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DYNAMICS OF A FREE BOUNDARY PROBLEM WITH CURVATURE MODELING
ELECTROSTATIC MEMS

JOACHIM ESCHER, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

ABSTRACT. The dynamics of a free boundary problem for electrostatically actuated microelectrome-
chanical systems (MEMS) is investigated. The model couples the electric potential to the deformation
of the membrane, the deflection of the membrane being caused by application of a voltage difference
across the device. More precisely, the electrostatic potential is a harmonic function in the angular
domain that is partly bounded by the deformable membrane. The gradient trace of the electric
potential on this free boundary part acts as a source term in the governing equation for the mem-
brane deformation. The main feature of the model considered herein is that, unlike most previous
research, the small deformation assumption is dropped, and curvature for the deformation of the
membrane is taken into account what leads to a quasilinear parabolic equation. The free boundary
problem is shown to be well-posed, locally in time for arbitrary voltage values and globally in time
for small voltages values. Furthermore, existence of asymptotically stable steady-state configura-
tions is proved in case of small voltage values as well as non-existence of steady-states if the applied
voltage difference is large. Finally, convergence of solutions of the free boundary problem to the
solutions of the well-established small aspect ratio model is shown.

1. INTRODUCTION

The focus of this paper is the analysis of a model describing the dynamics of an electrostat-
ically actuated microelectromechanical system (MEMS) when the deformation of the devices
are not assumed to be small. More precisely, consider an elastic plate held at potential V' and
suspended above a fixed ground plate held at zero potential. The potential difference between
the two plates generates a Coulomb force and causes a deformation of the membrane, thereby
converting electrostatic energy into mechanical energy, a feature used in the design of several
MEMS-based devices such as micropumps or microswitches [26]. An ubiquitous phenomenon
observed in such devices is the so called “pull-in” instability: a threshold value of the applied
voltage V above which the elastic response of the membrane cannot balance the Coulomb force
and the deformable membrane smashes into the fixed plate. Since this effect might either be use-
ful or, in contrast, could damage the device, its understanding is of utmost practical importance
and several mathematical models have been set up for its investigation [7, 21, 26].

In the following subsection we give a brief description of an idealized device as depicted in
Figure 1, where the state of the device is characterized by the electrostatic potential in the region
between the two plates and the deformation of the membrane which is not assumed to be small
from the outset, cf. [5].

1.1. The Model. To derive the model for electrostatic MEMS with curvature we proceed sim-
ilarly to [5, 7, 22]. We consider a rectangular thin elastic membrane that is suspended above

a rigid plate. The (%, 7,Z)-coordinate system is chosen such that the ground plate of dimen-
sion [—L,L] x [0,1] in (&,§)-direction is located at £ = —H, while the undeflected membrane
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with the same dimension [—L,L] x [0,!] in (%, 7)-direction is located at Z = 0. The membrane
is held fixed along the edges in i-direction while the edges in %-direction are free. Assuming
homogeneity in f-direction, the membrane may thus be considered as an elastic strip and the
J-direction is omitted in the sequel. The mechanical deflection of the membrane is caused by a
voltage difference that is applied across the device. The membrane is held at potential V while
the rigid plate is grounded. We denote the deflection of the membrane at position £ and time f by
il = 4(f,£) > —H and the electrostatic potential at position (£,£) and time f by ¥ = ¢(, £,2). We
do not indicate the time variable f for the time being. The electrostatic potential 1 is harrnoruc,
ie.
Ap=0 in Q) (1.1)

and satisfies the boundary conditions

P(2,—H)=0, ¢ 4(%)=V, te(-LL), (1.2)
where

Q@) :={(%,2); -L<t<L,—H<z2<i(?)}

is the region between the ground plate and the membrane. The total energy of the system
constitutes of the electric potential and the elastic energy and reads

E(1) = E.(#1) + Es(#) .
The electrostatic energy E. in dependence of the deflection 7 is given by
. e (L () )
E(ll) = —— / Vi(%, dzds
{(1) v )
with €y being the permittivity of free space while the elastic energy Es only retains the contribution

due to stretching (in particular, bending is neglected) and is proportional to the tension T and to
the change of surface area of the membrane, i.e.

T/( A(£))2 — )dx

Introducing the dimensionless variables

5 9§
H' ¥y

and denoting the aspect ratio of the device by e = H/L, we may write the total energy in these
variables in the form

xX==, z= u=

~ =
Tl

—TL/ ( 1+ e2(dyu(x))? 1)dx

(1.3)
eV?
~ 0 g (Clocb (P + o2y 2)P) dix2),
with
Q(u) :={(x,z) € (-1,1) x (=1,00) : =1 <z<u(x)},
so that, formally, the corresponding Euler-Lagrange equations are
OxlU
0=e20, | —=— | — 2N (2|00(x, u(x))|? + |00 (x, u(x))|? 1.4
< HSQ(axu)Q) (Sloep(r ()P +lop(ru()P) A

for x € (—1, 1), where we have set
€| [/2
0

TLe3 -~
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We now take again time into account and derive the dynamics of the dimensionless deflection
u = u(f,x) by means of Newton’s second law. Letting p and & denote the mass density per
unit volume of the membrane and the membrane thickness, respectively, the sum over all forces
equals péa%u. The elastic and electrostatic forces, given by the right hand side of equation (1.4),
are combined with a damping force of the form —ad;u being linearly proportional to the velocity.
This yields

péa%uﬂazu:szax( ca 2> = A (2R, u(x)) 2+ 32 (x, u(x)) )

1 + £2<axu)

Finally, scaling time based on the strength of damping according to t = fe?/a and setting

Ve

7 := ~~—, we derive for the dimensionless deflection the evolution problem
PR+ = 0y ) (€2|axl/1(X,u(x))|2+ |azi,b(x,u(x))\2) (1.5)
1+ €2(0xu)?

fort > 0and x € I := (—1,1). Instead of considering this hyperbolic equation, however, we
assume in this paper that viscous or damping forces dominate over inertial forces, i.e. we assume
that v < 1 and thus neglect the second order time derivative term in (1.5). The membrane
displacement u = u(t,x) € (—1,00) then evolves according to

o1l — Oy <8X—u2> =-A (82 102 (t, x, u(x))|* + \lep(t,x,u(x))\z) , (1.6)

1+ e2(dyu)
for t > 0 and x € I with clamped boundary conditions
u(t, £1) =0, t>0, (1.7)
and initial condition
u(0,x) =ul(x), xcl. (1.8)
In dimensionless variables, equations (1.1)-(1.2) read
ERY+3FY=0, (v,z)eQut), t>0, (1.9)
subject to the boundary conditions (extended continuously to the lateral boundary)
¥t x,2) = Hluiifx) . (x,2) €30(u(t)), t>0. (1.10)

In the following we shall focus our attention on (1.6)-(1.10), its situation being depicted in Fig-
ure 1.

1.2. Simplified Models. Besides assuming that damping forces dominate over inertial forces
and thus reducing equation (1.5) to (1.6), other simplifications of the model above have been
considered as well in the literature. For instance, restricting attention to small deformations of
the membrane yields a linearized stretching term 92u in (1.6). The corresponding semilinear
evolution problem with (1.6) being replaced by

i — Pu=—A (82 09, x, u(x)) [+ |azt,b(t,x,u(x))|2) . oxel, t>0, (111

is investigated in [6]. It is shown therein that the problem (1.7)-(1.11) is well-posed locally in
time. Moreover, solutions exist globally for small voltage values A while global existence is
shown not to hold for high voltage values. It is also proven that, for small voltage values, there
is an asymptotically stable steady-state solution. Finally, as the parameter ¢ approaches zero, the
solutions are shown to converge toward the solutions of the so-called small aspect ratio model,
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FIGURE 1. Idealized electrostatic MEMS device.

see (1.13) below. Indeed, letting ¢ = 0 (and applying a potential V with V2 ~ &3 as suggested in
[5]), one can solve (1.9)-(1.10) explicitly for the potential ¢ = ¢y, that is,

1
ot x,2) = Tj;(ix) . (tx,2) € [0,00) x I X (—1,0), (1.12)

and the displacement u = u satisfies

A

atuo—a2u0: —_—, xel, te(0,00),
X (1+M0)2 ( ) (1.13)
up(t,£1) = 0, t € (0,00), '
up(0,x) = u%(x), xel.

In the limit ¢ — 0, the free boundary problem is thus reduced to the singular semilinear heat
equation (1.13) which has been studied thoroughly in recent years, see [7] for a survey as well as
e.g. [8,9,13, 14, 15, 16, 18, 22, 25]. It is noteworthy to remark that the picture regarding pull-in
voltage for the small aspect ratio model (1.13) is rather complete.

Let us point out that [6] is apparently the first mathematical analysis of the parabolic free
boundary problem (1.7)-(1.11) while the corresponding elliptic (i.e. steady-state) free boundary
problem is investigated in [20]. Moreover, we shall emphasize that the inclusion of non-small
deformations is a feature of great physical relevance and, even though the results presented
herein are reminiscent of the ones in [6], the quasilinear structure of (1.6) is by no means a trivial
mathematical extension of (1.11).
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1.3. Main Results. To state our findings on (1.6)-(1.10), we introduce the spaces
{we WA (I); u(+1) =0} for 2u€ (L2],
w;j’,g(l) = (1.14)
W2%(1) for 0<2a<;.

We shall prove the following result regarding local and global existence of solutions:

Theorem 1.1 (Well-Posedness). Let g € (2,00), ¢ > 0, and consider an initial value u® € W;’D(I )
such that u®(x) > —1 for x € I. Then, the following are true:
(i) For each voltage value A > 0, there is a unique maximal solution (u, ) to (1.6)-(1.10) on the
maximal interval of existence [0, T5,) in the sense that
u € C'([0, T3, Lg(1)) N C([0, Ty,), Wa (1))
satisfies (1.6)-(1.8) together with
u(t,x) > -1, (t,x)€[0,T,) xI,
and () € W2 (Q(u(t))) solves (1.9)-(1.10) on Q(u(t)) for each t € [0, T&,).
(ii) If for each T > O there is k(t) € (0,1) such that u(t) > —1 4 «(t) and Hu(t)“w‘%(l) <x(t)7!
fort € [0, T5) N[0, T], then the solution exists globally, that is, Tj, = co.
(i) If u®(x) < 0 for x € I, then u(t,x) < 0 for (t,x) € [0,TS) x I If u® = u®(x) is even with
respect to x € I, then, forall t € [0, T5,), u = u(t,x) and ¢ = (t, x, z) are even with respect to
x € I as well.
(iv) Given x € (0,1), there are Ay (k) > 0 and r(x) > 0 such that Ty, = oo with u(t,x) > -1+«
for (t,x) € [0,00) x I provided that A € (0,A(x)) and HuOHWL%(I) < r(x). In that case, u
enjoys the following additional reqularity properties:

u € BUCF([0,00), W, (1)) N Lo ([0, 00), W2 (1))
for some p > 0 small.

Note that part (iv) of Theorem 1.1 provides uniform estimates on u in the Wg([ )-norm and
ensures that 1 never touches down on -1, not even in infinite time. In contrast to the semilinear
case considered in [6], the global existence result for the quasilinear equation (1.6) requires ini-
tially a small deformation, see also Remark 3.3 below. The proof of Theorem 1.1 is the content of
Section 3. It is based on interpreting (1.6) as a abstract quasilinear Cauchy problem which allows
us to employ the powerful theory of evolution operators developed in [4]. Let us emphasize at
this point that the regularity properties of the right-hand side of equation (1.6) established in
[6] are not sufficient to handle the quasilinear character of the curvature operator and we conse-
quently have to derive Lipschitz properties of the right-hand side of (1.6) in weaker topologies
than in [6]. This is the purpose of Section 2.

Regarding existence and asymptotic stability of steady-state solutions to (1.6)-(1.10) we have
a similar result as in [20, Thm. 1] and [6, Thm.1.3].

Theorem 1.2 (Asymptotically Stable Steady-State Solutions). Lef g € (2,00) and € > 0.
(i) Let x € (0,1). There are 6 = 6(x) > 0 and an analytic function

(A= U] :[0,8) = W p(I)
such that (Uy, ¥ )) is the unique steady-state to (1.6)-(1.10) satisfying HUAHWZD(I) < 1/x with
q,
Uy > —1+xand ¥) € W3(Q(Uy)) when A € (0,6). The steady-state possesses the additional
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reqularity
u, € C*™([-1,1]),

- (1.15)
¥y € W2 (Q(Uy)) NC(Q(U,)) NCH*(Q(Uy) UT(Uy)) ,

where o € [0,1) is arbitrary and T(U)) denotes the boundary of QO (U, ) without corners. More-
over, U, is negative, convex, and even with Uy = 0 and ¥, = ¥, (x, z) is even with respect to
xel

(ii) Let A € (0,6). There are wg,m,R > 0 such that for each initial value u® € Wq2, p(I) with

| u® — UAszD < m, (1.6)-(1.10) has a unique global solution (u,) with
q,
1 € CH([0,00), Lo(1)) NC([0,00), Wap (D)), 9(t) € W3 (Q(u(t)), t2=0,
and
u(t,x) > -1, (t,x)€[0,00) x1.
Moreover,

lu(t) = Wnllwz, 1) + 196 (B)llya) < Re™ ! = Unllwz 1y, £2 0. (1.16)

Part (ii) of Theorem 1.2 shows local exponential stability of the steady-states derived in part (i).
We also point out that the potential i converges exponentially to ¥, in the W3-norm as t — oo,
see Remark 4.1 for a precise statement. The proof of Theorem 1.2 is given in Section 4 and relies
on the Implicit Function Theorem for part (i) and the Principle of Linearized Stability for part (ii).

Clearly, Theorem 1.2 is just a local result with respect to A values. However, we next show that
there is an upper threshold for A above which no steady-state solution exists. This is expected on
physical grounds and is related to the “pull-in” instability already mentioned in the introduction.

Theorem 1.3 (Non-Existence of Steady-State Solutions). Let g € (2,00) and ¢ > 0. There is
A(e) > 0 such that, if A > A(e), then there is no steady-state solution (u, ) to (1.6)-(1.10) such that
ue W;-/D(I), ¥ € W2(Q(u)), and u(x) > —1 for x € I. In addition, A(e) — 2 as ¢ — 0.

Similar results have already been obtained for related models, including the small aspect ratio
model [5, 7] and for the stationary free boundary problem corresponding to (1.7)-(1.11), see [20].
The proof of Theorem 1.3 relies on a lower bound on d.9(x, u(x)) established in the latter paper
and is given in Section 5.

The final issue we address is the connection between the free boundary problem (1.6)-(1.10)
and the small aspect ratio limit (1.13). More precisely, we show the following convergence result:

Theorem 1.4 (Small Aspect Ratio Limit). Let A > 0, ¢ € (2,00), and let u® € W;D(I) with
—1 < u%x) < 0for x € I. Fore > 0 we denote the unique solution to (1.6)-(1.10) on the maximal
interval of existence [0, T,) by (ue, e). There are T > 0, g9 > 0, and ko € (0,1) depending only on q
and u° such that T¢, > T with ue(t) > —1 4+ ko and Hug(t)HWg_(I) < xy ! forall (t,€) € [0,7] x (0, ).
Moreover, as ¢ — 0,

ue —ug in CO([0,7], WD), 0<6<1,

and
wg(t)lg(ue(t)) — l,l)o(t)lg(uo(t)) n L2(I X (—1,0)) , te [0, T} , (1.17)
where

up € C'([0, 7], Ly(1)) N C([0, 7], Wy p (D))
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is the unique solution to the small aspect ratio equation (1.13) and g is the potential given in (1.12).
Furthermore, there is A(u®) > 0 such that the results above hold true for each T > 0 provided that
A€ (0, A(uY)).

The proof is given in Section 6. A similar result has been established in [20, Thm. 2] for the
stationary problem and in [6, Thm.1.4] for the semilinear parabolic version (1.11). As in the
latter paper, the crucial step is to derive the e-independent lower bound 7 > 0 on T}, which is
not guaranteed by the analysis leading to Theorem 1.1. The proof of Theorem 1.4 uses several
properties of (1.9)-(1.10) with respect to the e-dependence shown in [6].

2. ON THE ErLirTIC EQUATION (1.9)-(1.10)

We shall first derive properties of solutions to the elliptic equation (1.9)-(1.10) in dependence
of a given (free) boundary. To do so, we transform the free boundary problem (1.9)-(1.10) to the
fixed rectangle ) := I x (0,1). More precisely, let g € (2,00) be fixed and consider an arbitrary

function v € W;'/ (1) taking values in (—1,00). We then define a diffeomorphism Ty : Q(v) — Q
by setting

Ty(x,z) := (x, 1:_74;}(1)) , (x,z) € Q(v), (2.1)

with Q(v) := {(x,z) € I x (=1,00) ;1 < z < v(x)}. Clearly, its inverse is
T, () = (x,(1+o(x)y=1), (x,n)€Q, 22)
and the Laplace operator from (1.9) is transformed to the v-dependent differential operator
9x0(x) 1+ €252 (9y0(x))
1+o(x) (14 0(x))?

2 2
e lz ( aw(x))) 9o(x)

2
Low = 2w —2e 1 G%w

0x0yw +

1+o(x)) 1+40(x) v

An alternative formulation of the boundary value problem (1.9)-(1.10) is then
(Lun®)(t,x,) =0, (x,7)€Q, t>0, (2.3)
p(t,x,n) =n, (x,y) €, t>0, (2.4)

forg =¢o T;(}). With this notation, the quasilinear evolution equation (1.6) for u becomes

Oyl [1 + 52(63(”)2] 2
o — 0y | ———= | = A | —————| |oo(-, )|, x€I, t>0, 2.5
f < 1+82(axu>2> Ay | 1P 22

where we have used dx¢(t,x,1) = 0 for x € I and t > 0 due to ¢(t,x,1) = 1 by (2.4). The inves-
tigation of the dynamics of (2.5) involves the properties of its nonlinear right hand side as well
as the properties of the quasilinear curvature term. We shall see that these two features of (2.5)
are somewhat opposite as the treatment of the former requires a functional analytic setting in
W‘?(I ) to handle the second order terms of £,,(;) in (2.3), while a slightly weaker setting has to be
chosen to guarantee Holder continuity of 1 with respect to time which is required in quasilinear
evolution equations (see Remark 3.3 for further details). To account for these features of (2.5)
we have to refine the Lipschitz property of the right-hand side of (2.5) derived in [6] as stated in
(2.8) below.

Defining for x € (0,1) the open subset

Sy(K) == {u € W{?D(I); H”HWZD(I) <1/x and —1+x <u(x)forxe I}
, 2
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of W;D(I ) (defined in (1.14)) with closure

Sq(x) = {u € W;"/D(I); HuHW’;D(I) <1/x and —14x <u(x)forxe I} ,
the crucial properties of the nonlinear right-hand side of (2.5) are collected in the following
proposition:
Proposition 2.1. Let q € (2,00), x € (0,1), and & > 0. For each v € Sy(x) there is a unique solution
Po € W3(Q) to

(Logo) (x,7) =0, (x,) €Q, (2.6)

Po(x,1) =1, (x,1) € Q. 27)
If 9 is defined by 0(x) := v(—x) for x € I, then ¢p5(x, 1) = ¢o(—x,1) for (x,17) € Q0. Moreover, for
20 € [0,1/2), the mapping
1+ €%(9yv)? )
—— [9ypo(-, 1
Gy B9l

is analytic and bounded with g¢(0) = 1. Finally, if & € [0,1/2) and v € [0, (1 —2¢)/2), then there
exists a constant c1(x, €) > 0 such that

ge : 8q(x) — WEL(I),

I:(2) = 8e(w) gy < e1(5,8) o = wlyzre ), 0.0 € Bylo) 28)

According to [6, Prop. 2.1] we actually only have to prove (2.8). Notice that this global
Lipschitz property is in the weaker topology of W;’BC(I ) instead of W;D(I ) and improves [6,
Prop. 2.1] where it was established for ¢ = 0. The property (2.8) will be a consequence of a
sequence of lemmas. For the remainder of this section we fix ¢ > 0, ¥ € (0,1), and g € (2, ).

In the following, if & > 1/2 we let W5, (Q2) denote the subspace of elements in W5 (€2) whose
boundary trace is zero, and if 0 < & < 1/2 we set Wy ,(Q2) := W3 (Q2). We equip Wzl,D(Q) with
the norm

5 5 1/2
1@lg, ) = (10x@E 0y + 105212, )
and introduce the notation

Wy 5(Q) == (WS (), 0<6<T1.

Lemma 2.2. For each v € Sy(x) and F € W, b (Q) there is a unique solution ® € W21,D<Q) to the
boundary value problem

—L,d =F inQ, (2.9)
O =0 onodQ), (2.10)

and there is a constant cp(x,€) > 0 such that
Hq)szl/D(Q) < ca(x,€) |‘F|‘W££)(Q) . (2.11)
Furthermore, if F € Ly(QY), then ® € WZZ,D(Q) and

1llwz, () < c2(ire) [[FllLy ) - (2.12)

Proof. According to [12, Def. 1.3.2.3, Eq. (1,3,2,3)], we may write any F € Wz_, 5(0) in the form
F = fo+0xf1 + 9y f2 with (fo, f1, f2) € La(Q)%. Consequently, [10, Thm. 8.3] ensures that the
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boundary value problem (2.9)-(2.10) has a unique solution ® ¢ Wzll p(Q). Furthermore, taking ®
as a test function in the weak formulation of (2.9)-(2.10) gives

(F,®) = / [ (0:®@)2 — 262 a"v D, D — 2179, <1a+ > 9, d(x,7)
1 +€ ) 2 ax'()
+/ 1+v (3,@)2 +262 7 <1+v ©9,®| d(x,7)
—l—/s (20 pa,0 dixn)
1 1—|—v 1+o (i
00 1+ e24?(9y0)?
_ 2 x 2
_/Q [s (0:0)2 — 262y Trap ) ] d(x, 1)
0x¥ 8 v
. 2 _Ox0 . x
/Q T1o {B,AD 11 8 CD} @ d(x,7)
and thus
2 %0 ~ 0, (22 g
/Q € 11 5%%) Tl (x,7)
; ; (2.13)
2 x0 . x0
<e 1+o Lo(l) dx® —1 1101 L) Hq)HL2(Q) + HFHW{’E)(Q) HCDHw%’D(Q)
Note then that by definition of S;(x) and Sobolev’s embedding, there is c3 > 0 such that
1to(x)>x, xel, |olaiy < %3 (2.14)

for all v € Sy(x). Also, if { = ({1,02) € R?, Young's inequality ensures that, for (x,77) € Q
2 2
&7 <28 (§1 -1 dolx) Cz) +2&% ( 9:0(x) ) &

1+v(x) 1+ v(x)

<2 (1+zs2 Haxvugo) <s2 <g1 _— 1810522) z;2>2+% (71 f;(x))z) :

Therefore, introducing

2 k2

1 . 2
v(xe) = o { k24 2e2c3 " (x+c3)? } ’

we infer from (2.14) that

0x0(x) ? L\
2 722 < 2 B x
V@B <2 (a-n i a) +(2s) @15
Consequently, (2.13), (2.14), and (2.15) give
2 9, P 2
9@ — 2% 5 0 + H 1
T+o ") T+l
2C3 0xV
<€ ||0x® = g ® o) 1D,
[[F |y 2 9,® |12 1/2
Bl 7 1S B P H ! ,
v(K,e) Lo 7 i) I+l
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whence, using again (2.15),

€

[F Nl
C3 W, 5(Q)
Hq>HW21’D(Q) < NS [P0+ —5—

(ko) (2.16)
We now proceed as in [10, Lem. 9.17] and argue by contradiction to show (2.11) (see also [6,
Lem. 6.2] for a similar argument in a slightly different functional setting). The last statement of
Lemma 2.2 is proved in [6, Lem. 6.2]. O

Now, introducing

, (x,n)eq, (2.17)

) _ 2 ao(x) \*  o(x)
fo(x,17) == Loy = &1 2( ))

1+0(x)) 1+0(x)

for v € S,(x) given, we readily deduce that f, € L,(Q) with
1follLy0) < calrse) - (2.18)
Consequently, Lemma 2.2 provides a unique solution &, & WZZ/ p(Q) to
—(qu)v)(xﬂ?) :fZi/ (x/ﬂ) S Q/
DPy(x,7) =0, (x,17)€0Q).

Clearly, defining

Po(x, 1) := DPo(x, 1) + 17, (x,7) €y, (2.19)
gives then the unique solution ¢, € W2(Q) to (2.6)-(2.7). To prove a Lipschitz dependence of ¢,
on v € Sy(x), we introduce a bounded linear operator

A(v) € L(W;p (), Wy 5(Q)) N L(WS (), La(€2))
by setting
A@)® = —L,®, P Wp(Q).

Note that A(v) is invertible according to Lemma 2.2 and that ®, = A(v)~!f,. For the inverse
A(v)~! we have:

Lemma 2.3. Given 0 € [0,1]\ {1/2}, there is a constant c5(x,e) > 0 such that
HA(U)_lH[:(WZG/BI(Q),WZH/-BI(Q)) S CS(K, S) ’ RS gq(K) .
Proof. Due to Lemma 2.2, A(v) ! belongs for each v € S4(x) to both E(W{’ll)(ﬂ), Wzer(Q)) and
L(L(Q)), W%D(Q)) with
HA(U)_lHg(wz—,fl)(g),wzlp(g)) + HA(U)_lH[:(L2(Q),W22’D(Q)) < 2cs(k,€) .
Hence, using complex interpolation, we derive for 6 € [0,1],

MA@ 2 (1w st perwg ) < 262068) 0

and it then remains to characterize the interpolation spaces for 6 € [0,1] \ {1/2}. For this we
first invoke [28, Thm. 1.1.11] to obtain that

[W;,5(Q), La(Q)]p = [(Wy p (), (L2(€2)) ]e = [Wop (), L2(Q)]f

with equivalent norms and hence, using [12, Cor. 1.4.4.5] and [19, Prop. 2.11 & Prop. 3.3] to
characterize the last interpolation space,

Wy 5(Q), La(Q)]g = (W, 5(Q) = Wi pH(Q) .
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Finally, since the embedding
[W2p(0), Wi p (@) = W35(Q)

is obviously continuous by [28, Thm. 4.3.2/2] and definition of interpolation, the assertion fol-
lows. g

Next, we show that A(v) is Lipschitz continuous with respect to v in a suitable topology.
More precisely:

Lemma 2.4. Given ¢ € [0,(q—1)/q) and a € (, 1), there exists ce(k,€) > 0 such that

| A(v) — A(w)|‘£(w§D(0),W;g(O)) < ce(x, ) |lo— wHqufg(I) , vw € Sy(x) .

Proof. Consider v,w € Sy(x) and ® € W%D(Q). Then A(v)® € Ly(Q2) < W, 1 (Q) and so, for

any ¢ € Wﬁ‘/D(Q),
282 / . ( axv axw ) 8x8,7(I>g0d(x 11)

[ [(A®) = A(w)) ®] pd(xn) o o
_/ (1 + e2n( axv) 147 (0xw)?

(140)? (14 w)?
() - ()
Q 140 14+w
92v 62
2 X
te /Q” (1+v 1+w) 9y ® pd(x, )
=:h+h+3+]s.

Since & € [0, (9 —1)/q) it follows from the continuous embedding qu _’:(I ) <= WL(I) that

0,0 o w
1+'U 1+w L (I)

) G%CDq)d(x,q)

9P ed(x,1)

1] <2¢

1029y @l 1, 0) l9ll Ly ()

< & c(x) o= wll 22y 1PNwz o) ll@llws () -
q () 2,D( ) 2,D
Similarly, we have

Bl + 1Bl < (1) e(6) o= wl -5 [@llng, ) 19lng, (0 -

Finally, we infer from the embedding W}(Q) — Lyg/(q—2)(Q?) and the fact that (Wg,(l ) =
W;é(l) since ¢ € [0,(9—1)/q), see, e.g., [3, Eq. (5.14)], that

20— w) 10129
20— w) 2L )

1 1
5o 1tw ’me 19511, ) 19012002

1 1
‘H-—v/o 179y ®(-, 1) @(-, 1) d’?H

Jul < €

+é Ha%wHLq(I)

< & |03 (v —w)]|

Wy () W (1)

2
+eme() o —wllyaz ;) 19y Pl (o) 19l o) -
Now, choosing B € [, «), pointwise multiplication is continuous as mappings

WA -WE(D) = WE(D),  CA(Q) - W3 (Q) - WE(Q) = W (Q)
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according to Theorem 7.1, while an interpolation argument shows

|/

for all y € [0, 1], since { — fo 17) di7 belongs to both £(Ly(Q2), L,(I)) and L(W;(Q), Wi(I)).
Therefore, we deduce that

1
’l—i-v/o 79y ® (/1) 90('/’7)01’7”

<cllllwyey . CEW](Q), (2.20)

w3 (1)

< )d ‘
W (1) H1+U o qwf(n

IN

C(K H’?a'lcp (PHW,'fD(Q)

A

< c(0) 13y @llng ) 19lmg, 0
and we arrive at
ol < € c(x) llo = wllyyz-z ) 1@lwz, () @llwg ) -
Consequently, gathering the above estimates on Ul |, we obtain
[(A@©) = A@) @Iy 510y < (1)) [0 = wly2-sp [1@llnz, 0
whence the claim. O
Next, we prove that f, from (2.17) depends Lipschitz continuously on v € gq(K).
Lemma 2.5. Given ¢ € [0,(q—1)/q) and a € (, 1), there exists cy(x) > 0 such that
Ifo— waw o) < c7(x) 2Hv—w|\W§,g(1), v,w € Sq(k) .
Proof. Consider v,w & Sq( «) and recall that f, € Lp(Q2) < W, 1(Q2) by (2.18). Then, it follows
from the embedding W é( I) — WL (I) and (2.14) that, for ¢ € W5, (Q),

’/ — fu) pd(x, 77)’

<2 Q <1aj|c—vv) <1aj_w > <x';7)+£2/0 141—0 1+w‘ ol d(xm)
+2 | [ (@3- w) 1L d(n)
< 2¢(0) o — 0wy oy 191500y + 20 101y 10— 0l gy ey
1ROy | ) oG
; +w WA (1)
< (i) o~ wlle-e, <|¢’|w e, L o] )
5ol 1+w w2(1) 1170 W (I)

where we have used for the last inequality continuity of pomtwise multiplication
W2(I) - WE(I) = wg,(l)
as in the proof of Lemma 2.4. Taking v = « in (2.20) and using (2.14), we end up with

o Go= o) odxn)| < Eetw) o=t g0




A FREE BOUNDARY PROBLEM FOR MEMS WITH CURVATURE 13

which yields the assertion. g

Combining the previous lemmas we now readily obtain the Lipschitz continuity of ¢, with
respect to v € S4(x).

Lemma 2.6. Given ¢ € [0,(q—1)/q) and a € (, 1), there exists cg(k,€) > 0 such that
llpo — (Pwszziu(Q) < cg(x, ) ||v— wHW§_¢(I) , vw € Sy(k) .
Proof. Let v,w € S,(x) and recall that ¢, = O, + 1 with ®, = A(v)~!f, € W22,D(Q)' Then
obviously ¢, — ¢p= Dy — Dy € W%/‘D"‘(Q) and so
I Pl = IAE) (o~ f) + (AE) "~ A@) ™l oo
< 1A®) ™ sz e~ Follms oy

+ [ A(v) ! leow T8(Q),WER(Q) [A(0) = A(w)|l (W2,(Q), W, ()
x || A(w) HL(Lz Q) W3 5(Q waHL2
and the statement follows from (2.18), Lemma 2.3, Lemma 2.4, and Lemma 2.5. (]

Proof of Proposition 2.1. As previously noted, we are left to prove assertion (2.8). For this let
g€ (2,0),¢€01/2),and v € [0,(1—2¢)/2). By [6, Eq. (2.30)], given 20 € [0,1/2) there is
cy(x, €) such that

Hafy‘i’v(vl)szl/Z(I) + H|an4’v('r1)|2”w22”(1) <co(K,e), vESy(x). (2.21)
Given v, w € S4(x), it follows from the definition of g that
1ge(0) —ge(@) 1y

0x0 + 0y w
< 2 || I Ox 0,0 — Oy 9y ¢Po(-,1 2
Sl e e
5 ) 2+o+w 2
+‘ (1+2@w)?) (ET e L AL .

1+ €2(dxw)?

+ ‘ Ato) (@0 (/1) +0yPu (-, 1)) (9o, 1) — Oyu(-,1)) HWM
=h+lh+]s.
We now fix 20 € ({+v,1/2) and s € [v,1 — ) with s > 1/ so that pointwise multiplication
Wi (1) - W37 (1) — W3 (I) (2.22)
is continuous by Theorem 7.1. Then,
0x0 + 0yw
< o2 ||%x x _ 1) 12 '
hses [T & axw)Hw;(n vt 1Y Wi (1)
We infer from (2.21) and continuity of pointwise multiplication
1—
W2 (1) - W) - Wy (1) = W5 (1) (2.23)
guaranteed by Theorem 7.1 that
1
J1 <c(x,€) ’m |\axv+a wHW1 ||0x0 — waW;_g(I) ,
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hence, since both v and w belong to S,(x) and Wg([ ) is an algebra,
J1 <c(x,€) ||v— w|\w§_g(1) . (2.24)

Using again the continuity (2.22) and (2.23) of pointwise multiplication as well as (2.21), we
obtain

Jo < c(x,€) Hl +s2(8xw)2H

24+v+w
(1+0)2(1+w)?

W,}(I) W‘%(I) Hv_wHW;_g(]) .

As qu (I) and Wq2(I ) are algebras, we deduce from the properties of S, (k) that
2 < el o= wlya-s, - .29

Finally, fix « € ({20 —v). Invoking once more Theorem 7.1 gives continuity of pointwise
multiplication

Wi (1) - Wy 2 (1) - Wy /27(1) — Wi (I), (2.26)
and thus
1+ €2(3,w)?

Jo < || —axwy

e 1)+ 0y 1) gz Pt 1) =Dl ) g
WD) 2 2

Since w € S,(«), it follows from (2.21), the properties of the trace operator [12, Thm. 1.5.1.1], and
Lemma 2.6 that

B < e(x,9) 190 = fullyzny < (i) o= wlams, - (2.27)
Gathering (2.24), (2.25), and (2.27) completes the proof of Proposition 2.1. ]

3. WELL-POSEDNESS OF THE EVOLUTION PROBLEM: PROOF OF THEOREM 1.1

We next focus our attention on the quasilinear curvature part of equation (1.6). Let us first
note that

Oxll 1 5
0 = o, (3.1)
x< 1+§®wﬂ> (14 2(05u)2)>%
which motivates the definition of
Aw)oi= ———— v, veW2y(I), (3.2)

(1+ (@)™
where w belongs, for q € (2,0),x € (0,1),and ¢ € (0,(g—1)/q) given, to the set
— 2=8ry.

Note that qufé(l) < C!([~1,1]). Also observe that —A(eu)u coincides with (3.1). For w > 0
and k > 1, let H(W;'/D(I), Ly(I);k,w) be the set of all A € E(W{‘;',D(I), Ly(I)) such that w 4 A is
an isomorphism from W;,D(I ) onto Ly(I) and satisfies the resolvent estimates

U (R

E = Tl + Telhwe, )

<k, Rep>w, zeWrp(I)\{0}.

Then A € H(W;—/D(I),Lq(l);k,w) implies that A € H(W;—/D(I),Lq(l)), that is, —A generates an
analytic semigroup on Lg(I) with domain W;-,D(I ), see [4, L.Thm.1.2.2].
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Lemma 3.1. Let g € (2,00), k € (0,1), and ¢ € (0,(q —1)/q). Then there are k := k(x) > 1 and
w := w(x) > 0 such that, for each w € Zy(x),

—2w + A(w) € H(W, p(I), Lo(I); k, w)
and A(w) is resolvent positive. Moreover, there is a constant £(x) > 0 such that

[A(wy) — A(wz)H,c(w;D([),Lq(l)) < L(x) [lwy — wzHW;—r:(I) ;o w1, wy € Zy(k) (3.3)

Proof. Note that the continuous embedding W,? _g(I ) <+ C!([~1,1]) ensures the existence of
c(x) > 1 such that

1< (1+ (0yw)?)32 <ce(x), we Zg(x). (3.4)
Let w € Z,(x) be fixed and put W := (1 + (9xw)?)%/2. Since e.g. [3, Rem.4.2(c)] ensures that
—A(w) generates an analytic semigroup on L,;(I), the operator i + A(w) is boundedly invertible
for each p € C with sufficiently large real part. Clearly, s belongs to the spectrum of —A(w)
only if it is an eigenvalue, and if ¢ € W;'/ p(I,C) is a corresponding eigenvector, then testing the
equation

Ho — %Eﬁfp =0

with W@ readily gives y € (—o0,0) and u < —p1/||W||eo, where py := 7% /4 denotes the princi-
pal eigenvalue of —92 subject to Dirichlet boundary conditions. Consequently, due to (3.4) the re-
solvent set of —A(w) contains the half plane [Re u > —pu;/c(x)]. Put w := py/(2179/%¢(x)) > 0.
Then w is independent of w and —w + A(w) is an isomorphism from W;,D (I) onto Ly(I). More-
over, if F € Ly(I,C) and Re p > 0, then the equation

i — 2wu — %aiu =F

has a unique solution u € Wq% p(I,C). Testing this equation by W|u|172i and using (3.4) yield
the resolvent estimate (see, e.g. the proof of [23, Prop.2.4.2] for details)

_ ! (x
(= 20+ A(0)) M (1, 1) < |L|),

where ¢/(x) > 0 is a constant independent of w. Since we clearly have by (3.4)
H — 2w + A(ZU) Hﬁ(WL?’D(I),Lq(I)) S C/(K) ’
it follows from [4, .LRem.1.2.1(a)] that
—2w + A(w) € H(W. p(I), Ly(1);k,w)
for some k := k(x) > 1. That A(w) is resolvent positive and Lipschitz property (3.3) are readily

seen, the latter being a consequence of the continuous embedding W{? 76([ )= CY([-1,1]). O

If w = w(t) is Holder continuous in t, then A(w) generates a parabolic evolution operator
U (w)(t,s) on Lg(I) in the sense of [4, Sect. II]. More precisely:

Proposition 3.2. Let g € (2,00),x € (0,1),and & € (0,(q—1)/q). Let w(x) > 0 and £(x) > 0 be as
in Lemma 3.1 and define, for p € (0,1) and N, T > 0 given,

N
W2 (D) = 0(x)
and w(t) € Zy(x) for 0 <t,s <7} .

We(x) := {w € C((0,T), Wo i () [[w(t) — w(s)| |t —s]f
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Then, there is a constant co(p) > 0 being independent of N and T such that the following is true: for each
w € We(x), there exists a unique parabolic evolution operator U (,)(t,s), 0 < s <t < T, possessing

W;-/ p(I) as a regularity subspace, and

”uA(w)(t/ S)HE(W{;’B(I),W;%(I)) < C*(K) (t - S)aiﬁ 6719({75) , 0<s<t<T,

for 0 < a < B <1 with 2a,2B # 1/q, where the constant c,(x) > 1 depends on N, w, and p but is
independent of T, and
—9:= —8(x,0,N) := co(p)N* — w(x) . (3.5)
Moreover, U p(,)(t,8) € L(Lqg(I)) is a positive operator for 0 <s <t < .
Proof. Notice that, for each w € Wr(x),
A(w) € CP([0, 7], LW, p(1), Lo(1))) ,  —2w(k) + A(w) C H(W;p(I), Lg(1);k(x),w(x)) (3.6)
with
lAGw(£) = Al () w2 1), Ly(n)

su <N (3.7)

0§s<€§r ‘t_s‘p
by Lemma 3.1. Hence, the assertion follows from [4, II. Thm. 5.1.1, Lem. 5.1.3, Thm. 6.4.2] and
the interpolation results of [11, 27]. O

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Using the previously introduced notation, we may rewrite (2.5) subject to
the boundary condition (1.7) and the initial condition (1.8) as an abstract A-dependent quasilinear
Cauchy problem of the form

%u + A(eu)u = —Age(u), t>0, u(0) = u. (3.8)

Existence of solutions to (3.8) is based on applying a fixed point argument.

Let A > 0 and g € (2,00). For simplicity we restrict to the case € € (0,1]. A similar proof
works for € > 1 by changing some of the constants occurring in the proof. Let us consider an
initial value u° € W;,D(I ) with u%(x) > —1 for x € I. Clearly, there is x € (0,1/2) with

= 1
0 0 < =
u < SQ(ZK) ’ Hu ”W;,E)g(l) =0’ (39)
where we fix ¢ and ¢ such that
1 1 1 1
0<i<—-, 0<z-—=-<20<-—¢.
q 2 q 2

Let 4p € (0,¢), let co(p) > 0 be as in Proposition 3.2 and choose then N > 0 with the property
that —9 := co(p)N'/P — w(x) < 0 in (3.5). Since

20 2‘77%+%
Wz,D<I) — Wq,D (I) = Ly(I), (3.10)

it follows from Proposition 3.2 (with (¢, 8) = (1,1) and («,B) = (¢ — (g —2)/4q,1)) that, for
w € We(x) fixed,

_ 11 1 _8(t—
1 e (8 5) Lz oy (8= 9) ™27 (U ) (89 |z w2 1y < () €777,

(3.11)
for 0 < s <t < 1, where the constant c,(x) > 1 is independent of w and T > 0. Now, set

1
Ve(k) = {v € We(); o(8) lnz 1) < - and o() > ~1+xfor 0 < b5 < T} ,
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with kg := «/c«(k) < x and T > 0 to be chosen later and observe that, when endowed with the
topology of C([0, 7], W‘;B’:(I )), Vz(x) is a complete metric space. In addition, since xy < «k, we
have v(t) € Sy(x) for all t € 0,7] and v € V¢(x). It is, moreover, worthwhile to point out that
v € V:(x) for v € V() since € € (0,1].' By Proposition 2.1 there is ¢1(x, ) > 0 such that

I8e(2) = 8e(t0) gy < ex(5,9) o = wllyzrzpy 0w €5y () (312)
and
ng?(v)“w%(]) <cke), vESy(x) . (3.13)
We then claim that

A@)(8) 1= Uy ey (£,0) ° — /\/Ot Un(eo) (15) ge(0(s)) ds, 1€ [0,7], veVe(n),

defines a contraction from Vr(x) into itself if either A > 0 is arbitrary and T = 7(x,A) > 0
is sufficiently small, or A > 0 is sufficiently small and 7 > 0 is arbitrary. To see this let v, w
be arbitrary elements of Vr(x) and let t € [0,7]. Since Uy (t0) is a positive operator and
u® > —1 + 2, it follows from the embedding W;'(I ) < Leo(I) with constant 2, (3.11), and (3.13)
that

t
A1) = =142 =22 [ Une () o))

W;/D(I)
> A F o b(t-s) o-1-3(3-3) d
> 142k —2Ac(x) /0 e (t—s) 7 8e(0(5)) gy 1y s
° —9s o-1-3(3-1)
2—1+2K—2)&c*(1<)cl(1<,s)/ e s 222 a0’ ds, (3.14)
0
while (3.11) and (3.13) ensure that

HA(U)(t)Hw;D(I) < cx(x) HMOHW;D(I)

T
< % + A (k) 1 (K,S)/ e85 57 172G gs (3.15)
0

Moreover, since ¢ > 0 and owing to (3.6), (3.7), and [4, II. Thm. 5.2.1] (with the choice p =
1-¢/2,a =1,and 27y =20 — 1/2+1/q of the parameters therein) there is a number 1, (x) > 0
such that

[A(v)(t) — A(w)(f)HW;fDé(,)
_ ¢
< nax)e {/\f2 18¢(0) — ge(w) lLu(0,6),L,(1))

< Ana(x) 2 e ey () [0 — wlly )

+Tl*(K)t% e % 0 (x) o —wlly, () [HuonzD(I) + Ataf%(%*%)cl(x,s) ,
q,

Ias already mentioned, the case ¢ > 1 can be handled by taking different values of x and N in the definition of V¢ («).
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where we used (3.3), (3.10), (3.12), and (3.13) for the second inequality (recall that || - ||y, () =

Il - HC([O q Wz,g(l)). Thus, there is c¢(x) > 0 such that
7 7 q
- 0
IAE)E) ~ Ay < c06) { (gmax rfe ) [180lwz, 2]

L (3.16)
+ A (5?£?;72+0—7(7_E)6_0r) } HU‘_ZUHVAK)'

We next observe that (3.6), (3.7), and [4, II. Thm. 5.3.1] ensure the existence of a number m. () >
0 such that, for 0 < s <t < 1, (since ¢ > 0 and u° € W;-/D([) SN W;B{ZHP(I))

IA®)®) = Az

20 ,—0t 0
<m(x) (t—s)%e (|M quzbwp(]) +/\|g€(v)|Lw((0,t),W§‘b(I))) (3.17)
o ,—0r 0 Y
< m.(x) <Oglg<xrr e ) (Iu IW;B¢+4p(I)+Ml(K,€)> (t—s)

by using (3.13). Similarly, from (3.9),

0
8@ Olyzygy < IAGO = ARYO) 2z + 18 hyzis
o 0 1 (3.18)
—ur
< m. (k) (max e ) (|u |W;Dg+4p(1)+Acl<K,e>) N

0<r<t

Gathering (3.14)-(3.18) we see that, for arbitrary A > 0, we may choose 7 := 7(x,A) > 0 suf-
ficiently small such that the mapping A : Vi(x) — V(x) defines a contraction and thus has a
unique fixed point u in V¢ ().
Now observe that, owing to Lemma 3.1, (3.10), and (3.12) we have
o—3+g

2
(A(en), ge(u)) € CP([0, 7], H(WGp(I), Lg(D) x W, = " (D))
where 20 — 1 + % > 0, and u is a mild solution to (3.8) on [0, 7] with u® € W;D(I ). Thus,

w e C([0,7) Ly(1)) N (0,7, W2p(1)

is a strong solution to (3.8) by [1, Thm. 4.2] and [3, Thm. 10.1], which then clearly can be extended
to a maximal solution on some maximal interval [0, T5,). This proves part (i) of Theorem 1.1.
Since T above depends only on x and A, we also obtain part (ii) of Theorem 1.1 while the proof
of part (iii) is the same as in [6, Thm. 1.1 (iii)]. To prove part (iv) of Theorem 1.1 we note that,
since ¢ > 0, there are A, (x) > 0 and r(x) > 0 such that, according to (3.14)-(3.18), the mapping
A Vi(x) — Vr(x) defines a contraction for each T > 0 provided that A € (0,A«(x)) and
[|u® HWL?D o < r(x). Thus, in this case there is a unique fixed point u of A belonging to V() for

each T > 0. By definition of V¢ (x), this implies Theorem 1.1 (iv). O

Remark 3.3. Compared to the semilinear case investigated in [6], where A is independent of v, the
quasilinear problem (3.8) features a further and not negligible difficulty. Indeed, employing Banach’s
fixed point theorem in the proof of Theorem 1.1 requires two essential ingredients. First, to warrant the
existence of a corresponding evolution operator U 4 (s, the operator A(ev(t)) € E(W;’D(I ), Lg(I)) has
to be a Holder continuous function of time as shown in (3.17). And second, the mapping A = A(v) has
to depend Lipschitz continuously (with Lipschitz constant less than 1) on its argument v, see (3.16). Both
of these properties can be quaranteed only in the topology of W;,Bét(l ) for v = v(t) with { > 0 (but not
for ¢ =0), see [4, 1. Thm. 5.2.1, Thm. 5.3.1]. This issue is the reason for refining [6, Proposition 2.1]
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and deriving (2.8). Moreover, unlike the semilinear case the initial value u® plays an additional role in the
quasilinear case when it comes to global existence as becomes apparent from (3.16) and (3.17). Finally, it is
worthwhile to point out that solving the elliptic problem (2.6), (2.7) requires that v € Wq2, p(I), pointwise

with respect to time, rather than v € W;’g’t(l ).

4. ASYMPTOTICALLY STABLE STEADY-STATE SOLUTIONS: PROOF OF THEOREM 1.2

We now prove Theorem 1.2(i). For this let g € (2,00), ¢ > 0, and x € (0,1) be fixed and note
that, due to (2.5) and (3.1), steady-state solutions to (1.6)-(1.10) are characterized by
(14 €2(9yu)?)>/2

(14 u)?

the function ¢, being defined in (2.19). Thus we may proceed as in [6, Thm. 1.3 (i)]: First, it
follows exactly as in [6, Prop. 2.1] that the mapping & : S4(x) — Lg(I) is analytic. Thus, since
—A(0) € E(W;—/ p(I),Ly(I)) is invertible, the operator A(-) being defined in (3.2), we obtain that
the mapping

Ru=A

0y pu(, V)| = Ahe(u), x€I, u(£l)=0, (4.1)

F:RxSy(k) = Wop(D), (A,0) — v+ AA(0) " he(v)
is analytic with F(0,0) = 0 and D,F(0,0) = iszD. Now, the Implicit Function Theorem ensures
q
the existence of 6 = J(x) > 0 and an analytic function
[A = U] :[0,8) = W p(I)

such that F(A,Uy) = 0 for A € [0,5). Hence (Uy,¥,) is the unique steady-state to (1.6)-(1.10)
satisfying Uy € Sy(x) and ¥, € W3(Q(U,)) when A € (0,6). To improve the regularity of
(Uy, ¥,) as stated in (1.15), we may argue as follows: Since (4.1) is basically the same equation
as considered in [20, Thm. 1], a steady-state solution (u, () to (1.6)-(1.10) possessing the regu-
larity property (1.15) can be constructed by means of Schauder’s fixed point theorem applied
to (4.1) with u € W2(I) N Sy(x) for each A sufficiently small. Hence, making § > 0 smaller, if
necessary, uniqueness guarantees (u, 1) = (U,, ¥, ). This proves Theorem 1.2 (i).

To prove part (ii) of Theorem 1.2, we proceed similarly as in [6, Thm. 1.3 (ii)] and use the
Principle of Linearized Stability. Let A € (0, J) be given and write v = u — U). Then, introducing
Q € C®(S4(x),Ly(I)) with Q(Uy) = 0by Q(u) := —A(eu)u — Age(u), the linearization of (3.8)
reads 4

3¢~ DuQ(Up)v = Qv+ Uy) — DuQ(Up)v =: Gy (v)

with G, € C®(0,,L4(I)) being defined on some open zero neighborhood O, in W;-,D(I ) such
that Uy + O, C S4(x). In view of (3.1) we obtain

d
T (A(eUy) + By)v = Gy(v), (4.2)
where )
3e%0, U
Byv = Age(U,) A 0xv + ADyge(Uy)v .

1 + €2<ax U/\)z
Since U, € S;(x), we have A(ell,) € H(W‘?’D(I),Lq(l);k,w) with spectral bound less than
—w < 0. Thus, since HB)\Hﬁ(W‘%D(I),Lq(I)) — 0 as A — 0, it follows from [4, L. Cor. 1.4.3] that
—(A(elUy) + B,) is the generator of an analytic semigroup on L,;(I) and there is w; > 0 such

that the complex half plane [Rez > —w;] belongs to the resolvent set of —(A(eU,) + B, ) pro-
vided that A is sufficiently small. Now we may apply [24, Thm. 9.1.2] and conclude statement (ii)
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of Theorem 1.2 by making 6 > 0 smaller, if necessary.

Let us note that also the corresponding potential converges exponentially toward the steady-
state as t — oo.

Remark 4.1. In [6] (see (2.29) in the proof of Prop.2.1 therein) the following analogue of Lemma 2.6
o — 4)10HW22(Q) <c(xe) |lv— w“wg(l) , vwES(x),

was shown to hold. Consequently, under the assumptions of Theorem 1.2 (ii) there is Ry > 0 such that
9 = 9wy < Rae™ 1 = Ul £ 0,

which shows that also ¥ = ¢,y © T,,(y) (with transformation T, ) defined in (2.1)) converges exponen-
tially to ¥ as t — oo.

5. NON-EXISTENCE OF STEADY-STATE SOLUTIONS: PROOF OF THEOREM 1.3

Consider a steady-state solution (u,¢) to (1.6)-(1.10) with u € Wq%D(I), ¥ € W2(Q(u)), and
u(x) > —1 for x € I. Recall that, according to (1.6), (3.1), and the identity

dxtp(x, u(x)) = —dxu(x) 9z (x, u(x)) ,

the function u solves
5/2
aiu(x) =A (1 + & (axu(x))z)) |aztp(x,u(x))|2 , x€l,

with u(£1) = 0, so that u is negative in I by the comparison principle and convex. Thanks to
the latter property, [20, Lem. 4.1] ensures that

o P(x,u(x))>1, xel.
Hence, u satisfies the following differential inequality
5/2
Ru(x) 2 A (1+@u(x)?), xel.

Introducing

T ds r(2r* +3
J(r ':/ 5/2 <2 332’ r=0,
0 (14 s2) 3(r>+1)
the function | maps [0, 00) onto [0,2/3) and the previous differential inequality for u reads
OxJ(edxut) > Ae, xel. (5.1)
Let x,; be a point of minimum of u. Since u < 0 in I and x — u(—x) is also a steady-state,
we may assume without loss of generality that x,, € (—1,0). Integrating (5.1) over (x;;, x) for
x € [0,1] gives
J(edxu(x)) > J(0) +Ae(x —xp) > Aex, x€[0,1]. (5.2)
Now, either A¢ > 2/3 and we deduce from (5.2) that J(edxu(1)) > Ae > 2/3 which contradicts
the boundedness of dyu. Or A e < 2/3 and, since ] is concave, we infer from (5.2) after integration
over (0,1) and Jensen’s inequality that

J(—eu(0)) =7 </01£8xu(x) dx> > /Olf(saxu(x)) dx > % .

If A > 2](e)/¢, the previous inequality and the monotonicity of | entail that —#(0) > 1 and a
contradiction again. Now, defining A(e) := min {2](¢),2/3}/¢ and noticing that A(¢) — 2 as
¢ — 0, Theorem 1.3 follows.
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6. SMALL AsPecT RaTro LiMmiT: PROOF OF THEOREM 1.4

To prove Theorem 1.4 fix A > 0, g € (2,00), and ud e W‘?,D(I) such that =1 < u% < 0in I.

Clearly, there is k € (0,1) such that u® € Sy(x). For ¢ € (0,1) let (i, §¢) be the unique solution
to (1.6)-(1.10) which is defined on the maximal interval of existence [0, T5,). In the following,
(K;i)i>1 denote positive constants depending only on g and x, but not on & > 0 sufficiently small.

Set k1 := «/(2c«(x)) < x, where c,(x) > 1 is the constant defined in (3.11). The continuity
properties of u, ensure

°:=sup {t € [0,Ty,) : uc(s) € Sy(iy) forall se[0,t]} >0. (6.1)

Owing to the continuous embedding of W,%(I ) in WL (I), there is a positive constant K; such
that, for all ¢ > 0,

—1+x < ue(t,x) <0, (t,x) € 0,7 x [-1,1], (6.2)
e () llwzry + e (O llwy, oy < K, £€ [0, 7. (6:3)
As a consequence of (6.3) there is g > 0 depending only g and «x such that
1
e [19xue(t) (1) < 5o (68 €[0T x (020]. (6.4)
For ¢ € (0,¢p), we set
Pe(t) == Py 1y = Ye(t) o T, 1y, tE[0,77,
with Tu_g%t) given by (2.2) and
De(t,x, 1) = ¢e(t,x, ) =17, (tx,7) € [0, 7] x Q.
We first recall uniform estimates on @, that have been established in [6, Lem. 5.1]:

Lemma 6.1. There exists a positive constant Ky such that, for ¢ € (0,¢p) and t € [0, 7],

1
19xPe(t) 1, (0) + 2 (Hq’s(f)HLz(Q) + Hanq’s(t)HL2(Q)) = K, (6:5)
1 1
¢ 02500 + 7 [Fer]], ) <Ko, (6.6)
1
E Haqd%(t, .’1)||W21/2(I) <K,. (67)

At this point let us mention that the assumption u° < 0 is used to obtain the previous lemma.
We then deduce from Lemma 6.1 a positive lower bound on 7°.

Lemma 6.2. (i) Thereis T > 0 depending only on q, A, and « such that T > T for all e € (0, o).
(ii) Thereis A := A(x) > 0 such that ¢ = T§, = oo for all € € (0,¢() provided A € (0, A).

Proof. Owing to (6.7) we have [|9;¢(t,-, 1) le/z(l) < 1+ Kje while (6.2) and (6.3) imply that
2
2 2
H1+£ (axus(tg) H < K
(Tt ue()* w1y
for t € [0, °]. Consequently, from the continuity of pointwise multiplication
Wa (1) - W (1) - Wo (1) = W3 (1)
for 20 € (0,1/2) fixed (see Theorem 7.1 below), we conclude that there is K4 > 0 such that
I8¢ (e (E)) lwgey < Koy £€[0,7. (6.8)
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As in the proof of (3.14) and (3.15), we infer from (3.11), (6.8), the fact that u° € S4(x), and the
Variation-of-Constant formula that, for t € [O, 75],

t _1-1(1_1
|\Ms(t)’|w;D(1) < e (x0) |\”0’|w;D(1) + A cx(x) /0 e 0179 (¢ —5)7 1722 77) Ige (e (5)) Iz, (1) ds

ot
< C*,((K) +A ¢ (x) Ky / et 7173 g, (6:9)
0

and, using in addition the embedding of W;'/ p(I)in Leo(I) with constant 2,

t
ug(t) > — 1+K—2/\/0 HUA(sua(t's)35(”8(5))Hw2D(1)
q,

1

t _1-1¢1_1
>—1+x—2Ac(x) / e 009 (p—5)7 1 7227) Hgs(us(s))HWisz(I)dS

0

t 1¢1_1
> 14x-27c(x)Ke / et 7 173G79) g5 (6.10)
0

Since the integral above converges to zero as t — 0, there exists T > 0 which depends only on g
and « such that

£t q_1¢1_1 ) 1 (2¢4(x) — 1)k

bs 7172027g) g forall ¢ 11

/0 e s s < min WK I, (07K, ora elo,1]. (6.11)

Thanks to this choice, we readily deduce from (6.9) and (6.10) that Hug(t)HWzD( n < 1/x1 and
— 9

ug(t) > =1+ forall t € [0,7] N[0, T°]. Therefore, uc(t) € Sy(xy) for all t € [0, 7] N[0, 7¢] and

the definition of 7° implies that 7¢ > 7. Finally, it is obvious from (6.11) that there is A(x) > 0

such that (6.11) holds for any 7 > 0 and A € (0, A(x)). This implies that 7° > 7 for any 7 > 0 so
that 7% = oo. 0

Based on these auxiliary Lemmas 6.1 and 6.2 we may proceed exactly as in the proof of [6,
Thm.1.4] to conclude the statement of Theorem 1.4. In particular, an obvious consequence of
Lemma 6.1 and Lemma 6.2 is that ¢ — 7 in suitable topologies as ¢ — 0 and that (u¢)c(0,¢,) I8

bounded in C([0, 7], qu,D(I)).
7. APPENDIX

In this appendix we recall a useful tool on pointwise multiplication of functions in Sobolev
spaces which is used frequently in the previous sections.

Theorem 7.1. Let Q) be an open and non-empty subset of R" with finite volume. Let m > 2 be an integer
and let p,p; € [1,00) and s,s; € (0,00) for 1 < j < m be real numbers satisfying s < min{s;} and

n , . n
(sj——) if min ¢sj—— <0,
n sj< Pi lsjsm pj
j

P n .
min ¢s; — — otherwise .
Pi
Then pointwise multiplication

ﬁ w;j.(n) — W5(Q)
i

is continuous.
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Theorem 7.1 is a consequence of the more general result stated in [2, Thm. 4.1] (see also
Remark 4.2 (d) therein). It follows by observing that the Sobolev spaces W, (Q2) coincide with
the Besov spaces B} ,(Q)) provided s € (0,00) \IN and p € [1,00) together with the fact that
Wy (Q) = B,(Q) if 5 > 55 > 0.

ACKNOWLEDGMENTS

Part of this research was done while J.E. and Ch.W. were visiting the Institut de Mathémati-
ques de Toulouse, Université Paul Sabatier. The financial support and kind hospitality is grate-
fully acknowledged. The work of Ph.L. was partially supported by the Centre International de
Mathématiques et d’'Informatique CIMIL. We thank Sylvie Monniaux for pointing out to us the
paper [19].

REFERENCES

[1] H. Amann. Quasilinear evolution equations and parabolic systems. Trans. Amer. Math. Soc. 293 (1986), 191-227.

[2] H. Amann. Multiplication in Sobolev and Besov spaces. In Nonlinear analysis, Scuola Norm. Sup. di Pisa Quaderni,
pages 27-50. Scuola Norm. Sup., Pisa, 1991.

[3] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In:
H. Schmeisser, H. Triebel (eds.), Function Spaces, Differential Operators and Nonlinear Analysis. Teubner-Texte zur Math.
133, 9-126, Teubner, Stuttgart, Leipzig 1993.

[4] H. Amann. Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear Theory. Birkhduser, Basel, Boston, Berlin
1995.

[5] N.D. Brubaker and J.A. Pelesko. Non-linear effects on canonical MEMS models. European |. Appl. Math 22 (2011),
455-470.

[6] J. Escher, Ph. Laurengot, and Ch. Walker. A parabolic free boundary problem modeling electrostatic MEMS.
arXiv:1211.5973 (submitted).

[7] P. Esposito, N. Ghoussoub, and Y. Guo. Mathematical Analysis of Partial Differential Equations Modeling Electrostatic
MEMS, volume 20 of Courant Lecture Notes in Mathematics. Courant Institute of Mathematical Sciences, New York,
2010.

[8] G. Flores, G. Mercado, J. A. Pelesko, and N. Smyth. Analysis of the dynamics and touchdown in a model of electro-
static MEMS. SIAM J. Appl. Math. 67 (2007), 434-446.

[9] N. Ghoussoub and Y. Guo. On the partial differential equations of electrostatic MEMS devices. II. Dynamic case.
NoDEA Nonlinear Differential Equations Appl. 15 (2008), 115-145.

[10] D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order. Classics in Mathematics. Springer-
Verlag, Berlin, 2001. Reprint of the 1998 edition.

[11] P. Grisvard. Equations différentielles abstraites. Ann. Sci. Ecole Norm. Sup. 4 (1969), 311-395.

[12] P. Grisvard. Elliptic problems in nonsmooth domains, volume 24 of Monographs and Studies in Mathematics. Pitman
(Advanced Publishing Program), Boston, MA, 1985.

[13] Y. Guo. Global solutions of singular parabolic equations arising from electrostatic MEMS. . Differential Equations
245 (2008), 809-844.

[14] Y. Guo. On the partial differential equations of electrostatic MEMS devices. III. Refined touchdown behavior. J.
Differential Equations 244 (2008), 2277-2309.

[15] J.-S. Guo, B. Hu, and C.-J. Wang. A nonlocal quenching problem arising in a micro-electro mechanical system. Quart.
Appl. Math. 67 (2009), 725-734.

[16] J.-S. Guo and N.I. Kavallaris. On a nonlocal parabolic problem arising in electrostatic MEMS control. Discrete Contin.
Dyn. Syst. 32 (2012), 1723-1746.

[17] Y. Guo, Z. Pan, and M.]. Ward. Touchdown and pull-in voltage behavior of a MEMS device with varying dielectric
properties. SIAM |. Appl. Math. 66 (2005), 309-338.

[18] K. M. Hui. The existence and dynamic properties of a parabolic nonlocal MEMS equation. Nonlinear Anal. 74 (2011),
298-316.

[19] D. Jerison and C. Kenig. The inhomogeneous Dirichlet problem in Lipschitz domains. J. Funct. Anal. 130 (1995),
161-219.

[20] Ph. Laurencot and Ch. Walker. A stationary free boundary problem modeling electrostatic MEMS. Arch. Ration.
Mech. Anal. 207 (2013), 139-158.

[21] V.Leus and D. Elata. On the dynamic response of electrostatic MEMS switches. IEEE |. Microelectromechanical Systems
17 (2008), 236-243.



24 JOACHIM ESCHER, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

[22] E Lin and Y. Yang. Nonlinear non-local elliptic equation modelling electrostatic actuation. Proc. R. Soc. Lond. Ser. A
Math. Phys. Eng. Sci. 463 (2007), 1323-1337.

[23] L. Lorenzi, A. Lunardi, G. Metafune, and D. Pallara. Analytic Semigroups and Reaction-Diffusion Problems. Internet
Seminar 2004-2005. (Available online at: http://www.math.unipr.it/"lunardi/LectureNotes /I-Sem2005.pdf )

[24] A.Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems. Progress in Nonlinear Differential Equa-
tions and their Applications 16. Birkhduser Verlag, Basel, 1995.

[25] J.A. Pelesko. Mathematical modeling of electrostatic MEMS with tailored dielectric properties. SIAM |. Appl. Math.
62 (2002), 888-908.

[26] ]J.A. Pelesko and D.H. Bernstein. Modeling MEMS and NEMS. Chapman & Hall/CRC, Boca Raton, FL, 2003.

[27] R. Seeley. Interpolation in L¥ with boundary conditions. Stud. Math. 44 (1972), 47-60.

[28] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators. Second edition. Johann Ambrosius Barth. Hei-
delberg, Leipzig 1995.

LEeBN1Z UNIVERSITAT HANNOVER, INSTITUT FUR ANGEWANDTE MATHEMATIK, WELFENGARTEN 1, D-30167 HANNOVER,
GERMANY
E-mail address: escher@ifam.uni-hannover.de

INsTITUT DE MATHEMATIQUES DE TOULOUSE, CNRS UMR 5219, UNIVERSITE DE TouLoUsE, F-31062 TouLoUSE CEDEX
9, FRANCE
E-mail address: 1laurenco@math.univ-toulouse.fr

LEIBN1Z UNIVERSITAT HANNOVER, INSTITUT FUR ANGEWANDTE MATHEMATIK, WELFENGARTEN 1, D-30167 HANNOVER,

GERMANY
E-mail address: walker@ifam.uni-hannover.de



