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Abstract

The subject of this paper is the estimation of a probability measure on R? from data
observed with an additive noise, under the Wasserstein metric of order p (with p > 1). We
assume that the distribution of the errors is known and belongs to a class of supersmooth
distributions, and we give optimal rates of convergence for the Wasserstein metric of order
p. In particular, we show how to use the existing lower bounds for the estimation of the
cumulative distribution function in dimension one to find lower bounds for the Wasserstein
deconvolution in any dimension.
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1 Introduction

We observe n random vectors Y; in R? sampled according to the convolution model:

Yi=X; +¢ (1)
where the random vectors X; = (X;1,...,X;;,...,X;q) are i.i.d. and distributed according
to an unknown probability measure p. The random vectors ¢; = (g5,1,...,€ij,-..,€i,d) are

i.i.d. and distributed according to a known probability measure p.. The distribution of the
observations ¥; on R? is then the convolution px .. Here, we shall assume that there exists an
invertible matrix A such that the coordinates of the vector Ae; are independent (that is: the
image measure of p. by A is the product of its marginals).

This paper is about minimax optimal rates of convergence for estimating the measure pu
under Wasserstein metrics. For p > 1, the Wasserstein distance W), between p and p is defined
by:

1
Wyt = _int ([ o= lPntanan) "
mell(pp') \JRdxRA

where TI(u, 1) is the set of probability measures on R? x R? with marginals x4 and x' and p
is a real number in [1,00( (see [RR98] or [Vil08]). The norm ||.|| is the euclidean norm in R?
corresponding to the inner product < -,- >.

The Wasserstein deconvolution problem is interesting in itself since W), are natural distances
for comparing measures (without assuming densities for instance). Moreover, it is also related to



recent results in geometric inference. Indeed, in 2011, [CCSM11] have defined a distance function
to measures to answer geometric inference problems in a probabilistic setting. According to their
result, the topological properties of a shape can be recovered by using the distance to a known
measure fi, if ji is close enough to a measure p concentrated on this shape with respect to
the Wasserstein distance Ws. This fact motivates the study of the Wasserstein deconvolution
problem, since in practice the data can be observed with noise.

In the paper [CCDM11], the authors consider a slight modification of the classical kernel
deconvolution estimator, and they provide some upper bounds for the rate of convergence of
this estimator for the Wy distance, for several noise distributions. Nevertheless the question of
optimal rates of convergence in the minimax sense was left open in this previous work. The
main contribution of the present paper is to find optimal rates of convergence for a class of
supersmooth distributions, for any dimension under any Wasserstein metric . In particular
we prove that the deconvolution estimator of 1 under the Wy metric introduced in [CCDM11]
is minimax optimal for a class of supersmooth distributions.

The rates of convergence for deconvolving a density have been deeply studied for other met-
rics. Minimax rates in the univariate context can be found for instance in [Fan91b, BT08a,
BTO08b] and in the recent monograph [Mei09]. The multivariate problem has also been investi-
gated in [Tan94, CL11]. All these contributions concern pointwise convergences or I conver-
gences; rates of convergence for the Wasserstein metrics have been studied only by [CCDM11].
In Section 2 of the present paper, we shall see that, in the supersmooth case, lower bounds for
the Wasserstein deconvolution problem in any dimension can be deduced from lower bounds for
the deconvolution of the cumulative distribution function (c.d.f.) in dimension one.

Another interesting related work is [GPPVWI12]. In this recent paper, the authors find
lower and upper bounds for the risk of estimating a manifold in Hausdorff distance under
several noise assumptions. They consider in particular the additive noise model (1) with a
standard multivariate Gaussian noise.

Before giving the main result of our paper, we need some notations. Let v be a measure on
R? with density g and let m be another measure on R?. In the following we shall denote by
m * g the density of m x v, that is

mxg(z) = /Rd g(x — z)m(dz) .

We also denote by u* (respectively f*) the Fourier transform of the probability measure p
(respectively of the integrable function f), that is:

w* () :/ e<bT>(dt) and  f*(z) :/ eShT> £ (1) dt
Rd Rd
For M > 0 and p > 1, let D4(M,p) be the set of measures p on R? for which

sup By, ((1+(AX0);) [T (1+(Ax1)}) < M < .
1<j<d 1<0<d, (4]

Let us give the main result of our paper when g1 is a non degenerate Gaussian random
vector (by non degenerate, we mean that its covariance matrix is not equal to zero).

Theorem 1. Assume that we observe Yi,...,Y, in the multivariate convolution model (1),
where €1 is a non degenerate Gaussian random vector. Let A be an invertible matriz such that
the coordinates of Aey are independent. Let M >0 and p > 1. Then



1. There exists a constant C' > 0 such that for any estimator [, of the measure p:

lirginf (logn)P/?  sup E(iape)en (W) (fin, ) > C.
e pEDA(M.p)

2. One can build an estimator [i, of i such that

sup sup  (10)/2 B, yon (Wit 1)) < K.
77/2 1 MEDA (M,p)

for some positive constant K.

Note that in Theorem 1 the random vector €; may have all its coordinates, excepts one,
equal to zero almost surely. In other words, a Gaussian noise in one direction leads to the same
rate of convergence as an isotropic Gaussian noise.

The paper is organized as follows. The proof of the lower bound is given in Section 2. In
Section 3 we then give the corresponding upper bound in the same context by generalizing the
results of [CCDM11] for all p > 1. We finally discuss the W), deconvolution problem for ordinary
smooth case in Section 4. Some additional technical results are given in Appendix.

2 Lower bounds

2.1 Main result

The following theorem is the main result of this section. It gives a lower bound on the rates of
convergence of measure estimators in the supersmooth case for any dimension and under any
metric W,

Theorem 2. Let M > 0, p > 1. Assume that we observe Yi,...,Y, in the multivariate
convolution model (1). Assume that there exists jo € {1,...,d} such that the coordinate (Aey)j,
has a density g with respect to the Lebesgue measure satisfying for all w € R:

19" (w)](1 + [w]) P exp(|wl® /1) < e 2)

for some > 0 and some B € R. Also assume that there exist some constants K1 € (0,1) and
Ko > 1 such that

P([(Aer)jo —t] < [¢™) = O(t™")  as [t] = oo (3)
and .
K2
max<p+2,2—m+§><mg. (4)

Then there exists a constant C' > 0 such that for all estimator [, of the measure y:

liminf (logn)?’?  sup E W2 (fin, p) > C.

pxpie ) O™
n—roo MEDA (Mvp)

The assumption about the random variable (Ae;);, means that the noise is supersmooth in
at least one direction. Indeed, as shown in Section 2.1.1, the lower bound for the multivariate
problem can be deduced from the lower bound for the L! estimation of the c.d.f. of (Ae1)j,.
If the distribution of the noise is supersmooth in several directions then one may choose the
direction with the greatest coefficient .

The assumption (3) is classical in the deconvolution setting, see for instance [Fan91b, Fan92].
The technical assumption (4) summarizes the conditions on p and ky. The condition 2’%—1—% < Kg
is also required in [Fan91b| and [Fan92]. The additional condition p + 2 < kg is a consequence
of the moment assumption on pu.

If g has a polynomial decay rate at infinity, we can state the following lemma:



Lemma 1. Assume that the density g of (Ae1);, satisfies |g(t)| = O(|t|~*) as t tends to infinity,
for some a > p+3. Then one can find k1 € (0,1) and ky > 1 such that Conditions (3) and (4)
are satisfied.

Proof. For t > 0 large enough
t4tr1

P(|(Aey)jy — 1] < 171) = / o(u)du

t—tr1
=0 ((t _ tnl)—p—Q —(t+ tM)—p—Z) -0 <t—(p+3—m)) )

We choose k1 = 3/5 and we take ko = p+3 — k1 = p+ 12/5. Note that k1 € (0,1), ko > 1 and
that (3) is satisfied. Moreover, ko > p+2 and kg — k2/(2k1) — 3 > 1/3 > 0 and thus Condition
(4) is also satisfied.

U

2.1.1 Wasserstein deconvolution and c.d.f. deconvolution

It is well known that the Wasserstein distance W; between two measures p and g/ on R can be
computed using the cumulative distribution functions: Let p and p’ be two probability measures
on R, then

Wioe.i') = [ 1Fula) = Fyo(o)]da

According to this property, lower bounds on the rates of convergence for estimating p in the
one dimensional convolution model (1) for the metric W can be directly deduced from lower
bounds on the rates of convergence for the estimation of the c.d.f. of p using the integrated risk
R(F) = Jo [Fu(t) — F(t)|dt. This last problem has been less studied than pointwise rates in
the deconvolution context but some results can be found in the literature. For instance [Fan92]
gives the optimal rate of convergence in the supersmooth case for an integrated (weighted) L,
risk under similar smoothness conditions as for the pointwise case (studied in [Fan91b]). The
cubical method followed in [Fan92] to compute the integrated lower bound is also detailed in
[Fan93]. It is based on a multiple hypothesis strategy, see [Tsy09] for other examples of using
multiple hypothesis schema for computing lower bounds for integrated risks.

For M > 0 and p > 1, we consider the set C4 (M, p) of the measures p in D4 (M, p) for which
the coordinates of AX; are independent. Thus, for p € C4(M, p):

sup (Bu(1+](4X),;72) [ E.(0+(AX)}) <M < .
1<jsd 1<0<d, ]

Moreover we simply use the notation C(M,p) if A =1,.
The following theorem gives lower bounds for Wi (fiy, 1) in the d-dimensional case, which
are derived from lower bounds on the rates of convergence of c.d.f. estimators in R.

Theorem 3. Under the same assumptions as in Theorem 2, there exists C > 0 such that for
all estimator [i, of the measure p:

liminf (logn)'/?  sup E en Wi(fim, p) > C.
oo 1€eCa(M,p) () !

Theorem 2 is a corollary of Theorem 3 because

1. Ca(M,p) is a subset of D4 (M, p).

2. For any p > 1, E(,u*,us)®” Wlp(lanuu) > (E(,u*ug)@" Wl(:annu))p'

3. Wi is the smallest among all the Wasserstein distances: for any p > 1 and any measures
pand ' on RE: Wy (p, 1) > Wi (p, 1).



2.2 Proof of Theorem 3

Since the works of Le Cam, it is well known that rates of convergence of estimators on some
probably measure space P can be lower bounded by introducing some convenient finite subset of
‘P whose elements are close enough for the total variation distance or for the Hellinger distance.
In the deconvolution setting, x? distance are preferable to these last metrics. Here, the following
definition of the y? distance will be sufficient: for two positive densities h; and hy with respect
to the Lebesgue measure on R, the y? distance between hi and hs is defined by

() = ha@)}?
Rd h1 (3:) ’

The main arguments for proving Theorem 3 comes from [Fan91b, Fan92, Fan93]. However

X2(h1’ h2) =

some modifications are necessary to compute the lower bounds under the moment assumption
Ca(M,p). Furthermore, we note that Theorem 1 in [Fan93] cannot be directly applied in this
multivariate context.

Without loss of generality, we take jo = 1. We shall first prove Theorem 3 in the case where
€1 has independent coordinates.

2.2.1 Errors with independent coordinates

In this section, we observe Y7,...,Y,, in the multivariate convolution model (1) and we assume
that the random variables (1,j)1<j<q are independent. This means that A = I; and that ¢; has
the distribution pe = e 1 @ pre o @ -+ ® pie g-

Definition of a finite family in C(M, p). Let us introduce a finite class of probability measures
in C(M,p) which are absolutely continuous with respect to the Lebesgue measure \y. First, we
define some densities

for(t) == Cr(1+1%)7" (5)
with some r > 0 such that
3 1 1
max<p+§,§l;—i><r<mg—§. (6)

Note that this is possible according to (4). Moreover, fj, has a finite (2p + 2)-th moment.
Next, let b, be the sequence

1 1/B
by, = [(—logn> } V1, (7)
n
where [-] is the integer part, and n = <1 — 214227;1> /7. Note that b, is correctly defined in this

way since kg — % > r. For any 6 € {0, l}b”, let

br
Jo®) = for(t) + AS 0H (ba(t — ts)), tER, (8)
s=1

where A is a positive constant and ¢s, = (s —1)/b,. The function H is a bounded function
whose integral on the line is 0. Moreover, we may choose a function H such that (see for instance
[Fan91b| or [Fan93]):

(A1) [T Hdt=0and [ |[HED]dt >0,

(A2) [H(t)| < c(1+1%)7T,



(A3) H*(z) = 0 outside [1, 2]

where H(=V(t) := ffoo H(u)du is a primitive of H.

Using (A2) and Lemma 3 of Appendix A, we choose A > 0 small enough in such a way
that fy is a density on R. Note that by replacing H by H/A in the following, we finally can
take A = 1 in (8). Using (A2) and Lemma 3 again, we get that for M large enough, for all
0 € {0,1}n:

/ (L+ 2V %72 fo(t)dt < MY, (9)
R

We finally use these univariate densities fy to define a finite family of probability measures
on R? which is included in C(M, p). For § € {0,1}", let us define the probability measure on
R:

o 1= (fo- AN ® (for - dN) @+ @ (fo - dA) (10)
For any j € {1,...,d}, according to (9) :

2p+2
(Eﬂe(l +X1,I;'+ ) H Eﬂe(l +X12,Z)> <M

and thus pg € C(M, p).

Lower bound. Let fi,, be an estimator of y and let (f,); be the marginal distribution of
fin, on the first coordinate (conditionally to the sample Y7,...,Y},). According to Lemma 6 of
Appendix B:

Sup E(,u*,us)®” Wy (M, ﬁn) > sup E(,ue*,us)®” Wi (M@a ﬂn)

pneC(M,p) 0e{0,1}
= sup Ben Wi (fo - dX, (fin)1)
0e{0,1}n
>inf sup E en W- for-d\, fu
i oeton)n (poxpie) E ( )

where the infimum of the last line is taken over all the probability measure estimators of fy-dA\.
Following [Fan93] (see also the proof of Theorem 2.14 in [Mei09]), we now introduce a

random vector 6 whose components s are i.i.d. Bernoulli random variables 6y, ... ,ébn such
that P(f; = 1) = 2. The density f; is thus a random density taking its values in the set of

densities defined by (8). Let E be the expectation according to the law of 6. For any probability
estimator f,:

sup B yon Wi ( fin) > EE(, ., yon |[Wh fo-dX\, fn
LeC(M.p) (pxpe) (ngxpe) [ (9 )]

ZAEMWMWO&m—Eme (11)

where ' and Fy are the c.d.f. of the distributions f, and fy - dX. For 6 € {0,1}*» and
se{l,...,b,}, let us define

Jo.50 = f(91,---,9571,0795+1,---,9bn) and fgs,1 = f(917---79571,1795+17---,9bn)

and the corresponding probability measures pg s o and pg g1 on R? defined by (10) for fo = fo,5.0
or fps 1. Let hg 5o and hg s 1 be the densities of jig 5 oxpte and pig s 1% pe for the Lebesgue measure



on R?. Since the margins of yig and ji. are independent, for any y; = (Yids - s Yigs--rYid) € R4
(u=0or 1), we have:

h@ ,8 u(yl) = hG,s,u Yi, 1 H fO r X Ms,](yz,j) (12)
J=2,...d

where hg s = fosu*g. Let Fp o and Fp 51 be the c.d.f of fy 50 and fy 1. For t € [tsm, tst1n)
where s in {1,...,b,}, by conditioning by 65, we find that

E E(uyupoyon (IF5(t) = Fu(t)

Hence

BB pron (1F3(0) = Ba0l) 2 5B [ oo [ {IFs o) = Bul®] +1Fy 1 (0) = Bulo)]}

n d
min (H hg s 0(Wi); Hhé,s,l(yi,1)> {H Jor* pej(Yig) ¢ dyr ... dyn .

By using Fubini, it follows that

EE(W>®n (175 - Fn<t>\) >

n n
/ /’ 9,5,0 951 t)| min <Hh oWi1), H 1(Win) ) dyip ... dyn,1 -
=1

Note that for any 6 € {0, 1}, | Fy o) = F5  (8)] = byt [HED (by(t — ts))|, thus
E B, apen (1F3(0) = Fut)])

H(*l) by (t —tsn n n
‘ (2(,( ; ))|E/ min Hheso Yil ,Hh win) | dyi - dyna. (13)
n Rn i1 e

According to Le Cam’s Lemma (see Lemma 7 of Appendix B), for any 6 € {0,1}bn:

/ min <H ho,s,0(yi1)s Hhe,s,l(yi,l)> dyi1 ... dyn
R i=1 i=1

1 1 2
1 2 n 2
=) / {Ilh930 Yi1 } {I IhG,s,l(yi,l)} dy11 - dyn
i=1

2n
> — {/ \/h.gs() y1 1) ho,s1(y1,1)dyn, 1}
2n

1
[1 - §X (ho.s05 hos1) (14)

l\')l»—\



where we have used Lemma 8 of Appendix B for the last inequality. Assume for the moment
that there exists a constant ¢ > 0 such that for any 6 € {0,1}":

(h0807 h@,s,l) < (15)

3|0

Then, using (11), (13), (14) and (15), we find that there exists a constant C' > 0 such that

bn

ts+1n
sup E en Wi (e, fin) > /
peciap) ) bn Z fom

C 1
HOD (bt~ )| dt > / [
=1 n /0

Take b, as in (7) and the theorem is thus proved (for A = I;) since the last term is positive
according to (Al).

Proof of (15). Let C be a positive constant which may vary from line to line. We follow
[Fan92] to show that (15) is valid for b, chosen as in (7). Recall that we have chosen the
function H such that, by Lemma 3 of Appendix A, fy > Cfo . Thus,

+00 2
) roo { [T H bt = u = o)) g(u) du}
X“ (ho,s,0, hos1) S/ dt

. stO*g(t)

dt

voo {2 H bt — u— to) gu)du}
<C/ fO,r*g(t)
o /+oo {7 H bt — w)] g§u> u)’ »

[ee) f+oof0rt+tsn_u9()

Moreover, there exists a positive constant C' such that for any ¢ € R and any s € {1,...,b,},
fO,r(t + ts,n) > Cf(],r(t). Then,
+oo 2
X 0,s,0 5, 10,s,1) >
s s . f+00 for u)g( )

< ot /+°° {f+ H(v—y)g(y/bn) dy/bn } . 1)

—o0 fOJ’ *g(v/bn)

The right side of (16) is typically the kind of y? divergence that is upper bounded in the
proof of Theorem 4 in [Fan91b] for computing pointwise rates of convergence. However, a
slight modification of the proof of Fan is necessary since we can not assume here that r <
min(1, ke — 0.5) (because r > p + 3/2). It is shown in the proof of Theorem 4 in [Fan91b] that

+0o0 +oo 2 z
[ A = gt duin, o= 0 (1 o) (17)

—0o0 —00

According to Lemma 4 of Appendix A, there exist o > 0, C71 > 0 and Cs > 0 such that for any
teR:

Co
forx9(t) 2 Crlljg<sy + 5 Liti>to (18)



Note that we can apply Lemma 5 of appendix A since r satisfies (6). Then, using (17), (18)
and Lemma 5 of Appendix A, for T' > t; we have:

/- {7 Hw — )glu/bn) dufs,}

. fw*g(v/bn) d”
2 2
) {fZae-powpdun} {2 H0-vew/mdym}
a /|v|/bn<T fO,r * g(v/bn) ! /v/bn>T fo,r * g(v/bn) ‘
+oo +oo 2 2
—2r\—1 . v (Jv]/by) "2 v
<coner )t [ [ St e [ G

< O (T203 exp(=20 /7)) + O (B2 =ra)+1)

21”—2&2—23

for T large enough. By taking T = T, = b, "'

3
exp (7(2?2”71)) in this bound and according

o (16), we find that for n large enough:

2farTor2=p 2 2
X2(h0507h931):0<bn e exp{__n |:1_ ! :|}>
1< 1< /'Y 2%2 _ 1

for b,, defined by (7).

2.2.2 The general case

We now assume, as in the introduction, that there exists a invertible matrix A such that the
coordinates of the vector Ae; are independent. Let u € Co(M,p) and let fi,, be an estimator of
the probability measure u. Let p? and /l;? be the image measures of p and i by A. Then,

Wi (a2, u?) = i / - dz,d
(A 17) . N | — yl|m(dz, dy)

= min / |[Az — Ay|| 7(dz, dy)
TEll(fin,p) JRAxRE

where [|A[| = supj=1 [|[Az[|. Consequently W1 (fin, ) > HAH 1W1(,un, 4).

The image measure of f1 %y by A is equal to p? * ,ue , where Ms is the image measure of
e by A. Moreover, the probability measure estimator ﬂﬁ can be written ,&f =m(Zy,...,Zy)
where Z; = AY; and m is a measurable function from (R?)" into the set of probability measures
on R?. Thus,

E(uagiyon Wi (04, 1) = Eapayon Wi (m(Z1, .., Zy), 1) -
Since p € C4(M,p) & p? € C(M,p), we obtain that

sup E(u*ug)‘g’" Wl(ﬂn’ :U’) > HAHil Sup ]E(MA*M?)@" Wl (m(Zla s Zn) ) :U‘A) : (19)
peC4(M,p) pAec(M.p)

Note that, in the model Z; = AX; 4+ Ae;, the error n = Ae has independent coordinates and
satisfies the assumptions of Theorem 2 for A = ;.



We now apply the lower bound obtained in Section 2.2.1 | which gives that there exists a
positive constant C' such that

liminf (logn)'/?  sup Ewupyon Wi (m(Z1,.... Zy), v) > C. (20)
n—00 veC(M,p)

The result follows from (20) and (19).

3 Upper bounds

In this section, we generalize the results of [CCDM11] by proving an upper bound on the rates
of convergence for the estimation of the probability p under any metric W,.

3.1 Errors with independent coordinates

In this section, we assume that the random variables (1 j)1<j<q are independent, which means
that €1 has the distribution g, = p1e1 ® -+ @ pie g.

Let p € [1,00] and denote by [p| the smallest integer greater than p. We first define a
kernel k whose Fourier transform is smooth enough and compactly supported over [—1,1]. Such
kernels can be defined by considering powers of the sinc function. More precisely, let

{ (2[p/2] + 2) sin g for }2@/2”2

k(z) = ¢p T

where ¢, is such that [ k(z)dx = 1. The kernel k is a symmetric density, and k* is supported
over [—1,1]. Moreover k* is [p]| times differentiable with Lipschitz [p]-th derivative. For any
je{l,---,d} and any h; > 0, let

~ 1 e K (u)
ki, (x) = — [ e ——"—du.
@) =g [ ¢ i (u/hy) ™

A preliminary estimator fn is given by

fn('rla"'a

:I*—‘

=33 1T g (257). @)

j=1.. J

The estimator (21) is the multivariate version of the standard deconvolution kernel density
estimator which was first introduced in [CH88|. This estimator has been the subject of many
works in the one dimensional case, but only few authors have studied the multidimensional
deconvolution problem, see [Tan94], [CL11] and [CCDM11].

The estimator fn is not necessarily a density, since it has no reason to be non negative.
Since our estimator has to be a probability measure, we define

gn(z) = O‘nﬁj(x)a where a, = m and f:[ = max{0, fn}

The estimator fi,, of p is then the probability measure with density g,.
The next theorem gives the rates of convergence of the estimator [i,, under some assumptions
on the derivatives of the functions r; :=1/p ;.

10



Theorem 4. Let M > 0. Assume that we observe a n—smzzple Y ...,Y, in the multivariate
convolution model (1). Also assume that there exists 5 >0, 5 >0, v9 > 0 and ca > 0 such that
for every j € {1,...,d}, every £ € {0,1...,[p| +1} and every t € R:

O] < e+ 17 exp (107/32) - (22)

Taking h1 = --- = hg = (4d/(y2 log(n))'/?, there exists a positive constant C' such that

. _pr
sup E(ﬂ*p5)®” (W]g (M?/’Ln)) < C (log n) v

rED(M,p)

3.1.1 Proof of Theorem 4

Let H = (hy, ha,...,hq). We follow the proof of Proposition 2 in [CCDM11]. First we have the
bias-variance decomposition

Epspieyon (W (fin, 1)) §2”_1B(H)+22(p_1)/ (2" 'C(H) + ||z|[")\/ Var(fu(2))de
Rd

where

B(H /HH%H”K( )dz and C(H /Hpr dzx).

The proof of this inequality is the same as that of Proposition 1 in [CCDM11], by using Theorem
6.15 in [Vil08].

Note that B(H) is such that B(H) < dP~'8(h} +---+h}), with 8 = [ |u|Pk(u)du. To ensure
the consistency of the estimator, the bias term B(H) has to tend to zero as n tends to infinity.
Without loss of generality, we assume in the following that H is such that B(H) < 1. Hence,
the variance term

Vi =200 [ @A) + el Var(f o) da

is such that

d
Vi < C’/d (1 —|—Z |xj|p) \/Var(fn(xl,...,xn)) dzy ...dzxg
R =

for some positive constant C'. Now

2

d
- 1 1 - z;— Y1
\/Var(fn(xl,...,xn)) < _\/ﬁ E(M*Mg)ean | | Ekj,hj < J - J>
j=1"

J

Applying Cauchy-Schwarz’s inequality d-times, we obtain that

/Rd \/Var(fn(xl, ey Tp)) dxy .o dxyg

§% B (g @m H/l\/m hi (%%YLJ))Qd%)

J

Dy a 2)
< vn E(u*us)@’"(li[ VY )
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where D1 and D, are positive constants depending on d. Now, by independence of X; and e,
and by independence of the coordinates of €1,

d d d
,WE<H 1) <E, (10 +x3)) [T + B, (3
j=1 j=1 j=1

Since u € D(M,p), it follows that

/Rdmd <— H/1+u2h2 iy (ug))2du; . (23)

In the same way, using again that u € D(M,p), we obtain that

/Rd |xg|p\/Var(fn(:U1, ey Tp)) dxy ... dzyg

A
<= /(1 + |W|2p+2h2p+2) (ke (ug)) de/ (1 +u2h2) (kjon, (ug))2du;.
vn he e h;

Starting from these computations, one can prove the following Proposition.

Proposition 1. Let (hy,...,hy) € [0,1]¢. The following upper bound holds

d d
E ey (W s 1) < (2) 7 B(RE++ -+ B + HJ )+ d( TT L))
=1 j=1,j#¢
where L is some positive constant L and
1/h
Lt < [ )2 + 0wy,
1/h
1/h
) < [ )+ 6 )
1/h
[p] - k
+ plpl+1-k / ))2du .
kzl 1/h
Let us finish the proof of Theorem 4 before proving Proposition 1. Take hy = ... = hg = h.

The condition (22) on the derivatives of r; leads to the upper bounds

N 1
E iy on (W (fin, 1)) < C<hp + N eXP(d/(’mhﬁ))) :

The choice h = (4d/ (7 log(n))'/? gives the desired result.
Proof of Proposition 1. It follows the proof of Proposition 2 in [CCDM11]. By Plancherel’s

identity,
Lioovog 1 f1 (M@ 1 (R (h)?
/h(k],h( )7d _27T/h(,u*j(u/h))2d N 271'/(#:7j(u))2d

€,
1 R
— 7 (u)du .
2 J 1m

12



the last upper bound being true because k* is supported over [—1, 1] and bounded by 1.
Let C be a positive constant, which may vary from line to line. Let ¢;5(u) = rj(u/h)k*(u).
Since g; , is differentiable with compactly supported derivative, we have that

—iu2nkjp(u) = (q5)" (u).

Applying Plancherel’s identity again,
~ 1
[msaran = o [ hg )P
1/h
<C (/ (r;(u))2du+h2/

~1/h ~1/h

1/h
7“]2» (u)du) ,

the last inequality being true because k* and (k*)' are compactly supported over [—1,1]. Con-
sequently

1
\//(1 + u?h?)h—](k‘]ﬁﬂ (Uj))zduj' S CIJ(hJ) .
In the same way
(—iw) "1 27k () = (g1 ()

and

/ RIPIL2IP2 () 2 — QL / P2 (1D )2,
7T )

Now, since k*, (k*), ..., (k*)(PI*1D) are compactly supported over [—1, 1],

[p]+1 1/h
/h2[p]+1(q§7(£]+1)(u))2du <C Z h2([p]+1k)/ (r](k)(u))2du
k=0 —1/n
Consequently
1 -
[ PR g ()P

1 -
<2 / (Lt uePPTE2RGT ) o (R ()P < CJe(he).
The results follows. O

3.2 The general case

Here, as in the introduction, we shall assume that there exists an invertible matrix A such that
the coordinates of the vector Ae; are independent. Applying A to the random variables Y; in
(1), we obtain the new model

AY; = AX; + Ag;,

that is: a convolution model in which each error vector 7; = Ae; has independent coordinates.
To estimate the image measure u? of 1 by A, we use the preliminary estimator (21), that is

R = - — (AY);
Fronsccoca) = 23 T Jo (20,
i=1 j=1..d

and the estimator fi,, 4 of p? is deduced from fn A as in Section 3.1. This estimator fi, 4 has
the density g, 4 with respect to the Lebesgue measure.

13



To estimate u, we define fi,, = [Lﬁ;‘l as the image measure of fi, 4 by A71. This estimator
has the density g, = |A|gn,4 0 A with respect to the Lebesgue measure. It can be deduced from
the preliminary estimator f, = |A|f, 4 0 A as in Section 3.1. Now

WP (fi, 1) = i / —y|PA(dz, d
5 (fns 1) \elin lz — ylPA(dz, dy)

= min A Yz = y)||Pr(dz, dy) .
i / 1A (& — ) [Pr(de, dy)

Consequently, if [|A™"|| = supj, =1 || A~ ||, we obtain that

W2 (fin, 1) < | AT PWE (i, 1), (24)

which is an equality if A is an unitary matrix. Note also that pu € Dy(M,p) if and only if
u? € D(M,p).

Let p, be the distribution of the 7;’s. Since the coordinates of the n;’s are independent,
iy can be written as p,; = p;1 @ - @ piyq. As in Section 3.1, let r; = 1//%’;7].. Assume
that the r;’s satisfy the condition (22). It follows from (24) and Theorem 4 that, taking

hi=--- = hq= (4d/(v2 log(n))"/?, there exists a positive constant C' such that
N _r
sup E(ﬂ*p5)®” (W]g (M?,u'n)) < C(lOg n) v
H‘EDA(M7P)
3.3 Examples of rates of convergence
Gaussian noise. Assume that we observe Y7,...,Y, in the multivariate convolution model

(1), where ¢ is a centered non degenerate Gaussian random vector. In that case, there always
exists an invertible matrix A such that the coordinates of Aey are independent. The distribution
of (Aeq); is a either a Dirac mass at zero or a centered Gaussian random variable with positive
variance. Since ¢ is non degenerate, there exists at least one index jy for which (Aey);, is non
Zero.

Now, the distribution of (Aeq)j, satisfies the assumptions of Theorem 2, for any p > 1
and f = 2 (Conditions (3) and (4) follow from Lemma 1). Moreover, denoting by s, ; the
distribution of 71 ; = (Ae1);, then the quantity r7 = 1/u; ; satisfies (22) for any p > 1 and
B = 2. Theorem 1 follows then from Theorems 2 and 4 (more precisely, the estimator i, of
Theorem 1 is constructed as in Section 3.2).

Other supersmooth distributions. For « €]0,2[, we denote by s, the symmetric a-stable
density, whose Fourier transform ¢, is given by

50(%) = qa(x) = exp (—|z|") .

Let a1 = go and go2 = go * qo. For any positive integer & > 2, define by induction g, =
Jo,k—1 * qa-
Lemma 2. Let k be a positive integer. The function q, 1 satisfies the following properties

(k=1)

1. qap s k — 1 times differentiable, and q, ~ is absolutely continuous, with almost sure
derivative qék,)c Moreover, if a €]0,1[ then qéklzl) is bounded, and if o € [1,2[ then q((xk,l is
bounded.
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2. There exists two positive constants aq and by such that for any x € R,

T (0%
ok Xp (—[2]%) < gak(2) < bakexp <_2(|/f—|1)oz> .

The proof of Lemma 2 is given in Appendix C. Next, for any integer k > 2, we introduce
the supersmooth density
(sa (x))k

fak(z) = T(sa(z))Fdz’

and we note that £, = ga.x/qar(0) and fox(z) = O(|z|7*@FD). Let rop = 1/f*,. According
to Lemma 2, it follows that r is k times differentiable with

V4 * \(2)
() < ( a,k) ()] for 1 </ <
’Ta,k(x)‘ = CZ ZZ_; (f;7k(1'))£+2_i or 1 < 14 < k.

Applying Lemma 2 we see that: if « €]0, 1[, then for any ¢ € {0,...,k — 1}
l
i @)] < Ko exp(la]), (25)

and the same holds for any ¢ € {0,...,k} if a € [1,2[. Moreover, we also have the lower bound

|z]*
[rak(@)] = Caexp | Saga | - (26)
Now, assume that we observe Y7,...,Y, in the multivariate convolution model (1). Let

p > 1, assume that there exists an invertible matrix A such that, for any j € {1,...,d}, (4e1);
has the distribution fo,x; for some «; €]0,2[ and such that k; > [p] + 1+ 21, )01 Let
Q= Mmaxj< <d &;-

Inequality (26) gives Condition (2) in Theorem 4 for = a. Lemma 1 can be applied with
a = ([p]+1+4+214g0,1()(@+1) and then Conditions (3) and (4) of Theorem 2 are also satisfied.
Next, according to (25), Condition (22) in Theorem 4 is satisfied for 5§ = a. Theorems 2 and 4
finally give the following result:

1. There exists a constant C' > 0 such that for all estimator ji,, of the measure u:

liminf (logn)?/®  sup B (g yon (WE (fin, 1)) > C.
e peDa(M.p)

2. The estimator fi,, of u constructed in Section 3.2 is such that

sup  sup  (10g )/ By yon (WE (i 1) < K
n>1 MEDA (M,p)

for some positive constant K.

Mixtures of distributions. Of course, the independent coordinates of Aey need not all be
Gaussian or even supersmooth.

For instance if there exists jo such that (Aeq);, is a non degenerate Gaussian random variable,
and the other coordinates have distribution which is either a Dirac mass at 0 or a Laplace
distribution, or a supersmooth distribution f,  for some o €]0,2[ and k > [p] +1 + 21,6)0,1
(this list in non exhaustive), then the estimator fi,, of u constructed in Section 3.2 is such that

sup sup (log n)p/2 E(H*ﬂs)m(Wg(ﬂn,u)) < K,
n>1 peD 4 (M,p)
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and this rate is minimax.

In the same way if there exists jo such that (Aey)j, is supersmooth with density f, j for
some a €]0,2[ and k > [p] + 1+ 21,01, and the other coordinates have distribution which is
either a Dirac mass at 0 or a Laplace distribution, or a supersmooth distribution fg ,, for some
B €]0,a] and m > [p] + 1+ 21¢)o,1[, then the estimator fi,, of u constructed in Section 3.2 is
such that

sup  sup  (log )P/ By yon (W (fin, 1) < K,
n>1 peDa(M,p)

and this rate is minimax.

4 Discussion

In the supersmooth case, we have seen that lower bounds for the Wasserstein deconvolution
problem in any dimension can be deduced from lower bounds for the deconvolution of the c.d.f
in dimension one. But this method cannot work in the ordinary smooth case for d > 1, because,
contrary to the supersmooth case, the rates of convergence depends on the dimension.

Let us briefly discuss the case where d = 1 and the error distribution is ordinary smooth.
It is actually well known that establishing optimal rates of convergence in the ordinary smooth
case is more difficult than in the supersmooth case, even for pointwise estimation, as noticed by
Fan in [Fan91b]. When the density is m times differentiable, Fan gives in this paper pointwise
lower and upper bounds for the estimation of the c.d.f. in both the supersmooth case and the
ordinary smooth case. He finds the optimal rates in the supersmooth case and he conjectures
that his upper bound is actually optimal in the ordinary smooth case (see his Remark 3).
Optimal pointwise rates for the deconvolution of the c.d.f. in the ordinary smooth case was
an open question until recently. This problem has been solved in [DGJ11] when the density
belongs to a Sobolev class.

When d = 1 and the error distribution is ordinary smooth, some results about integrated
rates of convergence for the density (and its derivatives) can be found in [Fan93, Fan91a] but the
case of the c.d.f. (for the integrated risk) is not studied in these papers. However, some lower
bounds can be easily computed by following the method of [Fan93] and using the pointwise
rates of [Fan91b] : for a class of ordinary smooth noise densities of order 5 and assuming only
that the unknown distribution g has a moment of order 4, we find that the minimax integrated
risk is lower bounded by n~1/(2#+1) and we then obtain the same lower bound for W;. As for
the pointwise estimation described in [Fan91b], these rates do not match with the upper bounds
given by Proposition 1 for Wj. For instance, for Laplace errors (8 = 2), the rate of convergence
of the kernel estimator under W is upper bounded by n=/7. We are currently working on this
issue, and we conjecture that the minimax rates of convergence for W7 when d = 1 is of order
n~1/(28+2) for a class of ordinary smooth errors distributions of order 8. If this conjecture is
correct, it means that the existing lower and upper bounds have to be improved.

A  Some known lemmas

The following lemma is given in [FT93] (Lemma 1):

Lemma 3. Let H be a function such that

[H(t)| < CA+)7
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for some C > 0 and some r > 0.5. Then there exists a positive constant C such that for any
sequence b, — 00,

Z|H Wt —s/n))| < C(1L+t3)"

Let fo, be the function defined in (5). The following lemma can be found in [Fan91b] (Lemma 5.1):

Lemma 4. For any probability measure i, there exists a constant C, > 0 such that
for* u(t) > Cut™  as |t| tends to infinity.
The following lemma is rewritten from [Fan91b] (Lemma 5.2):

Lemma 5. Let r > 0. Suppose that P(|e}] —t| < [t|"*) = O(|t|~"2) as [t| tends to infinity for
some 0 < k1 < 1 and Ky > 1. Let H be a bounded function such that |H(t)| < O(|t|=%") for
some r > Ko/(2k1). Then there exists a large T' and a constant C such that when |v|/by, > T :

" Hw = )g(u/bn) dyfba < C (o] /b)~"

—00

B Distances between probability measures

The first lemma follows straightforwardly from the definition of Wj.

Lemma 6. Let 1 and i be two measures on R% with finite first moments, and let p1 and fi, be
their first marginals. Then Wi (u, 1) > W1 (g1, f11).

The following Lemma is a particular case of the famous Le Cam’s inequalities. See for instance
Section 2.4 in [Tsy09] for more details.

Lemma 7. Let h and h be two densities on R"™, then

/n wmin (h(x). i(z) ) dz > ¢ {/ \/h(x)ﬁ(x)dx}Q.

The next lemma can be found for instance in Section 2.4 of [Tsy09].

Lemma 8. Let h and h be two densities for the Lebesgue measure on R, then
/\/ ) h(y dy>1——x (h, h).

C Auxiliary results

Proof of Lemma 2 The proof of Item 1 is standard. Note first that ¢, is bounded and
absolutely continuous with almost sure derivative ¢/,, which is bounded as soon as «a € [1,2].
This proves the result for k = 1. It follows that g, * q, is differentiable with derivative g, * ¢.,.
This derivative is absolutely continuous with almost sure derivative ¢/, x ¢,,. Moreover g, x ¢/, is
bounded (because ¢/, is integrable and g, is bounded), and if « € [1,2[ then ¢/, x ¢/, is bounded
(because in that case ¢/, is bounded). This proves Item 1 for k = 2. The general case follows
by induction.
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In the same way, it suffices to prove Item 2 for k = 2, and the general case follows by
induction. Since g * g, is symmetric, it suffices to prove the result for z > 0. Now, for any
x> 0,

+oo
Go *qalr) = 2/ exp (—|z — t|* —t*) dt
x/2

< ag2exp(—(z/2)%).
On the other hand, for any x > 1, there exist a positive constant ¢, such that
x
torta@) = [ exp(—lo—— )
x/2

/2
> exp(—xo‘)/ exp (—u®) du
0

> cpexp(—x?). (27)

The function = — g4 * ¢o(z)exp (z) is continuous and positive on [0,1] and thus (27) is
also true on [0,1] for some other positive constant ¢/,. The lower bound follows by taking
b2 = min{cy, ¢, }.
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