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Abstract In this paper we investigate the large-sample behavior of the maximum likelihood

estimate (MLE) of the unknown parameter 6 for processes following the model
d§, = 0 f (1), dt + dBy

where f : R — R is a continuous function with period, say P > 0, and which is observed through
continuous time interval [0,7] as T — oo. Here the periodic function f(-) is assumed known.
We establish the consistency of the MLE and we point out its minimax efficiency. These results
comply with the well-established case when the function f(-) is constant non null. However
the case when fOP f(t)dt =0 and f(-) is not identically null presents some particularities. For
instance in this case whatever is the value of 6, the rate of convergence of the MLE is T as in
the case when 6 = 0 and fOP f(t)dt # 0. Futhermore when fOP f(t)dt = 0, the MLE is locally

efficient for the quadratic risk.
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1 Introduction

The non-stationary and seasonal behavior is quite common for many random phenomena ob-
served in time. The periodicity can be hidden in the structure of the process, for instance
in the covariance structure for a non-stationary periodically correlated processes called also
cyclostationary signals in signal theory (Gardner et al. 2006), or as in the present paper, in the
coefficients of a time-inhomogeneous diffusion process (Hopfner and Kutoyants 2010). Many
applications can be found in mechanics, communication theory, climatology, econometrics, bi-
ology to name but a few (see e.g. Antoni 2009; Collet and Martinez 2008; Gardner et al. 2006;
Hopfner 2007; Serpedin et al. 2005).

The main purpose of the paper is the maximum likelihood estimation problem for the

unknown parameter 6 € R in the so called P-periodic Langevin SDE
d&, = 0f(t), dt + dBy, €os t >0, (1)

from the observation of a continuous sample path of the P-OU-process. Here {B;,t > 0}
is a standard Brownian motion which is independent of the initial random variable §;, and
f R — R is some known P-periodic continuous function not identically null. For simplicity
of exposure we assume that the diffusion coefficient is equal to 1. Such a SDE admits a unique
solution for which we exhibit a completely explicit expression (3). This permits us to develop
the following analysis. In this paper a solution of SDE (1) is called P-periodic Ornstein-
Ulhenbeck type process, and for brevity noted P-OU-process. Parameter estimation problem
for models of SDE with drift depending in time have been considered by many authors (for
instance see Mishra and Prakasa Rao 1985; Liptser and Shiryaev 2001, and recently, Barczy
and Pap 2010, Hoepfner and Kutoyants 2010, Dehling et al 2010). None considers the case of
SDE (1) which cannot be reduced to known models.

In Section 2 we present the main features about this model which will be useful in this
paper (see Dehay 2013). More precisely the periodic Markov structure is described with the
help of the associated P-segments chain {X,, := {{ p.,,t € [0, P]} : n € N} as defined by
Hopfner and Kutoyants (2010). According the signum of F'(P), the model has a recurrent or
transient asymptotic behavior. The case where F'(P) = 0 will be of particular interest.

Next we takle with the problem of estimation of the parameter 6 in SDE (1) by the maxi-
mum likelihood method, from the observation of a sample path of the process along the finite
interval [0,7], as T' — oo. Liptser and Shiryaev (2001, Theorem 17.2) have given conditions
for evaluating the bias and the quadratic error of the maximum likelihood estimator (MLE)
of the parameter 6 for a large class of models including the P-periodic Langevin SDE (1). Al-
though this result can be applied successfully to model (1) with f(-) = 1 (Liptser and Shiryaev

2001, Theorem 17.3), to carry out any checks when f(-) is not constant require untractable



computations. In a recent paper Barczy and Pap (2010) has investigated the MLE for a time-

inhomogeneous diffusion process given by the SDE
d§, = 0f(0)§,dt +o(t)dBy, &, t=>0,

where f(-) and o(-) are known continuous functions. However due to the periodicity of the
function f(-) and so the periodic structure of the process, their results do not apply to our
context except to the ergodic case where 0F(P) < 0. In Section 3, thanks to the asymptotic
behavior of the P-OU-processes, we establish the strong consistency of the MLE §T whatever
is the value of 0F(P) (Theorem 1). We also study the limit distribution of the scaled error
or(0) (é\T - 9). According to the signum of §F'(P), the normalizing factor d,.(f) and the limit
distribution have different expressions (Section 3.3). When 6 F(P) < 0 or 0F(P) > 0 the results
are plain generalization of the classical case where f(-) = 1. However when 6 F(P) > 0, applying
a non-random normalizing factor, the limit distribution is defined in C[0, P], the space of real-
valued continuous functions on [0, P] (Theorem 5). When F(P) = 0, the limit distribution of

o~

T(0, — 0) coincides with the law of

Ji BudB,

fol B2 du
up to a factor ¢(f) > 0 whatever is the value of 6 € R, {By,t € [0,1]} and {B},t € [0,1]} being
two independent standard Brownian motions (Theorem 3), while when 6§ = 0 and the function

f(-) =1, the limit distribution of T 5T coincides with the law of

JoBudB. _ BI-1
JiBZdu 2 [) B2du

Furthermore we investigate the case when § = 0 and f(-) is not identically null, establishing a
connection between the two previous models (Theorem 4).

Finally we analyse the efficiency of the MLE in the sense of asymptotic local minimax
property (see Ibragimov and Has’minskii, 1981; Jeganathan 1995; Le Cam and Yang 1990; see
also Héjek 1972; Le Cam 1969 and 1986). When 6F(P) < 0, the Harris positive recurrence
of the P-OU-process entails that the model is locally asymptotically normal (LAN) the scale
being v/T (regular case), and the MLE is locally asymptotically minimax for (Theorem 6).
In the transient case 0F(P) > 0, we establish that the model is locally asymptotically mixed
normal (LAMN), and the MLE é\T has also some asymptotically local efficiency (Theorem 7).
The scale is not standard and depends on the parameter §. When F(P) = 0 we state the
model is still locally asymptotically quadratic (LAQ), even locally asymptotically Brownian
functional (LABF) according the denomination of Jeganathan (1995). Furthermore the MLE
is locally asymptotically minimax for the quadratic mean risk function (Theorem 8).

For an easier reading and understanding of the statements of the paper, the proofs are

collected in the last section (Section 5).



2 Background : Orsntein Ulhenbeck type process

Here we present some usefull properties of the solution of the followinng P-periodic Langevin
SDE
d§, = f(t), dt + dBy, o5 t >0, (2)

Since the function f(-) is periodic and continuous, the usual conditions for the existence and
the unicity of the strong solution of SDE (2) when the initial value is fixed, are satisfied (Liptser

and Shiryaev 2001). Moreover the strong solution can be expressed easily

= (g0 [ o) .
0

where F'(t fo u)du. Remark that as the coefficient function f(-) is P-periodic, F'(nP+t) =
nF(P) + ( ) for any ¢ > 0 and any integer n.

2.1 P-segments-homogeneous Markov sequence

For 0 < s <t, we have

¢ t
_ JF(t)—F(s) —(F(w)-F(s)) 4 F()—=F(s) F)-F) gB. 4
§,=e £+ e dB, £+ e dB, (4)

Thus the process {,,t > 0} is inhomogeneous Markovian with transition probability density
Ps.t(x,-), the density of the normal law A <xeF(t F(s) ft AE@®)—F(w) du).
Note that the transition probability density is periodic in time in the sense that: p_ p,. plr,y) =

p,4(z,y), for all 5,¢,2 and y. Furthermore for each ¢,

P+t P+t
§P+t — F(P) <§t+/ e~ (F(u)=F(t)) dBu> _ eF(P)St +/ oF(PH+t)=F(u) dB.,,
t t

and the chain {€ 5},
sity ¢,(z,-), the density of the Gaussian law N (xeF(P), fOP e2(F(t+P)—F(t+u)) du).
Let Bgnp) = Bupyt — Bup for t € [0,P] and n € N. The processes B("") .= {Bgnp),t €

[0, P]}, n € N, are independent Brownian motions on [0, P], and { ., can be decomposed as

x 1s homogeneous Markovian with one-step transition probability den-

follows
P t
S eF(P)g(n—l)Pth""eF(PH)/ e de(z(n_l)P)"‘eF(t)/ e F aB(?),
t 0

Following Hopfner and Kutoyants (2010, Section 2) we define the P-segments sequence

{Xntpens Xn = {€,p et €0, P]}. Then the previous decomposition can be written as

Xoa(t) = "X (1) + O (21 (P) = Ziua (1)) + "D Z (1)



where

t
Zn(t) = /0 B_F(U) de(LnP) = 6nF(P)(]MnPth - Mn )

Notice that L [Z,(t)] = N(0,G(t)), where G(t) := f(f e 2F(W) gy, for any t. Since C[0, P]-valued
random variables X,,_1, Z,—1(P) — Z,—1 and Z,, are independent, the sequence (X,,)nez is a
homogeneous Markov chain with state space C[0, P], the Banach space of real-valued continuous
functions on [0, P] endowed with the uniform norm.

Thanks to (Hopfner and Kutoyants 2010, Theorem 2.1) we deduce that if ef'(P) < 1, so
F(P) < 0, then the P-segments chain X is positive Harris recurrent, its invariant marginal
law is given in Proposition 1 below. If F'(P) = 0 then the function F'(-) is periodic, and
the transition probability density ¢,(,-) of the homogeneous Markov chain {{, .}, is the
density of the Gaussian law N (z, " (t)G(P)) for any ¢ € [0, P]. In this case the P-segments
chain X is neither positive Harris recurrent nor transient. If F'(P) > 0, the P-segments chain

X and the P-OU process {§,,t > 0} are transient.

2.2 Moment structure

Consider the P-OU process {{,,t > 0} solution of P-periodic Langevin SDE (2). As E[gt} =
"]

E & pi] = O E (€]
for all £ > 0 and n € N. Hence the first moment function t — E[ft] is periodic if and only if
E[¢,] =0 or F(P) = 0. Futhermore the equality E [e*F(tJFT)gHT ‘ gt] = e*F(t)gt implies that

cov [§, &) = M FTTFOvar [¢ ]

for all ¢ and 7. Thus the regression coefficient of , , _ on &, is equal to Pt =F®) " and it is
P-periodic in t for any 7. We can also readily deduce the following expression which will be

usefull in the paper

¢2F (1) <E [gg} +nG(P) + G(t)) it F(P)=0

E |:672LP+ti| - (5)
2F 0 (PR (2] + SE0ELGP) + G)) i F(P) £0.

2.3 Asymptotic behavior of the sample paths of {¢,¢ > 0}

Next we state some asymptotic behaviors of the sample paths of the process which are usefull
in this paper. Let ¢t € [0,P] and n € N be fixed. From equality (4) we readily obtain by

induction a basic decomposition of § p_,

n—1
fnP+t = 0 <6nF(P)£0 + Z P RIF(P) Z + Zn(t)> . (6)
k=0



For each integer n, the P-segment process Z, = {Z,(t),t € [0, P]} is a continuous mar-

(nP

tingale with respect to the filtration {F," ’,¢t € [0,1]} generated by the Brownian motion

B("P) = (B, p4s — Bup,t € [0, P]}, and Doob maximal equality for martingales entails that

P
E [max Zn(t)z} < 4/ e W gy, (7)
t€[0,1] 0

Futhermore the processes Z,, n € N, are independent and identically distributed in C[0, P].

then we can state the asymptotic behavior of {, as t — oo according to the signum of F(P).

Proposition 1 If F(P) <0 then

lim £[X,] = lim L[5, ] =L [e”')(gl + Z)] in C[0, P]
where ¢, is a real-valued Gaussian variable, £ [Cl] = < , %) Z :={Z(t),t €0, P} is
a Gausssian process with representation Z(t ft e FWaB!  {B.,u € [0,P]} is a Brownian

motion on [0, P], and the random variable Cl and the Gaussian process Z are independent.

We have seen for F'(P) < 0 that the P-segments homogeneous Markov chain {X,, }nen is
positive Harris recurrent. Then Proposition 1 entails that the law of ef'*)(¢, + Z) in C[0, P] is

its invariant (stationary) law.
Proposition 2 If F(P) =0 then

X
lim — = lim Snpe =0 a.e. inC[0,P]

n—oo M n—oo N

1 2 | _
nhﬂnolo n2E [te[o P §”P+t} 0

and

i || = e [M] e ferog] mer

as n — oo, where (, being a real-valued Gaussian variable which does not depend on't, L [C2] =

N(0,G(P)).

When F(P) = 0 we can establish that the process {{,,¢ > 0} and its P-segments Markov
chain {X,, }nen are recurrent (Dehay 2013), but with Proposition 2 we see that {X,, },en is not

positive Harris recurrent.
Proposition 3 If F(P) > 0 then

lim e "FP)X,, = lim e ™F(P)¢
n—oo n—oo

e = eF(-)(§0+C3) a.e. in C[0, P],



and

lim E [max
n—o0o t€(0,P]

2
eFPg L PO 4 43)‘ ] — 0,

for some real-valued Gaussian variable C;, L [Cg] =N <0, 1_5(721?(,))), C3 and &, being inde-

pendent.

Hence for F'(P) > 0, the Markov process {¢,,t > 0} and its P-segments Markov chain

{X,, }nen are transient.

3 Parameter estimation

From now on we deal with the parameter estimation problem for model (1). Consider a
diffusion process observed on the interval [0,7] following the P-periodic Langevin SDE (1)
with parameter § € R and with initial variable {, independent on {B;,¢ > 0} and on the
parameter 6 for simplicity of exposure. Assume that the periodic continuous function f(-)
is known and not identically null. Then we turn to the problem of estimating the unknown
parameter § € R on the basis of the observation {,,t € [0,T]}. More precisely we study the
asymptotic behavior of the maximum likelihood estimator (MLE) of 8 as the observation time
T goes to infinity.

Throughout the following we assume that the drift coefficient function f(-) is any periodic
continuous function with period P, except for specified cases. Then the strong solution of the

P-periodic SDE (1) exists, is unique and admits an explicit expression

t t
g, = €0 = 1O (50 +/ o 0F () dBu> _ PO +/ HEO-FwW) g
0 0

for t € [0,00). Notice that 515(0) = ¢, + B;. For simplication we write &, for ge) when there is
no possibility of confusion. Next in the notations Py, Eg and Ly, the index indicates that we

consider that the true value of the parameter is 8. We need also the following functions

¢ t
Gy(t) == / e~ 20F () g, and Hy(t) := / f(u)2626F(u) du
0 0

for t € [0,00) and 0 € R.

3.1 MLE for Ornstein-Uhlenbeck processes

First we recall some well-established results on the maximum likelihood parameter estimation
for Ornstein-Uhlenbeck processes. Assume that the coefficient function f(-) is identically equal
to 1. The problem of estimation of the parameter 8 for this model have been subject of a very

large amount of contributions. The MLE of 6 is equal to

=T, Ot T,
fo £ du o £ du



and its behavior T' — oo is well-known (see e.g. Basawa and Scott 1983; Bishwal 2008; Brown
and Hewitt 1975; Feigin 1979; Kutoyants 2004; Liptser and Shiryaev 1977).
i) For § < 0, the process {,,t > 0} is positive recurrent, ergodic with invariant measure
1
N <0, m), and
lim £, [VT (0 - 0)] =V (0,216)
ii) For # = 0, the process {§,,¢ > 0} is null recurrent
1
~ B.dB B? -1
lim Lo |T0,| = £ [foliz'f] —C [}72] . (8)
oo Jo Bi dt 2 [, Bidt

iii) For # > 0, the process is transient : |{,| — oo with probability 1

lim Ly v

L @ _a =
Jim 0| 75 0r 0] =2 [z
on {{, + ¢ =0}, where L[v] = N(0,1) and £ [C(G)] =N (0, 2—19) The random variables &, v

and ¢ are independent.

3.2 MLE for P-OU processes

Now we consider the general P-periodic model (1). Since the function f(-) is continuous and

almost every sample path of the process {{,,t > O}:{§§9),t > 0} is also continuous we have

T
/ f(u)2£i du < oo Pp-ace.
0

for any 6 € R and any 7" > 0. Thus

Py UOTf(u)ng du < oo] =P, UOTf(u)Q(go +By)?du < oo} =1

Thanks to (Liptser and Shiryaev 2001, Theorem 7.7 and formula (17.24)) the distribution
Pl of = ¢ ¢ e [0,7]} is absolutely continuous with respect to the distribution P of

0 t t 0
{flfo) =&, + By, t € [0,T]}, and the log-likelihood ratio A7 (6) verifies

T 2 T T 2 T
Ar(8) = 6 /0 F(uge, de, ~ % /0 F(u)?€2 du = /0 F)é, dB, + 2 /0 F?e du. (9)

So, as

T
/ f(u)zfi du >0 Pya.e.,
0
the maximum likelihood estimator §T of 0 is well defined and equal to

_ Iy S,y S(wE, B,

o T o oo " 10
TR e T f(w)?€ du {10)



3.3 Consistency of the MLE

Consider that 6 € R be fixed. Let

U, = /O J(we, dB, (11)

and let {F,,t > 0} be the filtration generated by &, and the Brownian motion {B¢,¢ > 0}. Then
{Ut,t > 0} is a zero-mean continuous martingale with respect to {F;,t > 0}. Its quadratic

variation is equal to
t
Jp = / f(u)?€ du
0
and

Eg (U] = Eg [Ji] = /0 t f () *Eq [sﬂ du < oo.

The strong law of large numbers for martingales (see Liptser and Shiryaev 2001, Lemma 17.4)
entails that

lim JT_lUT =0 Ppae on {Jy =00}
T—o00

where Jo := limp_, Jr. Hence to prove the strong consistency of the MLE é\T it suffices to

show that Py [Jo < oo] = 0. This is done thanks to the results of Section 2.3.

Theorem 1 For any 6 € R, the MLE (/9\T 1s strongly consistent

lim 6,. =6 P-a.e.

Hence the MLE é\T is a consistent estimator of 6

i Po [[Pr —¢] > =0
for any € > 0, whatever is the value of F/(P). Actually, in the following we will see that this
consistency is uniform with respect to # varying in any compact set contained in {6’ € R :
O'F(P) < 0}orin {# € R:0'F(P) > 0} if F(P) # 0, and in any compact subset of R if
F(P) =0, the function f(-) being not identically null.

Next we deal with the asymptotic behavior of the deviation (/9\T — 6 according the signum of
OF(P).

3.3.1 Positive recurrent case : §F(P) <0

In this case the model is regular. The Markov P-OU process {{,,t > 0} has a positive Harris
recurrent associated P-segments Markov chain, so the maximum likelihood estimator é\T has
a standard asymptotic behavior. Here the result complies will the well-known ones for the

Ornstein-Ulhenbeck stationary processes.



Theorem 2 Let K_ be any compact subset of R contained in {6 : 0F (P) < 0}. Then

Jim Lo [\/T(gT_a)] =N(0,1)

and
Jim £y [V (0, - 0)] = N (0.10)7") (12)
— 00
uniformly in 0 varying in K_. The Fisher information 1(0) is equal to
— Go(P)Hp(P) 1P 2 _20F(u)
1(0) := P (e F(P) 1) + F/o flu)e Go(u) du > 0. (13)

3.3.2 Case 0F(P)=0

When 0F(P) = 0, the Markov P-OU process {§,,t > 0} has a null recurrent behavior. The
maximum likelihood estimator é\T is consistent. In the following theorem, we see that the rate of
convergence is 1" and the asymptotic distribution of the scaled error T’ (§T — 9) is not standard.
However using the random scale v/Jr instead of T, the limit distribution is parameter free: it

does not depend on the model.

Theorem 3 Assume that F(P) =0 and the function f(-) is not identically null. Then

. ~ ['B, dB,
lim Lo |/ Jr (0, —0)| = £ | 1=t
T—00 [ T ] / fol B2 du
and
P Jiy By dB,,

Jim Lo |T(8,-0)] = £

VGo(P)Hy(P) [ B2 du
where {By,t € [0,1]} and {B},t € [0,1]} are two independent standard Brownian motions. The

limits being uniform with respect to 0 varying in any compact subset of R.

It is worth to notice that in Theorem 3 for F/(P) = 0 and f(-) not identically null we need
to introduce two independent Brownian motions for the limit distribution even when 6 = 0.
While for # = 0 and f(-) = 1, so F(P) # 0, we have the well-established limit (8) expressed
with only one Brownian motion. The following theorem gives another view on this limit (8) for
6 = 0, placing it in the more general context of any non identically null periodic function f(-)
whatever is the value of F/(P). We recall that here the basic model is the P-periodic Langevin
SDE (1) and the MLE é\T is defined by relation (10).

Theorem 4 Assume that 0 = 0 and the function f(-) is not identically null. Then

1 ! 1
lim £y [TgT] _ | VPH(P) — F(P) [ BuldBu +F(P) [ B, dBu]
e Ho(P) [ B2 du
_ [ VPHREPI=F®P [y B.aB,  F(P) (B} -1)
Hy(P) [y B} du 2Ho(P) [ B2 du




where {Bt,t € [0,1]} and {B},t € [0,1]} are two independent Brownian motions. Recall that
fo u) du and Ho(P) = fopf(u)2 du

Thus, when F(P) = 0 and the function f(-) is not identically null, we obtain the limit distribu-
tion stated in Theorem 3 with § = 0. When the function f(-) is constant non null, Theorem 4

reduces to the classical usual limit (8).

3.3.3 Transient case : 0F(P) >0

The following result generalizes the well-known case when f(-) = 1 and 6 > 0. The random

local scale gives a parameter free limit distribution.

Theorem 5 Let K, be any compact subset of R contained in {6 : 0F(P) > 0}. Then
Tim Ly |\/Tr (0 - 0)] = N (0, 1)

and

lim ﬁ,g |: nfF(P) ((9

n—oo

0)]:5 in C[0, P]
§0+C3

nP+-

uniformly with respect to 6 varying in the compact set K. Here C 9 and C are two real-valued

Gaussian variables with zero-mean and variances respectively equal to
2 Go(P) 2 Hy(P)
(9) — T (9) i A
E [(C:s > ] T 1 — ¢—20F(P)’ E [<C4 ) ] T e20F(P) _ 1’
and the process YO := {YO(t),t € [0, P]} is Gaussian and admits the representation
t
O(t) = / f(u)e™) dB;,
0

or some Brownian motion t € oreover s , an are tmmaepen ent.
Browni jon {B} 0,P]}. M 0 G dY® independ
Here

Ko(t) i= \/Var [gf’ +YO) (t)} = \/ % + Hy(t).

4 Efficiency

In this part we takle the issue of the efficiency for the maximum likelihood estimator 5T. When
the size of the sample path observation T is large, we would like to know how good or optimal
is the maximum likelihood procedure for the estimation of the parameter . In the following
denote by P7, the law of the observed process {5150) ,t € [0,7]} when the value of the parameter
is 0. Recall that for simplicity we assume that the law of the random variable £, does not

depend on the parameter 6.

10



The asymptotical efficiency we consider here is understood in the sense of asymptotic local

minimax H4jek-Le Cam lower bound on the risk of {f7,T > 0} for the estimation of @, that is

Ry({07}) :=limliminf sup Eg [L (6,(0) " (O — 6")]

e—0 T—oo |0—0"|<e

where 67 is any statistic function of the observation {¢,,t € [0, T}, 6,() is some coefficient
called local scale, and L(-) is some loss function in R, L(-) € £, £ being the set of Borel functions
L : R — [0,00) symmetric, continuous at 0 with L(0) = 0, non identically null and such that
the set {u : L(u) < a} is convex for any a > 0 (called bowl-shaped) (see Ibragimov and
Has’minskii 1981, pp.18; see also Jeganathan 1995, pp.838; Le Cam and Yang 1990; Kutoyants
2004, Section 2.1). It is well known that the likelihood ratio is a convenient tool in the study
of the behavior of statistics under ”contiguous alternative”. This is the case for the model (1)
where the distributions P], § € R are equivalent (relation (9)).

Let 0 € R be fixed, and let 6,.() — 0 as T — oo. Considering local efficiency, denote by
A(e ) the log-likehood ratio function of the distribution P6+6 O)u of { §€+5T(€)u),t € [O,T]}

with respect to the distribution P} of {gfg ,t €0, T]} Thanks to relation (9), we have

dP
Ou) 0+61(0)u
ACY = 1 <7dP€ >(§t)

= Ap (0 +65(0)u) — Ar(9)

= ud( /f ¢, dB; — 252(9)2/0Tf(t)2§fdt

= udp(0) T—§u25 (0)%Jrp. (14)

In the light of the previous results, it is not surprising to see in the followings that the log-

likelihood ratio Ag? ) has a quite different behavior according to the signum of 6 F(P).

4.1 Positive recurrent case, 0F(P) < 0: LAN property

When §F(P) < 0, thanks to Theorem 2 take d,.(f) := T~/ as local scale (which does not
dependent on ). Then the log-likelihood ratio Ag? %) can be decomposed as

u 1
Ag,f)’ ) = uA%?) — §u2I(9) +rp(0,u)
where the score A(e \/— fo §, dB; is asymptotically normal
lim Lo [Agﬂ = 1(6)"/2N(0, 1),
T—o0
the Fisher information I(#) is defined by relation (13) and
Py — Th_r)réo rp(0,u) =0

11



uniformly with respect to 6 varying in any compact subset of {6 : 6F(P) < 0}. Thus the
families of distributions {P} : 0F(P) < 0}, T > 0, is LAN (locally asymptotically normal) at
each point 0 € R such that 0F(P) < 0. (see e.g. Hajek 1972 ; Le Cam and Yang 1990, Chapter
5; Jeganathan 1995, Definition 3; Kutoyants 2004, Section 2.1.1). H&jek-Le Cam asymptotic
lower bound result (Héjek 1972, theorem 4.1) entails that

limliminf sup Egy [L <\/T(9T - 6’))} > % /R L (y 1(6)*1/2> e V2 dy (15)

e—0 T—oo0 |0—0'|<e

for any loss function L(-) € £, and for any family {67, T > 0} of estimators of 6, that is fr is
measurable with respect to the observation {{,,t € [0,T]} (see Le Cam and Yang 1990, Section
5.6 Theorem 1). A family {0, T > 0} of estimators is said to be locally asymptotically minimaz
for the loss function L(-) when its asymptotic minimax risk Ry(#*) is equal to the lower bound
right hand side of inequality (15) for any 6 such F(P) < 0.

Besides Theorem 2 gives
Jim £y [VT(0, - 0)] = 1(0)"2N(0,1)

uniformly with respect to  varying in any compact subsect of {6 : 0F(P) < 0}. So thanks
to the convergence theorem of Ibragimov and Has’minskii (1981, Appendix I Theorem 8) the

next statement follows immediately.

Theorem 6 Assume that F(P) # 0. Then the MLE é\T 1s locally asymptotically minimaz with
local scale T2 at any 0 such that OF(P) < 0, and for any bounded loss function L(-) € L.

Then for a loss function L(-) € £ whose growth as |u| — oo is lower than any one of the

functions e, € > 0, we readily deduce that

lim lim liminf sup Eg [b AL (\/T(/Q\T — 9’))] = \/% / L (y 1(9)71/2) e V2 dy.
R

b—oo0e—0 T—o0 |09709’|<6

4.2 Transient case, 0F(P) > 0: LAMN property

From Lemma 2 and the proof of Theorem 5, we know that

lim e_Q"GF(P)JnP_F. = (Kg(') <§0 + C§6)>>2 in Ll(Pg)

n—o0

and lim Ly [(efQ"GF(P)anjL. , efneF(P)Unij.)]

— z, [(Kg(.f 60+ (6 +¢) (¢ +Y<e>(.)>>} in C[0, P] x C[0. P

the limits being uniform with respect to 6 varying in any compact subset of {6 : 6 F(P) > 0}.
The random variable §; + C?EG) is independent on the process Cﬁe) + Y(G)(-) which is zero mean
Gaussian with var {Cf) +Y® (t)} = Kpy(t) for any t € [0, P]. Thus taking the local scale

12



0, pys(0) = e~ "0F(P) e obtain that the random limit Fisher information of the model is equal

to
2

TO(t) = Ko(t)? (§ +¢”)

Thus, from equality (14)

y 1
Aply = ulTh — 5“21(6) () + rnp+i(0, u)

where Ag};“ =eWFP)U, by
,}1_{20 Lo [Afl)%t] =L {(50 + Cée)) (Cﬁe) + Y(G)(-))} =L [Z(G) (t)_l/ZZ]

where Z is some random variable independent on Z()(¢) with law N'(0,1). We deduce that
for each ¢ € [0, P], the sequence of families of distributions {P}Z+* : F(P) > 0}, n > 1, has a
likelihood ratio which is LAMN (locally asymptotically mixing normal) (see e.g. Davies 1985;
Jeganathan 1982). Following (Jeganathan 1995, Theorem 8; Le Cam and Yang 1990, Section
5.6), for each sequence {f,p1;} of estimators of @
lim liminf sup Egy [L <e"9F(P) (énp_H — 9'))]
M—oco n—o0 |¢97¢9"<M6_"9F(P)
0

@+ YO )

>Ey | L () <£0 +<§€)>

(16)

for any ¢t € [0,P] and any L € L, each estimator ,p,; being measurable with respect the
observation {¢_ : s € [0,nP +t]}. Thanks to Theorem 5 and to (Ibragimov and Has'minskii
1981, Appendix I Theorem 8), we can assert that

Theorem 7 Assume that F(P) # 0. Then for any t € [0,T], the MLE §np+t

asymptotically minimaz with local scale e ¥ () at any 0 such OF(P) > 0, and for any bounded

1s locally

~

loss function L(-) € L. That is we have equality in relation (16) for the MLE 0, . ,.

4.3 F(P)=0, f(-) non constant: LAQ property
When F(P) = 0 the likelihood ratio Ag? “) can be expressed as

u25T(6)2

NS = b (0)Ur — :

Jr.

In Lemma 1 we state that

. Jr Ur
A Lo Kﬁ ?)} =L

in R?, uniformly with respect to # varying in any compact subset of R. So here the take the

P2

<G9<P>HG<P> /B . \/—GG(I;)—HG(P) /1Bu dB;)]
0 0

scale 0 1= 71
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We deduce that the model has a locally asymptotically quadratic (LAQ) likelihood ratio at
any 6, and following (Jeganathan 1995, Definition 2) the MLE é\T = Ur/Jr is an asymptotically
centering estimator of the parameter 6. However the model is neither locally asymptotically
normal nor locally asymptotically mixted normal. In the following result we state some local
asymptotic efficiency of the MLE é\T using a Bayesian version of the Cramér-Rao lower bound
due to van Trees inequality (Gill and Levit 1995). By this way we only consider the quadratic

mean risk function: L(z) = z?

Theorem 8 Assume that F(P) =0, f(-) non constant. Then for each 6 € R

T ~ 2 2P?
limliminf sup Eg {T2 O — ¢ } > 17

e—0 T—oo |9/79‘<6 ( ) GG(P)HG(P) ( )
where O is any real-valued random variable which is measurable with respect to the observation
{¢,.t € [0,T]}. Furthermore the MLE Or is asymptotically minimaz for the quadratic lost

function.

5 Proofs

5.1 Proofs of results in Section 3
5.1.1 Proof of Theorem 1

It is only sufficient to prove that J, = oo a.e.. Recall that the function f(-) is not identically
null and notice that the quadratic variation .Jr increases to J, a.e. as T — oo.

i) First assume that 0F(P) < 0. From Section 2.1 we know that the P-segments Markov
sequence {Xj} is Harris positive recurrent in this case. Then the ergodic theorem (Hopfner

and Kutoyants 2010, Theorem 2.1) and Proposition 1 entail that

. JT T 1 T 2 +2 o
Tlgr;()? —Tlgrolof ; fw)*E du=1(0) >0 Pyae. (18)

where I(0) is defined in relation (13). This implies that J = oo a.e.
ii) Assume now that F(P) = 0. For any n > 0 we have

P
Inp > /0 f(u)2£ZP+u du.
In another hand Proposition 2 implies that
lim Py |~ Pf(u)2£2 du> A| =P |Hy(P) <<<9>)2 > A
nesoo” 9 n Jo nP+u = - Y 2 =

for any A > 0, and where £ <C§0)> = N(0,Gy(P)). Since the function f(-) is not identically
null, we have Gy(P)Hy(P) > 0 and we obtain that J,,p converges in Py-probability to infinity

as n — 0o. As J,p increases to J, Pg-a.e. as T — oo, we deduce that Py[Jo < 00| = 0.

14



iii) Finally assume that 6F(P) > 0. According to Proposition 3,

: 2
lim e 2n0F(P) /0 f(u)2£ZP+u du = Hy(-) <£0 + C?(’G)) Py-a.e. in CJ0, P]

n—oo

where Cée) is the sum of the P-a.e. convergent series ), e HOF(P) 7, Thus L <C§0)) =

N <0, %) and the real-valued random variables &, and C?(,g) are independent. Besides

Jnp can be expressed as

n—-1 .p n—1 P
T = Z/O e, du= 3 2HOF(P)g—2k0P(P) /0 @R, . du
k=0 k=0

for any positive integer n. Applying Toeplitz lemma on series convergence we obtain

i _ Hy(P) 2 )
2nfF(P) 6 )
nhm e Jop = B0F(P) 1 (50 + Cg > Py-a.e. in R.

Since §; and C?EG) are independent and C?EG) is non-degenerated Gaussian, we have Py |, + Q?EG) = 0] =

0. Hence Jo = oo Py-a.e. This completes the proof of the theorem. m

5.1.2 Proof of Theorem 2

Recall that Jp(6r — 0) = Up where {J;,t > 0} is the quadratic variation process of the
martingale {U;,t > 0} defined by relation (11). The recurrence property of the process {§,,t >
0}, implies that Jr converges almost surely to 1(#) as T — oo. Then the central limit theorem
for integrale with respect to Brownian motion (see e.g. Kutoyants 2004, Theorem 1.19; see also

Feigin 1976; Barzcy and Pap 2010) entails the convergence in law
lim £, [\/JT <§T - 9)} = N(0,1)
T—00
for any 0 such that 6F(P) < 0. To get the uniform convergence with respect to 6, we need a

little more computations and study concerning the asymptotic behavior of Jp/T.

Let n € Nand t € [0, P]. Then

nP+t n—1 .p t
Jopit = /0 F(u)?& du = kz_o /O fw)?e, L dut /O fu)?e, L, du (19)

Thanks to decomposition (6), we know that

§epiu = ) (ekeF(P) (50 + Sk—l) + Zk(“)) (20)
where
Zy(u) == / e 0F @) ggkP) Zy, == Z(P), (21)
0
k—1 ‘ kP
S_1:=0 and  Sp_q:= Z e IFP) 7, = / e OF @) gB, (22)
=0 0
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for any k= 1,... Thus we can write J,p4; as

n—1 P n—1
JnP+t = HQ(P) Z eszF(P) (50 + Sk_l)z + / f(u)QeQQF(U) Z Zk(u)Q du
k=0 0 k=0
n—1 P
_|_2Zek€F(P) (50 + Sk—l) /0 f(u)2629F(”)Zk(u) du + Hg(t)€2n9F(P) (50 + Snfl)Q

k=0
t t
+/ F(u)2e?F W7z, (u)? du + 27 P) (& + Sn—1) / f(u)2e2F 7, (u) du
0 0
= A+ Ay + A3+ Ay + As + Ag. (23)

We study the asymptotic behavior of each term. Using the facts that the processes Zs are inde-
pendent, and each of them is zero-mean Gaussian with independent increments, varg[Z(u)] =

Gg(u) for u € [0, P], we can prove that

i E, <g G9<P)H9<P)>2 .

n—00 n N 6*29F(P) —1

Ay [P ?
lim Ey (— - / f(u)2e2€F(“)G9(u)du> =0
n—o00 n 0
and A A A A
lim =2 = lim =2 = lim =2 = lim =2 =0 in Py-quadratic mean.
n—oo N n—oo N n—oo N n—oo N

Each convergence being uniform with respect to ¢ € [0, P] and to € in any compact subset of

{6 e R:0F(P) < 0}. Notice that in the parametric model, inequation (7) becomes

P
Ey [max Zn(t)2] < 2/ e~ 2FW) gy, (24)
t€[0,P] 0
Thus we obtain that
Jr
| — =17
A7 =10

in Py-quadratic mean uniformly with respect to  varying in any compact subset of {6 : 0F(P) <
0}. Thanks to the uniform central limit theorem for integrale with respect to Brownian motion

(Kutoyants 2004, Theorem 1.20) we deduce the assertions of the theorem. m

5.1.3 Proof of Theorem 3

As we do not prove the convergence of J7/T? in probability, the results in (Barczy and Pap
2010) cannot be applied here to establish Theorem 3. In fact this theorem is a direct conse-

quence of the following result.

Lemma 1 Assume that F(P) =0 and f(-) not identically null. Then

Th_{%oﬁe [(%7 %)} —r <w/01]33du, \/GG(PP)HG(P) /OlBudB;>] (25)

P2
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uniformly with respect to 6 varying in any compact subset of R, where {By,t € [0,1]} and

{B},t €10,1]} are two independent Brownian motions.

Proof The proof is based on the method presented by Phillips (1987) who studied the asymp-
totic approach of an autoregressive time series with a root near the unit by an Ornstein-
Ulhenbeck time-continuous process. First we establish that the asymptotic behaviors of J,pyy
and of Uy,p4; coincide with those of sums of time series (formulae (26) and (28)). Then we

apply Phillips’'method to conclude.

i) Jupyt - Let n € N and t € [0, P] and consider decomposition (23) with F(P) = 0.
The random variables Zy,k = 0,...,n, are independent with the same law N (0, Gy(P)),
so thanks to inequality (24), the first term is equal to

n—1
Ar = Hp(P) Y Si_y +op,(n?)
k=0

as n — oo, and Ay is op,(n?). Furthermore inequality (24) also entails that As is Op,(n), and
As is Op,(1). With the previous arguments we easily obtain that Az and Ag are op,(n). Hence
we deduce that

—1
Jnpit  Ho(P)
22 = n2 Z ngl + Ope(l) (26)

k=0
as n — oo. Notice that op,(1) is uniform with respect to ¢ € [0, P] and with respect to 6

varying in any compact subset of R.

ii) Uppst - Thanks to decomposition (20) we can express U, pi¢ as

n—1

Unpit = Z (Vi (& 4 Sk—1) + Wi) + Yo (t) (& + Sn-1) + Wa(t) (27)
k=0

where Yy, := Yi(P), Wi := Wi(P),

t
Yi(t) = (w)e?T' ) gBkP) and

t t u
wi) = [ ezt = [ [7 e i ) a

for any k € N and any t € [0, P]. The random variables Y, k = 0,..., are independent with the
same law N (0, Hg(P)). The random variables Wy, k = 0,..., are also independent with the
same law which is with zero mean and finite variance. Then the law of large numbers entails
that the first term of expression (27) is equal to

n—1

Unp =Y _ YiSk—1 + op,(n)
k=0
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as n — oo uniformly with respect to 6 varying in any compact subset of R. For each integer n,
the processes {Y,,(t),t € [0, P]} and {W,,(t),t € [0, P|} are continuous martingales with respect
to the filtration {F; nF) 4 ¢ [0, P]} generated by the standard Brownian motion {B )t e
[0, P]}. Thanks to Doob maxima inequality for continuous martingales

Ey [tr&%} Yn(t)z} <4Ey [Yn(P)?] = 4Hp(P) < o0

Ep Lé‘?oai% Wn(t)2] < 4By [W,(P)?] =4 /0 " F(w)2e?PW Gy (u) du < .

Thus the second term of expression (27) is of order op,(n) and the third term is Op,(1), as

n — co. Hence

Unpit _ 1 nzl YiSk_1 + op,(1). (28)
n n &

uniformly with respect to ¢ € [0, P] and to 6 varying in any compact subset of R as n — oo .

iii) From the previous computations, it remains to study the asymptotic behavior of the

random vector

1 n—1 1n—1 n—1 2 n—1k—1
(L5t 5 ) - (55 (Xa) 155 s
k=1 k=1 k=1 \j=0 " k=1 5=0

For that we are going to construct another random vector with the same law and which con-
verges in probability as n — oo to the required limit (see e.g. Phillips 1987). Since

(G+1)P (G+1P
Yj = / )W,  and  Z; = / e 0P 4B,
jP

for any j € N, the random vector (Yp,...,Y,-1,Z0,...,Z,—1) is Gaussion and Ey[Y;Y;] =
EolY;Z1] = Eg[Z;Z1] = 0, for all integers j # k. Furthermore by hypothesis
G+np G+nP
EoY;Z;] = / F(w)e?T® x e=0FW gy — / f(u)du=F(P)=0
P JjpP

for any integer j. The last equality is due to the hypothesis that F(P) = 0. Thanks to the
properties of Gaussian vectors, we deduce that the random variables Yy, ..., Y,_1,Z0,..., Zn_1
are independent, Ly(Y;) = N (0, Hg(P)) and Ly(Z;) = N (0, Gy(P)) for any integer j. Consider
{By,t € [0,1]} and {B},¢ € [0,1]} two independent standard Brownian motions. Let

Y ® .= \/nHy(P) (BJ+1 B’) and 29 .= \/nGy(P) <B]~i—Bl>

J j z
for any j = 0,...,n — 1. Then the random variables YO(G), . =Y7§€)1= ZO(O), .. Z(G)1 are inde-
pendent and Ly (Yo, ..., Yn-1,Z0,...,Zpn-1) =L <Y0(9), . ,Yég)l, Zéa), ce Zy(ﬁ_)l). As a conse-

quence,

1 n—1 [k—1 2 1 n—1k—1 1 n—1 [k—1 o) 2 1 n—1k—1 ©) ()
Lo || > 7| o ViZi | | =L|| = sz DD IR S
k=1 \j=0 k=1 j=0 k=1 \j=0 k=1 j=0
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Furthermore

2
n—1 (k-1 n—1
1 ) Go(P) 2
n2 ZZ] - n <B%)
k=1 \ j=0 k=1
and
1 n—1k-—1 ) 0 n—1
- SN v 020 = /Gy (PYH,(P) Y ( oy — B’ﬁ) By.
k=1 j=0 k=1 n n n

Since we consider a standard Brownian motion {B,t € [0, 1]}, so a version of the Brow-
nian motion such that P-almost all its sample paths are continuous, the following P-almost-

everywhere limit exists and

1 1
lim ~ > (Bx)’ :/ B2du P -—ae. (29)
n 0

n—oo M
k=0

where the right-hand side integrale has to be understood path by path and with respect to
Lebesgue measure on [0,1]. Thanks to the theory of integration with respect to standard
Brownian motion and since fol E [BZ] du = 1/2 < oo, the process {B¢, ¢ € [0,1]} is integrable
with respect to the Brownian motion {Bj, ¢ € [0, 1]} and the following in-probability limit exists

. “ / / ! /
P JE&RZZOB% < o B%> _/0 B, dB,. (30)
Hence
1= 1 1 1
lim_ £y [(EZS/%D EZYkSk1>] =L KG@(P)/O B} du, vGe(P)He(P)/O BudBZL)]
k=1 k=1

and the convergence is uniform in # varying in any compact subset of R. Then with rela-

tions (26) and (28), we deduce that

1 1
lim L [‘]"52*' , U"”'] =L [GQ(P)HG(P)/ B2 du, \/Gg(P)Hg(P)/ B, dB;]
0 0

n—o0 n

in C[0, P] x C[0, P]. This gives convergence (25) uniformly with respect to # varying in any

compact subset of R. m

5.1.4 Proof of Theorem 4

Here the true value of the parameter 6 is equal to 0 and the function f(-) is non identically
null. The observation is {{,,t € [0,T]} = {{, + By, t € [0,7]}. With respect to the P-
periodic Langevin model (1), the maximum likelihood estimator is still defined by relation (10).

Following the same argument as in the proof of Lemma 1, we obtain that

n—1 (k-1 2
Inpit = Ho(P) Z Z Zj | +op,(n?)
k=1 \j=0
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and
n—1k-—1

Unpit = Z ZYij + op, (1)

k=1 j=0

uniformly in ¢ € [0, P], where

(k+1)P
Zj = B(j+1)P — ij, Yk = / f(u) dBu and H() / f
kP

Unlike the case where F(P) = 0, here F(P) is not necessarily null and the random variables

Zj and Y are not necessarily independent:
covo [V}, Zj] = Eg [Y; Z;] = F(P)

for any j € N. As varg[Z;] = P, the residual part of the linear regression of Y; on Z; is equal to

Yi=Y;— @Z Then the random vector (Y, ..., Y, |, Zy,..., Zy—1) is a Gaussian vector,

its components are independent and varo[Y;"] = H* := Ho(P) — %{3)2. Notice also that

I ) RIPRRLE) 3) WS
Y. Z YAYA
k=1 j=0 k=1 j=0 P k=1 j=0

Now following again the argument of the proof of Lemma 1, consider {B; : ¢t € [0,1]} and
B} : t € [0,1]} two independent standard Brownian motions. Let
t

Yj(o) =VnH* < i1 - B > and ZJ(O) =nP <Bj+1 — Bj)

forany j =0,...,n—1. Then Lo [Yi, ..., Y 1, Zo, ... Zn 1] = L [YO@’,...,Y(O)l,zéo),...,z(o)
and the law of the random vector

2

n—1 [k—1 n—1k—1 n—1k—1
S (xa) EXva Sy as
k=1 \j=0 k=1 j=0 k=1 j=0
coincides with the law of
n—1 [k—1 n—1k—1 n—1k—1
> Z§°’ DIPM LIS PP e
k=1 \j=0 k=1 j=0 k=1 j=0

thus with the law of
n—1 n—1
<nPZ<B ) nVH Z( 5) BE,nPZ(Bﬁ—BE> Bk>.
k:1 n n n n

Thanks to convergences (29) and (30) as well as

n—1

1 2
By —1
lim E (B K+l — BE> By = / B, dB, = — in probability
n—oo n n 0

n
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we deduce that

. Jr Ur\] _ Hy(P) /1 ) [H* /1 ,  F(P) /1
Tlgréoﬁo KTQ, T>]—£ ( iz ; B, du, P, B, dB,, + Zat B,.dB, || .

where H* = Hyo(P) — F(P)?/P. Thus

lim Lo |T8,| = £

T—o00

VPHo(P) — F(P)? [} B,dB, + F(P) [, B, dB,
Hy(P) f, B2 du '

5.1.5 Proof of Theorem 5
We first study the asymptotic behavior of the quadratic variation {J;,¢ > 0} of the martingale
{U,,t > 0}.

Lemma 2

2
lim e 270 L = Ko ( (& +¢) Pe-ace. in C[0, P (31)

n—oo n

where Ky(-) is defined in Theorem 5 and C:)()e) s some real-valued Gaussian variable independent
on &. Futhermore the convergence is also in LY(Py) uniformly with respect to t € [0, P] and to

0 varying in any compact subset of {0 : 0F(P) > 0} that is

lim sup sup E9|:
N0 ge Ky tel0,P)

2
672n€F(P)JnP+t — Ky(t)? <§0 + C?E@)) H =0

for any compact set K, C {0 e R: 0F(P) > 0}.

Proof According to Proposition 3, we know that

: 2
lim e 20F(P) /0 f(u)2£r2bp+u du = Hy(-) <£0 + C?(’G)) Py-a.e. in CJ0, P]

n—oo

0) . . . . . .
where Cé ) is some real-valued zero-mean Gaussian variable independent on &, and with vari-

ance equal to %. Besides J,p can be expressed as

n—1 .p n—1 P
T = Z/O e, du= S 2HOP(P)g—2M0P(P) /0 @R, . du
k=0 k=0

for any integer n > 0. Then Toeplitz lemma on series convergence implies the almost sure
convergence (31).

To prove the uniform L'(Pg)-convergence, let K, be any compact subset of {# € R :
OF(P) > 0} and consider decomposition (23) which is also valid for 6 F(P) > 0.
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Since the random variables Zjs are independent with the same law A (0, Gy(P)), the hy-
pothesis OF(P) > 0 entails that S,, converges in quadratic mean uniformly with respect to 6
varying in Ky as n — oco. It is easy to see that the limit is equal to C?(,g) defined above. So
e 2MOF(P) Ay = e_zngF(P)Hg(25)(504—5")2 converges in L' (Py) uniformly with respect to ¢t € [0, P]
and to 6 varying in Ky as n — oo to Hy(t)(&, + Cée))Q. Furthermore, applying Toeplitz lemma
on series convergence in L'(Pg) we deduce that e=2"F(P) A, converges in L' (Pg) uniformly to

0 varying in K, as n — oo to
Hp(P) 0)\2
o20F(P) _ | (& + C?E )

Inequality (24) implies that e=2"0F(P) (A5 + A5) converges to 0 in L!(Py) uniformly with respect

to t € [0, P] and to 6 varying in K as n — oo. Cauchy-Schwarz inequality involves that

(B0 [1(6 + $)Zu(0)]])” < o [J& + Sul* | Bo |1Za (1)

and thanks to inequality (24) we obtain that e=2"F (") (A3 + Ag) converge to 0 in L' uniformly

with 6 varying in K, as n — oco. Hence the proof of the lemma is achieved. m

Remark that

lim Jpr =00 Pg-ae inR
T—o0

when 0F(P) > 0. Then the central limit theorem for martingale (see e.g. Kutoyants 2004,
Theorem 1.19), applies and

1/2 T
Jim £ <JT / /0 F(u)e, dBu> = N(0,1).

However to get the uniform convergence we need the refine the analysis. In Lemma 2 we

have obtained the convergence of e~2"0F (P )an +.- To prove Theorem 5, first we go further

into detail of the asymptotic behavior of e~/¥(P) U, p4s Next we can achieve the proof of the
theorem.
Lemma 3

lim Lo [P0, | =2](&+¢?) (¢ +YO)| i clo, P

n—oo

uniformly with respect to 6 in any compact subset of {6 € R : 0F(P) > 0}, where &, Cée), Cie)
and YO are defined in Theorem 5.

Proof The proof is motivared by the proof of this result in the case where the drift f(-) is
identically equal to 1 as presented by Kutoyants (2004, Proposition 3.46) (see also Basawa and
Scott 1983).
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Mainly consider the Gaussian process {1,,t > 0} defined by

t
Y, ::/0 f(w)e?T ™ dB,,.

It is zero-mean and the variance of v is equal to

nP+t

e2n9F(P) _ 1) H@(P)
G20F(P) _ |

nP+t (
/ F(u)?e20F W gy = + 2P (P) Hy (1), (32)
0

for all ¢ € [0, P] and n € N. Thanks to It6 formula we have for any 7' > 0
T
Ur = £O¢T + / My, dipy,
0
T 1
= (& Mg = [, M = 50 M, ()

where {M; = eF (t)§t —&,,t > 0} is a martingale, and the quadratic covariation [, M],. is

equal to
T T
], = [ e PO du— [ au=F)

Now we are going to study the asymptotic behavior of each term of expression (33). Let

K any compact subset of {# € R: §F(P) > 0}.
i) The periodicity of the function f(-) implies that

. 1
lim —
n—oo n

[¢7M]np+t = F(P)
uniformly with respect to ¢t € [0, P] and 6 € K.

ii) The second term of the right hand side of expression (33) can be decomposed as

T nP nP+t
/ Yy dM, = / b, dM, + / e Py dB,
0 0 n

P

nP
— / b, dM, + e TPV, (1), (34)
0

the C[0, P]-valued random sequence (V,,), oy being defined by

t
Vo, (t) = /0 ey o dBIP).

The variance of the first term of the right hand side of equality (34) verifies

o[ )] [ )| e
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In the following using again the fact that F/(kP+u) = kF(P)+ F(u), and replacing Eg [ka+u]

by the corresponding expression (32), we obtain

" erw) 2 o~ 20(kF(P)+F(u))
/0 e uEgWU}du:Z/ “E{kPJr}du

_ ,—2n0F(P) P
_ 0( )GG( ) <n_ 1 e ) +7’L/ H@(u)6729F(u) du.
0

e20F(P) _ q 1 _ ¢—20F(P)

Hence P
S S A Yo, 2 )~ 20F ()
nIL%EA e Ey {1#“} du— 20F(P _1 H du

and % fonp 1, dM,, converges to 0 in Py-quadratic mean uniformly with respect to § € K as
n — oo.

As for the second term of the right hand side of equality (34), notice that for each integer
n we have

t t nP+u
Viu(t) = Vau(s) + ¢, p / e 0T gp(nP) / e 0F W) ( / f(v)efT®) dBv> dB("?)

s s+nP

when 0 < s <t < P, which entails that the process V,, := {V,,(¢),t € [0, P]} is a continuous
martingale with respect to the filtration {]:t(np) :0 <t < P} generated by B("F) = {BgnP
[0, P]}. It is zero-mean, and by equality (32) it verifies

t
E9 [V”(t)2] - /0 672€F(H)E6 [ nP-i—u} du

e?0F(P) _ 1) Hy(P)Gy(t) =
— ( 629F(12) -1 * eQn@F(P) /0 ‘ 2€F(U)H€(U) "

The Doob maxima inequality for continuous martingales implies that

Pg[max]|V ()|>e] gw

te[0,P €2

thus

. 1 (Hy(P)Go(P) [t _

nOF(P) <1 (Ho 0 20F (u)

Py |e tIe%HIgHV ()|>6] _62< S0P ] +/0 Hy(u) du
and
¢—nbF(P)
li_>m TVn =0 in Pp-probability in C[0, P]

uniformly with respect to 8 € K. Hence the following convergence to 0 of the second term of

expression (33)

1 nP+ -
lim — / ty dM,, = 0 in Py-probability in C|0, P]
0

n—,oo N

uniformly with respect to 8 € K.

24



iii) By the definition of the process {1,,t > 0}, and by the periodicity of the function f(-),

we have - t
Unpyt = / Fu)e?F ) dB, + 7P / F(u)efF gBnP)|
0 0

the two terms being Gaussian and independent. We readily deduce that

lim Ly [67”9}7(1))1/)

n— o0

wpe.| = L[+ YO0 in clo, P

uniformly with respect to 6 € K, where CAEO) is a real-valued Gaussian variable with zero-mean
and variance equal to Hy(P) (e20F(P) — 1)_1 , and the P-segment process Y := {Y @) (¢) ¢t ¢

[0, P]} is Gaussian and admits the following representation
t
YO = [ e as,
0

for some standard Brownian motion {B},¢ € [0, P]} such that the random variable CAEO) and the

process Y@ are independent.

iv) Following the proof of Proposition 3 we can see that M. converges in Py-probability to
some Gaussian variable Cée) as T — oo, uniformly with respect to 8 € K. So it remains to
establish the joint convergence of the terms of expression (33), and the independence between
the different random limits to conclude the proof of Lemma 3.

First recall that by hypothesis the initiale value &, is independent on the Brownian motion

{B¢,t > 0}. Now let n; < n. Since

m Pt nP+t
Man—i—t = / o~ 0F (u) dB, and wnP-i—t — 1/1(”1+1)P - / f(u)eeF(u) dB,
0 (n1+1)P
for any t € [0, P], the random variables §or Ypp — ¢(n1+1)P’ and the processes {Manth’t c

[0, P}, {¥,,pyy — ¥ppst € [0, P]} are independent. Consequently, thanks to the convergence
results for M, and v, the law

Lo [(fo’ M. p e mr®) (T/’nP - w(nﬁrl)P) , e "0rE) (T/’nP+- - T/’np)ﬂ

converges to the law £ [(50, ?(,6) , CAEG) , Y(G)(-)>] in R x C[0, P] x R x C[0, P], as n; and n go
to infinity as well as n —n;. We deduce that the random variables &, Cée), Cf)) and the process
{Y®(t),t € [0, P]} are independent. Furthermore from expression (32), we easily verify that
e‘"GF(P)¢(n1+1)P converges in Py-quadratic mean to 0 uniformly with respect to § € K, as

n — ny goes to infinity. Then thanks to Slutsky lemma, we readily deduce that

n—oo

tim Lo [ (& Myp, e P, V] = 2] (. ¢ ¢+ YO0)]
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uniformly with respect to § € Ky as n — oo. Finally, It6 formula (33) and the convergence
results of the previous parts (i), (ii) and (iii) entail that
lim £ [P0, L | = £](&+ ) (<0 +YO)] i clo, P

n—oo

uniformly with respect to § € K. m

Proof of Theorem 5 Since

efnGF(P)U
n@F(P) (9 Pt 9) _ nP+t ’
n e 20F(P) ]
it suffices to establish the convergence of £ (e*Q"GF(P)JnP_H , e*"(’F(P)UnP_H) in C[0, P]xC[0, P]

as n — oo. For this purpose we follow the idea of part (iv) of the proof of Lemma 3, and we

use the same notations. Let n; < n. By definition

n1 P+t GF( ) ni1 P+t 9.9
M, poy :/0 e 7" 4B, and g Pt :/0 f(w)°€ dBy,.

The fact that the processes {¢ t € [0, P} and {B(n,41)p4++ = B(ni+1)p,t > 0} are indepen-

n1 P+t

dent, implies that the random variable ¥, 1/1 p and the processes { (M, J ).t €

(n1+1) n1 P+t “ni P+t
[0, P1}, {¢, p1s—¥np»t € [0, P]} are independent. According the convergence results for M, p.+,

Jnpyt and wnP-i—t’ the law
—2ndF (P —nOF (P
|:(£0’ nP+- € ( )JnPJr- ) € ( )wanL)}

converges to £ [(50, C3 Ko(-)? <£0 +C3 ) C4 )+ Y® ())] in RxC[0, P]xC]0, P]xC]0, P].

Hence

Jm Lo [(7 O dp

6%(JF(P)UM%_)} —r [Kg(.)2 (50 + (§9)> (50 +C > <C +YO( )ﬂ

in C[0, P] x C[0, P]. The convergences being uniform with respect to 6 varying in any compact
subset of {# € R: 0F(P) > 0}. As P [50 + <§0) = O} = 0, we readily achieve the proof of the

theorem. m

5.2 Proofs of results in Section 4
5.2.1 Proof of Theorem 6

This theorem is a direct consequenc of the uniform convergence in distribution in Theorem 2,
and of the convergence theorem of Ibragimov and Has'minskii (1981, Appendix I Theorem 8).
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5.2.2 Proof of Theorem 7

Thanks to the uniform convergence in distribution in Theorem 5, the convergence theorem of
Ibragimov and Has'minskii (1981, Appendix I Theorem 8) entails that for each 6 such that
OF(P) > 0,

¢ +YO(0)

0( ) (50 + <3 )

for any t € [0, P] and any M > 0. So to prove the theorem, it is sufficient to establish that the

lim inf sup Egy {L (e”e/F(P) (énp+t — 6”))] =E |L

n—00 |9_9/|<M6—n6F(P)

normalizing coefficient e F(P) can be replaced by e™?F (P). In fact, since 6F (P) > 0, we have

efnllf%‘GF(P) (n0-0VE(P) ’1 o (eF(P

So if |8 — 0’| < Me"0F(P) then

—nbF(P) M —n@F(P)
M 9F(P)e < oU(6—0")F(P) < ew‘nGF(P)e .

e 101
However
lim e ‘e‘nGF(P) e—nOF(P)
n—oo B
therefore
lim max{ n(0-0") 110 — 0| < Me™ "GF(P)}
n—oo
= lim min{ n(O-0VF(P) . |9 — 9|<Me_"9F(P)} 1
n—oo

and we can readily deduce the theorem. m

5.2.3 Proof Theorem 8

In order to evaluate the local asymptotic lower bound of the quadratic risk (8) we first study
the asymptotic behavior of Eg [Jr] /T
Lemma 4 If F(P) =0 and f(-) is non constant, then

lim Eq [J7] _ Go(P)Hy(P)
T—o0 T2 2P2

uniformly with respect to 6 varying in any compact subset of R.

Proof We know that

Bolted = [ 10780 (€] du= e+ [ s?Es [2,,] an
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for all n € N and ¢ € [0, P]. Thanks to relation (5)

By |€2p,,] = nGo(P) + ") (E[€2] + Gow)).

Thus
P n—1
Eg [Jop] = /0 f(u)QZEe [§ZP+1J du
k=0
P P
_ nn-1) / / F(w)? 22F@-F@) gy 4+
2 0o Jo

P P ru
+nEy [55} / f(u)2 BZGF(U) du + n/ / f(u)2 eQG(F(u)—F(v)) duduv
0

n(n —1
Consequently
. EglJup 1
"le 67[12 naoo n2/ flu Eg 52} - §H9(P)G0(P)

and, using again relation (5), the lemma is proved. m

Now we can state the asymptotic lower bound (17) for the mean square error using van

Trees inequality.

Let € > O such that 0 ¢ [0 —¢,0+¢], and let p_(-) a density probability function with support
in [0 — €,0 + €] and which is continuous differentiable in R. Then for any real-valued random
variable 67 measurable with respect to the observation {¢,,¢ € [0, T}, van Trees inequality (see

Giil and Levit, 1995) entails that

/ ke [0-0)] 0 a0 > (/ " By U] p(#) d0' + Iy,

—€ —€

-1

where I(p,) is the Fisher information for a location parameter in p_(-)

0+€ 2 Ore (d 2
I(p,) = /0 (% Inp, (0 )> pe(g/) do’ = /0 % 40’

—€ —€

Thus

— 9+€ J I -
it 7] ([ [ o 22)

0T 16'—0|<e

From Lemma 4, we deduce that

2 > N2 . Ot JT / /
liminfinf sup Egy { (60 —6") } > lim Ey || p.(0")df
[%

T—o00 fp 6" —0|<e T—o0 e

_ (/60+E Gy(i)}ief(P) p.(8) dH’)

—€
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With € — 0, we deduce the lower bound for the mean square error (17).

Thanks to the uniform convergence in 6 of T’ (§T — 9) in Theorem 3 and to (Ibragimov and
Has minskii 1981, Appendix I Theorem 8), we readily deduce the second assertion of Theorem 8.
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