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Abstract

In a previous paper from the authors, the bounds from Kelsey et al. (1958) were applied to a sandwich
panel including a folded core in order to estimate its shear forces stiffness (Lebée and Sab, 2010b). The
main outcome was the large discrepancy of the bounds. Recently, Lebée and Sab (2011a) suggested a new
plate theory for thick plates –the Bending-Gradient plate theory– which is the extension to heterogeneous
plates of the well-known Reissner-Mindlin theory. In the present work, we provide the Bending-Gradient
homogenization scheme and apply it to a sandwich panel including the chevron pattern. It turns out that
the shear forces stiffness of the sandwich panel is strongly influenced by a skin distortion phenomenon which
cannot be neglected in conventional design. Detailed analysis of this effect is provided.

Keywords: Plate theory, Higher-order Models, Sandwich panels, Homogenization, Periodic plates, Folded
cores, Chevron pattern

1. Introduction

Sandwich panels are widespread in everyday life. Their structural efficiency is well-known and is a main
criterion in possible applications. They are made of a light and thick core which is glued between two
stiff skins. When the sandwich panel is bent, the skins are put into traction and compression. Thus, their
design consists in maximizing their mechanical properties. This is not the case of the core which role in the
sandwich panel is to resist shear forces. It must be as light as possible but not too weak. Hence the design
of a core is driven by a trade-off between lightness and mechanical properties. This trade-off led to a wide
diversity of cores in which cellular materials take a center stage. Among them, honeycomb structures are
still considered as the most efficient cellular core geometries in many respect for high performance sandwich
panels in aeronautics. However, they have some drawbacks. The iterative production process makes it an
expensive material. Furthermore, once glued between skins, their cells are closed which makes them prone to
store water condensation during successive take-off and landing of airplanes. This water damages the bound
between core and skin and caused unexpected delaminations. Thus core design is still an innovative field
nowadays. In order to tackle these drawbacks, folded cores gained new interest from the industry because
of new production means and an open cell geometry.

Folded core patterns are really ancient and emerged mostly from the art of folding paper (Origami) and
pleating techniques for textile (see Atelier Lognon, Paris, for instance). Therefore, the use of a periodic folded
pattern as a core is well-known since the emergence of sandwich panel technology and some patents date
back to the first use of honeycomb cores (Hochfeld, 1959; Rapp, 1960; Gewiss, 1960). However they remained
largely ignored because of the lack of an efficient production process. Recently, continuous production means
were developed (Basily and Elsayed, 2004a, 2007; Kehrle, 2004) which might create a new market for this
type of core.
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This regain of interest led to several studies concerning folded cores. Pattern generation was studied in
details (Kling, 1997, 2005) and led to a broad variety of configurations. The present work is dedicated to
the chevron pattern (Figure A.1) which is the simplest pattern and one of the first to be used as a core
in sandwich panels. A large amount of experimental work was done in order to investigate the mechanical
behavior of these cores. Basily and Elsayed (2004b), Nguyen et al. (2005) and Heimbs et al. (2010) mostly
studied impacts on sandwich panel including folded cores. Kintscher et al. (2007) loaded folded cores with
both transverse shear and compression up to failure. Fischer et al. (2009) and Baranger et al. (2010a) focused
on the behavior of the aramid paper used in folded cores. Moreover, in order to spare experimental burden,
intensive numerical simulations were performed by Heimbs (2009); Fischer et al. (2009) and Baranger et al.
(2010b). The final objective is to implement “virtual testing” tools. These works point out the influence
of the knowledge of the constitutive material as well as the critical influence of the geometrical defects on
the strength of folded cores. However the core is always separated from the skins in these studies, which
precludes any possible interaction between skins and core.

As already mentioned, the main action of the core is to carry shear forces. Thus, the first mechanical
property one wants to assess is the shear forces stiffness of the sandwich panel and then, even more critically,
the strength of the sandwich panel under shear forces. Actually, very few methods exist for such estimation
because the behavior of thick plates is still a theoretical issue. The main reason is the ignorance of the effect
of shear forces at microscopic scale (the unit-cell in the case of periodic sandwich panels). However, when
dealing with sandwich panels, it is generally acknowledged that the skins simply put the core into transverse
shear. Based on this argument, Kelsey et al. (1958) suggested bounds for estimating shear forces stiffness of
sandwich panels including honeycomb. Basically, they apply uniform shear stress/strain directly to the core
alone, replacing the action of the skins. In the case of chevron pattern, the upper bound was first derived
by Miura (1972). Then Lebée and Sab (2010b) derived both upper and lower bounds and demonstrated
that with manufactured geometries, they were very loose (more than 100% discrepancy). This gap between
bounds comes from the omission of possible interaction between the skins and the core. Usually, engineers
refer to the upper bound, implicitly assuming that the skins remain very stiff (Kelsey et al., 1958). However,
sandwich panel theory relies on the assumption of thin skins which is an antagonistic demand. Thus we need
more refined homogenization techniques in order to compute exactly the shear forces stiffness. A new theory
for thick plates with varying constitutive material through the thickness was suggested in (Lebée, 2010) and
(Lebée and Sab, 2011a). This theory, called Bending-Gradient theory, makes very few assumptions on the
plate configuration and was successfully applied to highly anisotropic laminated plates under cylindrical
bending with various material configurations (Lebée and Sab, 2011b).

The aim of this paper is to apply this new plate theory to a sandwich panel including the chevron
pattern. It is organized as follows. First, in Section 2, the Bending-Gradient plate theory is summarized
and the related homogenization scheme is provided. Then the sandwich panel including chevron pattern is
introduced and details about implementation are given in Section 3. Results and validation with a full 3D
simulation are presented in Section 4. Finally, we bring out the interaction between skins and core. The
relevant parameters are identified and their influence in sandwich panel design is discussed in Section 5.

2. The Bending-Gradient plate model and its homogenization scheme

In this section, we first introduce the main features of the notations used in this article. Then the
Bending-Gradient plate theory is summarized. Finally the extension to periodic plates is performed using
energy equivalence.

2.1. Notations

Vectors and higher-order tensors are boldfaced and different underlinings are used for each order: vectors
are straight underlined, u−. Second order tensors are underlined with a tilde: M∼ and e∼. Third order tensors
are underlined with a parenthesis: Φ

_
and Γ

_
. Fourth order tensors are are doubly underlined with a tilde:

D∼∼ and c∼∼. Sixth order tensors are doubly underlined with a parenthesis: F
__

and I
__

.
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When dealing with plates, both 2-dimensional (2D) and 3D tensors are used. Thus, T̂− denotes a 3D vector

and T− denotes a 2D vector or the in-plane part of T̂− . The same notation is used for higher-order tensors:
σ̂∼ is the 3D second-order stress tensor while σ∼ is its in-plane part. When dealing with tensor components,
the indexes specify the dimension: aij denotes the 3D tensor â∼ with Latin index i, j, k.. = 1, 2, 3 and aαβ
denotes the 2D tensor a∼ with Greek indexes α, β, γ.. = 1, 2.

The transpose operation t• is applied to any order tensors as follows:
(
tA
)
αβ...ψω

= Aωψ...βα. Three

contraction products are defined, the usual dot product (â− · b̂− = aibi), the double contraction product

(â∼ : b̂∼ = aijbji) and a triple contraction product (A
_

∴ B
_

= AαβγBγβα). Einstein’s notation on repeated

indexes is used in these definitions. The derivation operator ∇̂− is also formally represented as a vector:

â∼ · ∇̂− = aij∇j = aij,j is the 3D divergence and a∼ ⊗∇− = aαβ∇γ = aαβ,γ is the 2D gradient. Here ⊗ is the
dyadic product.

2.2. Summary of the Bending-Gradient model (macro scale)

We consider a linear elastic plate which mid-plane is the 2D domain ω ⊂ R2. Cartesian coordinates
(x1, x2, x3) in the reference frame (ê−1, ê−2, ê−3) are used to describe macroscopic fields. The plate is loaded
exclusively with the out-of-plane distributed force p̂

−
= p3ê−3. At this stage, the microstructure of the plate

is not specified.
The membrane stress Nαβ , the bending moment Mαβ , and shear forces Qα are the usual generalized

stresses for Reissner-Mindlin plates. Both N∼ and M∼ follows the symmetry of stress tenors: Nαβ = Nβα and
Mαβ = Mβα. Moreover, we introduce an additional static unknown: the gradient of the bending moment
R
_

= M∼ ⊗∇− = Mαβ,γ . The 2D third-order tensor R
_

complies with the following symmetry: Rαβγ = Rβαγ .
It is possible to derive shear forces Q

−
from R

_
with: Q

−
= i∼∼∴R_ ⇔ Qα = Rαββ . Here i∼∼ is the identity for

in-plane elasticity: iαβγδ = 1
2 (δαγδβδ + δαδδβγ), where δαβ is Kronecker symbol (δαβ = 1 if α = β, δαβ = 0

otherwise). The full bending gradient R
_

has six components whereas Q
−

has two components. Thus, using

the full bending gradient as static unknown introduces four additional static unknowns. More precisely:
R111 and R222 are respectively the cylindrical bending part of shear forces Q1 and Q2, R121 and R122 are
respectively the torsion part of these shear forces and R112 and R221 are linked to strictly self-equilibrated
stresses.

The main difference between Reissner-Mindlin and Bending-Gradient plate theories is that the Bending-
Gradient plate theory enables the distinction between each component of the the gradient of the bending
moment whereas they are mixed into the shear forces with Reissner-Mindlin theory. In the case of highly
anisotropic laminated plates this distinction is critical for deriving good estimate of the deflection and local
transverse shear distribution through the thickness (Lebée and Sab, 2011b).

Equilibrium equations and stress boundary conditions are gathered in the set of statically compatible
fields:





N∼ ·∇− = 0− on ω (1a)

M∼ ⊗∇− −R_ = 0
_

on ω (1b)
(
i∼∼∴R_

)
·∇− = −p3 on ω (1c)

N∼ · n− = V−
d on ∂ωs (1d)

M∼ = M∼
d on ∂ωs (1e)(

i∼∼∴R_

)
· n− = V d3 on ∂ωs (1f)

where ∂ωs is the portion of edge on which static boundary conditions apply and n− the related outer normal:

V̂−
d

is the force per unit length and M∼
d the full bending moment enforced on the edge. This set of equations

is almost identical to Reissner-Mindlin equations where shear forces have been replaced by the bending
gradient R

_
.
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Generalized stresses N∼ , M∼ , and R
_

work respectively with the associated strain variables: e∼, the con-
ventional membrane strain, χ

∼
the curvature and Γ

_
the generalized shear strain. These strain fields must

comply with the following compatibility conditions and boundary conditions:





e∼ = i∼∼ :
(
∇− ⊗U−

)
on ω (2a)

χ
∼

= Φ
_
·∇− on ω (2b)

Γ
_

= Φ
_

+ i∼∼ ·∇− U3 on ω (2c)

Φ
_
· n− = H∼

d on ∂ωk (2d)

Û− = Û−
d

on ∂ωk (2e)

where Û− is the average through the thickness of the plate 3D displacement and Φ
_

is the generalized rotation.

Γ
_

and Φ
_

are 2D-third-order tensors with the following symmetry: Φαβγ = Φβαγ . Moreover, ∂ωk is the

portion of edge on which kinematic boundary conditions apply: Û−
d

is a given displacement and H∼
d is a

symmetric second-order tensor related to a forced rotation on the edge. These fields are almost identical
to Reissner-Mindlin kinematically compatible fields where the rotation pseudo-vector is replaced by the
generalized rotation Φ

_
. Assuming Φ

_
= i∼∼ ·ϕ− in (2) leads to a Reissner-Mindlin-like kinematic.

Finally, assuming uncoupling between R
_

and (N∼ ,M∼ ) (see Section 2.4.3) the Bending-Gradient plate
constitutive equations are written as:





N∼ = A∼∼ : e∼+B∼∼ : χ
∼

(3a)

M∼ = tB∼∼ : e∼+D∼∼ : χ
∼

(3b)

Γ
_

= f
__
∴R

_
, and

(
I
__
− f

__
∴ F

__

)
∴ Γ

_
= 0 (3c)

where
(
A∼∼ ,B∼∼ ,D∼∼

)
are conventional Kirchhoff-Love stiffness tensors and the generalized shear compliance

tensor f
__

is a sixth order tensor1. Since f
__

is not always invertible, Moore-Penrose pseudo inverse for the

shear stiffness tensor F
__

is introduced:

F
__

= lim
κ→0

(
f
__
∴ f

__
+ κI

__

)−1
∴ f

__

where I
__

is the identity for 2D sixth-order tensors following the generalized shear compliance f
__

minor and

major symmetries (Iαβγδεζ = iαβεζ δγδ). Hence, the second part of Equation 3c enforce kinematic constraints
when f

__
is not definite.

The solution of the plate model must comply with the three sets of equations (1, 2, 3). The compliance
f
__

is positive. However when f
__

is not definite, there is a set of solutions, up to a self-stress field.

The stiffness tensorsA∼∼ , B∼∼ , D∼∼ and f
__

are derived using the homogenization scheme which will be discussed

later on. Then, the stress energy density is defined as:

w∗BG
(
N∼ ,M∼ ,R_

)
=

1

2

(
N∼ : a∼∼ : N∼ + 2N∼ : b∼∼ : M∼ +M∼ : d∼∼ : M∼ + tR

_
∴ f

__
∴R

_

)
(4)

where
(
a∼∼, b∼∼,d∼∼

)
are the Kirchhoff-Love compliance tensors (reciprocal of

(
A∼∼ ,B∼∼ ,D∼∼

)
).

1fαβγδεζ follows major symmetry: fαβγδεζ = fζεδγβα and minor symmetry fαβγδεζ = fβαγδεζ . Thus there are only 21
independent components.
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2.3. Distance between the Reissner-Mindlin and the Bending-Gradient model

In some cases, the Bending-Gradient is turned into a Reissner-Mindlin plate model. This is the case for
homogeneous plates. In order to estimate the difference between both plate models we defined the isotropic
projection of the Bending-Gradient stress energy density on the Reissner-Mindlin one in (Lebée and Sab,
2011a).

According to this projection, the Reissner-Mindlin part of f
__

is:

f
__

RM =

(
2

3
i∼∼ · i∼∼
)
∴ f

__
∴

(
2

3
i∼∼ · i∼∼
)

(5)

where f
__

RM can be considered as the restriction of f
__

when setting warping unknowns to zero. Consequently,

we introduce the pure warping part of f
__

as the orthogonal complement of f
__

RM :

f
__

W = f
__
− f

__

RM (6)

Finally we suggested the following relative distance between the Bending-Gradient and the Reissner-
Mindlin stress energy densities:

∆RM/BG =
‖f
__

W‖
‖f
__
‖ , where ‖f

__
‖ =

√
fαβγδεζfαβγδεζ (7)

∆RM/BG gives an estimate of the pure warping fraction of the shear stress energy and is a criterion for
assessing the need of the Bending-Gradient model: 0 ≤ ∆RM/BG < 1. When the plate constitutive equation
reduces to a Reissner-Mindlin one, we have exactly ∆RM/BG = 0 and both theories are strictly identical.

2.4. Homogenization scheme (micro scale)

Let us consider a plate generated by periodicity of a unit-cell Y according to the in-plane Directions 1
and 2 (Figure A.2). The upper face ∂Y +

3 and the lower face ∂Y −3 are traction free and the lateral faces ∂Yl
must fulfill periodicity conditions. AY is the area of the unit-cell cross section with the plate mid-plane.
ŷ
−

= (y1, y2, y3) is the set of coordinates in the unit-cell reference frame.

Exactly as Cecchi and Sab (2007) did for Reissner-Mindlin homogenization of periodic plates, it is
possible to extend the Bending-Gradient plate theory to periodic plates. For this, it is implicitly assumed
that macroscopic fields (N∼ ,M∼ ,R_) and their associated stress energy density vary slowly with respect to
the size of the unit-cell. This is very conventional in homogenization. Then, using Hill-Mandel principle,
the average of the local energy in the unit-cell (microscopic energy) is assumed equal to the plate energy
(macroscopic energy). For stress energy density this is equivalent to setting:

w∗BG
(
N∼ ,M∼ ,R_

)
=

1

2

〈
σ̂∼
BG(ŷ

−
) : Ŝ∼∼(ŷ

−
) : σ̂∼

BG(ŷ
−

)
〉

(8)

where

〈f〉 =
1

AY

∫

Y

f(ŷ
−

)dY (9)

is the normalized average (surface average) on the unit-cell, Ŝ∼∼ is the 3D compliance tensor and σ̂∼
BG is

an approximation of the local stress field in the unit-cell generated by the macroscopic static unknowns(
N∼ ,M∼ ,R_

)
. More precisely, the field localization σ̂∼

BG is a linear application from
(
N∼ ,M∼ ,R_

)
to a 3D stress

field in the unit-cell which is detailed as follows:

σ̂∼
BG(ŷ

−
) = σ̂∼

(N)(ŷ
−

) + σ̂∼
(M)(ŷ

−
) + σ̂∼

(R)(ŷ
−

)
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where σ̂∼
(N), σ̂∼

(M), and σ̂∼
(R) are 3D stress fields generated respectively by N∼ , M∼ and R

_
:





σ
(N)
ij = s

(N)
ijαβ(ŷ

−
)Nβα (10a)

σ
(M)
ij = s

(M)
ijαβ(ŷ

−
)Mβα (10b)

σ
(R)
ij = s

(R)
ijαβγ(ŷ

−
)Rγβα (10c)

where s
(N)
ijαβ(ŷ

−
), s

(M)
ijαβ(ŷ

−
) and s

(R)
ijαβγ(ŷ

−
) are localization field tensors (unit load fields). This can be rewritten

using contraction products as:

σ̂∼
BG = ŝ∼∼

(N) : N∼ + ŝ∼∼
(M) : M∼ + ŝ∼_

(R) ∴R
_

When dealing with laminated plates it is possible to derive localization fields ŝ∼∼
(N), ŝ∼∼

(M) and ŝ∼_
(R) explicitly

from the constitutive material behavior (Lebée and Sab, 2011a). However, this is not possible with periodic
plates in the general case and deriving localization fields necessitates the resolution of auxiliary problems.
First, the Kirchhoff-Love auxiliary problem was suggested by Caillerie (1984) and enables the derivation of
the effective Kirchhoff-Love membrane and flexural moduli of the periodic plate A∼∼ , B∼∼ and D∼∼ , as well as

the local 3D stresses ŝ∼∼
(e)(ŷ

−
) and ŝ∼∼

(χ)(ŷ
−

) related to the membrane strain and the curvature. Then a new

generalized shear auxiliary problem is introduced in this paper, using Kirchhoff-Love localization fields as
loading inputs, in order to derive the generalized shear compliance f

__
and the related localization stress field

ŝ∼_
(R)(ŷ

−
).

2.4.1. Kirchhoff-Love auxiliary problem

Kirchhoff-Love homogenization of periodic plates was first proposed by Caillerie (1984) and followed by
Kohn and Vogelius (1984). The auxiliary problem is stated as follows:

PLK





σ̂∼
KL · ∇̂− = 0 (11a)

σ̂∼
KL = Ĉ∼∼

(
ŷ
−

)
: ε̂∼

KL (11b)

ε̂∼
KL = ê∼+ y3χ̂

∼
+ ∇̂− ⊗s û−per (11c)

σ̂∼ · ê−3 = 0 on free faces ∂Y ±3 (11d)

σ̂∼ · n̂− skew-periodic on lateral boundaries ∂Yl (11e)

û−
per(y1, y2, y3) (y1, y2)-periodic on lateral boundaries ∂Yl (11f)

Basically it enforces the membrane strains e∼ and the curvatures χ
∼

on average on the unit-cell while taking

into account periodicity in the (x1, x2)-plane and traction-free conditions on the upper and lower faces of
the plate. In Equation 11c, ê∼ and χ̂

∼
denote the out-of-plane extension of the in-plane tensors e∼ and χ

∼
:

ê∼ =




e11 e12 0
e21 e22 0
0 0 0


 and χ̂

∼
=




χ11 χ12 0
χ21 χ22 0
0 0 0


 (12)

Solving the problem for each individual component of e∼ and χ
∼

leads to the localization stress fields ŝ∼∼
(e) and

ŝ∼∼
(χ). Kirchhoff-Love plate moduli are then evaluated as follows:

A∼∼ =
〈
t ŝ∼∼

(e) : Ŝ∼∼ : ŝ∼∼
(e)
〉
, B∼∼ =

〈
t ŝ∼∼

(e) : Ŝ∼∼ : ŝ∼∼
(χ)
〉
, D∼∼ =

〈
t ŝ∼∼

(χ) : Ŝ∼∼ : ŝ∼∼
(χ)
〉

(13)

Finally, using the inverted Kirchhoff-Love plate constitutive law,

e∼ = a∼∼ : N∼ + b∼∼ : M∼ , χ
∼

= tb∼∼ : N∼ + d∼∼ : M∼ (14)
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and localization tensors ŝ∼∼
(e) and ŝ∼∼

(χ), it is possible to write the local stress field generated by membrane
stress and bending moment as:

σ̂∼
(N) = ŝ∼∼

(N) : N∼ =
(
ŝ∼∼
(e) : a∼∼ + ŝ∼∼

(χ) : tb∼∼

)
: N∼ and σ̂∼

(M) = ŝ∼∼
(M) : M∼ =

(
ŝ∼∼
(e) : b∼∼+ ŝ∼∼

(χ) : d∼∼

)
: M∼ (15)

2.4.2. The generalized shear auxiliary problem

Exactly as for laminated plates (Lebée and Sab, 2011a), it is possible to bring out a volume force related
to R

_
when assuming a linear variation of the bending moment in the (y1, y2)-plane: M∼ = R

_
· y
−

. Inserting

this in the localization equation (15) and taking the 3D divergence of the stress σ̂∼
(M), leads to the body

force in the unit-cell generated by a uniform gradient of the bending moment, R
_

:

f
(R)
i =

(
s
(M)
ijβα(ŷ

−
)Rαβγyγ

)
∇j = s

(M)
iγβα

(
ŷ
−

)
Rαβγ (16)

Then the Bending-Gradient 3D stress σ̂∼
(R) is defined as the stress field which equilibrates f̂

−

(R)
. Accordingly,

the generalized shear auxiliary problem on the unit-cell is defined as:

PBG





σ̂∼
(R) · ∇̂− + f̂

−

(R)
(ŷ
−

) = 0 (17a)

σ̂∼
(R) = Ĉ∼∼

(
ŷ
−

)
:
(
∇̂− ⊗s û−(R)

)
(17b)

σ̂∼
(R) · ê−3 = 0 on free faces ∂Y ±3 (17c)

σ̂∼
(R) · n̂− skew-periodic on lateral boundaries ∂Yl (17d)

û−
(R)(y1, y2, y3) (y1, y2)-periodic on lateral boundaries ∂Yl (17e)

Solving PBG for each component of R
_

leads to the localization stress field s
(R)
ijαβγ associated to R

_
. The

overall stress is obtained by linear combination:

σ̂∼
(R) = ŝ∼_

(R)
(
ŷ
−

)
∴R

_
(18)

It is then possible to identify the Bending-Gradient compliance tensor as:

f
__

=

〈
t(
ŝ∼_
(R)
)

: Ŝ∼∼(ŷ
−

) : ŝ∼_
(R)

〉
(19)

Contrary to axiomatic approaches, the main asset of this homogenization scheme is that no assumption is
made on the strain or stress related to shear forces. Actually, the effect of R

_
on the local stress distribution

is introduced through the body force f̂
−

(R)
which cannot be chosen a priori but derives from the bending

moment localization field.

2.4.3. Effect of symmetries of the unit-cell on the constitutive equation

There are 3 + 3 + 6 = 12 static unknowns. Thus a priori 78 independent moduli should be derived
for the constitutive equations. However, when the unit-cell follows some invariance through an orthogonal
transformation, uncouplings occurs. In Lebée and Sab (2011a) a symmetry index was introduced. It is
positive when a generalized stress component is symmetric with respect to the transformation and negative
when a generalized stress component is skew symmetric. Two generalized stress components are uncoupled
when they have opposite symmetry indices for a given transformation.

Table 1 gives this index for three possible invariances of the unit-cell. When the unit-cell is unchanged
through a π angle rotation of a vertical axis (invariance S), then the Kirchhoff-Love stresses (N∼ ,M∼ ) are
uncoupled fromR

_
. When the unit-cell follows the mirror symmetry with respect to the mid-plane (invariance

M), then membrane stress are uncoupled from bending moments. Finally, the plate is orthotropic when the
unit-cell is invariant through a vertical plane symmetry (invariance O). When all these symmetries occurs,
their remain 4 moduli for membrane stress, 4 moduli for bending moments and 12 moduli for the bending
gradient (further simplifications can be found in (Lebée and Sab, 2011b)).
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N11 N22 N12 M11 M22 M12 R111 R221 R121 R112 R222 R122

S (
-1 0 0
0 -1 0
0 0 1

)
+ + + + + + – – – – – –

M (
1 0 0
0 1 0
0 0 -1

)
+ + + – – – – – – – – –

O (
1 0 0
0 -1 0
0 0 1

)
+ + – + + – + + – – – +

Table 1: Symmetry index and generalized stress components for three main invariances of the unit-cell

3. Application to a sandwich panel including the chevron pattern

3.1. Description of the sandwich panel including the folded core

In this work, we consider a sandwich panel fully made of aluminum sheets with Em = 73GPa and
νm = 0.3. The chevron pattern core is welded between an upper and a lower skin and we assume a perfect
geometry. The skins thickness is ts and the core’s facets thickness is tf . Regarding the core, the investigated
geometric parameters are similar to Nguyen et al. (2005) and the same as in Lebée and Sab (2010b).
Figure A.3 gives the definition of the only four parameters necessary to set the core configuration and shows
the core for several shape ratios a0/b0. Three parameters are fixed in the present study: a0 = 30mm,
δ = 72.2◦, α = 14.9◦. The core thickness is then: tc = a0 sin δ = 28.5mm. Varying b0 ∈ [20mm, 60mm] as
in Lebée and Sab (2010b) enables the investigation of the facets shape ratio.

Finally we suggest the following range for the facet thickness: tf ∈ [0.02mm, 0.5mm] and for the skin
thickness: ts ∈ [0.1mm, 5mm]. The facet thickness range is a bit wider than producible thicknesses and the
skins thickness range is rather wide. This leads to a very wide range for the contrast ratio ts/tf and will
provide a comprehensive view of its influence on the sandwich panel overall behavior. Let us just remind
the reader of that having ts/tf > 100 is not interesting in sandwich panel design since it leads inevitably to
a failure of the core under shear forces. On the other side, having ts/tf < 1 leads to systematic wrinkling
of the skins and is also not interesting.

3.2. Symmetries

The chevron pattern pattern has three major symmetries which also apply to the sandwich panel unit-cell.
Applying results from Section 2.4.3 leads to many simplifications of the constitutive law.

The rotational symmetry of axis (S, ê−3), shown in Figure A.4-a, ensures uncoupling between (N∼ ,M∼ )
and R

_
. Figure A.4-b shows the central symmetry with respect to the center point of Face ABCD: R. This

symmetry uncouples N∼ and M∼ (it is a combination of invariances S and M from Section 2.4.3). Finally
Figure A.4-c shows the symmetry with respect to the (B, ê−1, ê−3) plane. This symmetry enforces orthotropy
of the plate: (N11, N22) are uncoupled from N12; (M11,M22) are uncoupled from M12 and (R111, R221, R122)
are uncoupled from (R222, R112, R121). Thus, at this stage of the presentation, there are 12 independent
generalized shear moduli.

3.3. Implementation

In this section, the most important points concerning the numerical implementation are given.

3.3.1. Modeling the unit-cell with shell elements

Since the facets constituting the unit-cell are slender, it is more relevant to use shell finite elements than
3D finite elements for implementing the auxiliary problems introduced in Section 2.4. This necessitates
some adaptions to shell models. A fully detailed justification is provided in Appendix A as well as some
technical implementation details. We just recall here that displacement field û− at nodes is replaced by a

plate displacement field Û− and a plate rotation field θ̂−. Moreover, stress field σ̂∼ in the elements is replaced
by plate generalized stress fields (n∼ ,m∼ , q−) expressed in the facets’ local reference frame.

8



We choose S4R quadrangle linear shell elements with reduced integration in ABAQUS. Since the facets
are homogeneous it is possible to use Reissner-Mindlin elements which are actually Bending-Gradient ele-
ments. A convergence study, not detailed here, was performed and led to a mesh with ten elements per
edge.

3.3.2. The detailed geometry of the unit-cell

The geometry of the core itself was detailed in Figure A.3. It comprises four tilted parallelogram-shaped
faces which vertices are A,B,C,D,A′, D′, A′′, B′′ and A′′′ (Figure A.5). Moreover, the skins are glued
or welded along D,C,D′ (upper skin) and A,B,A′ (lower skin). In order to take into account the skins
thickness, the mid-plane of the skins is set with a ts/2 offset (Figure A.5).

The upper and lower skins vertices are denoted with A±, B±, C±, D±, A′±, D′±, A′′±, B′′± and A′′′±.
Their coordinates are detailed in Table 2, where:

a = a0 cos δ, s = b0 cosα, v = b0 sinα, tc = a0 sin δ. (20)

Vertex A B C D A′ D′ A′′ B′′ A′′′

x1 0 v a+ v a 0 a 2a 2a+ v 2a

x2 0 s s 0 2s 2s 0 s 2s

x3 0 0 tc tc 0 tc 0 0 0

Vertex A− B− C− D− A′− D′− A′′− B′′− A′′′−

x1 0 v a+ v a 0 a 2a 2a+ v 2a

x2 0 s s 0 2s 2s 0 s 2s

x3 − ts2 − ts2 − ts2 − ts2 − ts2 − ts2 − ts2 − ts2 − ts2
Vertex A+ B+ C+ D+ A′+ D′+ A′′+ B′′+ A′′′+

x1 0 v a+ v a 0 a 2a 2a+ v 2a

x2 0 s s 0 2s 2s 0 s 2s

x3 tc + ts
2 tc + ts

2 tc + ts
2 tc + ts

2 tc + ts
2 tc + ts

2 tc + ts
2 tc + ts

2 tc + ts
2

Table 2: Vertices’ coordinates

In order to bind the core and the skins, a rigid kinematic coupling is enforced between skins and core
along D,C,D′ for the upper skin:




Û−
DCD′

= Û−
D+C+D′+

+ θ̂−
D+C+D′+ × ts

2 ê−3

θ̂−
DCD′

= θ̂−
D+C+D′+

and along A,B,A′ for the lower skin:



Û−
ABA′

= Û−
A+B+A′−

+ θ̂−
A+B+A′− ×

(
− ts2 ê−3

)

θ̂−
ABA′

= θ̂−
A+B+A′−

Finally, periodicity conditions must be applied: A±D±A
′′± matches A

′±D
′±A

′′′±, A±B±A
′± matches

A
′′±B

′′±A
′′′± and ADA

′′
matches A

′
D
′
A
′′′

(Figure A.5 and Appendix A).

4. Results

4.1. Kirchhoff-Love homogenization

In Figure A.6 and Figure A.7 are plotted the deformed unit-cell under Kirchhoff-Love unit strain loads.
The facets thickness is 0.1mm, the skins thickness is 1mm and the shape ratio is, a0/b0 = 1.2. The original
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geometry is given by a wireframe and the contour plot displays Von Mises stress. One can clearly identify
the average strains related to e∼ and χ

∼
enforced overall on the unit-cell. When computing the Kirchhoff-Love

stiffness tensors, expected uncouplings were obtained.
The main observation is that for both membrane and curvature loadings, most of the stress is concentrated

in the skins and the core is almost not stressed. This confirms the classical assumption in sandwich panel
theory (SPT) that the core does not affect the bending stiffness. Under this assumption, one can derive the
commonly used Kirchhoff-Love stiffness, taking only the skins into account:

(
A∼∼

SPT,D∼∼
SPT
)

=

(
h− tc,

h3 − t3c
12

)
c∼∼
m (21)

where c∼∼
m is the plane-stress stiffness tensor of the constitutive material of the skins. In Figure A.8 is

plotted the relative difference between DBG
1111 and DSPT

1111 versus the contrast ratio ts/tf for several facets
thicknesses. Since all curves seem collapse on a master curve, the contrast ratio appears as a good parameter
for quantifying the error in sandwich panel theory. Moreover, for contrast ratio larger than 10, DSPT

1111 gives
a very good approximation of the stiffness derived with the homogenization scheme (this was also observed
with all components of A∼∼ and D∼∼ ).

4.2. Bending-Gradient homogenization

The distance between Bending-Gradient and Reissner-Mindlin theories ∆RM/BG is plotted in Figure A.9
versus the contrast ratio for several facets’ thickness. The distance is globally decreasing with the contrast
ratio and when ts = 2tf it is already smaller than 2%. For contrast ratios greater than 10, the distance is
very small (2�) and becomes steady with respect to the contrast ratio. Clearly, the Bending-Gradient is
turned into a Reissner-Mindlin model, especially for high contrast ratios. This means that we only need to
consider shear forces Qα as macroscopic load and not all of the six components of Rαβγ . Moreover, there
are only two shear forces stiffness moduli to be derived (orthotropy). The constitutive equation becomes:

(
Q1

Q2

)
=

(
F11 0
0 F22

)(
γ1
γ2

)
(22)

where γ
−

is Reissner-Mindlin shear strain and F∼ =
(

2
3i∼∼ · i∼∼∴ f__ ∴ 2

3i∼∼ · i∼∼
)−1

is Reissner-Mindlin conventional

stiffness. This simplification into a Reissner-Mindlin model is generalized to any sandwich panel under a
contrast assumption between the core and the skins stiffness in Lebée and Sab (2011c).

In Figure A.10 are plotted the deformed unit-cell under shear force unit loads. The overall deformation
of the unit-cell looks like uniform shear strain as expected with sandwich panels and one can easily notice
the in-plane relative displacement of the skins. The core is more stressed than the skins and the fields in
the core are similar to those derived in Lebée and Sab (2010b).

Finally, whereas in Direction 2 the skins remain planar under Q2 loading, in Direction 1 the skins are
clearly distorted (Figure A.11). The out-of-plane displacement of the skin is about 1/3 of the skins relative
displacement. This explains the gap between bounds in this direction and affects critically the actual shear
forces stiffness.

In Figures A.12 and A.13, the shear forces stiffness moduli are plotted in each direction versus the shape
ratio a0/b0. They are normalized with Voigt upper bound for shear forces stiffness

FV
αβ = ρAsGm (23)

where

ρ =
tf
a

√
1 + tanα2 + cot δ2 (24)

is the volume fraction of material in the core, Gm is the shear modulus of the constitutive material and

As = tc

(
2(h3 − t3c)

3tc(h2 − t2c)

)2

(25)
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is the shear area suggested by Kelsey et al. (1958). The bounds from Kelsey et al. (1958) derived with finite
elements in Lebée and Sab (2010b) are also recalled.

The facets thickness is set to tf = 0.1mm and several skins thicknesses are investigated. The upper
bound from Kelsey et al. (1958) is never violated whereas the lower bound is when the contrast ratio is
rather low. Actually, in Lebée and Sab (2011c), it is demonstrated that the lower bound from Kelsey et al.
(1958) is not strictly justified because it does not take properly into account the contribution of the skins
to the shear forces stiffness. As already pointed out with the bounds in Lebée and Sab (2010b), the shape
ratio has a strong influence on the actual shear forces stiffness in both directions.

It is noticeable that the moduli derived with the Bending-Gradient homogenization scheme cover all the
range between the bounds from Kelsey et al. (1958) when varying the skins thickness. Thus we conclude
that these bounds cannot be improved without a detailed analysis of the interaction between the skins and
the core. Furthermore, the upper bound is reached only for extremely high contrast ratio. This contradicts
the common practice of choosing only the upper bound for designing sandwich panels.

Finally, in both directions, the thicker the skins are, the closer to the upper bound the shear forces
stiffness is. This confirms the interpretation given by Kelsey et al. (1958) for their bounds: the upper bound
is relevant for thick skins and the lower one for thin skins. Further analysis of this phenomenon is provided
in the discussion of Section 5.

4.3. Comparison with full 3D simulation

In order to validate the Bending-Gradient model, the homogenized solution derived with the Bending-
Gradient homogenization scheme is compared with a full 3D simulation of the sandwich panel under the
cylindrical bending configuration from Pagano (1969). The sandwich panel is simply supported in x1 = 0, L
and infinite in x2 direction. It is transversely loaded with a sine distribution: p3 = p0 sin πx1

L .
The Bending-Gradient/Reissner-Mindlin solution for this configuration was derived in Lebée and Sab

(2011b). Orthotropic uncouplings lead directly to the deflection:

U3(x1) = p0

(
L

π

)4(
1

D1111
+

π2

L2F11

)
sin

πx1
L

(26)

where L is the span, D1111 and F11 are the stiffness moduli derived from the homogenization scheme.
An illustration of the full 3D simulation is given in Figure A.14. The unit-cell geometry is the same

as in Figure A.6. The span covers 18 cells: L = 308mm ' 10h. Simple supports are modeled with rigid
rolls which diameter is 3tc. Actually these boundary conditions are much closer to the reality than those
implicitly defined in plate models. Periodicity conditions in Direction 2 are enforced along the edge of the
9.5 cells strip in Figure A.14. At mid-span, the rotational symmetry S with respect to a vertical axis is used
to restrict the analysis to half a span. This symmetry was detailed in Section 3.2. The same elements as
for the homogenization scheme are used. Because of the supporting rolls, contact with the sandwich panel

is taken into account. The sandwich panel is loaded on the lower and upper skins with T̂−
±

= p3
2 ê−3 where

p3 = −p0 sin πx1

L . The loading p0 is chosen small enough so that we remain in the linear elastic range.
On Figure A.14, the skins distortion is clearly visible. In order to compare with the prediction from the

Bending-Gradient model, the plate deflection from the 3D simulation is derived as the average between the
upper skin and the lower skin deflections. Moreover, this deflection is averaged in the x2 direction. Two
arbitrary facet thicknesses are investigated: tf = 0.1mm and tf = 2mm as well as two skin thicknesses:
ts = 5mm and ts = 1mm. On Figures A.15 to A.18 are plotted the deflection curves. For each sandwich
panel configuration, four deflection curves are plotted: the full simulation and the Bending-Gradient gradient
prediction, but also the deflections using only the bounds from Kelsey et al. (1958) for the shear forces
stiffness. The deflection is normalized with the Kirchhoff-Love deflection of the plate (F11 =∞).

For all configurations, their is a very good agreement between the Bending-Gradient predictions and
the 3D solution. Because of the different supports between the Bending-Gradient solution and the 3D
simulation, it is not possible to give a quantitative comparison of deflections. For instance, in Figure A.16,
the skins own flexural stiffness close to supporting rolls generates an offset in the deflection of the 3D model.
The qualitative comparison is nevertheless convincing. Furthermore, the contribution of transverse shear to
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the deflection is clearly non-negligible and the gap between the deflections based on the bounds from Kelsey
et al. (1958) illustrates the need of accurate estimate of shear forces stiffness.

Finally, 3-point bending was alos performed in order to test more realistic loadings for sandwich panels.
The result are very similar to those presented here; provided the thickness of the skins is not too large
compared to the overall thickness of the sandwich panel (ts/h < 1/10). Otherwise, the skins own flexion
must be taken into account with second moments in order to predict accurately the deflection.

5. Discussion on shear forces stiffness

The application of the Bending-Gradient homogenization scheme in Section 4.2 brought out a skin
distortion phenomenon when the sandwich panel including the chevron pattern is loaded in Direction 1.
A strong influence on the shear forces stiffness is then observed. Actually, the interaction between the
skins and the core has already been pointed out with honeycomb and more critically with corrugated
cardboard (Nordstrand and Carlsson, 1997). In this section we first recall the existing work already done
with honeycomb in order to identify the specificities of the chevron pattern. Then the importance of the
distortion effect in sandwich panels assessment is finally discussed.

5.1. The case of honeycomb structures

In the case of a sandwich panel including honeycomb loaded with shear forces, the interaction between
the skins and the core is mainly caused by an incompatibility between the overall transverse shear strain field
in the core and the skins own stiffness. This interaction is driven by two phenomena: a trade-off between
skin and core stiffnesses and a boundary layer effect.

The incompatibility itself is caused by the non-uniform shear strain in the core far from the skins.
Especially there is out-of-plane warping of the honeycomb core. Close to the skins, this warping is restrained
which generates local flexion in the skins. Since warping involves in-plane shearing of the honeycomb facets,
this phenomenon is driven by a trade-off between the skins flexural stiffness and the facets membrane
stiffness.

This incompatibility phenomenon is a boundary layer and remains close to the skins because of a slender-
ness effect (named also thickness effect by Becker (1998)). In many sandwich panels including honeycomb,
the in-plane size l of the unit-cell is rather small compared to the core thickness tc (Figure A.19). Thus,
when tc/l is large enough and assuming the skins fully rigid, the unit-cell can be considered as a beam
doubly clamped to the skins. The strain incompatibility caused by clamping remains localized close to the
skins. This phenomenon is directly driven by the aspect ratio of the unit-cell tc/l. A model illustrating such
boundary effects caused by strains incompatibility on the edge is suggested in Lebée and Sab (2010a).

This boundary layer effect was pointed out by Grediac (1993) when applying the unit displacement
method from Kelsey et al. (1958) with finite elements. Grediac (1993) demonstrated the influence of the
unit-cell aspect ratio on the upper bound for shear forces stiffness. When l/tc decreases, the finite elements
upper bound computed by Grediac (1993) decreases and becomes close to the lower bound because the
incompatibility remains close to the skins. His work was followed by analytical approaches from Becker
(1998, 2000) and Chen and Davalos (2005) where the strain incompatibility is treated as a boundary effect.
However all these works assume fully rigid skins. Thus the trade-off between the skins stiffness and the
facets membrane stiffness was not pointed out.

In order to take into account the full interaction between skins and core under transverse shear loading,
Shi and Tong (1995) suggested to apply a uniform transverse shear strain on average in the core (as done
in periodic homogenization schemes) to which are welded the skins. This enabled them to bring out both
the unit-cell aspect ratio and the skins own flexural stiffness influence on the actual shear forces stiffness of
honeycombs. Their approach was applied to several honeycomb geometries by Hohe (2003) who calls it the
direct homogenization method.

Even if this approach is based on a relevant analysis of the mechanical behavior of sandwich panels
under shear forces, its main limitation is that it is valid only for thin skins. When the skins become thick,
they carry a non-negligible part of shear forces and must be taken into account in the estimation of shear
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forces stiffness. Actually there is an inherent contradiction when assuming thin skins and trying to assess
the influence of their thickness on the shear forces stiffness. The Bending-Gradient homogenization scheme
is not limited by the skins thickness.

5.2. The case of chevron pattern

Like with honeycomb, their is a shape ratio a0/b0 for the chevron pattern. As indicated in Section 4.2
this shape ratio has a strong influence on the shear forces stiffness. However, it is difficult to relate a0/b0
to some scale separation or slenderness effect. Moreover in practical case a0/b0 ∈ [0.25, 1.5] (Zakirov et al.,
2006) thus it would be irrelevant to look for limit cases and a boundary layer effect.

There remains the skins distortion effect. Two combined phenomenon could explain the shear forces
stiffness variations.

First, in Lebée and Sab (2010b) we indicated that facets mostly behave as membranes. Hence exactly
as for the honeycomb, the shear forces stiffness is mostly driven by the facets membrane stiffness which
compete with the skins own flexural stiffness. In the present case, this trade-off is proportional to the ratio
between the skins flexural stiffness and the facets membrane stiffness: ts/(tfh

2)1/3 which we call the skins
relative flexural stiffness (an equivalent parameter was suggested by Shi and Tong (1995)).

Second, since the facets are clamped on the skins, there can be local flexion in the facets or in the skins.
Thus, when the skins are thin and the facets thick enough, there could be a competition between flexion in
the skins or flexion in the facets. This phenomenon is driven by a trade-off between facets and skins flexural
stiffness. In the present case, this trade-off is proportional to the cube of the contrast ratio ts/tf .

In order to investigate the last two phenomena, the shape ratio is chosen as a0/b0 = 1 in the following.
In Figure A.20 the shear forces stiffness in Direction 1, F11 is plotted versus the contrast ratio ts/tf

for several facets thicknesses. The bounds from Kelsey et al. (1958) derived with finite elements in (Lebée
and Sab, 2010b) are recalled. Globally, F11 increases with the contrast ratio and complies with the upper
bound from Kelsey et al. (1958). For low contrasts (< 2), the lower bound from Kelsey et al. (1958) is
sometimes violated. Moreover the shear forces stiffness is only function of the contrast ratio ts/tf in this
range: it does not depend on the facets slenderness tf/h (all curves are superposed). Hence, with thin
skins (ts/tf < 2), it is the competition between flexion in the core or in the skins which drives the stiffness.
Large skins deformation were observed with finite elements computations. For contrast ratio larger than
2, a shift between the lower bound and the upper bound occurs. This shift depends on both the contrast
ratio and the facets thickness. When the shift occurs, no more skins distortion is observed in finite elements
computations.

In Figure A.21 the shear forces stiffness in Direction 1 is plotted versus the skins relative flexural stiffness
ts/(tfh

2)1/3 for several facet thicknesses. All shifts occur for the same value of this parameter (ts/(tfh
2)1/3 '

0.4). This justifies the interpretation of the skins distortion as a trade-off between skins flexural stiffness
and facets membrane stiffness suggested above.

In Direction 2, the shear forces stiffness is only function of the contrast ratio ts/tf and does not depend
on the facets relative thickness (Figure A.22). Contrary to Direction 1, there is no clear shift between the
upper and the lower bound. Very small out-of-plane skins deformations were observed in finite elements
results. Here, it is only the competition between flexion in the core or in the skins which drives the stiffness.

5.3. Consequence of skins distortion

One can wonder if the distortion effect has to be taken into account with conventional sandwich panel
applications including the chevron pattern since shear effects are usually second order effects.

Here is a first answer in the linear elastic domain. Let us consider such a sandwich panel under the
cylindrical bending introduced in Section 4.3. The mid-span deflection (Equation (26)) can be rewritten as:

U3 = UKL

(
1 +

(
L∗

L

)2
)
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where UKL = p0
D1111

(
L
π

)4
is Kirchhoff-Love deflection, L∗ = π

√
D1111

F11
is a characteristic length to which the

span must be compared and
(
L∗

L

)2
is the shear forces contribution to the deflection. When L � L∗ the

contribution is negligible. For a homogeneous and isotropic plate L∗ ' h. In Figure A.23 L∗/h is plotted
as a function of the contrast ratio. This leads to three remarks.

First, we have L∗/h� 1. Having L∗/h� 1 would mean that the plate behavior is completely dominated
by flexion. Actually, in such a case, one can wonder the meaning of a shear effect which is negligible compared
to the unit-cell size and the homogenization approach becomes inconsistent.

Second, in the present case, the shear deflection cannot be neglected. For instance, in standard sandwich
panel applications, the slenderness ratios L/h are seldom larger than 40. In this extreme case, with a
contrast ratio of ts/tf = 10, we have L∗/h ' 10 and already (L∗/L)2 = 6.25%.

Third, the skins distortion occurs exactly in the standard range for contrast ratio. We conclude that this
phenomenon has a central role when one wants to predict accurately sandwich panels deflection including
the chevron pattern.

The non-linear elasticity is out of the scope of this work. However, let us recall that the failure of
sandwich panels is mainly due to buckling. The work from Petras and Sutcliffe (1999) is a good illustration
for an analytical and experimental approach of honeycomb sandwich panels failure map. It is also very
interesting to consider the work from Pahr and Rammerstorfer (2006) and Rammerstorfer et al. (2006)
were the numerous failure modes are numerically investigated. In many of these failure, the out-of-plane
displacement of the skins is involved. Thus, in the case of the chevron pattern, the skins distortion might
really affect the bifurcation point.

6. Conclusion

In this work, the Bending-Gradient plate theory was extended to periodic plates through a homogeniza-
tion scheme. Even if this approach might look more complex than classical tools for sandwich panels, it is
not limited by any assumption or symmetries. It enables the derivation of the actual stress in the unit-cell
generated by macroscopic loads in addition to the macroscopic deflection. Furthermore, it is possible to per-
form the homogenization of a unit-cell constituted of structural elements and not necessarily 3D continuum
FE.

Once applied to a sandwich panel including the chevron pattern, the prediction given by the Bending-
Gradient theory was validated by comparing with a full simulation of the sandwich panel. Concerning
membrane and flexural moduli, the classical formula from the sandwich panel theory appears to be a
good approximation of the actual moduli. When applying the shear auxiliary problem, it turned out that
the Bending-Gradient is turned into a Reissner-Mindlin model especially for large contrast ratios. This
simplification is extended to all type of sandwich panels provided a contrast assumption in Lebée and Sab
(2011c). Moreover, a skin distortion phenomenon was pointed out. This interaction between skins and core
is generally ignored, but in the present case it has a critical effect on the shear forces stiffness even in very
conventional designs. This phenomenon was explained by a competition between the skins own flexural
stiffness and the core membrane stiffness.

Since the Bending-Gradient homogenization scheme gives the local stress in the plate generated by shear
forces, it becomes possible to estimate the strength of the sandwich panel. Actually, the present study
illustrates clearly that an accurate knowledge of the loading related to shear forces is critical for deriving
the actual buckling load. This comes in addition to the observation from Baranger et al. (2010b) that small
geometrical defects have strong influence on the stiffness and the strength of folded cores. Incorporating
these defects in the Bending-Gradient homogenization scheme is easy and might finally lead to a noticeable
improvement of the modeling of sandwich panels.
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Appendix A. Implementation details with plate elements

The homogenization scheme presented in Section 2.4 is valid for 3D continuum mechanics. However,
sandwich panels with core made of honeycomb structures or folded material are mostly made of thin facets.
In order to limit computational cost, it is more relevant to model the unit-cell of these panels with plate
elements: the facets. In this case, the 3D fields in the auxiliary problems PLK and PBG are replaced by
plate generalized stresses, translations and rotations. In this section we provide some adaptation of auxiliary
problems to plate fields.

First, boundary conditions in the Kirchhoff-Love auxiliary problem are modified so that it takes into
account the rotation field. Then the volume force related to R

_
is turned into plate loadings.

Appendix A.1. Boundary conditions in the Kirchhoff-Love auxiliary problem

Introducing the Kirchhoff-Love average displacement,

Û−
KL

= ê∼ · ŷ− + y3χ̂
∼
· ŷ
−
− 1

2

(
t ŷ
−
· χ̂
∼
· ŷ
−

)
ê−3 (A.1)

the problem PLK Equation (11) can be rewritten in the strictly equivalent form:

PLK,bis





σ̂∼
KL · ∇̂− = 0 (A.2a)

σ̂∼
KL = Ĉ∼∼

(
ŷ
−

)
: ε̂∼

KL (A.2b)

ε̂∼
KL = ∇̂− ⊗s û−KL (A.2c)

û−
KL = û−

per + ê∼ · ŷ− + y3χ̂
∼
· ŷ
−
− 1

2

(
t ŷ
−
· χ̂
∼
· ŷ
−

)
ê−3 on ∂Yl (A.2d)

σ̂∼ · ê−3 = 0 on free faces ∂Y ±3 (A.2e)

σ̂∼ · n̂− skew-periodic on lateral boundaries ∂Yl (A.2f)

û−
per(y1, y2, y3) (y1, y2)-periodic on lateral boundaries ∂Yl (A.2g)
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where loadings e∼ and χ
∼

appears only on the lateral boundaries of the unit cell. Since the facets are small

plates, one have to adapt these boundary conditions to the facets local kinematics: the displacement Û− and
the rotation θ− .

Rotations are related to the skew-symmetric part of the gradient of the displacement:

Θ̂∼ =
1

2

(
Û− ⊗ ∇̂− − ∇̂− ⊗ Û−

)

Θ̂∼ is a skew-symmetric matrix and θ̂− is the pseudo-vector derived from Θ̂∼ (see for instance (Forest et al.,
2001)):

∀n̂− , Θ̂∼ · n̂− = θ̂− × n̂− .

The skew-symmetric part of Û−
KL⊗ ∇̂− is :

Θ̂∼
KL

= Θ̂∼
per

+
(
χ̂
∼
· ŷ
−

)
⊗ ê−3 − ê−3 ⊗

(
χ̂
∼
· ŷ
−

)
(A.3)

and the corresponding rotation pseudo-vector is:

θ̂−
KL

= θ̂−
per

+
(
ê−2 ⊗ ê−1 − ê−1 ⊗ ê−2

)
·
(
χ̂
∼
· ŷ
−

)
(A.4)

When two edges are matching with periodicity conditions, the difference between displacements is written
as: 




∆Û−
KL

= ê∼ ·∆ŷ− + y3χ̂
∼
·∆ŷ

−
−




t(
ŷ
−

+
+ŷ
−

−

2

)
· χ̂
∼
·∆ŷ

−


 ê−3

∆θ̂−
KL

=
(
ê−2 ⊗ ê−1 − ê−1 ⊗ ê−2

)
·
(
χ̂
∼
·∆ŷ

−

) (A.5)

where ŷ
−

− and ŷ
−

+ are the coordinates of the first and the second corresponding edges and ∆ŷ
−

= ŷ
−

+ − ŷ
−

−.

The periodicity condition between two matching edges + and − are enforced as:

{
Û−

+
= Û−

−
+ ∆Û−

KL

θ̂−
+

= θ̂−
−

+ ∆θ̂−
KL (A.6)

These periodicity conditions generalize to any unit-cell configuration those suggested by Hohe (2003) and
Pahr and Rammerstorfer (2006) which where restricted to rectangular unit-cell.

In the present case, the unit-cell is constituted of facets which have their own local orientation (†) with
respect to the main reference frame. Thus ŷ

−

† denote the coordinates in the local reference frame and

ŷ
−

† = P̂∼ · ŷ−, where P̂∼ is an isometry of the 3D space (Figure A.24).

For a shell element, only rotations with respect to ê−
†
1

and ê−
†
2

are defined. Thus it is also necessary to

restrict the rotation θ̂−
KL

to its in-plane part in the local reference frame of the facet. The actual rotation
offset between matching edges implemented in finite elements code in the main reference frame is finally:

∆θ̂−
FE

=
t
P̂∼ · p̂∼ · P̂∼ ·∆θ̂−

KL

where p̂
∼

=
(

1 0 0
0 1 0
0 0 0

)
is the in-plane projection operator.

Appendix A.2. Localization of Kirchhoff-Love fields

Again, since we are dealing with facets, the local 3D stress σ̂∼(ŷ
−

) is replaced by plate generalized-stress

fields n∼
†(ŷ
−

),m∼
†(ŷ
−

), q
−
†(ŷ
−

) (membrane stress, bending moment and shear forces) which are defined in the

local reference frame. Thus, solving the Kirchhoff-Love auxiliary problem A.2 with shell elements for each
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individual component of e∼ and χ
∼

leads to the localization of generalized-stress fields nαβγδ, mαβγδ and qαβγ .

The local generalized-stress field can be reconstructed by linear combination:




n∼
†KL = n∼∼

(e) : e∼+ n∼∼
(χ) : χ

∼

m∼
†KL = m∼∼

(e) : e∼+m∼∼
(χ) : χ

∼

q
−
†KL = q

∼−

(e) : e∼+ q
∼−

(χ) : χ
∼

(A.7)

We recall that e∼ and χ
∼

are considered in the main reference frame whereas the resulting generalized-stresses

n∼
†KL, m∼

†KL and q
−
†KL are written in the local reference frame (two points tensors).

Using the inverted Kirchhoff-Love plate constitutive law, it is possible to write the local generalized-stress
field generated by the bending moment:





n∼
†(M) = n∼∼

(M) : M∼ =
(
n∼∼

(e) : b∼∼+ n∼∼
(χ) : d∼∼

)
: M∼

m∼
†(M) = m∼∼

(M) : M∼ =
(
m∼∼

(e) : b∼∼+m∼∼
(χ) : d∼∼

)
: M∼

q
−
†(M) = q

∼−

(M) : M∼ =
(
q
∼−

(e) : b∼∼+ q
∼−

(χ) : d∼∼

)
: M∼

(A.8)

Appendix A.3. Shear auxiliary problem loading

Finally, the volume force f̂
−

(R)
involved in the shear auxiliary problem PBG (Equation (17)) has to be

turned into plate loading p̂
−

†(R) and µ
−
†(R) (force and moment per unit surface) in the facet’s reference frame.

Since it involves different reference frames and respective derivatives, we suggest the following step by step
procedure:

Facets are homogeneous plates of thickness t. Thus the generalized-stress (n∼
†(M),m∼

†(M), q
∼

†(M)) (Equa-

tion (A.8)) is related to the following local 3D stress into the facet:

σ̂∼
†(M) =

1

t
n∼
†(M) +

12y†3
t3
m∼
†(M) +

3

2t


1−

(
2y†3
t

)2


(
q
−

†(M) ⊗ ê−†3 + ê−
†
3
⊗ q
−

†(M)
)

(A.9)

Using transformation formula, the stress field is expressed in the main reference frame: σ̂∼
(M) = P̂∼ ·

σ̂∼
†(M) · t P̂∼ . Now it is possible to apply the procedure detailed in Section 2.4.2 for deriving f̂

−

(R)
in the main

reference frame. The volume force in the local reference frame is then: f̂
−

†(R)
=

t
P̂∼ · f̂−

(R)
. Then, we derive

the plate loads p̂
−

†(R) and µ
−
†(R) from f̂

−

†(R)
: p̂
−

†(R) =
∫ t

2

− t
2

f̂
−

†(R)
dy†3 and µ

−
†(R) =

∫ t
2

− t
2

y†3f−
†(R)dy†3

All these steps lead to the following definition of plate loads in the local reference frame generated by a
uniform bending gradient in the unit-cell:

{
p
†(R)
i =

(
n
(M)
ijβα + q

(M)
iβα δj3 + q

(M)
jβα δi3

)
PγjRαβγ

µ
†(R)
δ = m

(M)
δεβαPγεRαβγ

(A.10)

Finite element softwares do not always implement the moment-per-unit-surface loading µ
−

with plate

elements. However, it is always possible to load with concentrated F̂− force and moments M̂− at nodes. The
preceding plate loads are then converted into concentrated loads in the main reference frame with:

{
F

(R)
i = SnPik

(
n
(M)
kjβα + q

(M)
kβαδj3 + q

(M)
jβα δk3

)
PγjRαβγ

M
(R)
i = SnPiζ (δζ2δδ1 − δζ1δδ2)m

(M)
δεβαPγεRαβγ

(A.11)

where (δζ2δδ1 − δζ1δδ2) turns µ
−

into a moment pseudo-vector and Sn is the nodal area.
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Figure A.1: Chevron folded paper

Figure A.2: The plate unit-cell
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Figure A.3: Chevron pattern investigated configurations.

(a)

(b) (c)

Figure A.4: (a): Rotational symmetry with respect to (S, ê−3). (b): Central symmetry with respect to point R. (c): Symmetry

with respect to (B, ê−1, ê−3) plane.
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Figure A.5: The sandwich panel unit-cell and periodicity conditions.

Figure A.6: Deformed unit-cell under Membrane e∼ loading
(a0/b0 = 1.2, tf = 0.1mm, ts = 1mm). The contour plot
displays Von Mises stress.

Figure A.7: Deformed unit-cell under Curvature χ
∼

loading

(a0/b0 = 1.2, tf = 0.1mm, ts = 1mm). The contour plot
displays Von Mises stress.
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Figure A.8: Relative difference between DBG
1111 and DSPT

1111 versus the contrast ratio ts/tf .
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Figure A.9: Distance between Reissner-Mindlin and Bending-Gradient plate model versus the contrast ratio.

22



Figure A.10: Deformed unit-cell under shear forces loading (a0/b0 = 1.2, tf = 0.1mm, ts = 1mm). The contour plot displays

local membrane stress n
(Q)
11 for Q1 loading and n

(Q)
12 for Q2 loading (the local reference frame is such that ê−

†
1

is along AD, ê−
†
3

is normal to the facet with ê−
†
3
· ê−3 > 0).

Figure A.11: Deformed unit-cell under Q1 loading (a0/b0 = 1.2, tf = 0.1mm, ts = 1mm). View from ê−2, Von Mises stress.
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Figure A.12: The normalized shear forces stiffness in Direction 1 vs. the shape ratio for several skin thicknesses (tf = 0.1).
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Figure A.13: The normalized shear forces stiffness in Direction 2 vs. the shape ratio for several skin thicknesses (tf = 0.1).
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Figure A.14: Overview of the full 3D finite elements cylindrical bending, ts = 1mm and tf = 0.1mm. Only half span is shown
(symmetry).
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Figure A.15: Deflection along the span for ts = 1mm and
tf = 0.1mm.
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Figure A.16: Deflection along the span for ts = 5mm and
tf = 0.1mm.
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Figure A.17: Deflection along the span for ts = 1mm and
tf = 2mm.

−0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

x1/L

D
1
1
1
1
U

3

p
0

( π L

) 4

 

 

Full 3D simulation
BG
Kelsey+
Kelsey-

Figure A.18: Deflection along the span for ts = 5mm and
tf = 2mm.

Figure A.19: The honeycomb unit-cell for several aspect ratio.
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Figure A.20: The normalized shear forces stiffness in Direction 1 vs. the contrast ratio for several facet thicknesses (a0/b0 = 1).
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Figure A.21: The normalized shear forces stiffness in Direction 1 vs. skins relative flexural stiffness for several facet thicknesses
(a0/b0 = 1).
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Figure A.22: The normalized shear forces stiffness in Direction 2 vs. the contrast ratio for several facet thicknesses (a0/b0 = 1).
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Figure A.23: Shear deflection correction vs. contrast ratio for several facet thicknesses (a0/b0 = 1).
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Figure A.24: Local orientation of a facet belonging to the unit-cell.
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