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Hormander Functional Calculus for Poisson
Estimates

Christoph Kriegler

Abstract. The aim of the article is to show a Hérmander spectral multi-
plier theorem for an operator A whose kernel of the semigroup exp(—zA)
satisfies certain Poisson estimates for complex times z. Here exp(—zA)
acts on LP(Q), 1 < p < oo, where ) is a space of homogeneous type with
the additional conditions that the volume of balls grows polynomially of
exponent d and the measure of annuli is controlled by the correspond-
ing euclidean term. In most of the known Hormander type theorems in
the literature, Gaussian bounds and self-adjointness for the semigroup
are needed, whereas here the new feature is that the assumptions are
the to some extent weaker Poisson bounds, and H® calculus in place
of self-adjointness. The order of derivation in our Hérmander multiplier
result is typically %, d being the dimension of the space 2. Moreover
the functional calculus resulting from our Hérmander theorem is shown
to be R-bounded. Finally, the result is applied to some examples.

Mathematics Subject Classification (2010). 42A45, 47A60, 47D03.

Keywords. Functional calculus, Hérmander Type Spectral Multiplier
Theorems, Spaces of homogeneous type, Poisson Semigroup.

1. Introduction

Let f be a bounded function on (0,00) and u(f) the operator on LP(R?)
defined by [u(f)g] (€) = f(|€]*)§(£). Hormander’s theorem on Fourier multi-
pliers [9, Theorem 2.5] asserts that u(f) : LP(RY) — LP(R?) is bounded for
any p € (1,00) provided that for some integer N strictly larger than £

2R v ok 2 dt
sup/ ’t’f()(t)’ — <o (k=0,...,N). (1.1)
R>0JR/2 t

This theorem has many generalisations to similar contexts, for example
to elliptic and sub-elliptic differential operators A, including sublaplacians on
Lie groups of polynomial growth, Schrédinger operators and elliptic operators
on Riemannian manifolds [5]: Note first that the above u(f) equals f(—A),
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the functional calculus of the self-adjoint positive operator —A. Now for
a self-adjoint operator A, a Hormander theorem states that the operator
f(A) extends boundedly to LP(Q), 1 < p < oo for any function f satisfying
(1.1) with suitable N. In most of the proofs for a Hérmander theorem in the
literature, the assumption of so called Gaussian bounds plays a crucial role.
That means the following. Suppose that A acts on LP(Q2), 1 < p < 0o, where
(Q, 1, p) is a space of homogeneous type. Then the semigroup (exp(—tA))¢>o0
generated by A has an integral kernel k;(z,y) such that

)] < CulBlu VD) exp (<P 50) (>0, e ). (12

This hypothesis includes many elliptic differential operators. However there
are operators such that the integral kernel of the semigroup satisfies only
weaker estimates, see e.g. [8, 15, 19]. Establishing a Hormander theorem for
these operators is the issue of the present article. More precisely, let 2 be a
space of homogeneous type with the additional properties that the volume of
balls grows polynomially of exponent d > 0 and that the measure of annuli
is controlled by (a constant times) the corresponding euclidean term, see
(2.2) and (2.3) for a precise definition. Let further A act on L?(Q) such that
(exp(—zA))Re >0 has an integral kernel k. (z,y) such that

1 1
u(B(,|2)) |1 4 2o 52

k. (z,y)| < C(cosarg z)~? (Rez >0, z,y € Q)

(1.3)
holds for some C,3 > 0. If @ = R% and 8 = 0, the right hand side of this
estimate is (a constant times) the absolute value of the complex Poisson ker-
nel which obviously decays slower as p(z,y) — oo than the Gaussian kernel
above. Under a further hypothesis on the homogeneous space (2, see (2.2)
and (2.3) below, and the presence of an H* calculus of A on L%*(Q), we
obtain a Hormander theorem of the order N > % + 3 for operators A satis-
fying the above estimate. The proof relies on the behaviour of the semigroup
exp(—zA) generated by A when the complex parameter z approaches the
imaginary axis. Here simple norm estimates are not sufficient but R-bounds
of the semigroup are needed. Our method does not need self-adjointness of
A. This is new compared to most of the spectral multiplier results in the
literature. In particular, we give a non-self-adjoint example of a Lamé op-
erator to which our main result applies. Note also that Gaussian estimates
as in (1.2) and self-adjointness in general yield only a Mihlin calculus [18,
Theorem 7.23], i.e. bounded spectral multipliers f(A) for f satisfying

kp(k
omax |50 @) < oo,
and N > %, whereas we show that complex Poisson estimates give a Hormander
functional calculus, i.e. f(A) is bounded for f satisfying (1.1) with N > & if
B = 0 in (1.3). This yields better estimates for the Bochner-Riesz means
(1 —A/N)Y on LP(Q), see the discussion in the introduction of [5]. The
difficulty in assumption (1.3) is to show an estimate for complex times z,
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something that for Gaussian estimates one gets somehow for free out of an
estimate like (1.2) and self-adjointness.

In Section 2 we will introduce the necessary background and cite a the-
orem which allows to pass from R-bounds on the semigroup to a Hérmander
functional calculus. In Section 3 we state and prove the main result, Theorem
3.2 and Corollary 3.6 of this article. In Section 4, an application to a concrete
operator is given, for which a Hormander theorem was previously unknown,
and two further examples entering our context are discussed. Finally, in Sec-
tion 5, two proofs of technical lemmas are annexed.

2. Preliminaries

In this section, we provide the necessary background for the Main Section 3.
Let w € (0, 7). A densely defined and closed operator A on LP(Q2), 1 < p < oo,
is called w-sectorial if o(A) C X, where E ={z € C*: |argz| < w},
and AN — A)7Y| < Cp for any A € Ty° and any 6 € (w,n). For an
w-sectorial operator A and a function f € H§(Xg) = {g : X9 — C :
g analytic and bounded, 3 C,e > 0 : |g(z)| < Cmin(|z|¢, |z|7¢)} where

0 < w < 8 < 7, one defines the operator f(A) by

/ FOON = A) " xdA.
271'2

Here, T" is the boundary of X wto oriented counterclockwise. This definition
coincides with the self-adjoint calculus if applicable. If there is a constant
C > 0 such that [|f(A)[| < Csup| g .j<p |f(2)] for any f € H§(Xp), then A
is said to have a bounded H*°(%y) calculus, or just bounded H* calculus.
Let ¢g € C2°(3,2) and for n € Z put ¢, = ¢o(27"). We can and do assume
that ., ¢n(t) =1 for any £ > 0 [1, Lemma 6.1.7]. Now define

= {f:10,00) = € [Ifllaee = 1 (O)] + 5P [[(@nf) 0 xp llwiz ) < o0},

where W$*(R) is the usual Sobolev space. For o > %, the space H is a Banach
algebra endowed with the norm || - |[5«. This class refines condition (1.1) in
the sense that f € H® = f satisfies (1.1) for & > N and the converse holds
for a < N. If || f(A)]| < C|[f|lpe for any f € (50 H5(Xw) N H®, then
there exists a bounded homomorphism H* — B(L?(Q?)), f — f(A), and A
is said to have a bounded H* calculus. If A is moreover self-adjoint on L?()
then for f € H* C L>(R4) for some a > £, f(A) is defined twice, but one
can show that the definition from the H*® calculus plus density in H* and
the definition from the self-adjoint spectral calculus coincide. In particular,
our notion of H* calculus is the same as in most of the definitions in the
literature.

Let (en)nen be a sequence of independent random variables such that
Prob(e, = 1) = Prob(e, = —1) = 3, i.e. asequence of independent Rademach-
er variables. Let X be a Banach space. A subset 7 C B(X) is called R-
bounded if there exists a constant C' > 0 such that for any choice of finite



4 Ch. Kriegler

families T1,...,T, € 7 and x1,...,x, € X, one has
1 1
n 2 2 n 2 2
E Z exlLx <C|E Z €LTL
k=1 X k=1 X

The least possible constant is denoted by R(7), and R(7) = oo, if no such con-
stant is admitted. Any R-bounded set 7 is norm bounded, i.e. supyc, ||T|| <
R(7), but the converse is false in general. If X = L?, 1 < p < 0o, then

<IE3 ) o~ (Z |xk|2> (2.1)
X k=1 »

uniformly in n and z1,...,2,. A linear mapping u : ¥ — B(X), where Y
is a further Banach space is called R-bounded if R(u(y) : |ylly < 1) < 0.
The following proposition gives a condition on the semigroup generated by a
sectorial operator A so that A has a H? calculus.

n

E €LTk

k=1

Proposition 2.1. Let A be an w-sectorial operator for any w > 0 defined on
an LP space for some 1 < p < oo, and let A have a bounded H* calculus.
Suppose that for some « > 0 the set {exp(—e?2*tA) : k € Z} is R-bounded
for any t >0 and |[0| < &, with R-bound < (cos(6))”*. Then for any 3 >
a+ 5, A has a bounded ’Hﬁ calculus. Moreover, this calculus is an R-bounded
mapping.

Proof. This is proved in the case that A has dense range in [11, Lemma 4.72
and Proposition 4.79], see also [12]. This proof for which we give a sketch
applies also here. First one deduces from the assumption of R-boundedness
of the semigroup that

{4 [t) (1 + 28 A) "> exp(i2¥tA) : t € R}

is R-bounded with R-bound independent of t € R. Then for g € C°(0,0) a
representation formula of g(2*A)(1 + 2¥ A)~¢ is available, namely

g(2FA) (1428 A)~ :—/ YA+ (A4]t) 7P (1428 A) = exp(i2Ft A)zdt.

If B> a+ 3, then (14 [¢))77)|(1+ 2kA) “exp(i2¥tA)|| is dominated by a
function in L?(R), and if g belongs to W2 (R) then also §(¢)(1+t))? € L2(R).
In fact, more can be said. By [10, Proposition 4.1, Remark 4.2], the set

{g(2FA)(1 + 284) 7+ g € C2(0,00), lgllyypey < 1. k € Z}

is R-bounded. Next one gets rid of the factor (1 4+ 2¥A)~* above by using
a function Y(A) = (1 + N\)*@(N\) where ¢ € C°(0,00) and ¢(\) = 1 for
A€ [%, 2]. The hypotheses of the proposition imply that {1)(2¥A) : k € Z} is
R-bounded. Then

1
{9(2¥A): g € C(0,00), suppg C [

2’2]’ ”gHWQﬁ(R) <1, ke Z}
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is R-bounded. The hypotheses imply moreover that there holds the following
equivalences of Paley-Littlewood type:

= <Z |¢(2kA>f|2>

keZ

I

(z|qz<zm>¢<zm>f|2)

kEZ
p

for a function ¢ € C2°(0, 00), ¢ not vanishing identically zero, supp ¢ C [%, 2]
and ¢ = ¢(271) + ¢ + ¢(2-). Then one can show that g(A) is bounded for
lgllaes < oo

lg(A)fl, = (Z I$(2’“A)9(A)¢(2’“A)f|2>
keZ
= <ZI<59(2’“-)(2’“A)¢>(2’“A)f|2>
k

S R({eg(2™") 1 k € Z}) <Z |¢(2kA)f|2>

kEZ
p

S llgllaes 1 £ 1lp-

Thus {g(A) : ||g|lys < 1} is a bounded subset of B(L?). In a similar manner
to the calculation right above, using the fact that LP has Pisier’s property
(o), one shows that this set is moreover R-bounded. O

The space 2 on which the operator A acts will be a space of homoge-
neous type. This means that (2, p) is a metric space endowed with a nonneg-
ative Borel measure p which satisfies the doubling condition: There exists a
constant C' > 0 such that for all x € Q and r > 0,

p(B(x,2r)) < Cp(B(x, 1)) < o0,

where we set B(z,7) = {y € Q : p(z,y) < r}. Note that the doubling
condition implies the following strong homogeneity property: There exists
C > 0 and a dimension d > 0 such that for all A > 1, for all x € 2 and all
r > 0 we have u(B(z,\r)) < CXu(B(z,r)). We will assume that the space
of homogeneous type (2, i, p) has the following two additional properties

w(B(x,r)) =2r®if diam(Q) = oo,

w(B(z,7)) = min(r?, 1) if diam(Q) < oo (2.2)
and
w(B(z,m, R)) < C(R*—r?) (z€Q, R>r>0)if diam(Q) = oo,

w(B(z,7, R)) < C(R—7r)min(R*" 1) (z€Q R>7r> %R > 0) if diam(2) < oo
(2.3)
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where we denote diam(Q?) = sup{p(z,y) : =,y € Q} and B(z,r,R) =
B(z, R)\B(z,r). Note that if (2.2) holds, then diam(Q2) < oo if and only
if u(Q) < 0.

3. The Main Theorem

We let (Q, i, p) be a space of homogeneous type with the additional properties

(2.2) and (2.3). We further let T, = exp(—zA) be a semigroup on L*() with

the properties: The generator A has a bounded H*(%,,) calculus for some

o.) 6 (0 7r) on LQ(Q), and T, has an integral kernel k,(z,y) for Rez > 0 i.e.
= [ k- (y)du(y) for any f € L?(2). We assume that

L 1
w(B.[2D) |1 + fegE |5

|k, (x,y)| < C(cosargz)™? (z€Cy, z,y € Q).

(3.1)

Proposition 3.1. Let (€, u, p) be a space of homogeneous type satisfying (2.2)
and (2.3) and T; = exp(—tA) a semigroup which acts on all LP(Q2), 1 < p <
oo. Assume that T, is analytic on L?(Q) on z € C = {A € C: Re\ > 0}
and bounded on each subsector X, for w € (0, 7), and that 7', has an integral
kernel which satisfies (3.1). Assume moreover that A has a bounded H*(%,,)
calculus on L?(Q) for some w € (0, ), which is the case e.g. when A is self-
adjoint. Then the operator A has an H*(X,) calculus on LP(2) for any
we (0,7) and 1 < p < 0.

Proof. The proposition follows from [6, Theorem 3.1]. Indeed, let 6 € (0, 5).
The kernel k. (z,y) satisfies on z € ¥y the bound

(cosarg z)~# 1
|k (2,y) S
WBwED | o o
()
_ep
ple,y)
<o n(B(r. | Rez])) <1+ (2
2
smce|z|"’RezforzEEgandH—i—((’”) |<1—|—’ ’” <1—|—’ pley)|” <

a+1

. Then with Gy given by [6, (7)] and g(z) = ¢(1+22)" =, we

e (222)

can deduce from [6, Theorem 3.1] that A has a bounded H>(X,,) calculus
on LP(Q) for any p € (1,00) and w > § — 0. O

The following is the main theorem of this article.

Theorem 3.2. Let (2, u, p) be a space of homogeneous type satisfying (2.2)
and (2.3) and T; = exp(—tA) a semigroup which acts on all LP(Q2), 1 < p <
o0. Assume that T, is analytic on L2(2) on z € C and that T, has an integral
kernel which satisfies (3.1). Assume that for z € Cy, [|exp(—zA)|[p2Q))
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(cos(arg z))*%*ﬁ(l + |log(cos(arg 2))|)?, which is the case e.g. when A is
self-adjoint. Then the semigroup exp(—zA) satisfies on X = LP(Q) for any
1 < p < oo the R-bound estimate

R (exp(—e27tA): j € Z) < (cos(@))_%_ﬂ(l + | log(cos(9))])?.
For the proof of the theorem, we state two preliminary lemmas.

Lemma 3.3. Let k.(z,y) be analytic in z € C4 and satisty (3.1). Let 6 €
(=%, %) with |] sufficiently close to 5 and 0 < ¢ < tg < co. Then one has
the estimate

|ke’39to+t(x’ y) - ke”’"to (IE, y)' S

d+1
(cos(6))™# min(cos(6)to, ) pla,y)? at1
1-— .
w(B(z,to)) cos(0)tg 2 + cos(6) +
Lt 2and 1
(5.5) : t5 > p(x,y)* and P EyTER) > 2to/t
L 2and 1 <
(5.6) : t§ > p(x,y)* and e < < 2ty /¢
(5.7) 13 < pla,y)* <263
(5.8) : plz,y)? > 263,

where (5.5), (5.6), (5.7), (5.8) can be found in the proof of this lemma in
Section 5.

Lemma 3.4. Let (2, i, p) be a space of homogeneous type satisfying (2.2). Let
k.(x,y) be analytic in z € C; and satisfy (3.1). Let t > 0, to € [1,2], ] € Z
with | < Lyax = max{j € Z : 29ty < diam(Q)} +1 < 00,0 € (=%, %) with
|| sufficiently close to § and z,y € Q such that p(z,y) > 3t.

1. If méﬁy) — 1| < cos(6), then

sup  |Keiogitg 4 (T, Y) — Keionit, (2, y)| S
JELZ:2I to>t

1 min(cos(6)2'tg, t) an
w(B(z,2t0))  cos(9)2'tg (cos(0)) .

2. If ngtygz € [1+ cos(h), 2], then with r = p(x,y)2/(20)2,

(cos(9))~”
su ki ,Y) — kgiooig, (,y)] S —=———F—X
jeZ:z}zon 921t0+t( Y) 92Jt0( Y| 1(B(z, 20))
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(r— 1) (1 + log 00‘5(207)

-vEED) T () T
if cos(9) < 1-v2—-r< %0;
d
*N(r—1)" (1 + log m) + | log cos(6)|,
if cos(6) g 2“‘ <1-—+2-—r;
(cos(0))~ S ifl-V2Zor< cos(6 ) 7~ and

: ~ap
cos(0)2to (r—1) , if cos(0) > 2,t0

3. If p(fty))g € [3,1—cos(9)], then with r = p(z,y)?/(2"0)?,

(1_74) (1+]0g co@(e)) +(1—-7r)"7 "Ix
< [(VT=7=VZ=r+ )™ = (VT=7 - §v2 =7+ § - =50)=*5"
+|1og(cos(9))|, if cos(f) <V2-r-1<3 QLfm;

d+1

(1=~ (1+1og 25 ) + (1= 1)~ "1 x
x [WT=7—ve=r+ AL VeE R B )42
oty — V2 -7+ 1)(1 —r)F + |10g(008(9))|,

if max(cos(#), 1 22,t ) < \/Tr— 1< 2’to

(1 =)~ (14 log 2bs) + (1 — 1)~ F ~1x
) [(VT=T = VI T+ 1) = (VT = VT 7+ §— )=

+|log(cos(6))|, if cos(h) < 2lf <V2—r—1;

<1 - <2Zt ~ V2T (L= 1) [log(eos(9))],
221t < \/2 —R—1<cos(f) < foo'

(1 — r) g |10g(cos(9))|,

if \/ﬁ — 1 < min(cos(h), %L) and cos(f) < 5

)

2l o’
t [ e =2 t
COS(9)2%(1 r)” = if cos(f) > 55 =

The proofs of Lemmas 3.3 and 3.4 are technical and dereferred to Section
5 due to their length.

Proof of Theorem 3.2. Let 6 € (=3,%),j € Z, to € [1,2] and z,y € Q. Write
in short T; = exp(—e@27tgA). Recall that {T; : j € Z} is R-bounded on
LP(Q) with R-bound C < oo, if

2

YT <cl| oI

JjEF jEF
LP(Q) Lr(Q)

=
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for any finite index set F' C Z and f; € LP(Q2), j € F. To prove the
theorem, it thus suffices to show that

T'{LP(Q’“F)) 2L CED < (cos(o) =~ (1 -+ [1og(cos()))?

(3.2)
independently of F. To show this, we apply the boundedness criterion for
singular integral operators with non-smooth kernels [4, Theorem 1] in its
vector-valued version [16, Theorem 2.3]. Note that the standing assump-
tion in [16] that p(Q) = oo is not needed in [16, Theorem 2.3]. First note
that L2(Q, (2(F)) = (2(F, L?(2)) isometrically, so that for p = 2, |T]| <
supjez || Tl B(L2(0)) and that the assumption of the theorem gives that 7' :
L?(Q,0*(F)) — L*(Q,¢*(F)) has the norm bound in (3.2). To conclude, it
suffices to show that T is a vector-valued singular integral operator with
non-smooth kernel in the sense of [16, Definition 2.1]. We choose the approx-
imation to identity Ay = A, = ((fj)jer — (exp(—tA)f;)jer). Note that
(1.4), (1.5) and (1.6) in [16] are satisfied for this choice due to the Poisson
estimate (3.1) and the volume control (2.2). Note that T'— A;T =T — T Ay :
(fi)jer — ((T; — Tjexp(—tA))f;)jer, that this operator has the B((*(F))-
valued kernel with entry keioois, (2, y) —Kkeioit,++(2, y) on the diagonal, so that
its B(¢%(F))-norm is controlled by SUp ez, |Keioi, (T, Y) — Keiogi, (2, y)|. By
[16, Definition 2.1 (i) and (ii)], we are reduced to show that

/ sup |ke'i92jt0+t($7 y) — keiogit, (z,y)|du(z) <
p(z,y) 23t JEL

(fi)jer = (T fj)jer

(cos(6))™ 2 ~B(1+ |log(cos()))? (yet>0).  (3.3)
At first, we estimate the above integral by
/ sup |...|du(z) + / sup |...[du(z)
plxz,y)>3t j: 29to <t p(z,y)>3t j: 29tg >t
and start by estimating the first integral. Estimate crudely |kgiogi¢,+¢(2,y) —
keiogiry (x,y)| < |keiogitg+i(T,y)| + |Keiogir, (z,7)| and consider both sum-
. 2
mands separately. For p(z,y) > 3t > 227ty + 3¢, we have |1 + %| =
(z,y)®
m. r]:‘hllS7
/ Sup_ [Konieg (2, )| dp()
p(z,y)>3t j: 29t <t
< / sup (cos(6)) " |27ty + t]4H!
™ J @)zt g 2ito<t W(B(,[29tg + 1))  p(x,y)dt!
5(0)) 8 td+1
s/ sup L) S——t
p(x,y)>3t j: 20to<t M(B({E, t)) P(if, y)

< / (cos(6))~F 2—k(d+1)dﬂ(x)
o/ B(y,3t-2% 3¢.25+1) w(B(w,t))

dp(z)
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cos - g—k(d+1) .
S

k=0n=1"Y Bk w(B

3 2D (cos(6)) 7 5 (cosl0)) ",
k=0
where B(y, 3t-2°,3t-2°%1) should be replaced by B(y, 3t-2), and we used the
two well-known facts on spaces of homogeneous type that B(y, 3t-2%, 3¢-2++1)
can be covered by My, = 2%4 balls B(y*, t) and that SUp, cq fB(%t) mdu(x) =
1. Note that if ;(€2) < oo, then the above sum over k was finite.

Furthermore, for p(z,y) > 3t > 3-27ty, we have |1+ (ept@Tzaz)o)z | = gfté’)}j

d
Thus, similarly to the above calculation, with M}, < (;72150) this time,

/ sup  [keiogse, (2, 9)ldu(z)

p(x,y)>3t j: 29to<t

(cos(0))™F  (27ty)d+!
> /pw ysan (B, 2710)) pl, gyt )
)

cos(0))=8  (29¢t,)dH!
Yy (csO) @y
B(y,3t-2k 3t.2k+1) w(B(x,27t0)) (3t - 2F)

j:29to<t k=0
o0 ]\J}c

cos(@)) B (20t)d+!
Z Z /B(yn 2it) H(B(w,27t0)) (3t - ;k)dﬂd“(x)

J: 27t0<fk 0n=1

ji2ito<t

td2kd 2j(d+1)td+1

COb
d
Z Z 23dt0 td+19kdok

i 29t0<t k=0

> i(cos(o))*ﬂflz*kzjto < (cos(8)) 7.

i 29t0<t k=0

To conclude (3.3), it now suffices to show

/ SUD  [Ksogstg4e(@:3) — keiogsgg (@ )| dpa(e) <
P

(2,y) >3t j: 2010t
(cos(@))_%_ﬁ(l + |log(cos(9))])? (y € Q, t > 0). (3.4)
To this end, we use the estimates from Lemma 3.4. Therefore, as a first step,
we divide the integral in (3.4) into

Lmax

Lmax
fo= 2 £3
pley)>3t 2 Jlp(ey)?/(2t0)2—1]<cos(0) 2T Jp(a.)?/(2t0)2 €1 4cos(6) 2]

Lmax

S L+IL+1Is
l=Lmin

Lmax

+

— //)<m,y>2/<2lto>2e[%,1—cos<e>1
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where Lmin = mln{l cZ: 2 t() = 2\/177(0
COSs

2ty < diam(Q2)} + 1. For I;, we have by Lemma 3.4 1. and the volume
control (2.3),

/ SUp_[Reiost, (2, ) — oty (o) |di(e)
lp(z,y)2 /(2 t0)2—1|<cos(8) j: 27to>t

t} and Lyax = max{l € Z :

1 min(cos(6)2'to, t) an
< rmeT esO) auta)

,min(cos(0)2%0, 1) _d_g
cos(9)2ty (cos(8))

N min(cos(0)2'to, t) _d1g
= cos(0)2'%s (cos(0)) .

Now summing over [, we obtain

< 21 cos(6)27!

L
OX min(cos(0)2' 0, t) i1_g
Z cos(6)2tt (cos(8))

i1 (cos(9)) ! T 00 "
< (cos(f))~ = P </1 do +/( (Cos(@))lxld—>

€ cos(6)) 1 T

[=Lmin

= (cos(0))™ "= P (1 + |log(cos(8)))).

Now for I. We distinguish the cases I) (cos(#)2'ty < t) and IT) (cos(#)2'ty >
t). In case I), we decompose I, into three integrals according to Lemma 3.4
2. We write r = p(x,y)?/(2%0)?%.

I, < / +/ +/
cos(e)gl—\/ﬁgﬁ,1+cos(9)§r§2 COS(Q)Sﬁgl—\/ﬁ 1—\/ﬁ§cos(0)§ﬁ
= I +I5+15.
Then by the volume condition (2.3) and Lemma 3.4 2.,

-1 d
Iy < / (cos(8)) P (r — 1) (1 + 1og 7 > i e
cos(0)<1—+/2— r<oi 1+cos(0)<r<2 ( ) r

< (cos(0)) ™" /1 jwsw)(r— 1)~ (1 +1og ol 91)> dr

< —55 8 ;
< (cos(0)) (1 + (%%qlog 008(9)>

=~ (cos(6)) ™ “T (1 + | log(cos §)]).
Further,
12 % (cos(0) 7 [
14cos(0)<r<2
d d?”

+|log(cos(6))[) = —~

e (07 ()

_t
olgy =
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2
< (cos(9))™# </ (r—1)" =R dr(l +log — 21 + | log(cos(9))]) + |1og(cos(9))|>

14-cos(0) to
< (cos(6)) ™% P (1 + |log(cos(6))]),

due to zlt <1—+2—-7r<r—1<1in this case. Finally,
] d
2 < (cos(0)) ﬂ/ (cos(0))~ 50"
1—v2—r<cos(0),1+cos()<r<2 r

< (cos(0)~ %" i

1 _g /1+ZCOS(9) 4 dr
14-cos(0) r

= (cos(0)) ™2 7,

where we have used that (r —1) < 1 —+2—7, and thus r — 1 < 2(1 —
V2 —r) < 2cos(f). Now summing up the three estimates, we get Ir <

(cos(&))’%*ﬁ(l + |log(cos())|), and thus, as for lL:"‘L‘“:in I, we deduce

lL:"‘L":in I < (cos(@))’%fﬁ(l + | log(cos(6))])2. In case II), we have by the
volume condition (2.3) and Lemma 3.4 2.,

t 2 at1 a dr
I, =~ o) P— — 1)z 2 —
2 (COS( )) COS(0)2lt0 /1+cos(0)(r ) " T
t a—112 d—1 t
~ 9))~ 8 —(r—1)"2 < 0) T P
(cos(#)) cos(0) 2y { (r—1) :|1+Cos(0) < (cos(0)) cos(0)2't,

Now summing over those [ with cos(@)2lt0 > t, we obtain ) ;. cos(8)2Lt0 >t I <
d—1 T o=
(cos(8))~ = B fo = (cos(f))~ = P,

It remains to estimate I3, for which we use part 3. of Lemma 3.4. Again
we distinguish the cases I) (c05(0)2lt0 < t) and II) (cos(0)2'ty > t). In case I),
we decompose I3 < [ M((Cg,“;e;)lto (1+]log(cos(8))])dp(x)+ [ remainder du(z).
The first term is estimated by
(cos(6))~”
— oy (L + [1og(cos(0))[)dp(x)
/p(m,y)z/(zlto)ze[;,1_005(9)] w(B(z, 2'0))

1—cos(0) < dr
S [ Geoso) 71+ ftogeos()))rt

> (cos(8)) P (1 + |log(cos(8))])-

The remainder is decomposed into the following five integrals corresponding
to the first five cases in Lemma 3.4 3. We write again r = p(z,y)?/(2%0)2.

+/
/%Srﬁl—cos(&),cosw)g\/2—r—1§% 2% 1 <r<1-cos(f),max(cos(9), % ﬁ)S\/Q—r—lgﬁ

to

+ + /
1<r<1-— Cos(@),cos(9)< <V2-r—1 %Srﬁlfcosw),%ﬁgx/erflgcos(G)gg%
to “to

to
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+/ = I+ I3+ 15+ 15+ 15
1 <r<i1-—cos(9),v/2=r—1<min(cos(9),% ﬁ

We estimate the five integrals separately. For I3, we have

1 _
(cos®)°13 5 [ (=) (14 tog oot
%Srglfcos(G),cos(G)glfrgéJg_lﬁ COS
+ / (1—7)~ % ~x
%Srﬁl—cos(&),cos(&)S\/Q—r—lg%ﬁ

X (1= (VT=T = (VI — 1)~ 4 2

1 1—cos(0) L X
S (cos(0) % (14 [logleos(@)) + [ (-0 gy

< (cos(6)) ™= (1 + |log(cos(8))]) + (cos(8)) =7,
where we have used the mean value theorem to estimate
(VT=7 - (V7= 1)~ (VT g (Va
Q-rWI—r-(2—7r—-1)" %
For I2, we have

(cos(0))I2 < /

1<r<1—(cos(#)),max(cos(6),3 2211 )<V2—r— 1<2,

-1)-

o
i
A

to

—V2—-r+1)(1 —r)_%}r%ﬁ,

r

19t t 277(1 t
{ erm + erm +(2lt

where the 1% and 2"¢ term are given in Lemma 3.4 3., and can be controlled

as in I} by (cos(@))’%1 (1 + |log(cos(0))]). The third term, we estimate by

t ,
5/ (s — (V=T = 1)) (1 =) Fdr
%Srﬁl—cos(e),max(cos(e)@Zl—tS\/Q r— _2“0 20

g/ (1—7)(1—r)" T dr < (cos(h))~ .
2 <r<l—cos(8)

For I3, we apply exactly the same estimate as for I3, to get (cos(9))°I5 <

(cos(@))_%(l + |log(cos(#))]), too. For I3, we have again with 15,27 and
374 term given in the estimate in Lemma 3.4 3.,

(cos®)’ 1} 5 [
2 <r<l1—cos(9), % t <\/2 r— 1<cos(0)§ﬁ
ad
{1°" term + 2" term + 3" term }7"5 iy
r
The 1°¢ and 2"¢ term can be controlled as in I1, whereas the 37¢ term can
be controlled as in I2. We get (cos(6))°15 < (cos(@))*%1 (14 |log(cos())])-
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Eventually, we estimate I3 by

(cos(0)° I3 < / (1—r)- 4y

3 <r<1-cos(f),v/2—r—1<min(cos(f),3 ﬁ)

vl

dr
r

< (cos(8) ™7

Now summing up we obtain as for Is, lL:'ffn I3 < ZL“"‘"‘ I3+ I3 +
I+ I3+ 15 < (cos() ™7 ~F(1 + | log(cos(8))])2.

In case IT), we have

t a+1 g dr
$(0))° I3 < LR, REPRE S P g
(cos(0))" I3 N/%chos(e) cos(9)2lt0( )T .

t _
<" (cos(0)" =
™~ cos(6)2t (cos(8))
Summing over [ with cos(6)2'ty > t, we obtain as for I, Y, cos(0)21to>t 13 S
(cos(0))~“= 5.
We have shown that

Lmax

D Lot It I S (cos(8) T (1 + [log(eos(9))])’,
l=Lmin
and thus (3.4) and hence the theorem follows. O

Remark 3.5. We have proved in Theorem 3.2 that the semigroup is R-
bounded when taking dyadic arguments of the form €927ty t, € [1,2] fixed.
It is unclear whether one gets also an R-bounded set when this argument
is replaced by a continuous variant, i.e. if R(exp(—etqA) : t5 > 0) <
(cos(@))_%_ﬁ(l + |log(cos())|)? holds under the same hypotheses as in
Theorem 3.2, and at least the above proof does not seem to work. By the
method in [14, Last part of 2.16 Example], which passes from dyadic argu-
ments to continuous ones, one only gets a cruder estimate for the continuous
variant involving an additional factor (cos(f)) 2.

Corollary 3.6. Let (Q, i, p) be a space of homogeneous type of either finite or
infinite measure, satisfying (2.2) and (2.3). Let T} = exp(—tA) a semigroup
which acts on all LP(£2), 1 < p < co. Assume that T} is analytic on L?(Q) on
z € C4 and that T, has an integral kernel k,(x, y) which satisfies the Poisson
estimate

1 1
|kre“’ (xvy)| < C(COS(H))_E M(B( B d+1
(z,y)2 |72
\1 + Her

for any x,y € Q,r > 0,0 € (=3, %) and some C,3 > 0. Assume moreover
that A has a bounded H>®(X,,) calculus on L?(Q2) for some w € (0,7), and

that for r > 0,0 € (-3, %),

lexp(—re® A) || 52y < Clcos(8))™ T ~#(1 + |log(cos(8))])%,
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both of which are satisfied e.g. when A is self-adjoint. Then A has a bounded
He calculus on LP(Q2) for any 1 < p < co and a > % Moreover this calculus
is an R-bounded mapping, i.e.

R(f(A) 2 [ fllne 1) < o0

Proof. This follows immediately from Propositions 2.1, 3.1 and Theorem 3.2.
O

4. Examples

In this section, we want to give some applications of Theorem 3.2 and Corol-
lary 3.6. Note first that in the most classical example, namely A = (—A)% and
exp(—zA) the Poisson semigroup on LP(R?) for some 1 < p < oo and d € N,
Corollary 3.6 gives the sharp order of derivation of the classical Hormander
multiplier theorem and strengthens it in that it includes the R-boundedness
of spectral multipliers whose associated functions have bounded H® norm.

For a generalization, we consider the situation in [15]. Let M be a pos-
itive integer. Consider the constant coefficient second order, M x M system,
differential operator

M d+1
Lu = Z Z (8T(a(rls’yasuﬂ))1ga§M )
y=1rs=1

where a®? are real coefficients for r,s = 1,...,d + 1 and o,y = 1,..., M.
Here, u is a function defined on the upper half space ]Ri“ = R x [0,00).
Further, we assume as in [15] the ellipticity condition

M d+1
> Y Relaf?&&aans] > rol¢*|nl?
a,y=1rs=1

for every (&)1<r<da+1 € R (a)1<a<m € CM and some kg > 0. Then in
[15] the following Dirichlet problem on ]Ri“ is considered:

Lu=0in RTM
ulfgin = f € LP(R%CY),
+

where 8]Ri+1 = R¥x {0}, n.t. means non-tangential trace of u, and f is a given
function in LP(R%; CM), 1 < p < oo. If A% £ (), a certain condition, see [15,
(3.12)], which will be satisfied in our example, then this problem is well-posed
in LP(R%; CM) [15, Theorem 4.1], so it possesses a unique solution u. As more-
over the coefficients defining L are constant, we have O,[u(- 4+ (0,1))]].=x =
(Oru)(z + (0,t)), so that the expression T} f(x) = u(z,t), *+ € R4 ¢ > 0
defines a semigroup on LP(R?; CM). In the sequel, we are interested in the
Hormander functional calculus of the negative generator of that semigroup.
Note that for some cases, this semigroup is given by a convolution kernel. We
now restrict to the following specific example.
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Lamé system of elasticity. Assume that M = d+1 above. The so-called Lamé
operator in R%*! has the form

Lu=pAu+ A+ p)Vdive, u=(u1,...,ud+1), (4.1)

where the constants A, u € R (typically called Lamé moduli) are assumed
to satisfy 4 > 0 and 2u + A > 0. Then according to [15, Theorem 5.2],
T f(z) = u(z,t) is given by

(T ale) = 5 l/w( e aly)y

3+ Awg |~T—y|2+t2)
d+1
2(d+1) Yalz —y.0), )
3” Z/ y|2+t2)‘”‘°’ Hdy (a=1,....d+1),

(4.2)

where wq is the area of the unit sphere S¢ in R, and (z —y,t)q = Ta — Ya
ifae{l,....,d} and (z — y,t)q+1 = t.

Proposition 4.1. The semigroup in (4.2) is strongly continuous on L?(R%; C4+1)
for 1 < p < oo, has an analytic extension for Rez > 0 and if k,(z,y) =
(ke M)gtyl 1 (z, y) denotes its (d + 1) x (d + 1) matrix valued integral kernel,
then each of its components k. o~(x,y) satisfies the Poisson estimate (3.1)
with 8 = 1. Further, the negative generator A of the semigroup has an H
calculus on L?(R%; C?+1) and

d—1

| exp(—etA)|| g2 racarny) S (cos(6)) ™! max(1 + [log(cos(8))], (cos(9)) ™ T
< (cos(8)) T P (1 + | log(cos(6))])?
for t >0 and |0] < 5.

Proof. For the strong continuity of the semigroup, we show first that sup;-
T\l o (rascat1)— Lo (Ricatry < 00. As Ty is given by a linear combination of
convolutions, we have |7} < —t rdy + Ldy =
1Tty S Joa G+ e b e

(‘2% +4, which is clearly bounded independently of ¢ > 0. Thus
ly/t2+1) 2

it suffices to show the strong continuity ||T:f — f|l, — 0 as t — 0 for f
belonging to the dense subset of continuous functions with compact support.
In the following calculation, we use that the kernel k;(x,y) of T; satisfies
f]R ki(x,y)dy = 1ng,,,, since Ttlgng = 155+1 is the unique solution of the
Dirichlet problem with constant initial value, and we use Jensen’s inequality.

2 Jpa

d+1

IT.f - f||pNZ/ /Rd Wﬁx( z —y)dy
d+1 P
+Z/ r)?;fm—y)dy—fa(x) da
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d+1 ;
_Z/Rd /R W[fa( z —y) = fa(a)ldy
d+1 »
+Z/ W[ Sz —y)dy — fy(x)]dy| dz
d+1 1
d+1 |
o tz/d |y|2+t2 (g2 +2) % |f (@~ )_fv(ff)|pdy}dx
d+1 .

d+1 |

+ 22/ |y|2+1 S (e ty)—fw(a?)lpdy} da
gz@:/MR/Rd-~~cZZ/+Z;/Rd--.dydstr/w>R/]Rd...cierZ;/W...dyd:c.

Now choose first € > 0 and R >> 1 sufficiently large. Then there exists tg <<
1 such that |fo(z—ty) — fo(2)|" < SpGRy fort <toanda € {1,...,d+1}.
Thus the integral over |z| < R is < e. Let supp f C B(0,r). Then the integral

over |z > Ris S [|)151/10(rn) Wiﬁl2 | flIbdy — 0 as R — oo. We have

proved the strong continuity of the semigroup.

For the analyticity, extend the definition of T} from (4.2) by replac-
ing t > 0 by a complex z with Rez > 0 everywhere. Clearly, (4.2) is an
analytic expression in ¢, so that we get an analytic family 7,. The claimed
B(L?(R4;C+1)) estimate of T, follows from the integral kernel estimate of

W, which is shown in [7, p. 348] and gives the estimate for the
+z

first expression in (4.2), and also for the second expression by the pointwise
|2(W,2)a(y2)] (cos(argz))*l 2]

estimate NS ” sl which is shown in the
lyl2+22| 2 lyl2+ \

following.
Now for the claimed Poisson estimate (3.1) with 8 = 1. Fix some a,y €
{1,...,d+1}. We have by (4.2),

Z Z( _ya)( ya)

c . 4.3
et o Y

kz,a’y(xa y) = Clda:'y

Clearly, the first summand admits the complex Poisson estimate (3.1) even
with 8 = 0. For the second summand, it clearly suffices to show that |(z, ) (z, 2)4|
(cos(6))~! ||z|? + 2%|, where argz = 6. We distinguish the four cases o,y <
dyayy=d+1;a<d, y=d+1and a = d+ 1, v < d. Suppose first
o,y < d. If |2 > 2|z|?, then |zqz,| < 2 (22 +22) < slal? < @] + 22| . If
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22 < [2[2, then [way| < Yaf? < 1[2f? < 3(=P? — [2f?) < 3|22+ [af?]. Tt
2122 < |zf* < 2|2[%, then
|Zaz~| cos(8) < cos(8)]2]* < |z|? cos() + “Z|2(COSQ(0) —sin?(0) + |x|2|
& |2(Rez)(Imz )+ [(Rez) 2 (Imz)*+ |x|2|
= |Im(2%)| + |Re(z%) + [=]?| = |2% + [z]?] .
The other three cases can be treated in the same manner.
We now show that the negative generator A of T; has a bounded H°

caleulus on L?(R%; C4*1). According to [3, Theorem 2.4], it suffices to show
that both

/ HlAe=t f2dt < |£])2 and / QA fI2d < FIE (44)
0 0

hold. We have with F' denoting the Fourier transform, using the Plancherel
formula and Fubini,

00 d+1 9 2
/ t||A€7tAf||L2(Rd Cd+1)dt / §(e*t14f)a dt
0 L2(m)
co dtl ||dt1 4 2
/ Z o7t * dt

co dtl ||dt1 4 2
= t [kt
/ z zat ol U5
d+1 9 2
Z / |F fv |2/ t'@t [kt av](f) dtdg.
0
a,y=1
For the first estimate in (4.4), it thus suffices to show that
0o 9 2
|| @ s (4.5)
0

independently of ¢ € RY. We decompose k¢ oy = ki oy T k2 o into the two
summands according to (4.3). For the first summand, we have F[k{ .. (€)] =
cléazve’”g'. Thus,

00 2 o)
[t Fa 0] a= s [T depe
0 0

o0
= 015a 7/ te 2t dt < oo.
0

Next we claim that

1
tl¢]

t |§| el
T 7(|x|2 n tz)d+3] (&) = 7 (1+

F —), (4.6)
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from which we shall easily deduce F[k? 0] (§)- First note that the function
which we Fourier transform in (4.6) is invariant under rotation, so also its
Fourier transform is. Thus we can assume that 5 (£1,0,...,0) with 51 >0

d t (Lh.s. of (4.6)) = —iw1é1y .dxgdx.
and we get (Lh.s. of ( =c1fz--- Jp ET— _Hz)Le g ... drgdx]

(2)0__ for any a > 1, so that by induc-
S

tion, we get by [17, p. 202], (Lh.s. of (4.6)) = ¢} IRW

3
c2ty/ml(2)71 (%) ’ K3 (t&1), where K3 (2) = \/5.e77(1 + 1) is a modified
Bessel function. This immediately gives (4.6) NOW we calculate or [k 0 (6)
and distinguish the five cases a =vy=d+1; a < d and 7 = d—|—1 a=d+1
and v < d; a,v < d and « # 7; andﬁnallya:fy<d
Ifa =+ =d+1, then %F[kf(w](f) = il (t|£|e*t|5|(1 n flgl)) -

s (). Thus, [ ¢ 8 IR 0, ()] dt = ca [ 2120216 (—t]e] 22 <
00 independently of ¢ If o < d and v = d+ 1, then E‘?tF[ tav]( ) =

2
Cd?’@t 65 (|§|e_t‘§‘(1 + t\E\)) = caie t‘g‘(t§“|§|_§°‘) Thus, fo tiat tow | dt =

ca [y et (t? |€€(| tl%l)th < oo independently of £&. If = d + 1 and v < d,
one obtains the same as above, roles of a and 7~y mterchanged If a,’y

d and o # v, we have 6F[kf(w](§) = Cdaafaga e (e*tm(m )
—Cde_tlgl(—tfa£7+5|"‘€£|7). Thus, [, t |2 F[k? o,]( | dt =cq [ e t2 ‘ ‘57—1—

té\%\&; 2L < 0o mdependently of & If finally o = v < d, then tF[kt’M](f)

—cqe el (=12 4 |¢] + & ) and again [ t|2F (k7 o1 (€ | dt < oo indepen-
dently of &.

We have shown the first inequality in (4.4). The second one follows by
the same proof, there are only signs without further impact which change.
This shows that A has an H*® calculus. ]

Note that f]R md% = Cq

e~y =

Il \/\

Corollary 4.2. Let A be the negative generator of the Lamé semigroup given
in (4.2) on LP(R?; C*1!) for some 1 < p < co. Then A has an H® calculus for
any a > 2+ 1. Moreover, {f(A) : ||f|u= < 1} is R-bounded on LP(R?; C¢+1)
for these a.

Proof. The corollary follows immediately from Propositions 2.1 and 4.1 once
we show that we can apply Proposition 3.1 and that {T'(e*2¥ty) : k € Z} is
R-bounded with

R ({T(ei02kt0) ckeZ}) S (COS(Q))i%il(l + | log(cos(6))|)?. (4.7)

For the application of Proposition 3.1, note that a careful inspection of
the proof of [6, Theorem 3.1] shows that a version in LP(R%; C?*!) also
holds, more precisely that: if 7, is an analytic semigroup on L2(R?; C4+1)
for Rez > 0 such that its negative generator A has a bounded H* cal-
culus on L?(R% C*1) and each of the (d + 1) x (d + 1) components of
its matrix valued integral kernel k, .~(z,y) satisfies (3.1), then A has a
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bounded H*> calculus on LP(R%; C*!) for 1 < p < oo. Note that we have
shown the H* calculus on L?(R%; C4*+1) and the bounds (3.1) for k, o (z,9)
in Proposition 4.1. It remains to show (4.7), which would follow immedi-

ately from Theorem 3.2, weren’t it for the vector valued character. We give
1

the adaption details now. First note that (IEHEZ 1€kfk||2Lp(Rd.Cd+1)) 2 N

d ~ d
Zaill ‘ (Zk 1 | fakl ) o (Z(;rll het | for k] ) . Thus,
{T(e'92ktg) : k € Z} is R—bounded on LP(R%; CIt+1) iff
d+1 2 d+1 %
(z S (T2 t04) ), ) < (z > |fa,k|2> |
a=1 k » a=1 k »

iff e B(LP(R%; g%l,...,d-i—l}xN))’ where T(fa,j)a,; = (T(e%27t0) f;)a- In view
of [16, Definition 2.1], choose now the approximation of identity A¢(fa,j)a,; =
(Ti fi)or- Then T Ay(fa.j) = T(Tif;) = (T(e27t0)T, f;) = AsT(fa. ;). Further,
the kernel of A;, called a; satisfies

d+1

A(fay) /Zk 9) g ()

and
d+1 2\ 2
lat(z — y)| Be2 = sup Ky y)w
o asaya? War,j:D g, [Wa 12 <1 aZJ: vz:l (W "
d+1 1 1
< sup |k < ;
a,y= 1| t(]’Y( y)| M(B(x’t ) ‘1 |z—y|? %
+ =

so that A; is indeed an approximation of identity in the sense of [16, Definition
1.1]. If kp(z,y) and kra,(x,y) denote the B(€%17___7d+1}xN) valued kernels of
T and T A;, then we have in view of the application of [16, Theorem 2.3],
[ ko) = kea ol <
|x—y|>3t

{1,..., d+1}><N) ~

d+1
sup / sup |ke'i921to,a'y(x - y) - kew?jtoth,a'y(x - y)|d,u(x)
o y=1J|z—y|>3t jEZ

Apply now the Poisson estimate and analyticity of k. . (z — y) in z, for
fixed @ and 7, exactly as in the proof of Theorem 3.2, to deduce (4.7) as
wanted. (]

Remark 4.3. Let us compare Corollary 4.2 with known Hérmander functional
calculi for “Lamé operators” in the literature. Let L denote the operator as in
(4.1), i.e. Lu = pAu+ (A + )V divu, where u : Q — R4 and Q € R? is an
open subset satisfying the interior ball condition, i.e. there exists a positive
constant ¢ such taht for all z € Q and all r € (0, § diam(Q)), u(B(z,r)) > crd.
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Let further A denote the negative generator of the semigroup in (4.2), so that
if Q@ = R?, for functions u : R‘fl — C™1 and f € LP(RY;C*1), we have
Lu =0, u|g]g;i+1 = f if and only if u(z,t) = e * f(x). If Q is bounded, the

operator —L on LP(Q; C**1) for p € (¢4, go) where gq > 2 is some constant,
has a H“ calculus for a > d|% - %| + % [13, Theorem 5.1]. In contrast, for
A we get a Hormander functional calculus on the full range p € (1, 00), but
with a worse derivation exponent o > % + 1. Note that A is not self-adjoint
on L}(R%;C4H1), in contrast to L on L2(Q; C4*1), so that A and L are of a
quite different nature.

Dirichlet-to-Neumann operator. Another application of Theorem 3.2 and
Corollary 3.6 is the following operator from [19]. There the authors suppose
that € is the smooth boundary of an open connected subset  of R4+ and
A is the Dirchlet-to-Neumann operator defined as follows: Given ¢ € L?(2)
solve the Dirichlet problem

Au = 0 weakly on

ulo = ¢
with u € W} (). If u has a weak normal derivative —Z in L%(Q), then ¢ €
D(A) and A¢ = %. This operator is a pseudodifferential operator, self-

adjoint on L?(2). Then in [19] it is shown that the semigroup satisfies the
complex Poisson estimate:

i —d
k: (2, y)| < C(cos(&))*z(dfl)d%

d+1
lz—y|
(1+ = )
1 1
w(B(z

< (cos(9)) 201 pES)

for all z,y € Q and Rez > 0, where § = argz. Further a H calculus for
A with o > ¢ is derived in [19, Section 7]. Suppose that  satisfies (2.2)
and (2.3). Then since A is self-adjoint on L?(£2), we can apply Corollary 3.6
to deduce that A has an R-bounded H® calculus for @ > % +2(d — 1)d.
Note that our derivation order in this functional calculus is worse than the
one obtained in [19, Section 7], but since it is R-bounded, it contains square
function estimates like
1

2 n 2
n
Z|9j fj|2 S max 11957 Z|f]|2
j=1 =
P

Pseudodifferential operators on compact manifolds without boundary. Let 2
be a compact closed (i.e. without boundary) d-dimensional Riemannian C*°-
manifold and A a classical, self-adjoint, strongly elliptic pseudodifferential
operator on  of order 1 such that y(A) = inf{Rez : z € o(4)} > 0.
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Then according to [8, Theorem 3.14], the semigroup generated by —A has an
integral kernel satisfying
L
p(x,y) + |z|
with § = argz and 8 = %d + 11. If Q satisfies (2.2), then this estimate
readily gives (3.1). Thus if Q also satisfies (2.3), we can appeal to Corollary
3.6 and deduce that A has an R-bounded H® calculus for o > % + %d—i— 11 on
LP(Q)), 1 < p < co. The order of this calculus is worse than what is known
in the literature for this kind of operator (o > %, see [20]), but at least, our
result includes the R-boundedness of the calculus.

k= (,y)| < (cos(8)) e (DT ((p(x,y)+]2))"*+1)  (Rez >0)

5. Proofs of Lemmas 3.3 and 3.4

Proof of Lemma 3.3. Since k. (z,y) is analytic in z, one has

t
WMW@M—@%mm</

<[ %)

where I';ioy 1 is the contour of the circle centered at ety + s with radius
r(cos(0)to + s), where r > 0 is some small constant determined later on in
this proof. The rest of the proof is the rather long task to exploit (3.1) in the

above double integral. Let z € Ty, 4. Then cos(argz) = min(|fe2[,1) =

min(%, 1) = cos(arg(e®ty + s)) > cos(f). Also, |z| = ety + s|. We

divide the integral over s in

t min(cos(0)to,t) t
/...ds:/ ...ds—|—/ ...ds.
0 0 min(cos(0)to,t)

1st case: cos(0)tg > s.
We show that

0
9s ke‘efo—i-s(x y) ds

_ k(zy)

dzd
(z — €ifty — s)2 =4

p”‘/’t +s

N p(z.y)° ~ |y Py (5.1)
[efty + s + reid(cos(0)ty + 5)]2 (etg)? '
First note that (5.1) is equivalent to |w;| & |w,|, where w; = [e®ty + s+

rei® (cos(0)to + 5)]? + p(z,y)? and w, = (e%t0)? + p(z, y)%. We have Rew, =
cos(20)t5 + p(x,y)* = —t3 + p(z,y)* + o(§ — |0))t5 and |Imw,| = cos().
This gives |w,| = | Rew,| + | Imw,| = |p(x,y)? — 3] + cos(#)t3. On the other
hand, | Im w;| = 2(cos(0)to+) (141 cos(¢))|sin(0)to+rsin(¢)(cos()to+s)| =
cos(#)t2 and Rew; = p(x,y)? — 12 + t3(1 — sin?(9)) — 2 sin2(¢)(c05(9)to +
)% —2rsin(0)to sin(¢)(cos(0)tg +s) + (cos()to + )2 (147 cos(¢))?. This gives

)
|Rew| > |p(e,y)? = ] = (5 — 6 +o((5 — 6))| &
)2

—47‘27?2( —101)*(1 +0(1)) —2r-2- (——I9|
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™
> |p(z,y)* = t5] = ea(5 = 10115,

where ¢; << 1 is some small constant if r is sufficiently small and |6] is
sufficiently close to Z. Similarly, |Rew;| < |p(z,y)* — 3] + c1(Z — |6])t3.
Thus, |w;| & |Rew;| + [Imw;| = |p(x,y)? — t3| + cos(0)t2 = |w,|, and (5.1)
follows. Now we can estimate

min(cos(0)to,t)
J

min(cos(0)to,t)
cos 1 di1
(< (( ))to))/ o @)y UP@)* — | +eos()ig} * 1T ds
(cos(&)) 8 min(cos(f)to, t) - p(z,y)?
w(B(z,to))  cos()to t2
2nd case: cos(0)tg < s.
We show that

0

&kewt[ﬂrs(xa y) ds S

d+1

2

| + cos(@)} . (5.2)

0

2 2
L4 — p(z,y) > |4 Loy)

[0ty + s + rei®(cos(8)to + s)]? (s + itg)?
Put w; = [e¥tg+s+re’®(cos(0)to+s)|>+p(x,y)? and w, = [s+ite]>+p(x,y)?,
so that (5.3) <= |wy| 2 |w,|. We have Rew, = s> —t2 + p(z,y)? and Im w, =
2sto. On the other hand, Rew; = [cos(0)ty + s + r cos(¢)(cos(0)tg + 5)]* —
[sin()to + 7 sin(¢)(cos(0)to + 5))° + p(x,y)?, and

| Tm w;| = 2 |[cos(0)tg + s + 7 cos(p)(cos(f)tg + s)] X
X [sin(8)tg + 7 sin(¢)(cos(0)ty + s)]| = sto,

(5.3)

if r < i. This gives

Rew; = cos®(0)t3 + s + 12 cos?(¢)(cos(0)to + 5) + 25 cos(0)to
+2-7(cos(0)ty + s) cos(p)(cos(0)ty + s) — sin? ()2
— r2sin?(¢)(cos(0)tg + s) — 2 - rsin(f)tg sin(¢)(cos(A)to + ) + p(z, y)>.

Now we distinguish the two cases that st is bigger or smaller than |s? — 2 +
p(z,9)?|- In the first case, we have |w;| > | Imw;| = sty = | Rew,|+|Imw,| =
|wy]. In the second case, we have with constants ¢; < 1 arbitrarily close to
1 and ¢o > 0 arbitrarily close to 0 if r is sufficiently small, and ¢z > 0 such
that (cos(d))™* < cs(5 —10])~*

| Rew| > |e18? + cos(20)t3 4 p(x,y)?| — catos
> [s? — 12+ p(x,y)?| — (1 — c1)s® — (1 + cos(20))t2 — catos
™ 71'
> |s* =5 + p@,9)*| = (1 = e1)s® = (2(5 =~ 101)” + o((5 — 161)*)) %
x (cos(6))ezsty — catos

> |82 =1+ ple,y)?] = stol(1 = e1) +2e5(5 = 16]) + o(5 = 6)?) + 2]
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2 |s* =15 + plz,y)?].

Thus, [wi| > |Rewi| 2 |s* — 5 + p(2,y)?| + sto 2 |Rew,| + | Imw,| = |w,|.
This shows (5.3).
It follows that if cos(f)to < t, then

t - t L
0))~" 1 27
/ gkewtﬁs(%y)‘dsf,w/ z 14_/)(%7?)2 ds.
cos(6)to ds /.L(B(J?,t())) cos(0)to S (8 + Zt())

(5.4)

We have
_dt1
p(x’y)Q 2 ~ . d+1 . 2 2 _ 441
1+m :|S+Zt0| |(S+Zt0) -l—p(:t,y) | 2
d+1

2 5! [max(|s® — 3 + p(x,y)?|, 2st0)] 7

Next we determine the value of the above maximum of two terms. A simple
calculation shows that the two terms are the same iff s takes one of the four

values sy y = +to + /2t — p(z,y)2. We distinguish three cases i) - iii).

Case i) t2 > p(x,y).

Then out of sy 4, only s_ _y = —to + /2t3 — p(z,y)? lies in [0,to]. If
s < s_4, then [s? — 2 + p(x,y)?| > 2stp and if s > s_ ,, then [s? — 2 +
p(x,y)?| < 2sty. Now divide the integral in (5.4) accordingly. We get

' 9
/ )t %k"’mt”s(%y)‘dsg
COS 0
(cos(6))~# /<W>1

_dt1
;t§+1|82—t3+p(w‘,y>2| > ds

m 0s(0)to
L (eos(@)7" / t L4 (sto) 5" ds
p(B(@,t0)) Jio (/2= p@m?/3-1) §

o, (cos(0))™" { /twm—n 1

= W@ ) | o S/ = pla? )

2 2
X(\/er $)” Tt ds + < 2— 7’)(2’2‘”) - 1) — (/)
0

(5.5)

The last integral above, with lower and upper bound abbreviated by a
and b, can be further estimated by

1 1

d+1

b
1oayi, 2 2y — 441
—ty" (tg — p(z,y)°)" 4 +
|3 VB p@ gl -9 (B pwy? +9)

d+1
2

ds
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- /b/to (1 - p(x,y)2>4 1 ds

™ Jarto 16 (1 - 2222 _ g2 s
0

1

—— > 2ty/t.
Voo = 2/
Then the term after the integral in (5.5) can be simplified to

Case ia)

_d+1

p(z,y)? ’ pla,y)2\ T o,y F
o ALY 4 ~ (1 ALY ~ (1 - AT
£ < £ > < to >

S 1
Case lb) W =~ 2t0/t

Then we obtain

/Cos(@)to
(cos(0) = |, pla,y) am Cpley)?\ T
wBao |8 ) @1 t%)

ng<%hﬁffﬁﬁfﬁ7ﬁ§—l+«md@]

cos(0) ) +[\/2— plz,y)? /13 — 1+ cos(0)] ' x

p(x,y)? plx,y)? T
(-

el L[ e 1 cos®)) T
()
+<%— 2 7”(“20‘”) +1> (1—7”(%/) )_T}. (5.6)

Hereby, the last summand only exists for /2 — p(z,y)?/t3 — 1 < t/to
and if p(z,y)/to is so close to 1 that /2 — p(x,y)?/t3 — 1 < cos(d) then

V2 — p(z,y)?/t2 — 1 in the last summand has to be replaced by cos(). Fur-
thermore, everything before the last summand has to be replaced by 0 if

cos() > /2 — p(a,y)?/t5 — 1.
Case ii) 12 < p(z,y)? < 2t2.

Then only s4 _ lies in [0,t]. If s < sy _, then |s? — &+ p(z,y)?| > 2stg
and if s > s; _, then |s? — t2 + p(z,y)?| < 2sty. Then we obtain

t
/cos(O)to

0
Syl ds <

0
eyl ds <
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(cos(9))" RU=V2mplew?i/e) 91— 441 44108
ESTZN [s" =t +p(z,9)°]" = 5 —
M( (.13,7’)0)) cos(0)to s
t
d
+/ 18+ (sto) % —51
to(1—/2—p(z,y)?/t3) 5
_dt1
(cos(0))~” 12— plx,y)?*/t5 | ([ ple,y)? :
2—— = < |log 5— — 1
W(B(, o)) cos(0) 7
7d;rl d+1
[ ) B R I 3 (5.7)
+
where [z]; = max(x,O). Note that in the last expression above, in the
first bummand 1- p(z,y)?/t3 has to be replaced by t/to if t/tg <
1— /2= p(z,y)?/t3. In the second summand, 1 — p(z,y)?/t2 has to

be replaced by cos(0) if 1 — /2 — p(z,y)?/t2 < cos(@).

Case iii) p(z,y)? > 2t3.
Then none of sy 4 is real. We always have |s* — t3 + p(z,y)?| > 2sto.
Then we obtain

! 0 ’ (cos(9))~7 [* da1 a1 ds

koo +s(x,y)| ds 57/ t 2 — 2 4 p(z,y)?| " —

\/cos(e)to 88 foF ( ) (B(x,to)) cos(0)to 0 | 0 p( ) | S

9))— 8 -4
< {cos(6))™" log p( 1 . (5.8)
w(B(z,tg)) to cos(

Summarizing (5.2), (5. 5), (5 , (5. 7) (5.8), we finally obtain the claimed
estimate of the lemma. O

Proof of Lemma 3.4. We start with estimating K := |keio9i¢, 14 (2, y) —Keiogit, (T, )|
for a fixed j € Z such that 27ty > ¢, hereby using Lemma 3.3. Write in
short R = p(z,9)?/(27t9)?. We distinguish the following fifteen cases lai),

Taii), Taiii), Taiv), lav), Ibi), Ibii), Ic), Idi), Idii), Idiii), Ie), Ila), ITh-+c),
IId+e), which depend on the values of 6,27ty,t and p(x,y). Here, case I
stands for cos(0)27tq < t, case II stands for cos(0)27tg > t, case a stands for

R <1—cos(f), bfor1—cos(d) <R<1,cforl<R<1+4cos(d),d for
1+cos(d) < R<2andefor2<R.

1t
3 e

Case Iai) cos(0)27tg <t, R <1—cos(f) and cos(d) < V2 - R—-1<
Then with Lemma 3.3,

K< 7@8(0)).—6) {(1—R)‘% <1+1og <%[ i HCOSW))

w(B(z,27ty) cos(6)
+[VZ=R—1+cos(0) ' [(VI-R- V2= R+1)""%
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d—1
1 3 R d+1 d+1
- (\/1 “R- %\/2 “R+5 - CO&;“) ] (1-R)™ +(1-R)~
Case laii) cos()27ty < t, R < 1—cos(f) and max(cos(6), %ﬁ) <v2-R-
1< 5

(cos(0))~7? it . V2= R—1+cos(0)]
K= B 20) {(1 ) (1 s ( cos(0) ))

+(1-R) T [(VIZR-V2-R+1)

d—1

- <\/1—R—%\/2—R+%_ cos2<9>)—T]

+<L—M+1> (1—3)%”}

27t
Case Iaiii) cos(0)27tg < t, R < 1 — cos(f) and max(cos(f), ﬁ) = 2%‘0 <
2—R-1.

K< (cos(@))ﬂ) {(1—R)d§1 <1+log<%[\/2—R—1+cos(0)]>>

w(B(x, 27ty) cos(0)
+(1-R) T (VIZR-V2-R+ 1)

_<\/1—R—%\/2—R+%—6052(9))%1}.

Case Iaiv) cos(0)27tg <t, R <1 — cos(f) and %2_720 <V2—-—R—1<cos(h).

KS%{O—MT#{%&—MH) (1—3)%*3}

Case lav) cos(0)27ty < t, R < 1—cos(f) and v/2 — R—1 < min(cos(#), %ﬁ)

O ——
n(B(z,27t0))
Case Ib) cos(6)27tg <t and 1 —cos(f) < R < 1.
In this case, we have /2 — R — 1 < 1 cos(0) + o(cos(f)), so that always
V2 — R —1 < cos(0) if |0] is sufficiently close to Z.
Case Ibi) cos(0)2tg <t, 1 —cos(f) < R <1 and %ﬁ <Vv2-R-1.

(cos(6))=F _ap Lan [t -4
K< w(B(x, 21y)) {(cos(@)) + (cos(9)) <2th> }

KS
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(cos(@)
(B, 215)) )

Case Ibii) cos(6)27tg <t, 1 —cos(d) <R<land vV2—R—-1<1i-.

S

LS

Case Ic) cos(6)27tg <t, 1 < R <1+ cos(6).
In this case, we have 0 < 1—+/2— R < $cos(d) + o(cos(6)). Then

d+1

CosO)F [y (T
(B(w.2710) (cos(#)) + (cos(6)) 2t
_(cos(@)F
S u(B(, 27t0))
Case Id) cos(6)27ty <t and 1 + cos(f) < R < 2.

In this case, =1 < 1-R < —cos(f), so that 1-(R—1) < \/14+ (1 - R) <

1—3(R—1)and thus 3(R—1)<1-vV2-R<R-1.
Case Idi) cos(0)27tg <t, 1+cos(f) < R<2andcos(f) <1—v2 - R<

KS

cos(0)) dt1

(cos(6))™ =

+H1—VZoR)H - <L>_l}

27tg

Case Idii) cos(9)23t0 <t, 1+cos(f) < R <2 and max(cos(f), 55— ) = 5 <

? 23ty 2itg —
_V2-R.

e L )

Case Idiii) cos(6)27ty <t, 1+cos(d) < R<2and 1 —+2— R < cos(f).

) S T G A
Kguwuwm»%R D7 A (cos(8)) (,) }

L (cos@)F e
(B, 1)) )

Case Ie) cos(6)2/tg <t and R > 2.
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(cos(0))" _ap t

G N — — 2 -
K3 By L+ log | S5 cos(®)
Case I1a) cos(6)27tg >t and R < 1 — cos(6).

3 —B d+1
(COb(G))‘ t - R)_%
w(B(z,27ty)) cos(0)27tg
Case IIb+c) cos(0)27tg >t and 1 — cos(f) < R < 1 + cos(6).

K3

(cos(6))~" t _ap
K3 2 Bw 210 cos@yzitg )

Case Ild+e) cos(#)2/tg >t and R > 1+ cos(6).

(cos(6))~# t y—dgt
S (B 271y)) cos@)zitg B Y

Now we want to prove part 1. of the lemma, i.e. to estimate

Su_p |ke’392-7‘t0+t (.23, y) - kei92-7to (.23, y)| (59)
JEZL: 29to >t
in the case that |p(z,y)2/(29)? — 1| < cos(f) for some I < Lyay. We claim
that in (5.9), the supremum is essentially attained for j = I, more precisely,
that (5.9) can be estimated by the above estimate for j = [ (which has to be
in one of the four cases I or I, b or c).

For j < I, we have ’(’gty;z = ,(;gfy)) 221=2] > (1 — cos(#)) - 4, so that case

e applies. We note again R = (2Jt ;z, and moreover K; = |kgiogit,+4(2,y) —
keiogir, (x,y)|, and M; the right hand side of the estimate obtained for Kj.
Note that since j < I < Luax, we have u(B(x,27t)) = (27t)? by (2.2). For
cos(0)27ty < t, we have by case Ie),

K; < ECO(S:E@H:_)) (R—1)""F (1 + log (2% Ctos 5 ))
cos Tty )dt1
( (2J(t(3)) /E(Qxf(;))d—il <1 +log (2%0 COS ))

= (cos(f)) 72771 (2'g) (1 +log <2Jt0 cos(f ))

If cos(0)27ty < t < cos(f)2'to, then we have K; < M; <= 27~!(1+log m) <
3 +1

_dts
t’;2 lcos(0))~ = '23750 cos(0)/t(1+log 2_7.to—|—|1ogc05(0)|) < (cos(0))” =,
which is true, since 27t cos(6)/t < 1 and 1ogﬁ < 0. If cos(6)2ty < t,
then we have K; < M, < 2/7!(1 —|—1ogm) < (cos(@))_% =
27-(1 + log ﬁ + |log cos(8)]) < (cos(A))~“F, which is true, since 27! < 1
and log ﬁ <0.

A
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For cos(0)27ty > t, we have by case Ile),

(cos(9))~" t dt1

K; S (R—1)~F

T~ u(B(x, 279t)) cos(0)29tg
o (cos(@)™" ¢ (27t0) "
T (20t)? cos(0)27tg plx, y)
(cos(6))~# t
w(B(z,20)) cos()24ty
This is indeed majorized by M;, since cos(6)2'tq > t, and thus,

(cos())~" t dt1

M, = )" = .
L= (B, 2%y) cos(0)2tg )

For j > I, we have /()STZ; = ’Zglto))Q - 221727 < (1 + cos(f)) - 1, so that
case a applies. Wehave 1-R~1,v/2—-R—-121,/1-R—(v/2—R—-1)
1L, VI-R—ivV2—R+ 1@ >~ Thus, in case lai),

(cos(0))~”
K; S —————F—=(1+|logcos(f

e g 0]

(cos(6)) " _af1
< cos(f 7 = M.
S u(B G, 23 ) l
In case Iaii),
(cos(9))~*
< L "R —
K; S LB 2”0)) (14 |logcos(8)] + 21t (V2—R-1))
< (COS( )) (COS(Q))i% ~ ).

~ u(B(z, 2'0))

cos(6)) P
In case Iaiii), K; < %(1 + |logcos(0)]) < M.
Cases Iaiv) and Iav) cannot appear here, since /2 — R — 1 > cos(6).

In case Ila),

cos())~" t .
B(z, 2Jt0)) cos(0)27ty

o
K<u(

CosO) b
~ W(B(, 2)) min(1, COS(9)2ltO)(cos(9)) =~ M.

Looking up M; in the four cases I or II, b or ¢, now yields part 1. of the
lemma.

Now for the proof of part 2. Suppose first that 1+ cos(0) < f(’gf?/))z < 2.

Then M; is given by one of the four cases Idi),Idii),Idiii) and IId). We will
cos -8 :

show that sup;cz. 914,51 Kj S M1+ %(1 + |log cos(0)|), the logarith-

mic term only appearing in case Idii).
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Suppose first that M; is given by case Idi). Consider a j < [. Then

’(’gté’))j = ’(’gté’)); -221=2] > 4, so that for Kj, case Ie) or Ile) applies. In fact,

one is never in the case Ile), since then cos(6)2'ty < t, cos(#)27ty > t and
j < l. In case Ie), we have

K; S %R‘ﬁ (1 o (W»
(cos(8)) "2 top(,y) Y (1 +log <m)>

) t
0))7P27 71 2%) " (1 +log | =———= ] ).
(cos(6)) (Z't0) +log 27tg cos(6)
On the other hand,

_ (cos(0))~” —ep — V2= /(2t,)2
= w(B(x, 2)) {(P(xvy)Q/@ltO)z - 1) (1 + log ( cos(9) - ))

% t 7%
(1—\/2 oz, y)2 2lt0)) —(%) }

Now we have K; < M, if

1%

1%

l

_d+1 2 2lt 2 _ 1
Lt log(eos)| S (plo?/(20)? ~1)F (14105 ZLEALEWEZD),
cos(0)
An elementary calculation shows that the minimum of the right hand side for
1+ cos(f) < plz.v)” < 2 is equivalent to 1 + |log(cos(d))|. Thus K; < M; for

(2115 )?
j < I. Now consider j > I. Then %})’;Z = ’(’gty)) 2%-2 < 150 that case a)

applies for K;. Now we have1-R>~1,vV/2—-R—-1~1,/1-R—(vV2—- R-
1) =1, and VI—R— 3(vV2—R —1) — <@ =~ 1. With this, we obtain

easily in case Iai) that K; < %(1 + |log(cos(9))]) < %(1 +

|log(cos(8))|) < M;. In caseIaii), we also have K; < %(Hﬂ log(cos(9))]) <
M, and the cases Iaiii), laiv) and Iav) can be handled in the same way. In

cos -8
case ITa), we have K; < u((B((?%-)fto)) COS(J)Q_% < M. Thus sup; o545, Kj < M)

if M; is given by case Idi).

Now suppose that M; is given by case Idii). Take first a j < [. Then
p(x,y)?/(27t9)? > 4, so that for K, case e) applies. In case Ie), we have

(oSO (pw\ Tt
K3 % B, 2t0)) ( (2t0)? ) (1 o8 a7, cosw))
< (cos(8)) P2 (2H0) ¢ (1 +log m>

< (cos(9)) 7P (2y) ¢ (1 + log m) >~ M.
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Again, case Ile) cannot appear since then, cos(6)2'ty < t, cos(0)27ty > t and
j<l
Now consider a j > I. We have p(z,y)?/(27t9)? < 1, so that case a)

applies for the estimate of K. In case Iai), we have K; < %(1 +

cos —B
|log(cos(9))]) < %(1 + | log(cos(0))]). The same estlmati holds in
the cases Iaii) and Iaiii). In case Iaiv), we have K; < % < M,
< M; holds. We thus have

~

SUP;.9igo >t K5 S Ml+%(l+| log(cos())|), if M is given by case Idii).

and similarly, also in the cases, Iav) and Ila), K

Suppose now that M; is given by case Idiii). Then M, = Leos(9)) 7 (cos(6))~

n(B(z,2't0))
Consider a j < . Again, for the estimate of K, case e) applies, and case Ile)
is ruled out by the constraints on j and I. We have as above

) t
K; < (cos(0)) 72771 (2M0) ™ (1 4+ log 7o
5 % (cos(O)7F2 @)\ 1+ log 57 Ty
(cos(6))~”
S ———(1+1log — + |1 0 < M;.
~ M(B($,2lt0))( + Og2 it +| Og(COb( ))D ~
Consider now a j > l. Again p(z,y)?/(27t9)> < i, so that for K;, case a)
applies, and again, several expressions involving R appearing in thls case are

equivalent to 1. This gives in case Iai), Iaii) and Iaiii), K; < %(1 +

[log(cos(f))|) < M, and in case Iaiv) and lav), K; < % < M. In

Ccos B
case IIa), we have K; < /L((B(E"a);’fo)) os0 f)mo S M. Thus sup;.oi,>¢ Kj < M

if M; is given by case Idiii).

Suppose now that M; is given by case I1Id). Then

(cos(9))~* t (p(x7 »? 1) —4
w(B(x,20)) cos(0)2ty \ (240)? .

Consider j < [, so that for K, the estimate in case e) applies. In case Ie), we
have

1=

) (cos(6))~" (1—j)d plz, y)? - o t
%% B 2%))2 ((mto) ) (1“ giznocos(e))
(

0sO0) i (1o
S (B, 2lto>>2 ' <1“ gzjtocosw))

(cos(6 )) t
S 1(B(z, 2't0)) cos(0)2't, S M

In case Ile), we have

n

<

810 J t 2! (dﬂ)l doj—1 ¢
K, < 0)B(2tg) [ ) = (2ly) M < M,
i S (cos(0))77(2t0) cos(6)27tg <2ﬂ) (2to) cos(0)27t ~

d+1
2 .
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Consider now j > [, so that for K, the estimate in case a) applies. The cases
Iai) - Iav) cannot appear due to restrictions on j,! and cos(0)ty/t similar as

before. In case Ila), we have K; < H((C];zie%z toﬂ)) Cos(et)zj = S ﬂ((c;?g;%;g) < M.

Thus sup;.i4,>¢ K; < My if M, is given by case I1d). We have proved part 2.
of the lemma.

Now for the proof of part 3. of the lemma. We proceed similarly as
before. The expression M is given by one of the six cases Iai) - Iav) or Ila).
Suppose first that case Tai) applies. Consider j < I. Then R > 2, so that for
K, case e) applies. In case Ie), we have

(24t)~(d+1) t
i (118 50
< (cos(0)) P (2't0) (1 + | og(cos(9))))-

Case Ile) cannot appear. Now consider j > [. Then for K, case a) applies.

As several times before, diverse terms in R are equivalent to 1. In cases Iai),

Taii d Tai h K. (cos(6))~ 1 1 5(0 < (cos(8))~*# 1
aii) and Iaiii), we have K; < (B 2710)) 2”0))( +[log(cos(0))[) < M(B(ac,Qlto))( +

|log(cos(8))]). In cases Iaiv) and Iav), we have K; < % < M, and

. )~ ” 0 . .
in case Ila), we have K; < ,f(c];)?i ;)7160)) cog(9t)27f0 S M((C;?( ’;3,50)). Thus, if M; is

given by Iai), we have sup;.oi; >, K; < M; + %(1 + |log(cos(A))]).

K; 5 (cos(0)) ™7 (27t0)~

Suppose that M; is given by case Iaii). Consider a j < [. Then Kj is es-
timated by case Ie), and we have K; < (cos(0))~?(2l0) (1 + | log(cos(0))|).
Consider a j > [. Then K is estimated by case a), and we have K; <

%(1 + | log(cos(0))]). Thus, if M; is given by Iaii), we have again

s(9)) P
SUDj 95020 K S M+ L9500 (14 [Tog(cos(6))])-

Similarly, we obtain in the cases that M; is given by Iaiii), Iaiv) or Iav)

that sup;.oip > Kj S Mo+ %(1 + [log(cos(0))]).

. . cos -8 z.y)? -
If M, is given by Ila), we have M; = /L((gk;?;)lto)) cos(et)zlto (1 — ’(’;l;;))Q ) ’

Consider a j < I. Then R > 2, so that case Ie) or Ile) applies for K. In case
Ie), we have

4 (27t9) 41

K; < (cos(0))7P(27t9)~ (@Tto) T <1 + log m)

; t
< 0)) 7 (240) 277 (1 +log ———— ) < M.
< (cos(0)) P (2't0) Hlog g ) S
In case Ile), we have K; < (2lt0)_d2j_lm < M;. Consider now a

j > L. Then for K, case a) applies. Cases lai) - Iav) cannot occur due to
restrictions on j, [ and cos(6)t/t as several times before. In case I1a), we have
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(cos(8))—*# t (cos(8))~*# t . S
Kj 5 M(‘E(w,?jto)) cos(6)27tg S /L(g(m,Qlto)) cos(0)2ltg S M. Thus if M; is given

by Ila), we have sup;.o;s,>¢ K; S M. O
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