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HORMANDER FUNCTIONAL CALCULUS FOR
POISSON ESTIMATES

CHRISTOPH KRIEGLER

ABSTRACT. The aim of the article is to show a Héormander spectral
multiplier theorem for an operator A whose kernel of the semigroup
exp(—zA) satisfies certain Poisson estimates for complex times z.
Here exp(—zA) acts on LP(Q2), 1 < p < oo, where 2 is a space of
homogeneous type with the additional condition that the measure
of annuli is controlled. In most of the known Hormander type the-
orems in the literature, Gaussian bounds and self-adjointness for
the semigroup are needed, whereas here the new feature is that the
assumptions are the to some extend weaker Poisson bounds, and
H*®° calculus in place of self-adjointness. The order of derivation
in our Hormander multiplier result is typically %, d being the di-
mension of the space 2. Moreover the functional calculus resulting
from our Hérmander theorem is shown to be R-bounded. Finally,
the result is applied to some examples.

1. INTRODUCTION

Let f be a bounded function on (0,00) and u(f) the operator on
LP(R?) defined by [u(f)g] (€) = £(|€]*)§(€). Hormander’s theorem on
Fourier multipliers [9, Theorem 2.5] asserts that u(f) : LP(RY) —
LP(RY) is bounded for any p € (1,00) provided that for some inte-
ger N strictly larger than g

2R 2 dt
(1.1) sup/ ‘tkf(k)(t)‘ — <oo (k=0,...,N).
R>0JR/2 t

This theorem has many generalisations to similar contexts, for ex-
ample to elliptic and sub-elliptic differential operators A, including
sublaplacians on Lie groups of polynomial growth, Schrodinger oper-
ators and elliptic operators on Riemannian manifolds [5]: Note first
that the above u(f) equals f(—A), the functional calculus of the self-
adjoint positive operator —A. Now for a self-adjoint operator A, a
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2 CH. KRIEGLER

Hormander theorem states that the operator f(A) extends boundedly
to LP(Q)), 1 < p < oo for any function f satisfying (1.1) with suitable
N. In most of the proofs for a Hérmander theorem in the literature,
the assumption of so called Gaussian bounds plays a crucial role. That
means the following. Suppose that A acts on LP(Q2), 1 < p < oo,
where (€0, i1, p) is a space of homogeneous type. Then the semigroup
(exp(—tA))i>o generated by A has an integral kernel k;(z, y) such that
(1.2)

(2, )| < Cu(By, Vi) exp (_Cp@;y)

2

) (t>0,z,y€Q).

This hypothesis includes many elliptic differential operators. How-
ever there are operators such that the integral kernel of the semigroup
satisfies only weaker estimates, see e.g. [8, 15, 19]. Establishing a
Hormander theorem for these operators is the issue of the present arti-
cle. More precisely, let A act on LP(2) such that (exp(—zA))ge.>0 has
an integral kernel k,(x,y) such that

(1.3)

1 1
|k.(x,y)| < C(cosarg z)_ﬁ

u(B(z,]2])) 1 + 2@ 5

z

holds for some C, 3 > 0. If Q = R? and 8 = 0, the right hand side of
this estimate is (a constant times) the absolute value of the complex
Poisson kernel which obviously decays slower as p(z,y) — oo than the
Gaussian kernel above. Under a further hypothesis on the homogeneous
space €, see (2.2) and (2.3) below, and the presence of an H* calculus
of A on L?(Q), we obtain a Hormander theorem of the order N > g+ I6]
for operators A satisfying the above estimate. The proof relies on
the behaviour of the semigroup exp(—zA) generated by A when the
complex parameter z approaches the imaginary axis. Here simple norm
estimates are not sufficient but R-bounds of the semigroup are needed.
Our method does not need self-adjointness of A. This is new compared
to most of the spectral multiplier results in the literature. In particular,
we give a non-self-adjoint example of a Lamé operator to which our
main result applies. Note also that Gaussian estimates as in (1.2) and
self-adjointness in general yield only a Mihlin calculus [18, Theorem
7.23], i.e. bounded spectral multipliers f(A) for f satisfying

(Rez > 0,2,y € Q)

th £ k) (¢
Og}ggvl fH(t)] < oo,

and N > g, whereas we show that complex Poisson estimates give a

Hormander functional calculus, i.e. f(A) is bounded for f satisfying

(1.1) with N > £, if 8 = 0 in (1.3). This yields better estimates
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for the Bochner-Riesz means (1 — A/X)% on LP(12), see the discussion
in the introduction of [5]. The difficulty in assumption (1.3) is to
show an estimate for complex times z, something that for Gaussian
estimates one gets somehow for free out of an estimate like (1.2) and
self-adjointness.

In Section 2 we will introduce the necessary background and cite a
theorem which allows to pass from R-bounds on the semigroup to a
Hormander functional calculus. In Section 3 we state and prove the
main result, Theorem 3.2 and Corollary 3.6 of this article. In Section 4,
an application to a concrete operator is given, for which a Hérmander
theorem was previously unknown, and two further examples entering
our context are discussed. Finally, in Section 5, two proofs of technical
lemmas are annexed.

2. PRELIMINARIES

In this section, we provide the necessary background for the Main
Section 3. Let w € (0,7). A densely defined and closed operator A
on LP(), 1 < p < oo, is called w-sectorial if o(A) C 3, where %, =
{z € C*: |argz| < w}, and ||A(A — A)7Y|| < Cy for any A € Ty°
and any 0 € (w, 7). For an w-sectorial operator A and a function f €
H*(X9) ={g: 39 — C: g analytic and bounded, 3C,e > 0: |g(z)] <
C'min(|z]|% |2|7¢)} where 0 < w < § < 7, one defines the operator f(A)
by
f(A)x = i / FOOV = A ad).

2wt Jr

Here, I' is the boundary of ¥.+e oriented counterclockwise. This def-

inition coincides with the self—Qadjoint calculus if applicable. If there
is a constant C' > 0 such that [[f(A)[| < CSup|,e.<plf(z)] for any
f € H°(3y), then A is said to have a bounded H>(Xy) calculus, or
just bounded H® calculus. Let ¢g € C?(%,Z) and for n € Z put
¢n = ¢o(27"). We can and do assume that ) _, ¢,(t) = 1 for any
t >0 [1, Lemma 6.1.7]. Now define

A ={f:[0,00) = C: [ fllpee = [ (O)+sup [(nf)oexp lws @) < o0},

where W3'(R) is the usual Sobolev space. For o > %, the space H“
is a Banach algebra endowed with the norm || - ||3«. This class refines
condition (1.1) in the sense that f € H® = f satisfies (1.1) for
a > N and the converse holds for a < N. If || f(A)|| < C|| f]|e for any
€ Nuso HZ(3e) NHY, then there exists a bounded homomorphism
HY — B(L*(Q)), f — f(A), and A is said to have a bounded H"

calculus. If A is moreover self-adjoint on L?(Q) then for f € H™ C
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L>(R,) for some o > 1, f(A) is defined twice, but one can show

that the definition from the H*® calculus plus density in H® and the
definition from the self-adjoint spectral calculus coincide. In particular,
our notion of H* calculus is the same as in most of the definitions in
the literature.

Let (€,)nen be a sequence of independent random variables such that
Prob(e, = 1) = Prob(e, = —1) = 1, i.e. a sequence of independent
Rademacher variables. Let X be a Banach space. A subset 7 C B(X)
is called R-bounded if there exists a constant C' > 0 such that for any

choice of finite families T},...,7T,, € 7 and z,...,x, € X, one has
1 1
n 2 2 n 2 2
E Z Ekal‘k S C|E Z €ELT
k=1 X k=1 X

The least possible constant is denoted by R(7), and R(7) = oo, if no
such constant is admitted. Any R-bounded set 7 is norm bounded, i.e.
supre, |||l < R(7), but the converse is false in general. If X = LP, 1 <
p < oo, then

(2.1) (E ) o Z |:1:k|2

uniformly in n and 1, ..., z,. A linear mapping u : Y — B(X), where
Y is a further Banach space is called R-bounded if R(u(y) : ||y|ly <
1) < oo. The following proposition gives a condition on the semigroup
generated by a sectorial operator A so that A has a H” calculus.

n

E €ELTk

k=1

p

Proposition 2.1. Let A be an w-sectorial operator for any w > 0
defined on an L? space for some 1 < p < oo, and let A have a bounded
H®> calculus. Suppose that for some a > 0 the set {exp(—e?2FtA) : k €
Z} is R-bounded for any ¢t > 0 and |0 < %, with R-bound < (cos(#)) *
Then for any 5 > a+ %, A has a bounded H” calculus. Moreover, this
calculus is an R-bounded mapping.

Proof. This is proved in the case that A has dense range in [11, Lemma
4.72 and Proposition 4.79], see also [12]. This proof for which we give
a sketch applies also here. First one deduces from the assumption of
R-boundedness of the semigroup that

{1+ ) (1 +28A) " exp(i2¥tA) : t € R}

is R-bounded with R-bound independent of ¢ € R. Then for g €
C>(0,00) a representation formula of g(2¥A)(1 + 2¥A)~% is available,
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namely
g(2FA) (1428 A) e = —/ V(L) (1|t 7P (1428 A) = exp (i2Ft A) adt.

If 8 > a+3, then (1+t]) 7P| (14+2%A)~ exp(sztA)H is dominated by a
function in L2(R), and if g belongs to W2 (R) then also §(t)(1+ |t|)? €
L*(R). In fact, more can be said. By [10, Proposition 4.1, Remark 4.2],
the set

{92 A)(1+2°4) ™+ g € C*(0,00), lgllyp < L k€ Z}

is R-bounded. Next one gets rid of the factor (1 + 2¥A)~ above by
using a function () = (1+X)*¢(\) where ¢ € C°(0, 00) and p(N) =
for A € [3,2]. The hypotheses of the proposition imply that {1(2"A) :
k € Z} is R-bounded. Then

1
{g<2kA) -9 € Ccoo<07 00)7 supp g - [572]7 ”gHWéB(]R) S 17 k€ Z}

is R-bounded. The hypotheses imply moreover that there holds the
following equivalences of Paley-Littlewood type:

£l = (ZW(?’“A)J“\Q) = (Z@@M)M?kfl)ff)

k€eZ keZ
p p

for a function ¢ € C° (0, 00), ¢ not vanishing identically zero, supp ¢ C
3.2] and ¢ = ¢(27") + ¢ + ¢(2-). Then one can show that g(A) is
bounded for ||g||3s < oo :

lg(A) Sl = <Z Icf;(?’“A)g(A)aﬁ(?kA)fIQ)

kEZ

2

2

N 3

1%

<Z [0g(27") (25 A)o (2" A) fI?

p

R({og(27") : k € Z}) <Z \¢(2’“A)f|2>

kEZ
p

S gl f 1l

Thus {g(A) : ||g|lys < 1} is a bounded subset of B(L?). In a simi-
lar manner to the calculation right above, using the fact that LP has
Pisier’s property (a), one shows that this set is moreover R-bounded.

n
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The space €2 on which the operator A acts will be a space of homo-
geneous type. This means that (2, p) is a metric space endowed with
a nonnegative Borel measure p which satisfies the doubling condition:
There exists a constant C' > 0 such that for all x € Q and r > 0,

pw(B(z,2r)) < Cu(B(z,r)) < oo,

where we set B(z,r) = {y € Q: p(x,y) < r}. Note that the doubling
condition implies the following strong homogeneity property: There
exists C' > 0 and a dimension d > 0 such that for all A > 1, for all
r € Qand all r > 0 we have pu(B(x,\r)) < CA\u(B(z,r)). We will
assume that the space of homogeneous type (€, u1, p) has the following
two additional properties

u(B(x,r)) =r®if diam(§2) = oo,
(2.2)
p(B(z,7)) = min(r?, 1) if diam(Q) < oo

and

w(B(z,m, R) < C(R*—7r%) (v €Q, R>r>0)if diam(Q) = oo,
(2.3)
1
w(B(z,r,R)) < C(R—7r)min(R*" 1) (z€Q R>r> 5B > 0) if diam(Q) < oo

where we denote diam(Q2) = sup{p(z,y) : =,y € Q} and B(x,r, R) =
B(z, R)\B(x,r). Note that if (2.2) holds, then diam(f2) < oo if and
only if p(2) < oo.

3. THE MAIN THEOREM

We let (€, 1, p) be a space of homogeneous type with the additional
properties (2.2) and (2.3). We further let 7, = exp(—zA) be a semi-
group on L*(Q) with the properties: The generator A has a bounded
H®(X,) calculus for some w € (0,7) on L?(Q), and T, has an integral
kernel k.(z,y) for Rez > 0 ie. (T.f)(z) = [, k.(x,y)f(y)du(y) for
any f € L*(Q2). We assume that
(3.1)

1 1
|k.(z,y)| < C(cosarg z)_ﬁ

W(Blw, [2N) 1 1 22 5

z

(z€Cyp,z,y€ Q).

Proposition 3.1. Let (€, u, p) be a space of homogeneous type sat-
isfying (2.2) and (2.3) and 7; = exp(—tA) a semigroup which acts
on all LP(2), 1 < p < oo. Assume that T, is analytic on L*(Q2) on
z€ Cp ={Xx e C: ReX > 0} and bounded on each subsector ¥,
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for w € (0,%), and that T, has an integral kernel which satisfies (3.1).
Assume moreover that A has a bounded H>(3,) calculus on L?(2) for
some w € (0,7), which is the case e.g. when A is self-adjoint. Then
the operator A has an H*(X,) calculus on LP(2) for any w € (0,7)
and 1 < p < 0.

Proof. The proposition follows from [6, Theorem 3.1]. Indeed, let 6 €
(0, %). The kernel k. (z,y) satisfies on z € ¥y the bound

(cosarg z) ™" 1

p(B(z,[2])) '1+ <p<x,y>>2

<o 11(B(x,|Rez]))™! (1+ (pl(iei/)) )

2
since |z|] = Rez for z € ¥y and |1 + ( CBy)) | < 1+

Rez
1+ (p(x y))

g(z) = (1 + 2?)~%", we can deduce from [6, Theorem 3.1] that A
has a bounded H*>(%,) calculus on LP(2) for any p € (1,00) and
w>35—0. O

LACHDIPS

p(x v | <

~Y

1+

. Then with G, given by [6, (7)] and

The following is the main theorem of this article.

Theorem 3.2. Let (2, i1, p) be a space of homogeneous type satisfying
(2.2) and (2.3) and T, = exp(—tA) a semigroup which acts on all
LP(Q), 1 < p < co. Assume that T, is analytic on L*(Q) on z € C, and
that 7. has an integral kernel which satisfies (3.1). Assume that for z €
C., [lexp(—2A4) 2@y S (cosarg2))~ "7 (1 + | log(cos(arg 2))])%,
which is the case e.g. when A is self-adjoint. Then the semigroup
exp(—zA) satisfies on X = LP(Q) for any 1 < p < oo the R-bound
estimate

R (exp(—e27tA) : j € Z) < (cos(0))™ 7 ~P(1 + | log(cos(8))])%.
For the proof of the theorem, we state two preliminary lemmas.

Lemma 3.3. Let k.(x,y) be analytic in z € C, and satisfy (3.1). Let
0 € (=%, %) with |0] sufficiently close to § and 0 <t < ¢y < co. Then
one has the estimate

|kei9to+t<x7 y) - kei@to (.T, y)‘ 5
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d+1
(cos(#))~? min(cos(f)tg, ) p(z,y)? BER
1— 0
H(B(r. ) cos(O) g | Tes@] +
(5 5) : t% Z p(.]j‘,y)Z and m Z Qto/t
(5.6) : tg > p(x,y)* and W < 2o/t
(5.7) 12 < p(x,y)* < 22
(5.8) : p(z,y)* > 21,

where (5.5), (5.6), (5.7), (5.8) can be found in the proof of this lemma

in Section 5.

Lemma 3.4. Let (€2, 1, p) be a space of homogeneous type satisfying
(2.2). Let k,(z,y) be analytic in z € C; and satisfy (3.1). Let t >
0,tg € [1,2],] € Zwith | < Lyax = max{j € Z: 27ty < diam(Q)}+1 <
00,0 € (=75, %) with |0 sufficiently close to § and z,y € Q such that
p(z,y) = 3t.

(1) If |p(” — 1] < cos(0), then

(2'tp)2

Sup |kei92jto+t(l‘7 y) - kerito (l‘, y)| 5
JEZL:27tg >t

1 min(cos ()2, t) _dt1_
BT cos@)dn  Cs®) T

(2) It plzy)” € [1 + cos(#), 2], then with r = p(z,y)?/(2%)?,

(2% )2
(cos(6))~”
su kgioo; ,Y) — keiogiy, (T, y)| S ————— X
jeZ:QJI;ozt‘ 02310+4(T,Y) 0931, (2, Y| 1(B(z, 2'ty))
( 4l 1—V2=r

if cos(f) < g- <1 —V2 -3
(cos(é’))_%, if LT 2—1r <cos(f) < ﬁ7 and
\ cos(«9t)2lt0 <T - 1>_T , if COS<9) > ﬁ'

(3) If & v € [3,1— cos(f)], then with r = p

(2ltp)2 (
(cos(8))~*
Koo — koo, S LBl 2
jEZS:;I;OZt‘ e ‘92Jto+t($7 y) e¥2ito (SL’, y)| ~ M(B(SL’, 2lt0>>
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p

(1= (1 +log dgn) + (1)1

X [(\/1—r—\/2—r+1) a1 (\/1—r—%\/2—r+%_
+]log(cos(#))], if cos(h) < \/2— 1< %ﬁ7
<1_T>7d7< +10g cos( 0)) y 71><

+Hoe V2o D1 — )T + |log(cos(0))|,

if max(cos(f), %%) <V2-r—-1< tao

A=) dT<1+logws(e>)+<1—'r’)*%*lx
x[(\/l—r—\/Z—r+1)*d2 —(WV1=-r—3V2—-r+i-%=
+|log(cos(0))], if cos(d) < 5 < V2 -1 — 1

d+1

2—R—1<cos(f) <t

1f 22lt — 2%07

(1—r)" 31 + | log(cos(6))],
if /2 —7 —1 < min(cos(f), 355-) and cos() < 5
1— 7’)’% if cos(f) > L.

2ltg

s (
\ cos(0)2tg

The proofs of Lemmas 3.3 and 3.4 are technical and dereferred to
Section 5 due to their length.

Proof of Theorem 3.2. Let 0 € (—%,%), j € Z, to € [1,2] and z,y € Q.
Write in short T; = exp(—e?2ityA). Recall that {T; : j € Z} is R-
bounded on LP(Q2) with R-bound C' < oo, if

1

1
2 2
(Xlnmﬁ (2}mﬁ
JEF Lr(Q) JEF Lr(Q)

for any finite index set ' C Z and f; € LP(Q2), j € F. To prove the
theorem, it thus suffices to show that

(3.2)
LP(Q,2(F)) — LP(Q,03(F))
T:
{(fj)jeF = (Tjfj)jer

independently of F. To show this, we apply the boundedness criterion
for singular integral operators with non-smooth kernels [4, Theorem 1]
in its vector-valued version [16, Theorem 2.3]. Note that the standing
assumption in [16] that p(2) = oo is not needed in [16, Theorem
2.3]. First note that L*(Q, (3(F)) = (*(F, L*(9)) isometrically, so that

[(\/1—r—\/2—r+1) (\/1_7»_%\/2_T+%_co

cos(0

(1—7“)‘ S (gl — V2T 1)1 =) 4 [log(cos(0))],

< (cos(8)) % P (14 log(cos(9))|)?
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for p = 2, ||T]| < sup,ez [T}l B(z2() and that the assumption of the
theorem gives that T : L*(Q,(*(F)) — L*(Q,¢*(F)) has the norm
bound in (3.2). To conclude, it suffices to show that T is a vector-
valued singular integral operator with non-smooth kernel in the sense
of [16, Definition 2.1]. We choose the approximation to identity A; =
A, = ((fj)jer — (exp(—tA)f;);jer). Note that (1.4), (1.5) and (1.6) in
[16] are satisfied for this choice due to the Poisson estimate (3.1) and
the volume control (2.2). Note that ' — AT =T —TA; : (fj)jer —
((T; — T, exp(—tA))f;)jer, that this operator has the B(¢*(F))-valued
kernel with entry k.iogis, (2,y) — keivgir,+¢(2,y) on the diagonal, so that
its B(¢*(F'))-norm is controlled by SUD,cz | Keiogit, (T, Y) —Keivgirg e (7, y)|.
By [16, Definition 2.1 (i) and (ii)], we are reduced to show that

/ S ety (0,) — Ko, () ) S
p(,y

y)>3t JEZ
(3.3) (cos(@))’%’ﬁ(l + |log(cos(0))])* (y € Q,t > 0).
At first, we estimate the above integral by

/ sup ||du(x)+/ sup | ...|du(x)
p(z,y) >3t j: 27t <t p(z,y)>3t j: 27tg>t

and start by estimating the first integral. Estimate crudely |kqiogss, ¢(, y)—
keiogigy (2, y)| < |Keiogigg (2, y)| + |keiogir, (2, y)| and consider both sum-

mands separately. For p(z,y) > 3t > 227¢,+2¢, we have \1—1—(6292”]+)+t)2| o
(z,y)?
|e“§’2]t gweg Thus,
/ sup |Keiogigg4(@, y)|dp(x)
p(w,y) >3t j: 2itg<t
cos(6))~"? €20ty + t|d+!
Sy O
play)>at i 2ito<t W(B(x, €927t 1)) p(x,y)

cos())# il
5/ sup (cos(6))” rdn(z)
p(z,y)>3t j: 2to<t w(B(z,t)) p(x,y)

- (€0SO) 2 ) sarny g,
Skz%/(ygtzk?,tzkﬂ (B ($at))2 )

—p
COS
<y / >2 KD g )
k=0 n=1

$ 3227 cos(6)) 7 S (cos(0))
k=0



HORMANDER FUNCTIONAL CALCULUS FOR POISSON ESTIMATES 11

where B(y, 3t - 29,3t - 2°T1) should be replaced by B(y,3t - 2), and we
used the two well-known facts on spaces of homogeneous type that
B(y,3t - 2k 3t - 2k+1) can be covered by M, = 2% balls B(y*,t) and
that sup,cq fB (1) B(xt d,u( ) = 1. Note that if ;(€2) < oo, then the
above sum over k was finite.

Furthermore, for p(z,y) > 3t > 3 - 2/ty, we have |1 + (6292’%)2\ =
d
éféé’;% Thus, similarly to the above calculation, with M, < (%)
this time,

/ sup |keiogsg, (2, y)|dp(x)
play)

>3t j: 209 <t

(cos(9))™8  (27ty)d+!
S 2 /p(m,y)zfit u(B(x, 27t)) p(x, y)*

du(z)

i 20tg<t

| (con(®) @t
. w(x

i 2”0<t o ) Bly,3t-2k 3t-2k+1) p(B(x,29ty)) (3t - 2F)d+1

oo Mlc

(cos(0))™P  (27ty)®H!
Z ZZ/B(% winy) (B, 2710)) (3L - 2F) 21 du(x)

j:29tg<t k=0 n=1

td2kd 2j(d+1)td+1

-8 0
Z Z(COS(9>> 2jdt6l td+19kdok

j: 29tg<t k=0

Z i(cos(@))—ﬁt—lz—kg% < (cos(6)) 7.

j: 29tg<t k=0

To conclude (3.3), it now suffices to show

/( \ sup |kei‘921to+t(xa y) - kei92jto (l’, y)|d/“’b(x) 5
T,y

(3.4) (cos(@))’%’ﬁ(l + |log(cos(0))])* (y € Q, t > 0).

To this end, we use the estimates from Lemma 3.4. Therefore, as a
first step, we divide the integral in (3.4) into

Lmax Lmax
/ < ;
plea)=3t 2 o)/ @) —1<cos0) 2T play)?/(2H0)2E 1 Hcos(0).2]

Lmax Lmax

Y h+L+Is,

T / -
I=Lin p(z,y)2/(2M0)?€[5,1—cos(0)] I=Lin
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. = 1mi . 9l 3 _ .
where Ly, = min{l € Z : 2'ty > 2mt} and Ly, = max{l € Z :

2ty < diam(Q)} + 1. For I;, we have by Lemma 3.4 1. and the volume
control (2.3),

/ sup  |Keiogigg14(2,y) — Keiogigg (2, y)|dp(x)
lp(z,y)2/(2M0)2—1|<cos(0) j: 27to>t

1 min(cos(#)2',, t) g
S / u(B(x,2%9))  cos(0)24 (cos(6))™"2 Pdu(x)

i 0)2'ty,t) a11
< oid 27ldm1n(cos( 0, _di1_g
< 2" cos(0) cos(0)210s (cos(9))™ 2
min(cos(0)2', t) _d-1_
=~ ’ 0 A,
cos(0)24 (cos(8))” 2
Now summing over [, we obtain
L
22 min(cos(6)2'ty, t) _d-1_g
cos()2l (cos(6)) 2
. (cos(®) " 0 d
Seosto) T [ T [ (eoste) et
1 T Jieos(o)) x

= (cos(0))"2 ~P(1+ | log(cos(6)))).

Now for I,. We distinguish the cases 1) (cos(0)2ty < t) and II)
(cos(9)2'ty > t). In case I), we decompose I, into three integrals ac-
cording to Lemma 3.4 2. We write r = p(z,y)?/(2%)?.

I < / +/ +/
cos(o9)§17\/2fr§2%,1+cos(€)§r§2 cos(@)g%glfxﬂfr 17\/27r§cos(€)§%
to 2'tg 2t
= L+ I+ 1.
Then by the volume condition (2.3) and Lemma 3.4 2.,

—1 d
I 5/ (cos(0)) P (r — 1)*% <1 + log " ; )TS_T
cos(9)§1—\/2—r§ﬁ,1+cos(9)§r§2 COS( ) r

< (cos(0))~” /2 (r— 1)7% (1 +1log go;(«;)) ar

1+cos(6)

<(cos(«9))’%’5 <1+ max log L )

~ cos(@)<r<1  cos(f)

= (cos(6)) "2 (1 + | log(cos 0)]),



HORMANDER FUNCTIONAL CALCULUS FOR POISSON ESTIMATES 13

Further,

t
12 < (cos(f _5/ (r—l <1+lo 7)
2 X (cos(®) I-+cos(0)<r<2, 7o <1-ya=7 ( o g2lto cos(6)

H logcos(®)) ) 4

< (cos(h))~” (/ (r— 1)’%dr(1 + log QZLtO + | log(cos(6))]) + | log(cos(&))|)

1+4-cos(6)
< (cos(8)) "2 P (1 + | log(cos(9)))),

due to ﬁ <1—+v2—r<r—1<1in this case. Finally,

d
13 < (cos(0))~" / (cos(0))~ 5 r3 "
1—+/2—r<cos(#),1+cos(8)<r<2 r

142 cos(6) d
(cos(@))_%_ﬁf Tg—r

1+cos(6) r

N

= (cos(6)) "7 7,

where we have used that $(r — 1) < 1 —+/2—7, and thus r — 1 <
2(1—+/2 — ) < 2cos(f). Now summing up the three estimates, we get
I, < (cos(@))_ﬂ_ﬁ(l + |log(cos(d))]), and thus, as for lL:mE;m I, we
deduce ZLH"“ IR (cos(8)) ™= ~2(1 + | log(cos(0))])2. In case II), we
have by the volume condition (2.3) and Lemma 3.4 2.,

t 2 a1 d dr
I, = ) ——mno— - 1) 2 —
’ (COS( )) COS(9>2lt0 [+COS(9) (T ) g r
t d-172 d—1 t
(Y] -B —(r—1) "2 < 7T7ﬁ7.
(cos(6)) cos(0)24 [ (r=1) ]1+cos(9) S (cos(®) cos()24

Now summing over those [ with cos(6)2' > t, we obtain > ,. cos(@)21to>t 12 S
(cos(h)) =T —F fo (cos(8))~ = —~.

It remains to estimate I3, for which we use part 3. of Lemma 3.4.
Again we distinguish the cases I) (COS(@)thO < t) and II) (cos(0)2ty >

t). In case I), we decompose I3 < [ Cg?;;lto (14 |log(cos(9))|)du(x)+

[ remainder dy(x). The first term is estimated by

(cos(6)
— oy (L [log(cos(0)) ) dp(x)
/p(mvy)2/(21t0)2€[%,1cos(G)] M(B(ZL', 2lt0))
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1—cos(6) adr
(cos(0)) (1 + |log(COS(9))|)’f’§7

A\
ww\

> (cos(6))P(1 + | log(cos(9))]).

The remainder is decomposed into the following five integrals cor-
responding to the first five cases in Lemma 3.4 3. We write again
r=p(z,y)*/(2'0)*

P -
/é <1—cos(f),cos(0)<v2—r—1< l— 1 <r<1—cos(8),max(cos(8), %—)< 2—r—1<—

—22ltg

e )
% <1—cos(6),cos(0)< §\/27—1 1 <r<i—cos(9),

2=

+/ = LD+ 2+ B+ + I3
% <1—cos(0),/2—r—1<min(cos(6), %Lto

N

% g <V2—r—1<cos(0)<

We estimate the five integrals separately. For I3, we have

1—r ad
(cos(0))PI} < / (1—r)" %1 +log—— )3
1 <r<1—cos(6),cos(0)< <%\/§ 1ﬁ COS(G) r

o (1=r)~% "%
% <1—cos(f),cos(0)<v/2—r—1< %Lo
d
(=)W - (V7 - 1) 0
r
1—cos(9)

S (cos(8) 5 (L [logleostO)) + [ (=)

N

< (cos(6))" "= (1 + |log(cos(9))]) + (cos(8)) ™7,
where we have used the mean value theorem to estimate

(VT=7 - (VE=7 - 1)) = (VT=7 - L(va=r—1) - 2Oy
1-rVI=r—(2—r—-1)"7

For I2, we have

s 135 [

1

5 <r<1—(cos(f)),max(cos(d), %—)<\/ﬁ 1<

V2—r+1)(1—r)" %}ﬁl@’

N

{1“ term + 2" term + (21750
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where the 1** and 2"¢ term are given in Lemma 3.4 3., and can be
controlled as in I3 by (COS(@))_%(l + |log(cos(0))]). The third term,
we estimate by

< t

~Y

—(V2—r 1)1 —r)Fdr

M.H\

<1—cos(9),max(cos(0),1 lt <V2-r— 1<o7— t 2ltO

d—1

< / (1—7r)(1— T)_Tdr < (cos(@))_T.
L <r<1—cos(h)

For I3, Wedfxlpply exactly the same estimate as for I}, to get (cos(0))° I3 <
(cos(0))~ "2 (14 |log(cos(0))]), too. For I3, we have again with 15¢, 24
and 3" term given in the estimate in Lemma 3.4 3.,

ostO)"1{ 5 [

5<r<l— cos(6),

Jun

<V2-r— 1<Cos(9)<

ad
{1“ term + 2" term + 3™¢ term }r2 @
.

2 2lt0

The 1t and 2™ term can be controlled as in I3, whereas the 3" term
can be controlled as in I2. We get (cos(6))° I < (COS(@))_%(l +
| log(cos(0))]).

Eventually, we estimate I by
d
cos®) % [ (-0
,

% <1—cos(0),v2—r— 1<m1n(cos(9),%ﬁ)

1

< (cos(9)) 7.

Now summing up we obtain as for Iy, lL:mL‘"‘;m I3 < EL“’“ RERNERS
B+ I3+ I S (cos(8) T (1 + |1og(cos(0)) )2
In case II) we have

t at1 adr
2

(cos(0))’I5 <

M.H\

<1—cos(0) COS(Q)QltO(
t d—1

S —— 0) = .

™~ cos(6)2t, (cos(8))

Summing over [ with cos(0)2'ty > ¢, we obtain as for Iy, >_,. cos(0)

(cos(8))~“F 5.
We have shown that

L max

S Lt Lt Iy S (cos(0))F (1 + [log(cos(6))])?

l:Lmin
and thus (3.4) and hence the theorem follows. O

~—

I3 5

2ltg>t
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Remark 3.5. We have proved in Theorem 3.2 that the semigroup is
R-bounded when taking dyadic arguments of the form €27y, ¢, € [1,2]
fixed. It is unclear whether one gets also an R-bounded set when this
argument is replaced by a continuous variant, i.e. if R(exp(—e®?tqA) :
to > 0) < (cos(6))~= ~A(1 + |log(cos(f))])? holds under the same
hypotheses as in Theorem 3.2, and at least the above proof does not
seem to work. By the method in [14, Last part of 2.16 Example],
which passes from dyadic arguments to continuous ones, one only gets

a cruder estimate for the continuous variant involving an additional
factor (cos(8))~2.

Corollary 3.6. Let (€, u, p) be a space of homogeneous type of either
finite or infinite measure, satisfying (2.2) and (2.3). Let T; = exp(—tA)
a semigroup which acts on all LP(Q2), 1 < p < co. Assume that 7} is
analytic on L?(Q) on z € C, and that T, has an integral kernel k,(x, y)
which satisfies the Poisson estimate

1 1
e, )| < Clcos(6))™ 1
KB g

for any =,y € Q,r > 0,0 € (—%,5) and some C,3 > 0. Assume
moreover that A has a bounded H>(3,,) calculus on L*(Q) for some
w € (0,7), and that for r > 0,0 € (=3,%),

| exp(—=re” A) | pz2ay) < Cleos(8))~F ~#(1+ |log(cos(9))|)?,

both of which are satisfied e.g. when A is self-adjoint. Then A has a
bounded H® calculus on LP(Q2) for any 1 < p < oo and o > g. Moreover
this calculus is an R-bounded mapping, i.e.

R(f(A) = [[flle < 1) < 00,

Proof. This follows immediately from Propositions 2.1, 3.1 and Theo-
rem 3.2. U

4. EXAMPLES

In this section, we want to give some applications of Theorem 3.2
and Corollary 3.6. Note first that in the most classical example, namely
A= (=A)? and exp(—=zA) the Poisson semigroup on LP(R%) for some
1 <p<ooandd €N, Corollary 3.6 gives the sharp order of derivation
of the classical Hormander multiplier theorem and strengthens it in that
it includes the R-boundedness of spectral multipliers whose associated
functions have bounded H® norm.
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For a generalization, we consider the situation in [15]. Let M be a
positive integer. Consider the constant coefficient second order, M x M
system, differential operator

M d+1
Lu = Z Z (ar(aggasuﬁ)hgagM )
y=1r,5=1
where a®? are real coefficients forr,s = 1,...,d+land a,y = 1,..., M.

Here, u is a function defined on the upper half space Riﬂ = R4x0, 00).
Further, we assume as in [15] the ellipticity condition

M d+1
> > Relal&&Tans] = rol¢*nl?
a,y=17,5=1

for every (&,)1<r<ar1 € R¥ (na)1<a<n € CY and some k¢ > 0. Then
in [15] the following Dirichlet problem on R%"! is considered:

Lu=0in Ri“
uljytis = f € LPRGCM),

where ORT! = R? x {0}, n.t. means non-tangential trace of u, and f is
a given function in LP(R% CM), 1 < p < co. If A% =£ (), a certain con-
dition, see [15, (3.12)], which will be satisfied in our example, then this
problem is well-posed in LP(R¢; CM) [15, Theorem 4.1], so it possesses a
unique solution u. As moreover the coefficients defining L are constant,
we have O, [u(- + (0,1))]].= = (Oyu)(x + (0,1)), so that the expression
T f(z) == u(x,t), x € RY t > 0 defines a semigroup on LP(R%; CM).
In the sequel, we are interested in the Hormander functional calculus
of the negative generator of that semigroup. Note that for some cases,
this semigroup is given by a convolution kernel. We now restrict to the
following specific example.

Lamé system of elasticity. Assume that M = d+1 above. The so-called
Lamé operator in R%*! has the form

(4.1) Lu=pAu+ AN+ p)Vdivu, w=(uy,...,us1),

where the constants A, u € R (typically called Lamé moduli) are as-
sumed to satisfy © > 0 and 2u+ X > 0. Then according to [15, Theorem
5.2], T f(z) = u(z,t) is given by

dp 1 t

(T:f)a(z) = 3t N Jas (o — g2 1 £2)

s fa(y)dy
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(4.2)
d+1 ( )

L+ A 2(d+1) / —y,t) .
=1,....d+1
+ 3Iu_|_)\ Wy Z R ‘SL’ )d+3 f’Y( ) (Oé ) ) + )7

where wy is the area of the unit sphere S¢ in R4 and (z — y,t), =
To — Yo ifa€e{l,...,d} and (x — y,t)g41 =t.

ylP+ 2

Proposition 4.1. The semigroup in (4.2) is strongly continuous on
LP(RY; C4*Y) for 1 < p < oo, has an analytic extension for Rez > 0
and if k,(z,y) = (k.. m)ifyl l(x y) denotes its (d + 1) x (d + 1) matrix
valued integral kernel, then each of its components k, ,,(x,y) satisfies
the Poisson estimate (3.1) with 8 = 1. Further, the negative generator
A of the semigroup has an H* calculus on L?(R% C%*!) and

d—1

(cos(6)) ' max(1 + |log(cos(f))], (cos(h)) =)
(cos(0))F ~#(1 + | log(cos())|)?

| eXp(_eth)||B(L2(Rd;(cd+1))

NN

for ¢ > 0 and |0] < 3.

Proof. For the strong continuity of the semigroup, we show first that
sups~g |1t £oa;ca+1y Lo @;carry < 00. As Ty is given by a linear combi-
nation of convolutions, we have || T}l ,—p S Jpo ———7r o dy+ Jpat ‘2y| s
(lyl+ (lyl>+
2 fR T td’ which is clearly bounded 1ndependently of t > O
(ly /t\ +1)

Thus it sufﬁces to show the strong continuity |7:f — fl, — 0 as
t — 0 for f belonging to the dense subset of continuous functions
with compact support. In the following calculation, we use that the
kernel k(z,y) of T, satisfies [, ki(x,y)dy = 1y, ,, since Teg, =1lg
is the unique solution of the Dirichlet problem with constant initial
value, and we use Jensen’s inequality.

V52 sdy =

d+1

T2 f — prNZ/ / mfa(x—y)dy
d+1 .1, P
—M w(x—y)dy — folz)| dx
+ 3 [ b - it~ o)
dt1 .
_Z/Rd / W[fa( T —y) — folr)]dy
d+1 .1, P
—M vz —y)dy — fy(x)]|dy| dx
+Z/ (1o 1 )2[( y)dy — f,(z)]dy
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d+1 1 )
<Z/ { / W‘fa<x_y)_fa<x>| dy
d+1 y’ |
+c tZ/d |y|2 (o2 + )5 Tl f (= y) = £y ()] dy} dx
d+1 1 ’
—ZAA&LEEEWW@4w ooy
d+1
‘o 1 Daly, 1)y APd }dx
- Z/ (|y|2 )d+3 ‘f’y( ) fv( )| Y

o
~ coody + /...dyder/ /...dy+ /...dydx.
za:/|m|gR/Rd Z{: R z|>R JR4 Z{: R

Now choose first ¢ > 0 and R >> 1 sufficiently large. Then there ex-
ists tg << 1 such that |f,(x — ty) — fo(2)|P < oy for t <o and
a € {1,...,d+1}. Thus the integral over |z| < Ris S e. Let supp f C
B(0,7). Then the integral over [z| = Ris S [~ 1 g _r) W 2°|| f||dy —

0 as R — oo. We have proved the strong continuity of the semigroup.

For the analyticity, extend the definition of 7; from (4.2) by replac-
ing ¢t > 0 by a complex z with Rez > 0 everywhere. Clearly, (4.2) is
an analytic expression in ¢, so that we get an analytic family 7,. The
claimed B(L?(R%; C41)) estimate of T, follows from the integral ker-

nel estimate of W, which is shown in [7, p. 348] and gives the
+z
estimate for the first expression in (4.2), and also for the second expres-

lz(¥:2)a(y,2)+] < (Cos(argz)) 1 |=] —

sion by the pointwise estimate e
ly[>+22] 72" lyl>+22 72
which is shown in the following.

Now for the claimed Poisson estimate (3.1) with g = 1. Fix some
a,v7€{1,...,d+ 1}. We have by (4.2),
(4.3)

ka,a’y(xa y) = Cléa:'y © d+1 + CQZ(:E Y Z)a(x gd/_;j),y

(lz —yl?+22) = (lz —yl?+22) =

Clearly, the first summand admits the complex Poisson estimate (3.1)
even with § = 0. For the second summand, it clearly suffices to show
that [(z, 2)a(z, 2),| S (cos())~!||z|? + 22|, where argz = 6. We dis-
tinguish the four cases o,y < d; a,vy =d+1; a < d, v =d+1
and a = d + 1, v < d. Suppose first a,y < d. If |x]? > 2|z|?, then
ra] < ba2 1 a?) < ol < [laf + 22| I of? < 4122, then [z, | <
slol® < 412 < 5P = J2l?) < 5122 + 2P| I 5la? < Jaf? < 202,
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then

< cos(0)|z)* < |z cos(0) + ’|z|2(0052(9) — sin?(0) + |x|2}
& \Q(Rez)(lmz |+ |(Re2)” — (Im2)* + |z||

:|Im |+’Re +|x|’”’z +|:p|}

|20z | cos(f)

The other three cases can be treated in the same manner.

We now show that the negative generator A of T; has a bounded H°
calculus on L?(R% C%*1). According to [3, Theorem 2.4], it suffices to
show that both

(4.4) / HlAc A f|Rdt < |1 £]2 and / Hl A F12dt < [1£12

hold. We have with F' denoting the Fourier transform, using the
Plancherel formula and Fubini,

o d+1 P 2
/ t”Ae_tAfHLQ(Rd (Cd+1)dt / a(e_tAf)a dt
0 L2(R4)
. d+1 an 2
Z o7 % 1| dt
y=1

2

co d+1 d+1 D)
= /0 Zt Z ap[kt,aw] ) F[f'y]
a=1 y=1
d+1

<30 [irrer [T g

a'le

2
2

dtde.

For the first estimate in (4.4), it thus suffices to show that

2

(4.5) /0 oy ‘;F[z@ Aol a <

independently of £ € R?. We decompose ki o, = ktlm + K} oy into the

two summands according to (4.3). For the first summand, we have

Flkt . (6)] = c10a= el Thus,

t, oy

< 19 2 o) -
|t | Fk @) dt = oy [ dge s
0 0

= (20 'y/ te ?'dt < oo.
0
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Next we claim that

= %] (©) = calslei(1 4

(|z]? 4 t2

1
=)
tl¢]
from which we shall easily deduce F [kfm](g ). First note that the func-
tion which we Fourier transform in (4.6) is invariant under rotation, so

also its Fourier transform is. Thus we can assume that £ = (fl, ooy 0)

with & > 0 and we get (Lh.s. of (4.6)) = ¢y fR fR e e~ &y, . drgdr,.
(a3 423+ +ad+t
1

Note that fR( ryede = C“(s2)+*% for any a > 3, so that by induc-

tion, we get by [17, p. 202], (Lh.s. of (4.6)) = ¢} [, me*mgldm =
3
d2ty/ml(2)7 (&) K (t&1), where K3 (x) = /¢ (1 + 1) is a mod-

ified Bessel function. This immediately gives (4.6). Now we calculate
9 £ F[k?,,](€) and distinguish the five cases « = = d +1; o < d and

fy—d+1;a:d+1and7§d; a,v7 < d and a # 7; and finally
a=7vy<d.

If o = 7 = d+1, then F[kfm](f) = cafy (HEle 01+ ) =

cae™ I (—t]€]2). Thus, [t [§F K2 )| dt = ca [T 12]¢ 2206 (¢4 <
oo independently of |£]. If & < d and vy =d+1, then 2 F[kfaa,](g) =

— 2
Cdzatag (|€|6 tel (1+ t\g\)> = cqie tlgl(t§a|§| fa) Thus, fo t’at tom/ )’ dt =

cafy e tzfg' —tfg‘ )24 < oo independently of £. If & = d+1 and y < d,

one obtains the same as above, roles of o and ~ interchanged. If o, v <
d and o # ~, we have QF[k:fM](f) = Cdgtaga 8(2 (e*t‘g‘(lgl + %)) =

_Cde—t‘g‘(_téaé‘fy_i_&llélw) Thus fo t}at tom/ } dt = cq fo —2t t2§a§7+

tﬁ‘gf;)wt < oo independently of ¢. If finally a = v < d, then QF[kfm] &) =

—cqe el (—t€2 + €| + %‘), and again [t |2 F[k?,.]( ’ dt < oo inde-
pendently of &.

We have shown the first inequality in (4.4). The second one follows
by the same proof, there are only signs without further impact which
change. This shows that A has an H* calculus. U

(4.6) F

Corollary 4.2. Let A be the negative generator of the Lamé semigroup
given in (4.2) on LP(RY C¥*1) for some 1 < p < oo. Then A has an
H* calculus for any o > ¢ 4+ 1. Moreover, {f(A) : ||f|lss < 1} is
R-bounded on LP(R?; C41) for these a.

Proof. The corollary follows immediately from Propositions 2.1 and 4.1
once we show that we can apply Proposition 3.1 and that {T(e?2%¢,) :
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k € Z} is R-bounded with
(4.7) R({T(e"2"): ke Z}) < (cos(@))’%’l(l + | log(cos(6))])?.

For the application of Proposition 3.1, note that a careful inspection of
the proof of [6, Theorem 3.1] shows that a version in LP(R% C%H1)
also holds, more precisely that: if 7, is an analytic semigroup on
L*(R4; C41) for Rez > 0 such that its negative generator A has a
bounded H*® calculus on L?*(R4; C41) and each of the (d+ 1) x (d+1)
components of its matrix valued integral kernel k,..,(z,y) satisfies
(3.1), then A has a bounded H* calculus on LP(R%; C4*1) for 1 < p <
0. Note that we have shown the H* calculus on L?*(R%; C4*!) and the
bounds (3.1) for k, - (z,y) in Proposition 4.1. It remains to show (4.7),
which would follow immediately from Theorem 3.2, weren'’t it for the
vector valued character. We give the adaption details now. First note

1
n 2 2 o d 1
that (EHZk 1€kfk”Lp Rd;(cd+1)> = Z i (Zk 1|fak| )
(s tl)| T

Lr(R4)

{T(e"2%) : k € Z} is R-bounded on LP(R?; CI*1) iff

<ZZ| ’92’“toAfk)|> S (ZDfa,kP) ,

~

Lr(R4)

M=

a=1 k a=1 k
p

iff T e B(Lp(Rd3£%1 d+1}><N))7 where T'(faj)a; = (T(e27t0) f)a- In

.....

view of [16, Definition 2.1], choose now the approximation of identity

Ai(fai)ay = (Tifi)a- Then TA(fo;) = T(T1f;) = (T(e"2t0)T1 ;) =
+T'(fo,j). Further, the kernel of A, called a; satisfies

d+1

Aulfas) /Zk ) )y

and
1
d+1 2 2

la(z = y)l peez, = sup >

ki on (T — y)w,
o) tory Y)Wy,
AAAAA d+1} xN woz,jiza,j ‘wa,jPSl ] ;
d+1 1 1
SJ sup ‘kta"{<x_ )|§ (B( +
ay=1 H ‘1 + ‘1‘ y‘Q

so that A; is indeed an approximation of identity in the sense of [16,

.....
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valued kernels of T" and T'A;, then we have in view of the application
of [16, Theorem 2.3],

/|‘my|>3t ||kT(fL‘7 y) - kTAt (:L‘7 y)HB(Z?l AAAAA d+1}><N) 5

d+1
Sup / SUP |Kei09ity any (T = Y) = Keivgity rt,0v(T — y)|dp(2).
a,y=1J|z—y|>3t JEZ

Apply now the Poisson estimate and analyticity of k, o (z —y) in z, for
fixed a and 7, exactly as in the proof of Theorem 3.2, to deduce (4.7)
as wanted. U

Remark 4.3. Let us compare Corollary 4.2 with known Hérmander
functional calculi for “Lamé operators” in the literature. Let L denote
the operator as in (4.1), i.e. Lu = pAu+ (A4 p)V divu, where u :  —
R and Q € R?is an open subset satisfying the interior ball condition,
i.e. there exists a positive constant ¢ such taht for all x € € and all
r € (0,5 diam(2)), u(B(z,r)) > er?. Let further A denote the negative
generator of the semigroup in (4.2), so that if Q = RY, for functions
u: R — CH1oand f € LP(RY CH1), we have Lu = 0, u|g]§;f1 =/
if and only if u(z,t) = e f(x). If Q is bounded, the operator —L on
LP(Q; C4Y) for p € (qf, qa) where qq > 2 is some constant, has a H®
calculus for o > d|% — 1|+  [13, Theorem 5.1]. In contrast, for A
we get a Hormander functional calculus on the full range p € (1, c0),
but with a worse derivation exponent o > g + 1. Note that A is not
self-adjoint on L?(R%; C%*1), in contrast to L on L?(Q; C**), so that

A and L are of a quite different nature.

Dirichlet-to-Neumann operator. Another application of Theorem 3.2
and Corollary 3.6 is the following operator from [19]. There the authors

suppose that  is the smooth boundary of an open connected subset
of R%! and A is the Dirchlet-to-Neumann operator defined as follows:
Given ¢ € L?(Q) solve the Dirichlet problem

Au = 0 weakly on ()
ulo = ¢

with u € W}(Q). If u has a weak normal derivative %u in L2(12), then
¢ € D(A) and Ap = %. This operator is a pseudodifferential opera-
tor, self-adjoint on L*(Q). Then in [19] it is shown that the semigroup
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satisfies the complex Poisson estimate:

~a(a-na_in(|z], 1)~
|k.(z,y)| < C(cos()) 214 -
(1+5)

1 1

,u(B( ’1+ |m y|2 -51

< (cos(0)) 241

for all z,y € €2 and Rez > 0, where § = arg z. Further a H* calculus
for A with o > g is derived in [19, Section 7]. Suppose that 2 satisfies
(2.2) and (2.3). Then since A is self-adjoint on L*(Q2), we can apply
Corollary 3.6 to deduce that A has an R-bounded H® calculus for
o > ¢+ 2(d — 1)d. Note that our derivation order in this functional
calculus is worse than the one obtained in [19, Section 7], but since it
is R-bounded, it contains square function estimates like

1

1
n 2
(Z l9;(A f]|2> S max ;|- (Z |ij2>
P = P
Pseudodifferential operators on compact manifolds without boundary.
Let €2 be a compact closed (i.e. without boundary) d-dimensional Rie-
mannian C'*°-manifold and A a classical, self-adjoint, strongly elliptic
pseudodifferential operator on 2 of order 1 such that v(A) = inf{Re z :
z € 0(A)} > 0. Then according to [8, Theorem 3.14], the semigroup
generated by —A has an integral kernel satisfying

||
pl,y) + 2]
with § = arg z and 8 = Id+ 11. If Q satisfies (2.2), then this estimate
readily gives (3.1). Thus if Q also satisfies (2.3), we can appeal to
Corollary 3.6 and deduce that A has an R-bounded H“ calculus for
a>4%+1d+11on LP(Q), 1 < p < co. The order of this calculus is
worse than what is known in the literature for this kind of operator

(v > —, see [20]), but at least, our result includes the R-boundedness
of the calculus.

|/{7Z(.T,y)‘ 5 (COS<¢9))7ﬁ677(A) Rez

5. PrROOFS OoF LEMMAS 3.3 AND 3.4

Proof of Lemma 3.3. Since k,(x,y) is analytic in z, one has

0
%ke“’t(ﬂrs (SL’, y) ds

t
|kei0t0+t<x7 y) - keieto ('T7 y)‘ S /
0

((p(z, y)+|2))™"+1)  (Rez > 0)
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[

where Tgioy, 1, is the contour of the circle centered at e®ty + s with
radius r(cos(8)ty + s), where r > 0 is some small constant determined
later on in this proof. The rest of the proof is the rather long task

to exploit (3.1) in the above double integral. Let z € I'jio; ,,. Then
cos(arg z) = min(|fZ|, 1) = min(%, 1) = cos(arg(e?ty + s)) >
cos(0). Also, |z] = |e?ty + s|. We divide the integral over s in

t min(cos(0)to,t) t
/...ds:/ ...ds+/ ...ds.
0 0 min(cos(0)to,t)

1st case: cos()ty > s.
We show that

z,Yy)
(z — e“’to —5)?

dzds,

’Let +s

(5.1) " pz,y)° ~ |, P y)?
' [ety + s + ret®(cos(0)ty + s)]? (eg)?

First note that (5.1) is equivalent to |w;| & |w,|, where w; = [t +
s+re'®(cos(0)ty + s)]2 + p(z,y)? and w, = (e?ty)% + p(x,y)?. We have
Rew, = cos(20)t3+p(x,y)* = —t5+p(z, y)*+o(5—|0))t§ and | Im w, | =
cos(0)t3. This gives |w,| = |Rew,|+|Imw,| = |p(z,y)* — 3| + cos(0)2.
On the other hand, |Im wy| = 2(cos(0)ty + s)(1 4 rcos(¢))]| sin(#)ty +
rsin(¢)(cos(0)ty + 3)\ >~ cos(0)t3 and Rew, = p(x,y)? — 3 + (1 —
sin(0)) — r?sin®(¢)(cos()ty + s)? — 2rsin(6)tysin(¢)(cos()ty + s) +
(cos(0)ty + s)*(1 + rcos(¢))?. This gives

s ™
[Rew| > |p(z,y)* = t] = | (5 = 16D)* +o((5 = 161)*)| &5

—dr 2752( —10)*(1 +o(1)) — 272 (— — 10D

> |p(x,y)” t0|_’31( — 10D,

where ¢; << 1 is some small constant if 7 is sufficiently small and || is
sufficiently close to Z. Similarly, | Rew;| < |p(z, y)* — 3] +c1(5 — |0])t5
Thus, |w;| = \Rewl\ + | Imwy| = |p(z,y)* — 3] + cos(0)t3 = |wr\ and
(5.1) follows. Now we can estimate

min(cos(0)to,t)
J

(cos(6)) min(cos(6)to,t) 1 _up
W(B(z,00) o m{lp@,y)z—tmmsw)t@} £ 4

0

%ke¢9t0+s<x7 y) ds 5
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(5.2)
(

B 9 _%
_ cos(0)) =" min(cos(0)to, t) - p(:z:,Qy) |+ cos(6)
u(B(x,ty))  cos()ty t5
2nd case: cos(0)ty < s.
We show that
p(x,y)® p(z,y)°

(5.3) |1+

[€0ty + s + ret®(cos(f)tg + s)]2| ™ ' (s + itg)?

Put w; = [ety + s + re'®(cos(O)ty + s)]2 + p(x,y)? and w, = [s +
ito]* + p(x,y)?, so that (5.3) < |w| 2 |w,|. We have Rew, =
s2 — t2 + p(z,y)* and Imw, = 2st;. On the other hand, Rew, =
[cos(B)to + s + 1 cos(¢)(cos(8)t + s)]*—[sin(B)ty + 7 sin(¢) (cos()te + 5)]°+
p(z,y)?, and

| Tm w;| = 2 |[cos(8)to + s + 7 cos(p)(cos(0)ty + s)] X

X [sin(8)tg + rsin(¢)(cos(0)ty + s)]| = sto,
if r < i. This gives
Rew; = cos®(0)t2 + s* + r* cos®(¢) (cos()t + s)* + 2s cos(6)tg
+ 2 - r(cos(f)ty + s) cos(¢)(cos(0)ty + s) — sin®(6)t7
— r2sin?(¢)(cos(0)tg 4 s) — 2 - rsin(6)ty sin(p)(cos()ty + s) + p(x, y)*

Now we distinguish the two cases that sty is bigger or smaller than
|s2 — 2 + p(z,y)?|. In the first case, we have |w;| > |Imw,;| = sty =
| Rew,| + | Imw,| = |w,|. In the second case, we have with constants
c; < 1 arbitrarily close to 1 and ¢, > 0 arbitrarily close to 0 if r is
sufficiently small, and ¢z > 0 such that (cos(#))™" < es(5 —10]) 7"

|Rew;| > |e1s® + cos(20)t3 + p(x, y)?| — cotos
> |8 — t2 4 p(z,y)? — (1 — c1)s* — (1 + cos(20))t2 — catys
> [s? = 8 + p(a,y)*| = (1= e1)s? = (2(5 = [6)* + o((5 = |6)*)) x
x (cos(8)) tegsty — cotos
> |s* — 15+ p(z,y)?| = sto[(1 — 1) + 2%(% — o)) + 0((% —10])%) + c2]
2 |s8* = 5 + plz,y)?].

Thus, |w| > |Rew| 2 |s* = 5 + p(z,y)?| + sto 2 | Rew,| + [ Imw,| =
|w,|. This shows (5.3).
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It follows that if cos(6)ty < ¢, then

(5.4)
_d+1
2 4o g (oSO [t L pla) T
6'9t0+s<x7y> S T S.
cos(0)to s M(B(l‘,to)) cos(0)to S (5+Zt0)
We have
p('r7y)2 % ~ . d+1 . 2 2 _d+1
1+m = s +ito]™ [ (s +ito)” + plz,y)°| 2

_d+1

2= 157" [max(]s” — &5 + p(,9)*|, 25t0)] 7.

Next we determine the value of the above maximum of two terms. A
simple calculation shows that the two terms are the same iff s takes

one of the four values sy + = +to £ /2t3 — p(x,y)%. We distinguish

three cases i) - iii).

Case i) t2 > p(x,y)*.
Then out of sy 4, only s_ y = —tg + /2t — p(x,y)? lies in [0, to).

If s < s_, then |s* — 2 + p(z,y)*| > 2sty and if s > s_, then
|2 — 12 + p(x,y)?| < 2sto. Now divide the integral in (5.4) accordingly.

We get
_kei@t0+s<x7 y)‘ ds 5

t
Los(@)to s

(cos(6)) /m(m_”%dw &+ ol g2 d
B — S — P,y 2 as
(Bl 1)) o s? '
9 -3 t 1 1

+<C(§¢ / — 1 (sto) " ds

pu(B(x,to)) to(y/2—p(z,)2/t3-1) S
_ (cos(8))? /Wm_”lu 2 g — )%
= Bt | stV AR
(5.5)

0

0s(6)to

0s(0)to

_dtt

d+1

1 2 2
X (\/12 = pla,y)? + 5)] % 1 ds + ( i p%’?y) B 1) — (to/t)
0

The last integral above, with lower and upper bound abbreviated by
a and b, can be further estimated by
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b
1 "
_tg+1(tg - p(x’y)Q)_T [ d+1 d+1
/a s VE=pw ) -9 (VB pmyr+9)5

d
</b/t° (1_,0(93,.@)2)_%1 1 ds
™~ Jasto tg ( 1_0(9;_72@1)2_5)% s

0

iq) —— L
Case ia) Jrea > 2ty /t.

Then the term after the integral in (5.5) can be simplified to

d+1

-5 _d+1 _d+1
o Py)? o (1 Py Py
2 2 to '

: 1
Case ib) Yy < 2to/t.

Then we obtain

/t
cos(0)to

(COS(Q)i B (- M)_% ( 1— /J(x,y)2>‘7 .

ds <

0
%kei@twrs (SL’, y)

< log <5W e COS(@”) Y2 ol )/ — 14 cos()] '

(\/1 p(ﬂa;y)2 \/2 p(:c;y)2+1> i
)2 1 cos(f -
T~

+<%— 2 pﬁoy) +1> (1—%)_%}.

Hereby, the last summand only exists for \/ 2 —plz,y)?/tt—1 < t/ty
and if p(x y)/to is so close to 1 that \/2 — p(z,y)2/t2 —1 < cos(f) then

V2 — p(z,y)?/t2 — 1 in the last summand has to be replaced by cos(6).
Furthermore everything before the last summand has to be replaced
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by 0 if cos() > /2 — p(x,y)2/t2 — 1.
Case ii) 3 < p(z,y)?* < 2t2.

Then only s, _ liesin [0, o). If s < s, _, then |s?—t2+p(z, y)?| > 2st
and if s > s, _, then |s* — t2 + p(z, y)?| < 2sto. Then we obtain

/t
cos(0)to

(cos(6))~" to(1—1/2=p(x.9)?/43) a1 ds
Noowo}) 2 — 84 pla g g L
nw(B(x,t0)) | /e s

0
%kewt(ﬂrs(xu y)‘ ds 5

0s(0)to

o (cos@) {[1 1= 2—plz,y) /t1 (p(x,y)2 )—T
~ (cosO)™" [y, N

cos(6) t2

(1—V2—p<x,y>2/ta)_% (t/t0)” ] }

where [z], = max(x,0). Note that in the last expression above, in the
first summand, 1—+/2 — p(z, y)?/t2 has to be replaced by t/to if t/ty <
1—+/2 = p(x,y)2/82. In the second summand 1—+/2 — p(x,y)2/t3 has
to be replaced by cos(f) if 1 — /2 — p(z,y)?/t2 < COS(Q)

Case iii) p(x,y)* > 2t2.
Then none of s1 4 is real. We always have |s? — 2 4 p(z, y)?| > 2st.
Then we obtain

/t
cos(0)to

(5.8)

<L ), ()
)

Summarizing (5.2), (5.5), (5.6), (5.7), (5.8), we finally obtain the
claimed estimate of the lemma. O

0 cos(9))~# [* _ands
o) s S D [ g e g

M(B("% to)) os(0)to
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Proof of Lemma 3.4. We start with estimating K := |k.io9iq,1+(2,y) —
keiogiy, (2, )| for a fixed j € Z such that 2/t; > ¢, hereby using Lemma
3.3. Write in short R = p(x,y)?/(27ty)?. We distinguish the follow-
ing fifteen cases lai), laii), laiii), laiv), Iav), Ibi), Ibii), Ic), Idi), Idii),
Idiii), Te), ITa), ITb+c), IId+e), which depend on the values of 6, 27¢,, ¢
and p(z,y). Here, case I stands for cos(0)27ty < t, case II stands for
cos(6)27ty > t, case a stands for R < 1—cos(#), b for 1—cos(f) < R < 1,
cfor 1 < R<1+cos(f),dfor1+cos(d) <R<2andefor2<R.

Case Iai) cos(0)27ty < ¢, R < 1—cos(f) and cos(d) < V2—-R—-1<
1t
221"

Then with Lemma 3.3,
i < _(cos(0) 7 {(1 R <1 tlog (;w_z “R-1 +Cos(9)]>>
1

~ u(B(x, 27ty)) cos(0)

+[V2—=R—1+4 cos(0) 1[\/
1
T3~

“R-V2-R+1)%

_d-1
<\/1—R——\/2— COSQ(H)) ](1—R)df +(1-R)"
Case Taii) cos(0)2/ty < t, R < 1 — cos(f) and max(cos(6), %ZL) <

V2-R-1< ;4.

K g L) ; {(1 ~ R~ <1 +log (é[ 2ol i COS(9>]>>

w(B(z, 27ty) cos(6)

+ (- R (VI R-V2-R+1)7F

_ (ﬁ_%m%_ cozw))‘%]

<——F+1)( R)—#}

2t
Case Iaiii) cos(0)27ty < t, R < 1—cos(f) and max(cos(d), 5t-) = 5t <

- 7 29tg
vV2—R-—1.

e (BT )

wu(B(x, 27ty) cos(6)

I [(ﬂ “R-V2-R+1)7F
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_ (\/1—R—%\/2—R+%— Cosf))_%”.

5 <V2-R—-1<

Case laiv) cos(0)27ty < t, R < 1 — cos(f) and
cos(0).

N[

i)

Case lav) cos(0)27ty < t, R < 1—cos(f) and v/2 — R—1 < min(cos(f),

MIH

(cos(6)) ™"
™ p(B(x, 27t))
Case Ib) cos(6)27tg <t and 1 —cos(f) < R < 1.
In this case, we have v2— R — 1 < fcos(f) + o(cos(f)), so that
always v/2 — R — 1 < cos(6) if |0] is sufficiently close to Z.
Case Ibi) cos(0)2/tg <t, 1 —cos(d) < R<1land i:L- <2 -R-1.

2 27t

d+1

(1-R)"

—COS( ) Cos —5
S (B, 27)) O

Case Ibii) cos(0)27tg <t, 1 —cos(fd) < R<land vV2—R—1<

A

(cos(8)) Ly (L)
(
<

(cos(0)) 7 e
———————(cos(f)) 2
S (B 2i))
Case Ic) cos(6)27tg < t, 1 < R <1+ cos(h).
In this case, we have 0 < 1 — /2 — R < 1 cos(d) + o(cos()). Then

cos(f)) _dt1 _d+1 A
m{(eos(@)) 2+ (cos(f))” 2 _(2j—to) }

(
(
(cos(6)) " _ap
S B 2]t0))(cos(«9)) >
Case Id) cos(6)27tg < t and 1 + cos(f) < R < 2.
In this case, —1 < 1 — R < —cos(f), so that 1 — (R — 1) <
1+(1-R)<1-3(R—1)andthus $(R—1) <1-v2-R<R-1.

KS
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Case Idi) cos(6)27ty < ¢, 1+cos(f) < R <2and cos(d) <1-v2—-R <
_t
20tg "

+1-V2-R)"F — (i)_%}
(

(cos(0))~” s

2 —————(R-1) 2
M(B(:L’,tho))( )

Case Idii) cos(0)2ty < ¢, 1+ cos(f) < R < 2 and max(cos(0), 57-) =

S <1-V2-R.

(cos())™"
K < 1+1
~ u(B(z, 27ty)) log 27t cos(@)
Case Idiii) cos(0)2/ty < t, 1+cos(d) < R<2and 1—+/2 — R < cos(h).

cos(f)) _dt1 _dt1 t N\
Krgm{(l’%—l) 2 + (cos(f))” 2 —(2j—t0> }

a+1

(
(

L (cos@)
(B, 1)) (@)

Case Ie) cos(6)27ty < t and R > 2.

s ) (o (b
K3 By B0 <“1gQ%me)
Case Ila) cos(0)27ty >t and R < 1 — cos(h).

(cos(6))# t i
wu(B(x, 27ty)) cos(@)th0< k)

Case IIb+c) cos(0)27ty >t and 1 — cos(f) < R < 1+ cos(h).

=

S

(cos(6))~" t a1
wu(B(x,27ty)) cos(0)27t (cos(6))

Case IId+e) cos(0)2/ty >t and R > 1+ cos(f).

K

N
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< (cos())# t (R — 1)7%

~ w(B(z,27ty)) cos(6)27ty

Now we want to prove part 1. of the lemma, i.e. to estimate

(59) Sup |kei92jto+t(x7 y) - kerito (l‘, y)|

JEL: 2ito>t
in the case that |p(x,y)2/(2%0)? — 1| < cos(#) for some | < Lyax. We
claim that in (5.9), the supremum is essentially attained for j = [, more
precisely, that (5.9) can be estimated by the above estimate for j = [
(which has to be in one of the four cases I or II, b or ¢).

For j < [, we have ’éftggi = ’éftg)) 22-27 > (1 — cos(f)) - 4, so

that case e applies. We note again R = g] ty§2, and moreover K; =

|kciogisy (T, y) — Keiogig, (2, y)|, and M; the right hand side of the esti-
mate obtained for Kj. Note that since j < [ < Lyax, we have u(B(z, 27tg)) =
(27t5)? by (2.2). For cos(6)2/ty < t, we have by case Ie),

(C?;(to); o (1 R e

(cos(8)) P27 (21¢g) <1 +log (m)) .

If cos(0)27ty < t < cos(6)2'ty, then we have K; < M, <= 297/(1 +
_d+3 ;
log W) < 27 (cos(0)) "2 <= 2ty cos(0) /t(1+1og 5+ log cos(0)]) <
(cos(8))~ 7, Wthh is true, since 27ty cos(6)/t < 1 and logm <0.If
cos(0)2'ty < t, then we have K; < M; < 277/(1 + log m) <
(COS(Q))_% = 29711 + log ﬁ + |logcos(0)|) < (COS(Q))_%, which
is true, since 277! < 1 and log ﬁ <0.
For cos(0)27ty > t, we have by case Ile),

. (cos(6))~# t
7~ (B(x, 29ty)) cos(6)2it,
Llos0) "t ()t
- (27tg)4  cos(0)27ty p(x,y)d+t
. (cos(6))~" t
— u(B(x,2)) cos(9)2ity

AN

2

(R—1)"%
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This is indeed majorized by M;, since cos(#)2't, > t, and thus,
0))=# t
(cos(6)) (cos(0)) 5",
w(B(x,2)) cos(0)2t,
For j > I, we have 2424 — #@u) 92-2 < (14 cos(f))- L

M, =

so that case

(29tp)2 (2lt0) 1
aapplies. Wehave I-R~1,v/2—-R-121,y/1—-R—(V2-R-1) &
I, VI-R—3V2—R+3— COS(G) 2 1. Thus, in case Iai),
(005(9)) ’
K; S ————— (14 |logcos(#
s a0
(cos(6)) i
_ 0 = M,.
,u(B(x 21t0))(COS( )) 2 l

In case laii),

K; < %(1 + |log cos(6)] + 2%0 - (V2—-R-1))
(cos(6))? a1
S (B 2) 2lto))(cos(e)) = M,.

In case laiii), K; < %(1 + |log cos(0)[) < M.

Cases laiv) and lav) cannot appear here, since 2 — R — 1 > cos().
In case Ila),

K < (cos(@))'_ﬁ t .
w(B(z, 27ty)) cos(6)27t,
-8
< (cos(6)) min(1, t
w(B(x,2)) cos(0)2t
Looking up M; in the four cases I or II, b or ¢, now yields part 1. of
the lemma.

)(cos(6))™F = M.

Now for the proof of part 2. Suppose first that 14 cos() < F(’éfty)) <

2. Then M, is given by one of the four cases Idi), Idu) Idiii) and IId).
)

We will show that sup;cz, gisy>; Kj S Mi + %(1 + | log cos(#)]),
the logarithmic term only appearing in case Idii).

Suppose first that M; is given by case Idi). Consider a j < [. Then

éfté’;j = ?;ftf)’))j - 22172 > 4 so that for K, case le) or Ile) applies. In

fact, one is never in the case Ile), since then cos(6)2'ty < t, cos()27ty >
t and j < [. In case Ie), we have

55 i (0 ()
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A t
~ ~B9i —(@d+1) 141 —
(cos(8))2top(z, y) ( tlog (QJtO cos(f) ))

~ —B9i=1(olt )4
= (cos(0)) 7277 (2') <1 +log (QJtO cos(f ))
On the other hand,

_ (cos(8))* 2 /(oly \2 a4 1-v2- /(2t0)?
M, = u(B(x.2%)) {(p(az,y) /(2'0)* = 1) (1 + log o8 0) ))

<1 V2= plr, )2/ (2 )2 )dgl - (2%) dﬂ}.

Now we have K; < M if

1+ log(cos(9))] £ (pla,y)?/(2'10)* — 1) % <1 +10g A2 f ;)@ - 1) |

An elementary calculation shows that the minimum of the right hand

side for 1+ cos(f) < ?;fty)) < 2 is equivalent to 1+ |log(cos(#))|. Thus

K; < M for j < 1. Now consider j > [. Then (éjt ; = (éfty)) 2272 < 2

so that case a) applies for K;. Now we have 1 — R = 1, V2—R—-1 g
1’\/]‘_ (\/2_R 1)N1 and \/?__(\/— 1) COS(G ~ 1

: (cos(6))
With this, we obtain easily in case lai) that K; < m(l

| log(cos(0))]) < %( + |log(cos(9))]) < M,. In case laii), we

also have K; < %(1 + | log(cos(9))|) < M, and the cases Iaiii),

laiv) and Iav) can be handled in the same way. In case Ila), we have
cos(0)) P . . .
K; S M((B(;’%;to)) Cos(@t)2jto S M. Thus sup; i, s K S My if My is given

by case Idi).

+

Now suppose that M, is given by case Idii). Take first a j < [. Then
p(z,y)?/(27t9)* > 4, so that for Kj, case e) applies. In case Ie), we
have

d+1

o<t (i) (1+omem)

< (cos()) P27 (21ty) ¢ <1 + log

t
27t cos(@))

< (cos(6))P(2't) <1 + log =~ M,.

t
2!ty COS(@))
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Again, case Ile) cannot appear since then, cos(6)2ty < t, cos()27ty >t
and 7 < [.
Now consider a j > I. We have p(z,y)?/(27t;)? < 3, so that case a)

applies for the estimate of K. In case lai), we have K; < %(1+

| log(cos(0))]) < M(l + | log(cos(#))]). The same estimate holds

~ p(B(z,2)
in the cases laii) and laiii). In case laiv), we have K; < % <

M;, and similarly, also in the cases, lav) and Ila), K; < M; holds. We

thus have sup;.gi,,> K; S M; + %(1 + |log(cos(#))|), if M is

given by case Idii).

Suppose now that M is given by case Idiii). Then M; = %(COS(Q))_%.
Consider a j < [. Again, for the estimate of Kj, case e) applies, and

case Ile) is ruled out by the constraints on j and [. We have as above

A t
K; < 0)) P27 (2) ™ [ 1 + log ———
)5 (cos(O) P22 (1 lor g
(cos(6))~# t
— log — +1 0)]) < M.
~ M(B(:U,Qlto))( + log 2t + [log(cos(0))[) < M;
Consider now a j > [. Again p(z,y)?/(2t)? < i, so that for Kj,
case a) applies, and again, several expressions involvmg R appearlng
in this case are equivalent to 1. This gives in case lai), laii) and Iaiii),

K; S %(1 + |log(cos(9))]) < M, and in case laiv) and Iav),

(cos(8))—# (cos(9))—~
K; S DBl )] S < M. In case IIa), we have K; < W(Bw.200)) Cos(gt)2jt0 S

M. Thus sup;.qi,,>, K; S My if M) is given by case Idiii).

Suppose now that M; is given by case 1Id). Then
d+1
v - (eos(6)) 7" t (p(fv,y)2 B 1)_7
" (B, 21)) cos(0)2t \ (2%)?2 '
Consider j < [, so that for K, the estimate in case e) applies. In case
le), we have

|
RS
(SO o ey (141
< ( ))2 +(1+lg
(
(

t
27ty cos(@))

M.

12 B( 21t0
cos(6))~"? t

< <
w(B(x,20)) cos(0)2lty ~
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In case Ile), we have
B(ojr \—d ¢ 2! (dﬂ)l doyj—1 t
5 5 (cos(6)) 77 (2%) cos(6)27t, <2J> (2) cos(6)2ity ~

Consider now j > [, so that for Kj, the estimate in case a) applies. The
cases lai) - lav) cannot appear due to restrictions on 7, [ and cos(0)to/t

similar as before. In case Ila), we have K; < M((cg?g(gegz o)) Cos(Gt)ZJ = S
% M. Thus sup;.g.,, > K; < My if M is given by case IId).

We have proved part 2. of the lemma

Now for the proof of part 3. of the lemma. We proceed similarly as
before. The expression M is given by one of the six cases lai) - Iav) or
[Ta). Suppose first that case lai) applies. Consider j < [. Then R > 2,
so that for K, case e) applies. In case le), we have

(2H0) (D)
(27tg)—(d+1) (1 +log 27t cos(@))
< (cos(0))7(2'to) (1 + |log(cos(0))]).

Case Ile) cannot appear. Now consider j > [. Then for K, case
a) applies. As several times before, diverse terms in R are equiva-

lent to 1. In cases Iai), Iaii) and Iaiii), we have K; < %(1 +

| log(cos(0))]) < %(1 + |log(cos(0))|). In cases laiv) and lav),

we have K; < % 5 M,;, and in case Ila), we have K; <

(cos(G))._fB t < _(cos(0))~
u(B(z,27t0)) cos(9)2tg ~ u(B(x, 2lt

cos(6
by Ky S M+ L0 (1 log(cos(0)

K; < (cos(0)) ™" (2to) ™

. Thus, if M, is given by lai), we have

Suppose that M; is given by case Iaii). Consider a j < [. Then
K is estimated by case Ie), and we have K; < (cos(0)) ™7 (2)~4(1 +
| log(cos(#))]). Consider a j > [. Then K is estimated by case a), and

we have K; < %(1+| log(cos(6))]). Thus, if M, is given by Iaii),

we have again sup;.o;,, > K; S M + %(1 + |log(cos(0))]).
Similarly, we obtain in the cases that M; is given by laiii), laiv) or

lav) that sup,.pi,, > K5 S M; + %(1 + |log(cos(6))]).

d+1

If M, is given by Ila), we have M, = (cos(0)~° t (1  pla)? ) %

w(B(z,2'0)) cos()2tg (2tt0)?
Consider a j < I. Then R > 2, so that case Ie) or Ile) applies for K.

M.
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In case Ie), we have

B 2]t d+1
d% 1 +log oo ——7%
(2ltg)d+ 27ty cos(6)

) <

In case Ile), we have K; < (21t0)_d2j_lm < M;. Consider now a

j > 1. Then for Kj, case a) applies. Cases lai) - Iav) cannot occur due
to restrictions on j, [ and cos(f)to/t as several times before. In case

(COS(G))_B t (COS(G))_B t
[a), we have K; S Z50 5wy cos@mite. ~ m(Blo2ti)) cos@ey ~ Mi- Thus

if M, is given by Ila), we have sup;.qi, > K S M. t

K; < (cos(9)) ™" (2to)

S
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