator is still defined by relation (9). Following
the same arguments as in the proof of Lemma 2, we obtain that

2
n—1 [fk—1

Jnpre =Ho(P)Y> [ "Z; | +op,(n?)
k=1 \ j=0

and
n—1k—1

Unptt = ZZYkZ + op,(n)

k=1 j=0
uniformly with respect to t € [0, P], where

(k+1)P

t
:/0 f(u)? du, Zj = B(jt1p — Bjp and Yk:/kp f(u) dBy,.

In contrast to the proof of Theorem 3 above, F'(P) is not here necessarily null and the random
variables Z; and Y are not necessarily independent, indeed cov [Y}, Z;] = Eg [Y;Z;] = F(P) for
any j € N. Since varg[Z;] = P, the residual part of the linear regression of Y; on Z; is equal to
Y =Y - ( )Z Then the random vector (Y',...,Y* |, Zo,..., Zy—1) is a Gaussian vector,

its components are independent and varo[Y}"] = H* := Ho(P) — %@2. Notice also that
n—1k—1 n—1k—-1 FYJD n—1k—-1
YIPITTIE 3) SICAEATE) ) S8
k=1 j=0 k=1 j=0 k=1 j=0

Now following the arguments of the proof of Lemma 2, consider {B; : ¢t € [0,1]} and

)

{B}:t€0,1]} two independent Brownian motions. Let

v = Vil ( 1 — B ) and 2\ = VnP (BM _B

sk
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forany j =0,...,n—1.Then Lo [Y§,. .., Y, 1, Zoy- -, Zna] = L [YO(O), DS ALY/ ZQJ

and the law of the random vector

n—1 [k—1 2 n—1k—1 n—1k—1

> Zi |, Yy Z;, 7

k=1 \j=0 k=1 ;=0 k=1 j=0

coincides with the law of
n—1 [k—1 © 2 n—1k—1 ©) (0) n—1k—1 ©) (0)
0 0) (0 0) (0

> 1247 VOZE Y 47
k=1 \j=0 k=1 j5=0 k=1 j=0

thus with the law of

n—1 n—1 n—1
2
<nP§ <BE> , n/HPY (’ki— ;)Bk,np§j(Bm—Bk)Bk>.
k=1 k=1 "

n n n

Thanks to convergences (32) and (33) as well as

n n

n—1 1 B2 1
lim ) (Bﬂ — Bﬁ) B — / B, dB, = —1 in probability

we deduce that

. Jr Ur\] _ Hy(P) /1 2 [H* /1 ,  F(P) /1
Tlgrgoﬁo [(TQ’ Tﬂ_ﬁ ( iz ; B;, du, P, B, dB, + P B, dB,

where H* = Ho(P) — F(P)?/P. Thus

A 00 [T0] = ¢

V/PHo(P) = F(P)? [ B, dB, + F(P) [ B, dB,
Ho(P) [ B2 du '

Owing to independence between the random variable ¢ defined by relation (28) and the Brow-

nian motion {B,,u € [0, 1]}, we readily conclude the proof of Theorem 4. m

5.1.5 Proof of Theorem 5

First we study the asymptotic behaviour of the quadratic variation {.J;,¢ > 0} of the mar-
tingale {Uy,t > 0}.

Lemma 3 If0F(P) > 0, then

2
lim e 20F(P) g = Kp(-)? (go + <§">) Py-a.e. in C[0, P) (34)

n—00 nP+-

where Ky(-) is defined in Theorem 5 and Cée) is some real-valued Gaussian variable independent

with respect to §,. Furthermore

lim sup sup Eg[
N0 ge Ky te0,P]

2
e 2OFE) Jupyt — Ko(t)? <§0 + C§9)> H -
for any compact set Ky C {§ € R: 0F(P) > 0}.
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Proof According to limit (5) we know that

n—00 nP+u

: 2
lim ezneF(P)/ f(w)?€2 ) du= Hy(") <§0 + Cég)) Py-a.e. in C[0, P]
0

where C{ge) is some real-valued zero-mean Gaussian variable independent with respect to &, and

: : Go(P :
with variance equal to #(GF%M Besides J,p can be expressed as

n—1 P n—1 P
JnP — Z/O f(u)Qgieru du = Z er@F(P)e—QkGF(P) /0 f(u)Qgieru du
k=0 k=0

for any integer n > 0. Then Toeplitz lemma on series convergence implies the almost sure
convergence (34) since 0F(P) > 0.

To prove the uniform L!(Pg)-convergence, let K, be any compact subset of {§ € R :
OF(P) > 0} and consider decomposition (21) which is also valid for 0F(P) > 0. As the random
variables Zjs are independent with the same law N(0,Gg(P)), the hypothesis §F(P) > 0
entails that .S, converges in quadratic mean uniformly with respect to 6 varying in K as
n — o0o. It is easy to see that the limit is equal to C:,()e) defined above. So e 20F(P) 4, =
e 2n0F(PY [,y () (€, + Sn)? converges in L!(Py) uniformly with respect to ¢ € [0, P] and to 6
varying in K| as n — oo to Hg(t)(§, + Cée) )2. Furthermore, applying Toeplitz lemma on series

—2n0F(P)

convergence in L!(Py) we deduce that e Aj converges in L!(Py) to

Hy(P) 0)12
o+ &)

uniformly with respect to § € K, as n — co. Inequality (22) implies that e =2"0F(P) (A4, + A5)
converges to 0 in L!(Py) uniformly with respect to t € [0, P] and to § € K, as n — oo.

Cauchy-Schwarz inequality involves that

(B0 [ 16+ 50Za(0)] ] ) < B [|& + Sal*] By [1209?]

and thanks to inequality (22) we obtain that e=2"?F(P)(A3 + Ag) converge to 0 in L' uniformly

with 0 varying in K as n — oo. Hence the proof of the lemma is achieved. m

Remark that Jp converges to infinity Pp-a.e. in R as T — oo when 0F(P) > 0. Then
the central limit theorem for martingales (see e.g. Kutoyants 2004, Theorem 1.19) applies and
J%ﬂ(é\T —0) = JT_l/QUT converges in law to the gaussian law A(0,1) as T — oo for any # such
that 0F(P) > 0. However to get the uniform convergence we need to refine the analysis. In

Lemma 3 we have obtained the convergence of e~2¥(P) J,py.- To prove Theorem 5, first we

—nbF(P) U

go further into details for the asymptotic behaviour of e Pt

Lemma 4

lim Lg e—”9F<P>UnP+,} _y [(go+c§9)) (CAEG) +Y(9)(-))} in C[0, P]

n—oo
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uniformly with respect to 8 in any compact subset of {0 € R : §F(P) > 0}. Here C:,()e) and Cig)

are two real-valued zero-mean Gaussian variables with variances

Go(P) , Hy(P)
0| 0 )| 0
var |:CE(} )i| = m T@Spectlv@ly var |:C£ )i| = W7

and the process YO .= {YO)(t),t € [0, P]} is Gaussian and admits the representation
t
YO (1) = / Fu)e"F) gB!,
0

for some Brownian motion {Bj,t € [0, P]}. Moreover &, C?()e), Qie) and YO are independent.

Proof The scheme of the proof we follow is inspired by the proof presented by Kutoyants (2004,
Proposition 3.46) when the modulation function f(-) is identically equal to 1 (see also Basawa
and Scott 1983). Mainly let us express Ur, T' > 0, as

T
Ur = £O¢T + /[) M, dipy,

where {1, > 0} is the Gaussian process defined by

t
Py = /0 fw)e ™ dB,

and {M,,t > 0} is the martingale process defined by M, := eeF(t)ﬁt —&,- Thanks to It6 formula

we have

T
1
Ur = (6 + My = [ w,dM. = 5[0, M. (3)
the quadratic covariation [¢), M],. being equal to
T T
oMl = [ Fe O du= [ ) du = F(D)
0 0

Notice that ¢, p_, is zero-mean and its variance is equal to

nP+t €2n0F(P) -1 Hg(P)
E [wZPth} = /0 f(u)2€20F(u) du = ( c20F (P) E 1 + eQneF(P)HG(t) (36)

for any n € N and any ¢ € [0, P).

Now we are going to study the asymptotic behaviour of each term of expression (35). Let
K any compact subset of {6 € R: 0F(P) > 0}.

(i) The periodicity of the function f(-) implies that

. 1
lim —
n—oo n

[, M), pyy = F(P)
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uniformly with respect to ¢ € [0, P] and 6 € K.

(ii) The second term of the right hand side of expression (35) can be decomposed as

T nP nP+t
/ Yy dM, = / b, dM, + / e—@F(u)wu dB,
0 0

nP

nP
[ wadnty ey, ), (37)
0
the C[0, P]-valued random sequence (Vy,), .y being defined by

t
Va(t) := /0 ey o dBP).

The variance of the first term of the right hand side of equality (37) is equal to

</OnP¢UdMu>2 (/OTLP —0F(u 1/} B ) /0"P€29F(u)E9 [wﬂ du.

In the following using again the fact that F'(kP 4+ u) = kF(P) + F(u), and replacing Egy [¢2P+u]

2

by its expression (36), we obtain

/npeggp(u)Ee { dﬂ i ”Zl /Peza<kF(P)+F<u))E9 WHJ du
0 k=0 "0

_ _—2n0F(P) P
_ Hy(P)Gy(P) (n_ 1—e )—I—n/ Hy(u)e 27 gy,
0

e20F(P) _ 1 1 — e—20F(P)

Hence »
N B RO, 2 o—20F (1)
i [ 1] TP [ e

and %fonp 1, dM, converges to 0 in Py-quadratic mean uniformly with respect to 0 € K, as
n — oo.
As for the second term of the right hand side of equality (37), notice that for each integer

n we have
t t nP+u
V() = Vi(s) + 9, p. / —0F() gg(rP) 4 / e W ( / o Fv)e?T@) dBU> dB("?)

when 0 < s <t < P, which entails that the process V,, := {V,,(¢t),t € [0, P]} is a continuous
martingale with respect to the filtration {ft("P) : 0 <t < P} generated by B("P) = {Bgnp)
[0, P]}. It is zero-mean, and by equality (36) it verifies

t
Eg [Va(t)?] = /0 e MRy [¢2p+u} du

2n0F(P) _ 1) Ho(P)Go(t !
(e ) Ho(P) 9()+62n9F(P)/ e~ 20F () o (4) du.
0

e20F(P) _ 1
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Doob maxima inequality for continuous martingales implies that

Eg [Vn(P)?]

Py [max [V, (t)] > e] < 5

tel0,P] €
thus
_ 1 [ Hy(P)Gy(P) b
ndF(P) - 0 0 20F (u)
P [0 e [V, (o) > o] < 5 (DD o [ emaoro g
and
e—nGF(P)
ILm ——V, =0 in Py-probability in C[0, P]
n—oo n

uniformly with respect to 8 € K. Hence

1 nP+ -
lim — / Wy dM,, = 0 in Pg-probability in C[0, P]
0

n—oo N

uniformly with respect to 8 € K.

(iii) By the definition of the process {1,,¢ > 0}, and by the periodicity of the function f(-),

we have » t
Vppir = / Fu)efT® dB,, + T (P) / F(u)efF@ gnP),
0 0

the two terms being Gaussian and independent. We readily deduce that

lim £y [Py, ] =2 [¢@+YO()] i clo, P
uniformly with respect to 8 € K where Cio) is a real-valued Gaussian variable with zero-mean
and variance equal to Hy(P) (629F(P) = 1)_1 , and the P-segment process Y := {Y @) (1)t €

[0, P]} is Gaussian and admits the following representation
t
YO (1) = / F(u)e?T B!
0

for some Brownian motion {B},¢ € [0, P]} such that the random variable Cie) and the process

Y are independent.

(iv) Following the proof of limit (5) (see Dehay 2014) we can see that M, converges in Py-
probability to some Gaussian variable Cée) as T — oo, uniformly with respect to 8 € K. So it
remains to establish the joint convergence of the terms of expression (35), and the independence
between the different random limits to conclude the proof of Lemma 4.

First recall that by hypothesis the initiale value &, is independent with respect to the Brow-
nian motion {B;,t > 0}. Now let ny < n. Since

nP+t
M

n1 P+t
_ —0F (u) o _ OF (u)
n = e dB, and 9, (1 = / flu)e dBy,
1P+t /O P+t ( 1+1)P (n1+1)P ( )
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for any t € [0, P], the random variables &;, ¥, , — w(n1+1)P, and the processes {Mn1P+t’t €
[0, PI}, {¥,prs — ¥, pst € [0, P]} are independent. Consequently, thanks to the convergence
results for M, and 1, the law

Lo [(50’ M., p e 0P (%P - T/J(m+1)P) ’ e 0P (d’nPJr. - wnP)):|

converges to the law £ K{O, (ée) , ie) , Y(Q)(-)” in R x C[0, P] x R x C[0, P], as n1 and n go

0) (0
3 054

to infinity as well as n —n;. We deduce that the random variables §, and the process

{Y©(t),t € [0,P]} are independent. Furthermore from expression (36), we easily verify that
7n9F(P)¢
e

(ni41)p converges in Py-quadratic mean to 0 uniformly with respect to § € K as

n — ny goes to infinity. Then thanks to Slutsky lemma, we readily deduce that

i €06 M )] £ [ 40, 40+ VO]

uniformly with respect to 8 € K as n — oo. Finally, owing to It6 formula (35) and the conver-

gence results of the previous parts (i), (ii) and (iii), Lemma 4 is proved. m

Proof of Theorem 5 Since

eanF(P)U
enQF(P) (é\ B 9) _ nP+t
nbit 2P ] L

it suffices to establish the convergence of £ (e=2n0F(F) Jopits e WE(P) U, p.y) inC[0, P]xC[0, P]
as n — 00, to prove Theorem 5. For this purpose we follow the idea of part (iv) of the proof of

Lemma 4, and we use the same notations. Let ny < n. By definition

n1 P+t oF n1 P+t
M, p,, = /0 e WaB, and  J, p., = /0 F(u)*€2 dB,.

The independence between the processes {§n1P+t, t € [0, Pl} and {By,,41)p+t — By 41)ps t > 0}

m+1)p and the processes {(M, pipdn pye)it €

[0, Pl}, {¥,pyy — ¥pprt € [0, P]} are independent. According to the convergence results for

implies that the random variable ¢, — w(

Mypyt, Jnpye and P, p ., the law
Lo [(507 M., 6—2n9F(P)JnP+. : e—n@F(P)wnP+.>}

converges to L [(507 Cée) , Ko(+)? (50 + C?()O))Q , 20) +Y(9)(')>} in RxC[0, P]xC[0, P]xC|0, P].

Hence

lim Ly [(ﬂ””“ (P) g

P e—’rLGF(P)U
n—00

i )| =2 [Ka<->2 (6+¢®)" (g +¢®) (¢ +Y<9><~>)}

in C[0, P] x C[0, P]. The convergences being uniform with respect to # varying in any compact
subset of {# € R: 0F(P) > 0}. As P [50 + Cg(,e) = O] = 0, we readily deduce that

. 0 L y©).
lim L [e”GF(P) (0. — 9)} —r| EFY ((9))> in C[0, P]
e Ko() (& + G
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uniformly with respect to 6 varying in the compact set K.

For any t € [0, P] the random variables ¢ ie) and Y®)(¢) are Gaussian independent, then we

deduce that Ky(t) = \/V&I" [Q&G) +Y®(t)| and the random variable (Q&g) +Y®©) (t)) ] Ko(t) is

Gaussian N(0,1) and independent with respect to &, and Qge). Then the proof of the theorem

can readily be achieved. m

5.2 Proofs of results in Section 4
5.2.1 Proofs of Theorems 6 and 7

The limit law in Theorem 2 (respectively Theorem 3) is absolutely continuous with respect
to Lebesgue measure, and the set of points of discontinuity of each loss function L in £ is almost
countable. Hence Theorem 6 (respectively Theorem 7) is a direct consequence of Theorem 2
(respectively Theorem 3) and the convergence result from (Ibragimov and Has'minskii 1981,
Appendix I Theorem 8). Notice that the convergence result in (Ibragimov and Has’minskii

1981) is uniform with respect to § € ©. m

5.2.2 Proof of Theorem 8

In order to evaluate the local asymptotic lower bound for the quadratic risk, we first study
the asymptotic behaviour of Eq [J7] /T?

Lemma 5 If F(P) =0 and f(-) is not identically null, then

lim Eg[Jr] _ Go(P)Hy(P)
T—o0 T2 2P2

uniformly with respect to 8 varying in any compact subset of R.

Proof We know that
nP+t t
Bolurs] = [ SPEE) du=Ealhurl + [ 10PES[€,,,] du

foralln € Nand ¢ € [0, P]. As F(P) = 0, F(nP+t) = F(t) wehave Eg [€2, ] = 2 ) (Eg [¢2] +
nGy(P) + Gy(t)). Thus

Eg [Jnp] = /OP f(U)QTSEG [£ZP+u] du
k=0

n(n—1 P
= b€ 0(P) + "Dy (PIGo(P) 40 [ S0 P0G () du.
0
Consequently
i 2 [JnP]
im ————
n—oo n

= S Hy(P)Go(P)
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and the lemma is proved. =

Now we can state the asymptotic lower bound (18) for the mean square risk using van Trees

inequality.

Let € > 0 and p_(-) be a density probability function with support in [0 — €,6 + €] and
which is continuously differentiable in R. We know that Eg[Ur] = 0, Eg[U2] = Eg[Jr] < oo
and that the log-likelihood ratio Ag?) of P} to P¥, satisfies %Ag?) (€) = Up when € = £,
Thus Ey [%Agf)) (€)?] < oo and Eg [%Ag?) (§)] = 0. Then for any real-valued random variable 6.
measurable with respect to the observation {§,,¢ € [0,T]}, van Trees inequality (see Gill and
Levit 1995) entails that

[ wa [0 0] ninar = (|

—€

O0+¢ -1

E@/ [JT] pe(al) d9, + I(p€)>

—€

where I(p,) is the Fisher information for a location parameter in p_(-)

0+e d / 2 / o O (i’pe(el))2 /
1@9:14% (mymp490 PJG””“LLEMZJW>d9'

Thus
B O+¢ I -
inf sup Eg [T2 (9T — 9/)2} > (/ Eq [JT] pC(H/) dy’ + (pze)>
Op 16/ —6)<e 0 T
From Lemma 5, we deduce that

_ O0+e J -1
liminfinf sup Eg [TQ [— 2} > lim </ Egr [T] p.(0") d@’)
T—00 GT |6"—6]<e ( T ) T—o0 —c T2

— (Aite(Wpe(G’)dﬁ’)

With € — 0, we deduce the lower bound for the mean square deviation (18).

Thanks to the uniform convergence in 6 of T’ (é\T - 0) in Theorem 3 and to (Ibragimov and
Has’minskii 1981, Appendix I Theorem 8), we readily deduce the second assertion of Theorem 8.
]

5.2.3 Proof of Theorem 9

Since the random variables §,, ¢ and (ée) are independent and the random variables ¢ and
CP()H) are Gaussian, the limit law in Theorem 5 is absolutely continuous with respect to Lebesgue
measure. Hence by the uniform convergence in law in Theorem 5, the convergence theorem of
Ibragimov and Has'minskii (1981, Appendix I Theorem 8) entails that for each 6 such that
0F(P) >0,

B [0 (0 (- 0))] -

lim sup
g/ | < Me—mOF (P)

¢
L : =0
@@@@+$UM‘
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for any ¢ € [0, P] and any M > 0. Thanks to the continuity with respect to  of Ky(t) and of
the law of Cée) we readily deduce that the MLE 571 pi¢ 18 locally asymptotically minimax for any
tel0,P]. m
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