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DAVENPORT SERIES AND ALMOST-SURE CONVERGENCE

Julien Brémont

Université Paris-Est, janvier 2010

Abstract

We consider Davenport-like series with coefficients in {? and discuss L2-convergence as well
as almost-everywhere convergence. We give an example where both fail to hold. We next
improve former sufficient conditions under which these convergences are true.

1 Introduction

Let R\Z be the Circle and L? be the restriction of the space L?(R\Z — R) to odd functions.
For a real parameter A > 1/2, we introduce the map :

n@=>" sin(2rma)

mA
m2>1

This function is defined everywhere on R\Z. It is continuous, except at 0 when 1/2 < A <1, and
belongs to L2. For real sequences (a,) € [?, we consider expansions based on the dilated functions
system {gx(nz)},>1 of the following form :

> anga(na), (1)

where we write Y for the summation Z:j We are interested in the questions of L?-convergence
and Lebesgue almost-everywhere (a.e) convergence of such series.

This is a natural problem which can be formulated with gy replaced by a general g € L?(R\Z).
A reason for focusing on odd functions is that sin series in general better converge than cos series.
When g(z) = sin(2rz), the L?-convergence of Y a,,g(nz) follows from the fact that the {g(nz)},>1
are orthonormal. A.e-convergence in this case is the difficult theorem of Carleson [4]. For a different
g such that the {g(nz)},>1 are complete in L?, the {g(nz)},>1 are not orthogonal, see Bourgin
and Mendel [2], and the question of L?-convergence is already not clear. The case of g = gx
was introduced by Wintner in [17]. A special motivation comes Arithmetics and the case A = 1,
corresponding to the first Bernoulli polynomial or “sawtooth function” {z} := x — [x] — 1/2, where
[x] is the integer part of x € R. Indeed :

m

{2} = _%Z sin(27rmm).

Series of the form Y a,{nx} appear since long ago in the litterature, at the interface of Number
Theory and Analysis. We recommend the very detailed presentation of such series by Jaffard in
[12], where they are called Davenport series, due to Davenport’s initial systematic study [5, 6]. In
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this article and for simplicity we call Dy-series a series of the form (1), the case of Davenport series
corresponding to A = 1.

Beginning with a discussion in L?, Wintner [17] established that the family {g(nz)},>1 is
complete in L? for any A > 1/2. We now consider the L?-convergence of Dy-series with (a,,) € I%.
According to work by Wintner [17] and next Hedenmalm, Lindqvist and Seip [11], the {gx(nz)}n>1
form a Riesz basis when A > 1. By a “Riesz basis” we mean a complete sequence (&,) in L? such
that for some constant C' > 0 :

c! Zai < Zan§n||2 < CZai, Y(an) € 12

Here and in the whole article we denote by || || the usual L2-norm, with scalar product (, ). Lindqvist
and Seip [15] provide the inequalities :

(@) s SO 5
O 2= S I anar (o)l < 253 > el

where ((s) = > -, n % for s > 1, is the Riemann Zeta function. Constants are optimal. This

settles the question of L2-convergence when A > 1. In this case, the a.e-convergence of Dy-series
for (a,) € 12 follows from Carleson’s theorem [4] on the a.e-convergence of Fourier series. Indeed :

N
Z angx(nx) Z m~A Z ay, sin(2rmnz). (2)
n=1

m2>1

For each m > 1, 25:1 ay sin(2rmnzx) converges a.e, as N — 400, by Carleson’s theorem. Next :

N K
| Z ap sin(2rmnzx)| < sup | Z ap sin(2rmnzx)| =: M (mx).
n=1 Kzl o

By classical work on the maximal operator, | M| 11r\z) < CY_ a2 (cf for instance Fefferman [7]).
Thus Y, -, m *M(mz) is integrable and in particular a.e finite. One can now a.e apply the
Lebesgue dominated convergence theorem in (2) to conclude. Of course this argument does not
work when 1/2 < A < 1. Mention also that Carleson’s theorem uses properties of the Fourier basis.
There exists orthonormal bases of L? for which L?-convergence does not imply a.e-convergence,
see Rademacher [16].

For the rest of the article we suppose that 1/2 < A < 1. As a consequence of an analysis by
Wintner [17] of some Dirichlet series associated to Dj-series, for any 1/2 < A < 1 there exists
(an) € I? such that Y anga(nz) is L?-divergent. In particular for 1/2 < A < 1, the {gx(nz)},>1 do
not form a Riesz basis of L2. We now detail known sufficient conditions for L? and a.e-convergence.
We are essentially aware of results concerning Davenport series. Wintner [17] proved that ) a,{nz}
converges in L? whenever a, = O(n™"), with x > 1/2. Extending this result, Jaffard [12] showed
that for (a,) € I the sum > a,{nz} converges in a Sobolev space very close to L?. About a.e-
convergence, Davenport in his fundamental papers [5, 6] gave non-trivial arithmetical examples
where a.e-convergence is true, such as :

Z {}Z {}Z”{?} (3)

n=1

where A(n), A(n) and p(n) are respectively Liouville’s function, Von Mangolt’s function and Mo-
bius’ function. When the a,, are slowly varying, the a.e-convergence of > a,{nx} follows, via
an Abel transform, from estimates on ) _{nz}, cf Lang [14]. Jaffard [12] deduced the a.e-
convergence of . a,{nz}, whenever a,, = O(logn)~® and a1 — a, = O(n~'(logn)~(+) for
some « > 2. In particular, Hecke series :



= {ne}
M) =y (4)
n=1

converge a.e for Re(s) > 0, a result already shown by Hardy and Littlewood [8]. For general
sequences, Hartman proved in [9] the a.e-convergence of > an{nz} when a, = O(n="), with
k > 2/3. Mention finally some results going further than a.e-convergence. Using P-summation
techniques, de la Bretéche and Tenenbaum [3] proved that (4) is convergent when s = 1 outside
a set of Hausdorff dimension zero that they describe. Also the second series in (3) is everywhere
convergent.

We now detail the content of the article. We discuss the L? and a.e-convergence of Dy-series of
the form (1) for general (a,) € I2. We first complete the L?-divergence result of Wintner [17] by
an a.e-divergence result. We next improve former sufficient conditions for L? and a.e-convergence.

Theorem 1.1
Assume that 1/2 < X < 1.

i) There exists (ay,) € [? such that Y angx(nx) is simultaneously L?-divergent and a.e-divergent.
i1) Suppose that for some e >0 :

5 (14e)(logn)=(A—1)
dain  20-NTglen < oo, when 1/2 < A < 1,

> a2 (logn)3(loglogn)?**s < co, when A = 1.

Then 3~ anga(nx) converges in L? and a.e.

In particular, the latter conditions are verified if Y a2n® < oo, for some £ > 0. For example, the
following series converge in L? and a.e when s > 1/2 :

Z { x}, Z {n:r} and Z'uzg {n?z}.

n=1

We note that whereas Wintner’s approach is abstract we build here an explicit example. The fact
that (a,) € ? does not imply the a.e-convergence of Dy-series is not that surprising, since this
condition is not the correct one for L2-convergence. One can make the second moment explode and
develop a probabilistic argument based on the Central Limit Theorem. The true question, more
difficult, is whether L?-convergence implies a.e-convergence. A weak formulation is as follows :

2
Question. If 1/2 <A <1land ), ., (Zn>1 n’>‘|akn\) < 400, does Y angx(nx) converge a.e 7

The above condition is strictly stronger than (a,) € I, when 1/2 < XA < 1. As detailed below, it
ensures the L?-convergence of Y a,gx(nz) and is necessary when the a,, have constant sign.

We next consider three classical situations, for instance Hadamard lacunarity, where we can
prove L?-convergence, but a.e-convergence only under stronger conditions. We define the support
supp(n) of an integer n as its set of prime divisors and write |supp(n)| for the cardinal of this set.

Theorem 1.2
Suppose that 1/2 < XA < 1.

i) Let (ny) check nyy1/ng > ¢, where ¢ > 1. Then Y. argx(ngx) converges in L? whenever (ay,) € 12
and more precisely :

C1 Y ap <> arga(nkz)|* < Cy Y ai,



where :

=0 S (B2 () Y s, S0 (2121)

If the stronger condition Y a3 (logk)? < oo is verified, then > axgx(nyx) is also a.e-convergent.

i) If (an) € 1? and {|supp(n)|, a, # 0} is finite, then > angx(nx) converges in L?. In fact, for
N > 1 there exists C(\,N) > 0 such that for (ay,) € I* with a, =0 if |supp(n)| > N, then :

CTHAN) Y ap < 1) anga(na)|? < C(AN) Y.

If moreover 3~ a2 (logn)? < oo, then Y a,gx(nz) is also a.e-convergent.

iii) Let a, = O(by,), where (bp)n>1 € 2N (RN satisfies by = bpby, whenever n and m are
relatively prime. Then Y angx(nx) converges in L?.

A word on the method. The study of the convergence of Davenport series often starts with
trying to write > a,{nz} as a Fourier series » _ ¢, sin 2rma. It was indeed remarked by Davenport
[5] that formally the (c,,,) are explicitly given in terms of the (a,) and vice-versa. An alternative
approach, developed here, when considering L2-convergence is to orthonormalize the {g A(nE) br>1.
The Gram-Schmidt orthonormalisation procedure is explicit and a consequence of Carlitz’s lemma
on the reduction of quadratic forms. We provide details for simplicity. This furnishes a rather
simple characterization of L2-convergence. Theorem 1.2 follows via more or less standard compu-
tations. Concerning a.e-convergence, the orthonormalisation approach allows to adapt a technique
of Rademacher [16] initially developed for the pointwise convergence of series built with general
orthonormal systems.

A few notations. We write ¢ A j and ¢ V j respectively for the greatest common divisor and the
smallest common multiple of integers 7 and j. The set of primes is P = {p,,n > 1}.

2 Orthonormalization

Recall that 1/2 < A < 1. We first study correlations. The following computation is already
contained in Lindqvist and Seip [15].

Lemma 2.1

. A
Leti,j > 1. Then {(gx(i.), gr(j.)) = @ (iCj) .

Proof of the lemma :
Let i/ =i/iNj, j = j/i Aj. Since Lebesgue measure on R\Z is invariant by = —— px for any
integer p, we have (gx(2.), gx(4.)) = (gr(?'.), gx(§’.)). Using the Fourier expansion of g :

(oa (') 02 (7)) = Z /0 Sin(Q;T)\ki/x) Sin(Q;\Zj/x) i — % Z ( 1 _ C(2X) (i),

in/j/))\ 2
k,l>1 m>1

since a relation ki’ = lj’ reduces to k = j'm and | = i'm for some integer m. This concludes the
proof of the lemma. O

Remark. — The correlations being positive, if >_ b, gx(nz) is L2-convergent with (b,) € (R4 )N and
if a,, = O(by), then Y a,gx(nx) also converges in L.

We turn to the orthonormalization of the {gx(nz)},>1. The following proposition is an appli-
cation of Carlitz’s lemma, cf for instance Haukkanen, Wang and Sillanp [10].



Recall that the Mdbius function u on the integers is defined by u(1) = 1, u(p;, ---pi,) = (—1)*
and p(n) = 0 if n is not square-free. If f and g are real maps defined on the integers related by
f(n) =3, 9(k), then (Mobius inversion formula) we have g(n) = >y, u(n/k) f (k).

Proposition 2.2
i) Let fna(z) =n"" Zk:)‘,u(n/k) ga(kx), n > 1. Then {fur}n>1 i an orthogonal family with :
k|n

=422 T -y e (342).

pln,peP

The { fax}n>1 form an orthogonal Riesz basis of L?, with :

2620 S s )2 < B2 <23 (Funs Y2, VA € L.

n>1 n>1
i) An equality > aigr(i.) = Y i bifix holds if and only if b; = Ln:/i] Eap, 1 <i<n.
These equalities are reversed into a; = Ln:/i] E= A u(k)brs, 1<i<mn.

Proof of the proposition :
Let n > 1. We introduce n-square matrices D and T', where D is diagonal and T' is upper-triangular.
Set T = (t;;) with t;; = j~*1;); and write D = diag(d;), where the (d;) are defined below. First :

TDT Z tridity; = Z dp.

1<k<n kling

We choose D so that 3y, di = (C(2A)/ 2)m?*, which by the M&bius inversion formula corresponds
to setting di, = ({(20)/2) Z”ku(k‘/l)lQ’\. Lemma 2.1 gives (*T'DT);; = (ga(i-), gx(J.))-

Next, the inverse of T is given by T;; =1t Au(5/4), since for any i < j :

n
> Lk /)i Mgy = 1% p(l) = Liej,
k=1

Uj/i

using that Zk|m p(k) =0, if m > 2. Observe that f; \ =i~ S icnen (T Vikga(k.), for 1 <i < n.
The {f; »}i>1 are therefore orthogonal in L2, with || f; ||*> = d;i=?*. They also form a complete
family, since it is the case for the {g(nz)}, cf Wintner [17]. Decomposing i = p’' - --p;’* in prime
factors, we have :

k
B P Iy G

dli J=1 \p, pli, p€P
Finally :
n n n n n [n/k]
> aiga(i)=> ai T)iek for =Y ai Y i Myyik ka—kaAZZ i
i=1 i=1 k=1 i=1 k=1
The reversed formula is proved in a similar way. O

We deduce the following characterization of L2-convergence.



Corollary 2.3
i) The series Y. angr(nz) converges in L? if and only if the numerical series >, ~, k™ ax; converge
for all i > 1, together with the uniformity condition : a

2

Z Z k_/\a;ﬂ- — 0, as n — oo.

i>1 \k>[n/i]

ii) A sufficient condition for > angx(nz) to be L?-convergent is :

2

DDk Mawil | < +oo.

i>1 \k>1
This condition is necessary when (a,) € (Ry)N.

Proof of the corollary :

If 3" anga(nx) converges in L?, by proposition 2.2 the component chn:/i] k=*ay; with respect to
each f; ) converges as n — —+oo. The L?limit then has to be Y o, fir(XC sy k~*ay;). The
uniformity condition is a consequence from the fact that the norm of f; y belongs to (1/2,((2))/2).
The first assertion of the second item is an application of the Lebesgue Dominated Convergence

Theorem, whereas the second one follows from the first item.
O

Remark. — Corollary 2.3 can also be obtained when considering directly the Fourier expansion

of > angr(nz) given by gy. In the sequel, the orthonormalization point of view has the practical
advantage to keep finite all partial sums.

3 A [’>-example of a L?-divergent and a.e-divergent series

We prove theorem 1.1 i), using that for 1/2 < A <1 the series ) p p~* is divergent. For each
integer K > 1, we choose a finite set Px = {p; k }1<j<i, of consecutive primes satisfying :

Ix

z:(i%m)_A > K. (5)

j=1
mg — 1\
We fix mg > 2 so that (K> > 1/2. Introduce sets :
mg

uy
Fix = {pil‘}K---le}fK A<y, uy, < mK}

2
F{,K = {p’llll,lK.'.le},(K <, u, Smel}_

We have |Fy | = (mg)'® and |FY | = (mx — 1)!x. Let g1, x = 1 and take next infinitely many

primes go. x < -+ < gn,x < ---, larger than p;, x and subject to the condition :
+o00 -1
(my)tx/? (gr—1,x)" 1
P1,K "Dl 7KmK<1+ E —_— < —. 6
( K ) K =~ qr’K K ( )

Define the random variable :

1
X1k =775 Z gr(nx).

= 1/2
K|F1’K| neF k



It has zero mean and belongs to L?. We write 0% = fol(XLK)2(:r) dz for its variance and choose
an integer Tx > K so that :

/OI(XLK)2(‘T)1{XLK|>(TK)1/120K} dz < % (7)
We define another collection of sets :

By =q@rl K Fro k= qr 5k 1K

F2/,K = Q27KF1/,K FTI‘K,K = QTK,KF{,K-

Grouping sets, we define :

Tk Tk
Ex = |J Frx and Eje = | J Fl ¢
r=1 r=1

We have |Ex| = Tk|F1 k| and |Ey| = Tk|F] ;|- In particular :

Bl _ Fikl _ (mK1>lK 1
|Ex|  |F1 k] mi =2

(8)

When considering the next integer (ie K 4 1) we start with p1 x+1 > g7, k(P15 - - Dige, k)™
Observe that all the (F k) k>1,1<r<Ty, are pairwise disjoint and in particular the (Ek)x>1, which
furthermore are consecutive. We finally set :

W , when n € Fy, for some K > 1,

Ap =

0 , otherwise.

This completes the definition of the sequence (ay,). Formally 3 angx(nz) = > -, Zk, with :
1 & 1
L = — X, d X, =" . 9
K Ve 2 o) a0 X = i 2 on(n) Y

From the previous construction, observe that a partial sum Zﬁzl Zk (z) corresponds to a partial
sum of Y a,gx(nx). We now proceed to verifications.

i) The sequence (a,,) belongs to I2. Indeed :

1 1
D= ) WZZE<‘”'

n>1 K>1n€EK K>1

ii) The series Y angx(nr) is L2-divergent. Indeed, using (5) and (8) :

2
Y (Y] =YY (S =Y (zk>
n>1 \k>1 K>1neB) \k>1 K>1neEB), \kePg
1 - : ! K? 1
> ZZW Sk > |EK|mzz§:+oo.
K>1neE) kEPK K>1 K>1

Since the a,, are positive, the conclusion comes from corollary 2.3.



i7i) The series Y angx(nz) is a.e-divergent. This requires longer computations. For a fixed K > 1,
all (X, k)1<r<7x have the same law, due to the invariance of Lebesgue measure on R\Z under
multiplication by an integer. They do not form a stationary process, but are nearly independent.
Under our hypotheses, it is routine to check that the law of (0% Tx)~/? ZTTL X, i is asymptoti-
cally normal.

In a first step, we compute the variance 0% and verify that it grows rapidly to infinity, as
suggested by 7). Via lemma 2.1, we have :

2X) 1 nAm\*
s e
o5 = Var(X1,x) 2 K2(mg)lx nm;I B (n\/m>

1355

22 1 L
- C(z )K2(mK)lK ) L1 (pirc) ==

1<a;,bj<mgk,1<j<lk j=1

1574 mg
_ @y 1 H Z(pij)iMaibl

2 K2(mg)lx i1 o

<(2)\) 1 L mg—1
T2 K2(mi)x 11 (mK 2pr) Y S ’f(Pj,K)k(k_l)> .
=1 k=1

For x > 1, we have Zz;% kxk=! = ((n — D)a™ —na" ' +1)/(x — 1)? = ne"2(1 4+ o(1)), when =
and n are large. Inserting this in the previous calculations, we obtain, with a uniform o(1) :

Ik
C(2X) 1 _
O = 2 K2(mg)lx H (mxk +2mg(pj k) (1 +o0(1)))
j=1
_ CRN 1 s g (1420m,,0) P (140(1)))
2 K2
2)\) 1 ¢ ) o
_ C(2 )ﬁg(zf;(m,m M) Ato() 5 K (10)
for large K, using (5).
We now establish the convergence :
Tk
(0% Tx)™?> " Xk = N(0,1), in law. (11)
r=1

We write E for the expectation under Lebesgue measure on R\Z. Set Y, x = ((T%(TK)il/zXnK
and Sy = ny:l Y, k. For 1 <r < Ty, introduce the finite partitions :

‘7:T = {[k/QT,K7 (k + 1)/QT,K>7 0< k< QT,K}~
Each Y, g being (1/g, i)-periodic, for a bounded measurable f :

E(f(Yrk)) = E(f(Yrx)|Fr). (12)

Fort € R and 2 < N < Tk, we have :

E(eitSN) — E(eitSNfleitYN,K)
= E(E(eitSN_l|fN)eitYN‘K) _|_E((eitSN_1 _ E(eitSN_l|FN))eitYN’K)
A + B.



First of all, taking conditional expectation and using (12) :

A= E(E(eitSN—l|fN)E(eitYN,K|fN)) — E(E(eitsN71|fN)E(€itYN’K))
= E(N-1) (YN K, (13)
Next :
|B| < E(JeS¥-1 — B(eSv=1| Fy))). (14)

The map z — €%® is |t|-Lipschitz. On each piece of Fx which contains no discontinuity of Sx_1,

when counting the oscillation we have :

It] (UKTK —1/2
an. ik (K(mg)lx))1/2

)2
o (42

N-1
eIVt — BN 1| Fyy)| Z mg ) S (L Pue, )™ G i

N —1)gn_
(pl,K"'le,K)mK> ( )QN 1,K, (15)
dN,K

IA

since Ty > K and ox > 1 for large K, by (10). Next, Sy—_1 is continuous on the interior of each

segment of the partition whose step~! is Q1.5 qN-1,K(P1,K -+ D1 k)™ . The total measure of

the pieces of Fy which may contain a discontinuity of Sy_; is bounded from above by :

m 1 m (qN—l,K)N_l
QK qN—1,K(P1K Dl k)" —— < (P1,K Pl g) T (16)
gN,K dN,K
From (14), (15) and (16), we deduce that :
Y - N-1
1Bl < 21+ [t)(p1,k - Puge, )™ (1 44 Kfi ) (an—1.) 77 (17)
4dN,K

Using that for all 1 < N < Tk, we have |E(e!Y~¥.x)| < 1, when iterating the procedure with (13)
and (14), we obtain via (6) :

'LtS itY, m (mK)lK/2 & (Q'r‘fl K)Til
) HE O < 200+ )Pk P )™ | 1+ Z :
K r—29 qT,K
1
< 20+l (18)
As a consequence of (18), in order to show (11) we only need to focus on :
Tk
[ B ) = B(e" )" (19)
We now use the fact that for allt € R :
it : 2 . 3 2
e = (14t — ¢7/2)] < min{[t[*/6, [¢]7}, (20)
which comes from e — (1 + it — t2/2) = i3/2 f s)%ets ds = > fo — s)(e** — 1) ds. Via (20)

and the property that X; g has zero mean, we now deduce the following inequalities :



. 2 : t*
‘E (eltYLK) — <1 — 21_,)‘ < ‘E<62tYL’K - <1 + itYl,K - 2Y12,K>)‘
K

. +2
E ‘ <61,tY1,K — <1 + itYl,K - 2Y127K>)‘

< E(min{|tY; k[2/6, Y1 k[*}) -

IN

With e = (TK)*E’/12 and using (7), as well as Tx > K and o > 1 for large K :

. t2 t3
) = (1= 57 )| = BB ie) + P (kP )

|t It[2
6(Tk)>/4 + 02Tk ('Xl K| Lixy > TK)I/lng)

S L G G WP S A Itl2
TK 6(TK)1/4 KO’% - TK 6K1/4

Since Tx — 400, as K — 400, we deduce from (18), (19) and (21) that E(e57x) — e=¥"/2  as
K — 400, for all t € R. This proves (11).

IN

IN

To conclude, for all L > 1 we choose K, > L so that :

P(|Sry, | <1/L%) < 2/ dN(0,1)(t) =: 6.

lt]<1/L2

Clearly Y, -, 91 < 00, so by Borel-Cantelli’s lemma, for a.e 2 when L is large enough we have
|STy, | > 1/L?. For such a x, using (10) and when L is large enough :

Ty, eKL/Q eL/2
|ZKL‘ - K Z ""KL - UKL|STKL| 2 7 Z ?
L r=1

Since partial sums 2%21 Zk (x) are partial sums of > a,gx(nx), this prevents > a,gy(nz) from
converging at x. This completes the proof of item ) of theorem 1.1.

4 Sufficient conditions for L? and a.e-convergence

We take a finite sequence (a,) and write > anga(nz) =Y by fu,a(z), where (b,,) is also finite.
By proposition 2.2 :

I augr(na)]? = | b funll? < SV 352 < SEV S~ (57 v,

n>1 \k>1

Set (k) = k' (logk)? if 1/2 < XA < 1 and (k) = logk(loglogk)'*<, for some ¢ > 0. For
simplicity we write log(z) for max{1,log(x)}. Using Cauchy-Schwarz’s inequality :
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2 1/2 1/2

Yo RN anwan| < Y0 (k)T Y aly > dn

D | 2k ]

n>1 \k>1 bk >1 n>1 bk >1 n>1 n>1
1/272
1
S DR DTS I BN DI =t § DL BH
E>1 n>1 E>1 ¥a(k) E>1 n>1
< Y al Y EMa(k). (22)
n>1 k|n

We first consider the case 1/2 < A < 1. Remark that 0 < 2A—1 < 1. Using a classical upper-bound
for 37, K271, of Kritzel [13], we have for any § > 0 :

Z k—)\wk(k) _ Z k1—2)\(log k)2 g (log n)Q Z k1—2)\ S (10g n)2n1—2)\ Z k2)\—1
k|n k|n k|n k|n

(146)(logn)1—(22—1) (1+268) (log n)1 =22
< (logn)2n1_2)‘06n2)\_16—(17(2)\71))loglogn chniz(px)loglogn )

In the situation when A\ = 1, we have :

S kT (k) < va(n) Y kT =di(nnT > k.

k|n k|n k|n

We use this time the inequality Zk|n k < Cnloglogn, see again [13]. As a result, for any € > 0
there is a constant C. > 0 such that for any sequence (a,,) :

(14e)(logn)~(2A—1)
| S angr(nz)|]? < Ce > aZn 20 ogTozw , when 1/2 < A < 1,
(23)

| > an{nz}||? < C. 3" a2 log n(loglogn)?*e, when A = 1.
These properties imply the L?-convergence of Dy-series under the assumptions of theorem 1.1.

We turn to the question of the a.e-convergence of D)y-series. The second item of theorem 1.1 is
a consequence of inequalities (23) and of the following proposition. The latter is an adaptation of
a method due to Rademacher [16] for the study of series based on a general orthonormal family.

Proposition 4.1
Let (an)n>1 and (o(n))n>1 be such that > a%p(n)(logn)? < oo and for any M < N :

N 2 N
> anga(na)|| < > ale(n)
n=M n=M

Then " angx(nx) converges a.e.

Proof of the proposition :
We can suppose that log is the logarithm in base 2. Let S(n)(z) = Y, <<, axgxr(kx). For m < n,
introduce the notations : -

S(m,n)(z) = Z argx(nx) and o;(m,n) = Z azo(k)(logk)!, for 1 € {0,1,2}.

m<k<n m<k<n

11



Step 1. We show that (5(2™)(z)) converges for a.e . Let 0 < N < n. We have :

/ Yo oS@2Ma)de <Y op(20,2Y) = Y Z (25, 2°F1)
0 N<r<n N<r<n N<r<n s=r
n—1
< D (s=N+1)og(2°,2°)
s=N
n—1
< Z s00(2°,2°11) < oy (2, 27).

By Markov’s inequality, ZNSK” S(27,2M)2(z) < o1 (2V, 2n)2/3 for all & in a Borel set Ey., with :
MEng) >1— 012,203 > 1 -0y (2", 00)1/2,

In particular, for x € Ey,, and all N < r < n, we have S(27,2")(z) < 01(2V,2")'/3. Define a set
Ef\/n by the condition that for all N <r <7/ <n:

5(27, 27 ) (z) < 201 (2N, 00) /3.

Since Ey,n, C Ely,, we have A(Ely ,) > 1—01(2",00)/3. Fixing N, the E}; ,, are monotonic in 7.

The set Dy defined by the condition that for all N < r < ¢/, §(27,2")(z) < 201(2V,00)'/3 has
therefore a measure A(Dy) > 1 — 01(2V,00)/3. Since A(Dy) — 1, as N — 400, we deduce
that A(limsup Dy) = 1. If « € limsup Dy, the sequence (S(2")(x)) clearly satisfies the Cauchy
criterion, so converges. This concludes step 1.

Step 2. To complete the proof, we show that a.e supy, ., or+1 [S(27,n)(x)| — 0, as r — +o0. Let
2" < n < 2"t and decompose 7 in base 2 :

n=2"+ 0,2, with 6, € {0,1}.
=1

Then :

=1

r -1 l
S@'n)=>8 <2T + ) 022 > 0m2T—m> :
m=1 m=1

By convexity :

S(2",n)?

IA

-1 ! 2
ris <2T + ) 022 > 9m27’_m>
=1 m=1 m=1
r 277t1

> Z S (27 4+ h2', 2" + h2' 4+ 271 = T(r).
=1 h=0

IN

The quantity 7'(r) is independent on 2" < n < 2"F1. Next :
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r o2rlo1

/1T(r)(a:)da: . Z/ S (2 4 h2, 2+ h2 2 (1) da
0 = =

r 2771
< ry > oo(20 4 k2l 2m 4 h2t 4207
=1 h=0
< Y op(2n, 27 = rlog (27,271 < op(27, 27 ).

=1

Fix N and let r > N. By Markov’s inequality, for  in a Borel set F,.(IN) of Lebesgue measure
ME(N)) > 1 —09(27,271) /o2 (2N, 00)?/3, we have :

sup  S(27,n)2(z) < T(r) < o9(2V, 00)/3.

2T <n< 2t

Let GN = erNFr(N)~ Then )\(GN) Z 1-— Z’I”>N O’2(2T,2T+1)/02(2N,OO)2/3 =1- 0’2(2N,OO)1/3.
For x € Gy : B

Vr>N, sup [S(27,n)(x)] < oa(2V, 00)/5.
27-<n<2r+1

As M(Gn) — 1, we get A(limsup Gn) = 1. If z € limsup G, then supy, ., or+1 [S(27,n)(2)| tends
to 0, as r — oo. This concludes step 2 and the proof of the proposition.
O

5 Particular classes where L?-convergence is true

We consider the proof of theorem 1.2.

5.1 Proof of i)

Let (n) be lacunary in the sense that nyyi/ny > ¢ > 1 and (a) € 2. We first consider
the upper bound. We can assume the sequence (aj) finite. By lemma 2.1, the L?-norm of

(2/¢(20)Y/2 Y arga(ngx) is given by :

nE A\ ng nk/\nl
aia ai +2 ara
ORI ) B SR S e

k<l

Using Cauchy-Schwarz’s inequality, the second term is bounded by :

nk/\nl 2x N _
zmal\( <Slnalptis < S laale M < 3 ol e Mo
(ngng) (ngny)?
k<l k<l k<l k>1 1>1
1/2 2\ 1/2
< (za) [S(Zen
n>1 k>1 \1>1

Next, still via Cauchy-Schwarz’s inequality :
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Z ZC—/\l|ak+l| _ Z D) Z | @1 @t |

k>1 \i>1 LI>1 E>1
1/2 1/2
—A(I+1) 2 2
< E ¢ At A1/
LU>1 k>1 k>1
1/2\ 2
Y 2
< [ De > ajy Seoy > aj.
1>1 k>1 k>1

As a consequence :

’I’L n 22
Z|aka| a4 ;> Zak

k<l k>1
Since 1+ 2/(c* — 1) = (¢* +1)/(¢* — 1), this completes the proof of the upper-bound.

For the lower bound, one can also suppose that (ay) is finite. We have > argx(nix) = bi fr.x,
where (b,) is also finite. By proposition 2.2 :

1
I argatuea) 12 = 11> bifeal = 5 D6

Fixing 0 < e < 1 — (2\)71, giving 2A(1 —¢) > 1 :

2
Yoap= (Db, | < D DoPIuW? ) Do,
E>1 \ 1>1 E>1 \ 1>1 I>1
2Xe
< e ) (20 2 (7)
i>1 >1 Ekngll
<

) m>0 >1

—4X(1—e
pz - Em
H(l ) o) S
>1
¢2x(1-¢)) 5)) eyl 2

— by .
Aoy I
To complete the proof, we first use that ((4A(1—¢)) > ((4A) and ((2A(1—¢)) < 14+1/(2A\(1—¢)—1).
Set € = p(1 —1/(2X)), with 0 < p < 1. We have :

- 1 12 1
N1 —e)—1) 1—c2% ~“2X—1 (1-p)(1—c P -Dp)’

Minimizing in p, we take p = 1/(1+1Inc®*~1). We finally use the inequality 1 — e~ > (1 — 1/e)x,
for 0 < x < 1, giving (1 — ¢~ @*=Dr) > (1 = 1/e)(1 — p).

Concerning a.e-convergence, we can now apply proposition 4.1 with ¢ = 1.
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5.2 Proof of ii)

We start from (22). For n with |[supp(n)| < N and any 0 < 6 < 2\ — 1, we have :

N

Z k—AwA(k) < Cs Z 12X\ 0 < Cs H (1 _ p1—2)\+6)—1 < Cs H(l _ p%72)\+6)—1.

k|n k|n pln,peP i=1

For the lower bound, we use || > by, foxl|? > (1/2) 3" b2, by proposition 2.2. Next :

Sa = D b | <D DMl | <D 2Dk Ma(k),

k>1 \ 1>1 k>1 \ 1>1 n>1  kln

when proceeding in the same way as for (22). We then conclude as above, using the fact that
by, = 0 when |supp(n)| > N. For a.e-convergence, we apply proposition 4.1 with ¢ = 1.
O

5.3 Proof of iii)

Using the remark after lemma 2.1 we only need to focus on (by,). Set b; ,, = by». Multiplicativity
implies that the (b; ;)i n>1 entirely determine the sequence (b,,). Via corollary (2.3), we show that :

2

S bin | < o (24)

n>1 \k>1

Each term in this series is finite, by Cauchy-Schwarz’s inequality. We first claim the equivalence
(bn) €17 & 301 2 o1 b2, < +00. Indeed, using that by = 1, we have :

ZbizlJrZ Z Z bzzl,ul"'bzzk,uk :H 1+Zb§v” ’ (25)

n>1 k>1 1<y <o <ig uy > 1, up>1 i>1 n>1
This proves the claim.
For technical reasons, up to considering b;,, = b;.,, + 1/(in), (i,n) > 1, and the corresponding
multiplicative sequence (b,,), which satisfies (b,) € [? < (b,) € [2, we assume that b; ,, > 0 for all

indices (i,m) > 1. Decomposing in prime factors n = p;‘ll ---p?:, with £k = 0 if n = 1, and using
multiplicativity :

2
-
DA = > X >
n>1 \>1 E>01<iy < <ig ug>1, up>1
—Am — A
H 1+ij bj’m X H Zpil Ibiz,uz+vz
3&{i1, ik} m>1 =1,k \v;>0

The first product term is uniformly bounded from above since for a constant C :
1/2 1/2 1/2 1/2
D 7 M | D > bim| =C|X2p® D bim| <o

jom>1 jym>1 jym>1 j>1 jym>1

To prove (24), it remains to check the finiteness of :
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Z H Z Z pi:)\vl bilyuI,JrUI, = H 1 + Z pr)\ bz 2 u+v

k>01<iy<-<ig =1 |w>1 \v,>0 i>1 u>1 \v>0

It is equivalent to showing :

Z Zp;)‘”bi,wy < +00.

i>1,u>1 \v>0

Set ¢in = p" > osnPi )‘”biﬂ,, which is finite by Cauchy-Schwarz’s inequality. We thus verify that
Yo is1n>1 Cin < +o0. Fixing 0 < e <1—27*, we prove below that for all i > 1 :

2 Ci n+1
Z Ci,n < 62(1 — (1 _ 72)\ Z Cz n (1 - > (26)

n>1 pz Cin

<
= (1_(1_5 —23-2X) 2 b

n>1

Since ),

in>1 1 < 00, this brings the conclusion.

Fix i > 1 and introduce C = {n > 1, |1 — ¢;ni1/(p}cin)| < €}. We claim that if C is infinite,
then it does not contain all large integers. Indeed, if n € C, then ¢; 41 > (1 — E)pf‘ci,n, since
Cimt1 < pg\ci,n. If C contains some interval [ng, +00), then for n > ng :

D biwpnp; M =P biwp; =1 =)0 by
v>0 v>n v>ng

However ano i Upz_ is fixed and > 0, since b;, > 0. As p(1 —¢) > 1, a contradiction is given
by Cauchy-Schwarz’s inequality, because the left-hand side is bounded from above by :

1/2 1/2 1/2 1/2

Zp72AU Z bZ n+v Zp72AU Z b?,v < +w‘

v>0 v>0 v>0 v>0
Decompose now into disjoint intervals C = Ug>1[ax, bx] and write in a disjoint union :
{n>1} = a1, b01] U [a}, b)) U~ U ag, bi] U [ay, by, U

Notice that the first interval [a1,b1] may be empty, whereas the other ones are not, and that the
collection of ([ag, bx], [a},, b},])r may be finite. We have :

2
Z Cin (1 - Cl)\nﬂ> > g2 Z cfn (27)

ngC,ng{al, k>1} PiCin ngC,ng{al, k>1}

Also :

aj .. 2
D IACEE " IEED D )

e
k>11=ag Picii

Observe finally that :
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aj
Z Cil S C?,a% Z (1 _ E)_27np;2)\m S (1 _ (1 _ E)—Qp;Z)\)—lc?,a;C. (29)

l=ay, m>0

Combining (27), (28) and (29), we get (26). This completes the proof of this item.

Acknowledgements. We thank Zoltan Buczolich about the first point of theorem 1.1.
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